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CHAPTER I

Introduction

The present work developes a geometric study of linear series and generalized
theta functions on moduli spaces of vector bundles on curves, with the aim of under-
standing effective numerical statements in the spirit of higher dimensional geometry.
It is essentially a combination of results contained in the papers [36], [37], [38], with
references to further work in [39]. We give effective base point freeness and pro-
jective normality bounds for pluritheta linear series, as well as dimension bounds
for the base loci of determinant linear series. This study has an ”"abelian” and a
“nonabelian” part. For the "nonabelian” part the main technique is focused on giv-
ing upper bounds on the dimension of Quot schemes. On the other hand, from the
”abelian” point of view, we introduce the notion of Verlinde bundle on the Jacobian
of a curve, and study this type of bundle with methods specific to vector bundles on
abelian varieties. As a by-product of these techniques we obtain a new global picture
on duality for generalized theta functions and we formulate some further conjectures.

Let X be a smooth projective curve of genus g > 2 over the field of complex
numbers. Our main objects of interest will be the moduli space SUx(r) of semistable
rank 7 vector bundles with trivial determinant, and the moduli space Ux(r,0) of

semistable bundles of rank r and degree 0 on C. It is well understood what linear



series live on these spaces, by work on Drezet-Narasimhan [9]. Concretely, the Picard
group of SUx(r) is isomorphic to Z, generated by an ample line bundle £ called the
determinant bundle. Also, the Picard group of Ux(r,0) is isomorphic to Z - O(©) &
mPic(J(X)), where 7 : Ux(r,0) — J(X) is the determinant map, while © is a
generalized theta divisor, which depends on the choice of a line bundle of degree g—1
on X (and such that O(©) restricts to £ on SUx(r)). Results analogous to what we
will describe below hold in fact on the more general spaces SUx(r, L) or Ux(r,d),
where the degree d is arbitrary (and L is a fixed line bundle of degree d), and we will
also consider these.

In order to understand the geometry of these moduli spaces, a first step is to
understand facts like the effective base point freeness, very ampleness or projective
normality of the linear series involved. It is well understood that the best conceivable
statements, like the global generation of £ for any rank r, do not hold (cf. [41], [2]),
and in fact there is strong evidence suggesting that |£¥| should be badly behaved
when k is small with respect to 7 (cf. [36]). The particular shape of the Picard group
implies that the base point freeness of | £¥| is in fact a Fujita type problem for adjoint
linear series. Previous work in this direction appears in papers of Le Potier [26] and
Hein [17], where the authors obtain bounds for the effective base point freeness of | L¥|
with order of magnitude in the range suggested by Fujita’s conjecture. On the other
hand, the problem of very ampleness or projective normality of £ has been treated
in the literature only in the case of SUx(2) (or SUx(2,1)) in a series of papers, e.g.
[6], [24], [14], via methods specific to this particular case. On the "negative” side, it
is certainly interesting to understand what causes bad behavior (like the existence
of base points for |£|) when this occurs. This is intimately related to the geometric

form of a central conjecture in the subject, called the Strange Duality conjecture



(cf. e.g. [8]). This circle of ideas, and the specific questions involved, is described
in Beauville’s survey [2], which provided in fact the main inspiration for us at the
beginning of this work.

We turn to a brief description of the content of the specific chapters of the thesis.
The beginning of each chapter contains more detailed background and motivation
for the explicit problems involved there, and so this should be treated only as a
preliminary introduction.

After a brief description of the main objects involved, given in the second chapter,
we begin in Chapter 3 with a construction of new families of base points for the
linear series |£| on SUx(r) for sufficiently large r. These show in particular that the
dimension of the base locus has to grow as a function of the rank . We also explain
why the Strange Duality conjecture implies that the linear series |£*| should still
have base points for k£ small with respect to r.

In order to approach the problem of effective base point freeness for multiples
of £, we first treat in Chapter 4 a problem of significant interest in its own right,
namely that of bounding the dimension of Quot schemes associated to arbitrary
vector bundles on curves. This is achieved here via elementary methods, but we
mention that in recent work [39] with M. Roth we give an essentialy optimal solution
to this problem by considering compactifications via moduli spaces of stable maps
(we will mention this briefly in the text). This dimension bound implies base point
freeness bounds for multiples of the determinant line bundle by making effective a
method originating in [11], namely generation via generalized theta divisors. This is
the subject of Chapter 5, where we also give an application to Donaldson determinant
line bundles on moduli spaces of sheaves on surfaces, following a technique of Le

Potier [26].



Turning to the study of the generalized theta line bundles O(k©) on the bigger
moduli spaces Ux(r,0), we note that this time there is also an ”abelian” component
of the problem, given by the natural determinant map det : Ux(r,0) — J(X). In
Chapter 6 we introduce a class of vector bundles on the Jacobian J(X) naturally
associated as the push-forwards of the line bundles above. We call these Verlinde
bundles, as their fibers are isomorphic to the Verlinde vector spaces of nonabelian
theta functions. We begin with a study of general properties of these bundles, as
they turn out to be interesting for a number of different reasons. We continue in this
chapter by showing how the Verlinde bundles can be used to globalize and under-
stand certain dualities between nonabelian theta functions from a new perspective.
In addition, we explain how they can be used to produce new examples for the
determinant linear series, generalizing previous work of Raynaud.

In Chapter 7 we use the Verlinde bundles and some new techniques in theory
of vector bundles on abelian varities, develped by Pareschi, to give a solution to
the problem of effective global generation and projective normality for the linear
series |k©| on Ux(r,0). Inspired by some numerical results that appear naturally
in this study, we formulate some further conjectures generalizing classical results on

Jacobians. We also explain analogous results in the case of arbitrary degree vector

bundles.



CHAPTER II

Generalized theta divisors on moduli spaces of
vector bundles

2.1 Moduli spaces of vector bundles

In this section we review a few facts about moduli spaces of vector bundles on
curves. General references for this are the texts [44], [27] or [19]. We will always
work over the field of complex numbers.

Let X be a smooth projective complex curve of genus g > 2. Recall that for a

vector bundle E of rank r and degree d = ¢;(E), the slope of E is the number

w(E) :=d/r.

The vector bundle F is called semistable (respectively stable) if for any subbundle

F C FE one has
u(F) < p(E) (respectively p(F) < p(E)).
Every semistable bundle has a filtration

OZE()CElC...CE,.:E,

where the factors E;/F; ; are all stable bundles of slope equal to p(F). Such a

filtration is called a Jordan-Holder filtration. Given one such, the vector bundle

gr(E) = Ei/Ei s



is called the associated graded bundle of E. Note that although there may exist
different Jordan-Holder filtrations of F, the associated graded bundle does not de-
pend on such a choice. Two semistable bundles £ and F' are called S-equivalent if
gr(E) = gr(F).

Semistability is precisely the notion that allows one to organize vector bundles
into moduli spaces. More precisely, there exists a moduli space Ux(r, d) parametriz-
ing S-equivalence classes of semistable bundles of rank r and degree d. One also
considers the smaller moduli spaces SUx (r, L) of S-equivalence classes of semistable
bundles of rank 7 and fixed determinant L = A"E € Pic*(X). The most familiar
case is that of trivial determinant, corresponding to the existence of a reduction
of structure group to SL,, when the corresponding moduli space is denoted simply
SUx(r). Also, when the choice of determinant is of no special importance, we will

use the notation SUx(r,d).

Remark 2.1.1. It is clear that every stable bundle coincides with its associated
graded bundle, thus in this case S-equivalence is the same as isomorphism. On the
other hand all semistable bundles are automatically stable if and only if the rank and
the degree are coprime. Thus the moduli spaces Ux(r, d) with (r,d) = 1 parametrize
precisely isomorphism classes of stable bundles. It is a fact (see e.g. [44]) that these
are exactly those moduli spaces which are fine, i.e. have a universal family (with the

exception of the special case of rank 2 bundles in genus 2).

We next list some of the most important properties of these moduli spaces, leaving
the study of their linear series for the next section. We will refer only to Ux(r,d),
but the exact same properties hold for SUx(r,d). The proofs of these facts can be

found in the references mentioned above.



e Ux(r,d) is a normal projective variety with rational singularities.

The smooth locus of Ux(r, d) is the open subset U% (7, d) consisting of isomor-
phism classes of stable bundles (except in the case g = 2 and r = 2, when it is

the whole moduli space).

The singular (i.e. semistable) locus of Ux(r,d) has codimension at least 2.
e Ux(r,d) has a universal bundle if and only if (r,d) = 1.

2.2 Generalized theta divisors

For the simplicity of the notations involved, we consider here only Ux(r,0), i.e.
the moduli space of semistable vector bundles of rank r and degree 0 on X, and
SUx(r, L), the moduli space of vector bundles with fixed determinant L € Pic®(X).
Let also U (r,0) and SU%(r, L) be the open subsets corresponding to stable bundles.
We recall the construction and some basic facts about generalized theta divisors on
these moduli spaces, drawing especially on [9]. Analogous constructions work for any
degree d, as we will recall in Section 7.2.

Let N be a line bundle of degree ¢ — 1 on X. Then x(EF ® N) = 0 for all

E € Ux(r,0). Consider the subset of U (r,0)
& ={E e Us(r,0)] R°(E® N) # 0}

and the analogous set in SU%(r, L). One can prove (see [9] (7.4.2)) that ©% is a hy-
persurface in Uy (r,0) (resp. SU%(r, L)). Denote by © x the closure of ©% in Ux (r,0)
and SUx(r, L). As we vary N, these hypersurfaces are called generalized theta divisors.
It is proved in [9], Theorem A, that Ux(r,0) and SUx(r, L) are locally factorial and so
the generalized theta divisors determine line bundles O(Oy) on these moduli spaces.

We have the following important facts:



Theorem 2.2.1. (9], Theorem B) The line bundle O(©y) on SUx(r, L) does not
depend on the choice of N. The Picard group of SUx(r,L) is isomorphic to Z,

generated by O(Oy).

The line bundle in the theorem above, independent of the choice of N, is denoted

by £ and is called the determinant bundle.

Theorem 2.2.2. (/9], Theorem C) The inclusions Pic(J(X)) C Pic(Ux(r,0)) (given

by the determinant morphism) and Z-O(©y) C Pic(Ux(r,0)) induce an isomorphism

Pic(Ux(r, 08 Pic(J(X)) & Z.

More generally, for any vector bundle F' of rank k and degree k(g — 1), we can
define

0% :={E € U(r,0)| °(E® F) # 0}

and denote by ©f the closure of ©% in Ux(r,0). It is clear that, for generic F' at
least, O is strictly contained in Ux(r,0) (in which case it is again a divisor). It is

useful to know what is the dependence of O(OF) on F' and in this direction we have:

Proposition 2.2.3. (/9] (7.4.3) and [8] Prop.3) Let F' and G be two vector bundles

of slope g — 1 on X. If tk(F) = m - tk(G), then
O(OrF) 2 0(04)®™ ® det*(detF ® (detG)®™)

where we use the natural identification of Pic’(X) with Pic®(J(X)). In particular, if

F has rank k and N is a line bundle of degree g — 1, we get

O(Or) 2 O(Ox)% @ det*(detF @ N®F).



2.3 A convention on theta divisors

When looking at generalized theta divisors © and the corresponding linear se-
ries, it will be convenient to consider the line bundle N to be a theta characteristic,
i.e. satisfying N®? = wy. The assumption brings some simplifications to most of
the arguments, but on the other hand this case implies all the results for arbitrary
N. This is true since for any N and M in Pic? 1(X), if £ .= N ® M !, twisting by

¢ gives an automorphism:

Ux(r,0) =5 Ux(r,0)

by which O(©,) corresponds to O(Oy). As an example, we will use freely isomor-
phisms of the type 750 ;(Oy) = O;(r?©y), where r; is multiplication by r on J(X),
which in general would work only up to numerical equivalence. One can easily see
that in each particular proof the arguments could be worked out in the general sit-
uation with little extra effort (the main point is that the cohomological arguments
work even if we use numerical equivalence instead of linear equivalence).

It is worth mentioning another convention about the notation that we will be
using. The divisors Oy make sense of course on both Ux(r,0) for r > 2 and J(X) =
Ux(1,0) and in some proofs both versions will be used. We will denote the associated
line bundle simply by O(Oy) if Oy lives on Ux(r,0) and by O;(Oy) if it lives on

the Jacobian.



CHAPTER III

Base points for generalized theta linear series

3.1 Background and statement of main results

Let X be a smooth projective complex curve of genus g > 2. In his survey [2], A.
Beauville raises a few questions about the base locus of the linear system |£|, where
L is the theta (or determinant) bundle on the moduli space SUx(r) of semistable
rank 7 vector bundles on X of trivial determinant. It is known (see [2], §3) that
E € SUx(r) is a base point for |£| if and only if H(E ® L) # 0 for every L €
Picd™1(X)!. When r = 2, or » = 3 and X is of genus 2 or generic of any genus, it is
known that |L£| is base point free. However, M. Raynaud constructs in [41] examples
of bundles which lead to the existence of base points of |£| for r = n9, where n is
an integer > 2 dividing g. His construction gives finitely many base points in each
genus. Among other things, Beauville asks in [2] if one could find new examples of
such base points and if the base locus is actually of strictly positive dimension.

The purpose of this chapter is to give a positive answer to Beauville’s question.

From a qualitative point of view, our results can be summarized in the following:

'When E is semistable, this should be interpreted as a statement about its equivalence class: by
a common argument using the Jordan-Hélder filtration of E and the fact that x(E ® L) = 0, it is
easy to see that H(E ® L) # 0,VL € Pic?"'(X) iff H(gr(E) ® L) # 0,VL € Pic?~'(X). So this
property does not depend on the choice of a bundle in the class of E.

10
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Theorem 3.1.1. (a) For every g > 2, there exists a rank p(g) such that for all
r > p(g) the linear system |L| on SUx(r) has base points. Also, for every g > 2
there exist ranks where some base points are stable.

(b) Moreover, for every g > 2 and every k > 2, there exists an integer p(k,g)

such that for all r > p(k,g), the base locus of |L| on SUx(r) has dimension at least

(k—1)g.

For the examples and for more precise numerical statements see Section 3.2.

Another question raised by Beauville adresses the freeness of |£2|, or more gen-
erally of low multiples of £. In the spirit of [8], one could also look at other moduli
spaces, not necessarily of trivial determinant. We remark, by using a theorem of
Lange and Mukai-Sakai (see [22],[28]), that the global generation of low multiples of
the theta divisor on such moduli spaces cannot go hand in hand with the strange

duality conjecture (see [2], §8).
3.2 Base points for the determinant linear series

Consider a line bundle L on X of degree d > 2g + 1 . We will restrict to the
case g > 2, since for g < 1 the space SUx(r) is well understood. Denote by My, the

kernel of the evaluation map:

0— M, — H (L) Ox — L —0

and let ), = M;. These vector bundles are well known for their importance in the
study of the minimal resolution of X in the embedding defined by L (see [25], §1 for
a survey).

Among the properties of @1, we quote from [25], §1.4, the following: if z1,..., x4

are the points of a generic hyperplane section of X C P(H°(L)), then @y, sits in an
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extension:

d—g—1
00— @ OX(.IZ) —>QL—>(’)X(xd_g+...+xd)—>0
=1

This induces for every integer p an inclusion:

p

0— @ Ox(xil-i-...-l-.’llip)—)/\QL (31)

1<i1<...<ip<d—g—1

Recall also from [10], §3 that @y, is stable, and so A’ @, is poly-stable (i.e. a direct

sum of stable bundles of the same slope).

Definition. Similarly to a definition in [41], we say that a vector bundle E satisfies

property (x) if and only if:
HY(E®¢) #0,V€ € Pic’(X).
In all that follows we will denote ~ := [££1].

Proof of Theorem 3.1.1(a). Notice first that to find a base point for |©] it is enough
to exhibit a semistable bundle E of integral slope 0 < u(E) < g — 1 satisfying (x),

since we could then twist by a suitable line bundle.

Claim: For every line bundle L on X of degree d > 2g+1, the bundle \” Q. satisfies
property ().

Proof of claim. From (3.1) it is clear that for z4,...,z, general points on X we have

H (AN’ Qr(—z1 — ... —x,)) # 0. So for any p, a generic line bundle ¢ € Pic®(X) of

the form £ = Ox (A, — B,), with A,, B, generic effective divisors of degree p, satisfies

H(N\"Qr®¢) #0.
On the other hand it is well known (see [1]) that every £ € Pic’(X) can be

written in the form ¢ = Ox(A, — B,) with A,, B, effective divisors of degree 7.
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Hence H° (\” Q1 ® £) # 0 for a general £ and by semicontinuity the same must hold

for every £ € Pic’(X), which proves the claim.

So, as noted above, it is enough to get integral slopes for A\” Q for suitable
choices of d. Since the computations differ from case to case and tend to get messy,
we will restrict to giving examples that work uniformly rather then trying to find
the smallest possible rank for each genus.

We can obtain an uniform answer by choosing d = ¢ (y+ 1), when we get
p(A”Qr) = v+ 1. The corresponding rank will be rk (A" QL) = (gj) (actually for
most g’s this is by no means the best answer).

It is easy to see that since the bundles A\” @ are poly-stable and satisfy (*), at
least one of their stable summands (which have the same slope) must also satisfy
(¥). Thus the constructions above also give us examples of stable base points in
each genus. On the other hand, the existence of a base point E € SUx(r) induces
the existence of decomposable base points for every rank r > r : simply take

E® 0%, 0

Remark: There are many versions of this construction that give additional ex-
amples. Let us just mention them without getting into numerology. One could look
at A\” Qr, for p > 7 such that u (A Q1) < g—1 or work with SPQy, instead of A\’ Q.
It is probably most interesting though to replace Q1 by @ g, where FE is a semistable
bundle of slope p(E) > 2¢g (so automatically very ample) and Q is defined exactly
as Qr. By [7] Qg is known to be semistable and a closer analysis shows that a result
analogous to the claim above holds. Using this construction one can check that by

good numerical choices we can make \” @ have any integral slope [g;—l] <pu<g—1.



14

The additional feature that makes these examples interesting is that they come
in positive dimensional families (roughly speaking by varying L), so in the range

covered by them the base locus is indeed positive dimensional.

Proof of Theorem 3.1.1(b). The following is the more precise statement referred to
in the introduction:

Claim: Fix g > 2, d > 29+ 1, k > 2 and let L be any line bundles of degree kd.
Then there exists a (k—1)g dimensional family of (equivalence classes of ) semistable

k(d—g)—1

bundles of rank (k(d;g)) and fized determinant et A satisfying property (*).

Proof of claim. Fix L of degree kd. To every k—1 line bundles Ly, ..., Ly_; € Pic*(X)
associate L == L® L' ® ... ® Lt |, € Pic*(X), so that L; ® ... ® Ly = L. Set
FL1 _____ Li_1 -— Ll D...PH Lk Thus det(FLl ..... Lk—l) = L and clearly QFLl _____ Ly 4 =

QrL, ®...®Qy, (cf. the remark above for the definition).

It is enough to prove that the morphism:

¥ Picd(X) x ... x PicY(X) — SUx ((’“%9)) , L@(’“‘d;"i*l))
(Ly,...,Lg1) ~ N Qry, .r._,

is finite. We have:

In particular A\” Qr,,

..... Ly,
Assume now that:
v g
~
/\QFLl ..... Ly_1 AQFL’ ..... 172
for some other L, ..., L} as before. By the previous formula one has inclusions:
0 g
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As noted before, all the bundles above are poly-stable (of the same slope ), so A” Qr;
is a direct sum of some collection of the stable summands of A" Qr,,
are finitely many ways in which this can occur, so it is enough then to notice that

the morphism:

- Pic? d—g .4 (d-g
6: Pic'(X) — Ux () 745 (%))
M ~ /\7 Qum
is finite. This is clear since det(Qa)=M and the claim is proved.

Taking in particular d = g¢g(y + 1) as in part (a), we get that the bundles
N\ Qry, ,, . have integral slope v + 1 and so they lead to base points as before.
Hence we can take p(k,g) = (k§7)

This argument actually gives a statement about equivalence classes, since the

bundles in the family that we have constructed are all poly-stable. Again, by adding

trivial bundles we get the same statement in all ranks r > p(k, g). O

One could conjecture that the base locus is at least g-dimensional whenever it
is non empty. Perhaps in view of the remark above an even more optimistic guess

could be made.

3.3 Strange duality versus freenes of low multiples of theta

In connection with Beauville’s question about low multiples of £, we show that
the strange duality conjecture implies the existence of base points on |£¥| for small
k, on suitable moduli spaces.

Consider first, in general, the moduli space SUx(r, A) for some A € Pic™(X)
,m €N m < g—1. Consider also F € Ux(k,k(g — 1 — m)) and define O on

SUx(r,A) to be Op = 750, where 7p is the map :
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7F : SUx(r,A) — Ux(kr,kr(g—1))
E ~ E®F

and © is the canonical theta divisor on Ux (kr, kr(g —1)). Set theoretically of course
©r = {E| H'(E ® F) # 0}. The famous strange duality conjecture, discussed at
length in [8], or more precisely its geometric formulation (see [2], §8), asserts that
the linear system |L£*| on SUx(r, A) is spanned by the divisors O as F' varies in
Ux(k,k(g —1—m)).

Let us consider in particular E to be one of Raynaud’s examples (see [41], §3)
i.e. a bundle E with rk(E) = n9, u(E) = £, n|g which satisfies (). A theorem of

Lange and Mukai-Sakai (see [22], [28]) implies that every F' € Ux(k,k(g —1 — 2))

k(g—1-2)— (k-1
k

has a subbundle M — F of degree deg(M) > )9 Assume further that
£ > 1+ £, which can be achieved for good choices of g and n. Then m :=deg(M) > 0

and so, by property ():
HY(E ® M) = HY(E & M(~mp) ® Ox(mp)) 0,
where p is a point on X. Since M — F, we obtain:

HYE® F) # 0 for all F € Uy (k,k(g—l—%)).

By the discussion above, the strange duality conjecture then implies that |£*| on

SUx(n9,det(E)) has a base point at E.

Remarks: 1. The conclusion above suggests (assuming the strange duality conjec-
ture is true!) that one should expect |£*| to have base points, say for example for k
small enough with respect to g or r, even extrapolating to SUx(r).

2. In the discussion above we cannot use the examples from the previous section

instead of Raynaud’s examples, since the condition deg(M) > 0 is not necessarily
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satisfied any more.

Let us conclude with another analogous application of the strange duality conjecture:

Consider F;, = A" Qr, from the previous section (of integral slope) and denote
Ap = det(Fp) = L®(d;£1), ' = rk(Fp) = (d;g>. Then exactly by the same
argument as above, one can check that Fj, is a base point for |£| on SUx(r', AL)
under mild assumptions on d. One can also apply the same argument for at least the

Raynaud examples such that g > n and (g,n) # 1 (in particular for those of integral

slope).



CHAPTER IV

Dimension estimates for Quot schemes

4.1 Background and statement

It is a well established fact that the solutions of many problems involving families
of vector bundles should essentially depend on good estimates for the dimension of the
Quot schemes of coherent quotients of a given bundle. Deformation theory provides
basic cohomological dimension bounds, but most of the time the cohomology groups
involved are hard to estimate accurately and moreover do not provide bounds that
work uniformly. On smooth algebraic curves, an optimal answer to this problem has
been previously given only in the case of quotients of minimal degree by Mukai and

Sakai. If F is a vector bundle of rank r and

fi = 1u(E) i= min {deg@| E - @ — 0},
is the minimal degree of a quotient of E of rank k, they show in [28] that dim Quot,, (, (E) <
k(r — k), where in general Quot;, 4(E) stands for Grothendieck’s Quot scheme of co-
herent quotients of E of rank k£ and degree d.

The goal of this chapter is to give an upper bound for the dimension of Quot, ;(E)
for any degree d. The bound involves in an essential (and somewhat unexpected)
way the invariant f;. Examples provided in 4.2.13 show that it is optimal at least in

the case corresponding to line subbundles.

18
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Theorem 4.1.1. Let E be an arbitrary vector bundle of rank r on a smooth projective

curve X over an algebraically closed field. Then:
dim Quot,, 4(E) < k(r — k) + (d — fe)(k+ 1)(r — k).

This generalizes (and uses) the result from [28] mentioned above, which is exactly
the case d = fi. The proof is based on induction on the difference d — f, and
the key ingredient is a technique that allows one to “eliminate” all the minimal
quotient bundles of £ while preserving a fixed nonminimal one. This is achieved via
elementary transformations along zero-dimensional subschemes of arbitrary length.
The problem has also been previously given some precise answers in the particular
case of generic stable bundles in [42] and [5]. In this case the dimension (and fi) can
be computed exactly (cf. Example 4.2.13 below).

In the next chapter we will apply the estimate above to the basic problem of
giving effective bounds for the global generation of multiples of generalized theta

line bundles on moduli spaces of vector bundles.

4.2 Dimension estimates via elementary transformations

The aim of this section is to prove Theorem 4.1.1 above giving an upper bound
on the dimension of the Quot schemes of coherent quotients of fixed rank and degree
of a given vector bundle. For the general theory of Quot schemes the reader can
consult for example [26] §4.

Concretely, fix a vector bundle E of rank r and degree e on X and denote by
Quot, . 4(F) the Quot scheme of coherent quotients of E of rank r — k and degree

e —d. We can (and will) identify Quot,_, . 4(F) to the set of subsheaves of E of
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rank k£ and degree d. Consider also:
dy := max{deg(F')| F C E,rk(F) = k}

and

My(E) = {F| F C E,1k(F) = k,deg(F) = d;;}

the set of maximal subbundles of rank k. Clearly any F' € M (E) has to be a vector
subbundle of E. Note that the number e — dj is exactly the minimal degree of a

quotient bundle of E of rank r — k. By [28] §2 we have the following basic result:

Proposition 4.2.1. The following hold and are equivalent:
(i) dim My(E) < k(r — k)
(1) for any x € X and any W C E(z) k-dimensional subspace of the fiber of E at

x, there are at most finitely many F € My(E) such that F(z) =W.

Part (i) above thus gives an upper bound for the dimension of the Quot scheme
in the case d = di. The next result is a generalization in the case of arbitrary degree
d, which turns out to give an optimal result (see Example 4.2.13 below). It is a

restatement of Theorem 4.1.1 above in a form convenient for the proof.

Theorem 4.2.2. With the notation above, we have:
dim Quot, ;. 4(E) < k(r—k)+ (dp — d)k(r — k+ 1).

Remark 4.2.3. To avoid any confusion, we emphasize here that the notation is
slightly different from that used in the background section, in the sense that we are
replacing k by r — k, d by e — d and f; by e — di. This is done for consistency in
rewriting everything in terms of subbundles, but note that the statement is exactly

the same.
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The proof will proceed by induction on the difference dy — d. In order to perform
this induction we have to use a special case of the notion of elementary transformation
along a torsion sheaf suported on a zero-dimensional subscheme of arbitrary length.
We call this construction simply elementary transformation since there is no danger

of confusion.

Definition 4.2.4. Let 7 be a torsion sheaf supported on a zero-dimensional sub-
scheme of X whose reduced structure is given by the points P,..., P;. An elemen-
tary transformation of E along 7 is a vector bundle E’ defined by a sequence of the
form:

0— E —E-2s7 0.

where the morphism ¢ is determined by giving surjective maps Ep, % Cj%, induced
by specifying a; distinct hyperplanes in E(P;) (whose intersection is the kernel of ¢;)

,Vie{l,...,s}. Wecall m =a; + ...+ as the length of 7 and a; the weight of P;.

Let us briefly remark that this is not the most general definition, since we are
imposing a condition on the choice of hyperplanes. We prefer to work with this notion
because it is sufficient for our purposes and allows us to avoid some technicalities.
Note though that the space parametrizing these transformations is not compact.
One could equally well work with the general definition, when the hyperplanes could
come together, and obtain a compact parameter space, which can be shown to be
irreducible (it is basically a Hilbert scheme of rank zero quotients of fixed length).

In fact it is an immediate observation that the elementary transformations of £ of
length m, in the sense of the definition above, are parametrized by Y := (PE),, — A,

where (PE),, is the m-th symmetric product of the projective bundle PE and A is



22
the union of all its diagonals. There is an obvious forgetful map
m:Y — X,

where X, is the m-th symmetric product of the curve X. We will denote by Y,, C
(PE),, — A the open subset (PE),, —n 1(§), where § is the union of the diagonals in
X, Its points correspond to the elementary transformations of length m supported

at m distinct points of X.

Definition 4.2.5. Let V be a subbundle of E. An elementary transformation
0—E —E-%7-—0

is said to preserve V if the inclusion V' C E factors through the inclusion E' C E.

Lemma 4.2.6. If E' is determined by the hyperplanes H}

17"

.., H C E(P,) for
i€ {l,...,s} and V; := ﬁHg, then V is preserved by E' if and only if V(P) C
7=1

Vi, Vi e{1,...,s}.

Proof. We have an induced diagram

I,

where « is the composition of ¢ with the inclusion of V' in E. It is clear that E’

0 E' 0
preserves V' if and only if « is identically zero. The lemma follows then easily from

the definitions. ]

In general it is important to know the dimension of the set of elementary trans-
formations of a certain type preserving a given subbundle. This is given by the

following simple lemma:
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Lemma 4.2.7. Let V C E be a subbundle of rank k. Consider the set of elementary
transformations of E along a zero dimensional subscheme of length m belonging to

an irreducible subvariety W of X,, — 9 that preserve V:
Zy:={FE'|V C E'} c ' (W),

where w : Y,, = X,, is the natural projection. Then Zy 1is irreducible of dimension

m(r —k—1)+dim W.

Proof. An elementary transformation at m points z1, ..., z,, is given by a choice of
hyperplanes H; C E(z;) for each i. By the previous lemma, such a transformation

preserves V if and only if V(x;) C H; for all 7. We have a natural diagram

Zy—S 1 (W)

ek

w

where 7 is the restriction to 7 1(W) and p is the composition with the inclusion of

Zy in mY(W). For D =z; + ...+ x,, € W, we have:
p (D) = {(H, ..., Hp)| V(z) C H, € Bz Vi=1,...,m)

> prkl | x Pkl

where the product is taken m times. So p (D) is irreducible of dimension m(r—k—1)

and this gives that Zy is irreducible of dimension m(r — k — 1) + dim W. O

The following proposition will be the key step in running the inductive argument.
It computes “how fast” we can eliminate all the maximal subbundles of E while

preserving a fixed nonmaximal subbundle.
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Proposition 4.2.8. Let V C E be a subbundle of rank k and degree d, not mazimal.

Then if m > r — k + 1, there exists an elementary transformation of length m
0—FE —E—717—0

such that V . C E', but F ¢ E' for any F € My(F). In other words E' preserves V,
but does not preserve any maximal F. If we fix a point P € X, then T can be chosen

to have weight m — 1 at P and weight 1 at a generic point ) € X.

Proof. Fix a point P € X. We can consider an elementary transformation of E of

length » — k, supported only at P:
0—FE —E—71—0,

such that Im(E'(P) — E(P)) = V(P). Then as in Lemma 4.2.6, the only maximal
subbundles F' that are preserved by this transformation are exactly those such that
F(P) = V(P). By Proposition 4.2.1 this implies that only at most a finite number
of F’s can be preserved.

If none of the maximal subbundles actually survive in E’, then any further trans-
formation at one point would do. Otherwise clearly for a generic () € X we have
F(Q) # V(Q) for all the F’s that are preserved and so we can choose a hyperplane
V(Q) C H C E(Q) such that F(Q) ¢ H for any such F. The elementary trans-
formation of E’ at ) corresponding to this hyperplane satisfies then the required

property. ]

Remark 4.2.9. (1) It can definitely happen that all the maximal subbundles are
killed by elementary transformations of length less than » — k + 1 which preserve V.
In any case, as it was already suggested in the proof above, by further elementary

transforming we obviously don’t change the property that we are interested in, so
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r — k + 1 is a bound that works in all situations.

(2) By Lemma 4.2.7, the set Zy of all elementary transformations of length m pre-
serving V is irreducible of dimension m(r — k). On the other hand the condition of
preserving at least one maximal subbundle is closed, so once the lemma above is true

for one elementary transformation, it applies for an open subset of Zy .

Finally we have all the ingredients necessary to prove the theorem. To simplify

the formulations, it is convenient to introduce the following ad-hoc definition:

Definition 4.2.10. An irreducible component @ C Quot, ;. 4(F) is called non-
special if its generic point corresponds to a locally free quotient of E' and special if all
its points correspond to non-locally free quotients. For any O, denote by Qg the open

subset parametrizing locally free quotients and consider Quot®_ ke—da(E) = LQJQO.

Proof. (of Theorem 4.1.1) Denote by Q an irreducible component of Quot, . 4(E)
(recall that we are thinking now of this Quot scheme as parametrizing subsheaves
of rank k and degree d). The first step is to observe that it is enough to prove the
statement when Q is non-special. To see this, note that every nonsaturated subsheaf

F C E determines a diagram:

where F”' is the saturation of F', G is a quotient vector bundle and 7, the torsion

subsheaf of G’, is a nontrivial zero-dimensional subscheme, say of length a. We can
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stratify the set of all such F’s according to the value of the parameter a, which
obviously runs over a finite set. If we denote by {F'}, the subset corresponding to a

fixed a, this gives then:
dim {F}, < dim Quot_; ,_,_,(E) + ka.

The right hand side is clearly less than k(r — k) + (d, — d)k(r — k + 1) if we assume
that the statement of the theorem holds for Quot)_, ,_4_,(E).

Let us then restrict to the case when @ is a non-special component. The proof
goes by induction on dy — d. If dy = d, the statement is exactly the content of 4.2.1.
Assume now that d > d and that the statement holds for all the pairs where this
difference is smaller. Recall that Qy C Q denotes the open subset corresponding
to vector subbundles and fix V' € Qy. Then by Proposition 4.2.8, there exists an

elementary transformation
0—FE —E—717—0

of length » — k + 1, such that V C E', but F ¢ E' for any F' € My(F). Then nec-
essarily di(E'") < di(E) = dj, (consider the saturation in F of a maximal subbundle
of E') and so dx(E') — d < di — d. This means that we can apply the inductive
hypothesis for any non-special component of the set of subsheaves of rank k& and

degree d of E’. To this end, consider the correspondence:

W = {(V,E')|V CE,F ¢ E\NF e M(E)}C Qyx Y, pi

RN
Do Yo ki1
By Lemma 4.2.7 and Remark 4.2.9(b), for any V € Qy, the fiber p;}(V) is a
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(quasi-projective irreducible) variety of dimension (r — k + 1)(r — k) and so:

dim W =dim Qo+ (r —k+1)(r — k). (4.1)
On the other hand, for E’ € Im(ps), the inductive hypothesis implies that

dim p; "(E') < k(r — k) + (dp(E") — d)k(r —k + 1)

<k(r—k)+(dp—d—1k(r—k+1)

and since dim Y,_x,1 = 7(r — k + 1) we have:
dm W<r(r—k+1)+k(r—k)+ (de—d—1k(r—k+1). (4.2)
Combining (4.1) and (4.2) we get:
dim Qp < k(r — k) + (d. — d)k(r —k + 1)

and of course the same holds for Q@ = Q. This completes the proof. OJ

The formulation and the proof of the theorem give rise to a few natural questions

and we address them in the following examples.

Example 4.2.11. It is easy to construct special components of Hilbert schemes. For
example consider for any X the Hilbert scheme of quotients of O%? of rank 1 and

degree 1. There certainly exist such quotients which have torsion, like
0?22 — Ox ® Op — 0,

where P is any point of X, but for obvious cohomological reasons there can be no
sequence of the form

0—L*' —0%¥ —L—0

with deg(L) = 1. So in this case there are actually no non-special components.
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Example 4.2.12. Going one step further, there may exist special components whose
dimension is greater than that of any of the non-special ones. Note though that the
proof shows that in this case that the bound cannot be optimal. To see an example,
consider quotients of O%? of rank 1 and degree 1 < d < g — 2 on a nonhyperelliptic

curve X. Any such locally free quotient L gives a sequence:
0—L*' —0¥ —L-—0

and so the dimension of any component of the Hilbert scheme containing it is bounded
above by h°(L®?). Now Clifford’s theorem says that h°(L®2?) < d+1, but our choices
make the equality case impossible, so in fact h%(L%®?) < d.

On the other hand consider an effective divisor D of degree d. Then a point in

the same Hilbert scheme is determined by a natural sequence:
0 — Ox(—D) — 0% — Ox ®Op — 0

and it is not hard to see that the dimension of the Hilbert scheme at this point is
equal to d + 1 (essentially d parameters come from D and one from the sections of
O%?). This gives then a special component whose dimension is greater than that of

any non-special one.

Example 4.2.13. More significantly, the bound given in the theorem is optimal, at
least in the case of line subbundles. Consider for this a line bundle L of degree 4 on

a curve X of genus 2 and a generic extension:
0—Ox —FE—L—0.

By standard arguments one can see that such an extension must be stable. Since

u(E) = 2, by the classical theorem of Nagata [33] we get that dq(F) := max deg(M) =
C
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1 and so for the sequence above d; — d = 1. The theorem then tells us that the di-
mension of any component of the Hilbert scheme containing the given quotient is
bounded above by 3. But on the other hand h'(L) = 0, so this gives a smooth point
and the dimension of the component is h°(L), which by Riemann-Roch is exactly 3.

This example turns out to be a special case of a general pattern, as suggested by
M. Teixidor. In fact in [42] it is shown that whenever F is a generic stable bundle, the
invariant dy, is the largest integer d that makes the expression ke —rd—k(r—k)(g—1)
nonnegative (cf. also [5]). Also the dimension of the Hilbert scheme can be computed
exactly in this case (see [42] 0.2), and for example under the numerical assumptions
above it is precisely equal to 3. Thus in fact for every generic stable bundle of rank
2 and degree 4 on a curve of genus 2, we have equality in the theorem. Much more
generally, it can be seen analogously that for any r and g equality is satisfied for a

generic stable bundle as long as d; satisfies a certain numerical condition.

The proof of the theorem given above can be slightly modified towards a more
natural and compact form. We chose to follow the longer approach because it em-
phasizes very clearly what is the phenomenon involved, but below we would also
like to briefly sketch this parallel argument, which grew out of conversations with I.
Coanda.

We will use the same notations as above. There exists a natural specialization
map:

X x Quoty_y ._4(E) — G, (E),

where G,_;(FE) is the Grassmann bundle of » — k dimensional quotients of the fibers
of E. Of course in the case d = di, Quot)_, ,_4(F) is compact and the morphism

above is finite. Fix now P € X and w € G,_,(E(P)) a point corresponding to a



30
quotient E(P) — W — 0. The choice of P determines a map:
¢ : Quot, . 4(E) — G, 1(E(P))

and we would like to bound the dimension of ¢~'(w). There is a natural induced
sequence:

0—F —F-—WCp—0

and it is not hard to see that ¢~'(w) embeds as an open subset in Quot_, . 4 ,(F).
Every locally free quotient of F' has degree > e — dp — k, and there are at most a
finite number of quotients having precisely this degree (they come exactly from the
minimal degree quotients of F having fixed fiber W at P). Let Gy, ..., G, be these

quotients, sitting in exact sequences:
0— F,—F—GG, —0.

The variety Y := PF — |JPG; parametrizes then the one-point elementary trans-
i=1

formations of F' that do not preserve any of the F;’s. Consider the natural incidence
Z C Quoty g (F) xY

parametrizing the pairs (F — @Q — 0, F”), where F’ is an elementary transformation
in Y and @ is not preserved as a quotient of F’ (in other words the corresponding
kernel is preserved). The fiber of Z over F — @ — 0 is isomorphic to PQ NY and
SO

dim Z = dim Quot)_, ,_4_x(F) +71—k.

On the other hand the fiber of Z over F’ € Y is Quot)_, ,_y__1(F’). Now for F’

the minimal degree of a quotient of rank  — k is smaller, hence inductively as before:

dim Quot)_; g j_1(F") < k(r —k) + (d —d — 1)k(r —k + 1).
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This immediately implies that
dim Quoty_, . 4 x(F) < k(r—k)+ (de —d — Dk(r —k+1) + k.
As this consequently holds for every fiber of the map ¢, we conclude that
dim Quot)_, ._4(B) < k(r — k) + (dp — d)k(r — k + 1),
which finishes the proof.

4.3 Update on dimension estimates via stable maps and fur-
ther work on Quot schemes

In recent work with M. Roth [39] we have improved the dimension bound given in
the previous section, and also studied in some detail the structure of Quot schemes.
This is achieved by considering a second compactification of the space of locally free
quotients of rank k£ and degree d of a fixed vector bundle E, namely a Kontsevich
type moduli space M,(G(E, k), 84) via stable maps into the relative Grassmannian
G(E, k) of k-dimensional quotient spaces of E. We mention here very briefly only

the results concerning Quot schemes proved in [39].

Theorem 4.3.1. ([39] Theorem 4.1)
dim Quot, 4(E) < k(r — k) + (d — di)r, for all d > dj.

As mentioned above, this is an improvement of Theorem 4.1.1, but we preferred

to keep the exposition here at a more elementary level.

Theorem 4.3.2. (/39] Theorem 6.4)

For any vector bundle E on C, there is an integer dg = dg(E, k) such that for all

d > dg, Quoty 4(E) is irreducible. For any such d, Quoty, 4(E) is generically smooth,
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has dimension rd— ke —k(r —k)(g—1), and its generic point corresponds to a vector

bundle quotient.

Theorem 4.3.3. ([39] Theorems 7.1 and 7.4)

(a) If k = (r — 1) then there is a surjective morphism from M,(G(E,k),B4) to
Quoty, 4(E) which extends the map on the locus where the domain curve is smooth.
Such a morphism also exists for any k if d = dy ord = dy + 1.

(b) If k # (r — 1) then in general there is no morphism from M,(G(E,k),B4) to

Quot, 4(E) extending the map on smooth curves.



CHAPTER V

Effective base point freeness on SUx(r)

5.1 Background

The underlying idea for studying linear series on the moduli spaces SUx(r, €) has
its roots in the paper of Faltings [11], where a construction of the moduli space based
on theta divisors is given. A very nice introduction to the subject is provided in [2].

Fix r and e and denote h = ged(r,e), r1 =  and e; = 7. Consider a vector bundle

F of rank pry and degree p(ri;(g — 1) — e1). Generically such a choice determines (cf.

[9] 0.2) a theta divisor O on SUx(r,e), supported on the set
Or = {E| ""(E® F) # 0}.

All the divisors O for F' € Ux(pri,p(ri(¢g — 1) —e1)) belong to the linear system

|£P|, where L is the determinant line bundle £. We have the following well-known:

Lemma 5.1.1. E € SUx(r,e) is not a base point for |LP| if there exists a vector

bundle F of rank pry and degree p(ri(g — 1) — e1) such that hi°(E ® F) = 0.

It is easy to see that such an F' must necessarily be semistable (cf. [26] (2.5)).
It is also a simple consequence of the existence of Jordan-Hélder filtrations that one
has to check the condition in the above lemma only for E stable. We sketch the

proof for convenience:

33
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Lemma 5.1.2. If for any stable bundle V' of rank ' < r and slope e/r there ezists
F € Ux(pr1,p(ri(g — 1) — e1)) such that h°(V ® F) = 0, then the same is true for

every E € SUx(r,e).
Proof. Assume that F is strictly semistable. Then it has a Jordan-Hélder filtration:
0=FE,CE,C...CE,=F

such that E;/E;_, are stable for i € {1,...,n} and p(E;/E;_,) = ¢. By assumption
there exist F; € Ux(pry,p(ri(g — 1) — e1)) such that h°(E;/E;_; ® F;) = 0 and so if

we denote
®Ei/Ei—1 = {F|h0(El/Ez—l X F) 7£ 0} C UX(p’rlap(/rl(g - 1) - 61))7

this is a proper subset for every . It is clear that any

F € Ux(pr1,p(ri(g—1) — e1)) = | JOp 5.,
i=1
satisfies h%(F ® F) = 0. O

We also record a simple lemma which will be useful in Section 5.3. It is most

certainly well known, but we sketch the proof for convenience (cf. also [42] 1.1).

Lemma 5.1.3. Consider a sheaf extension:
0—F—FE—G—0.
If E is stable, then h°(G* ® F) = 0.

Proof. Assuming the contrary, there is a nonzero morphism G — F. Composing this
with the maps ' — G to the left and F' — FE to the right, we obtain a nontrivial

endomorphism of E, which contradicts the stability assumption. OJ
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As a final remark, note that we are always slightly abusing the notation by using
vector bundles instead of S-equivalence classes. This is harmless, since it is easily
seen that it is enough to check the assertions for any representative of the equivalence

class.

5.2 Warm up for effective base point freeness: the case of
SUx(2)

In this section we give a very simple proof of a theorem which first appeared in
[41] (see also [17]). It completely takes care of the case of SUx(2). Although the
specific technique (based on the Clifford theorem for line bundles) is different from
the methods that will be used in Section 5.3 to prove the main result, the general
computational idea already appears here, in a particularly transparent form. This is

the reason for including the proof.
Theorem 5.2.1. The linear system |L| on SUx(2) has no base points.

Proof. Recall from 5.1.1 and 5.1.2 that the statement of the theorem is equivalent
to the following fact: for any stable bundle E € SUx(2), there exists a line bundle
L € Pic? '(X) such that H*(E ® L) = 0. This is certainly an open condition and it

is sufficient to prove that the algebraic set
{L € Pic! }(X)| H(E ® L) # 0} C Pic? *(X)

has dimension strictly less than g.

A nonzero map E* — L comes together with a diagram of the form:

E*——M—0

N\

L
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where M is just the image in L. Then we have M = L(—D) for some effective divisor
D. Since FE is stable, the degree of M can vary from 1 to g — 1 and we want to count

all these cases separately. So for m = 1,...,g — 1, consider the following algebraic

subsets of Pic/™(X):
Ay ={L € Pic? }(X)|30# ¢: E* — L with M = Im(¢),deg(M) = m}.
The claim is that dim A,, < g — 1 for all such m. Then of course
AjU...UA, ; € Picf 1(X)

and any L outside this union satisfies our requirement. To prove the claim, denote
by Quot, ,,(E) the Quot scheme of coherent quotients of E of rank 1 and degree m.
The set of line bundle quotients E* — M — 0 of degree m is a subset of Quot, ,,(E).
On the other hand every L € A,, can be written as L = M(D), with M as above

and D effective of degree g — 1 — m. This gives the obvious bound:
dim A, < dim Quot, ,,(E)+g—1—m.

To bound the dimension of the Quot scheme in question, fix an M as before and

consider the exact sequence that it determines:
0— M*"—FE— M —0.

Note that the kernel is isomorphic to M* since F has trivial determinant. Now we
use the well known fact from deformation theory that dim Quot, ,,(E) < h%(M®?).
To estimate h°(M®2), one uses all the information provided by Clifford’s theorem.
The initial bound that it gives is h°(M®?) < m + 1 (note that deg(M) < g —1). If
actually h%(M®?) < m, then we immediately get dim A,, < g — 1 as required. On

the other hand if h°(M®2) = m + 1, by the equality case in Clifford’s theorem (see
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e.g. [1] IIL, §1) one of the following must hold: M®2 = Ox or M®? = wx or X is
hyperelliptic and M®? 2 m.g]. The first case is impossible since deg(M) > 0. In the
second case M is a theta characteristic and we are done either by the fact that these
are a finite number or by other overlapping cases. The third case can also happen
only for a finite number of M’s and if we’re not in any of the other cases then of

course dim A,, < g —1—m < g — 1. This concludes the proof of the theorem. [

Remark 5.2.2. Note that the key point in the proof above is the ability to give
a convenient upper bound on the dimension of certain Quot schemes. This will
essentially be the main ingredient in the general result we will prove in the next
section, and the needed estimate was provided in the previous chapter on Quot

schemes.

5.3 Base point freeness for pluritheta linear series on SUx(r,€)

Using the dimension bound for Quot schemes given in Chapter 4, we are now
able to prove the main result of this chapter, namely an effective base point freeness
bound for pluritheta linear series on SUx (r, €). The proof is computational in nature
and the roots of the main technique involved have already appeared in in the proof of
Theorem 5.2.1. Let » > 2 and e be arbitrary integers and let h = ged(r,e), r = rh
and e = e;h. For the statement it is convenient to introduce another invariant of the
moduli space. If E € SUx(r,e) and 1 < k < r — 1, define si(F) := ke — rdy, where

dy is the maximum degree of a subbundle of E of rank k (cf.[23]). Note that if E is

stable one has s,(E) > h and we can further define s, = si(r, €) := Emtilkl)1 sk(E) and
stable
s =s(r,e) = 1<r}gl<in Sk Clearly s > h and it is also an immediate observation that

s(r,e) = s(r, —e).
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Theorem 5.3.1. The linear series |LP| on SUx(r,e) is base point free for

(r+1)2
4r

2
p > max{ h, Eh}

Remark 5.3.2. Note that the bound given in the theorem is always either a quadratic
or a linear function in the rank r. It should also be said right away that although
this bound works uniformly, in almost any particular situation one can do a little
better. Unfortunately there doesn’t seem to be a better uniform way to express it,

but we will comment more on this at the end of the section (cf. Remark 5.3.5).

i ._ (r+1)?p 12
Proof. (of Theorem 5.3.1) Let us denote for simplicity M := max{“*~h, T-h}.
Since the problem depends only on the residues of e modulo r, there is no loss of
generality in looking only at SUx(r, —e) with 0 < e < r — 1. The statement of the

theorem is implied by the following assertion, as described in 5.1.1 and 5.1.2:
For any stable E € SUx(r,—e) and any p > M, there is an

F € Ux(pri,p(ri(g — 1) + e1)) such that h°(E ® F) = 0.

Fix a stable bundle E € SUx(r,—e). Note that only in this proof, as opposed
to the rest of the chapter, e in fact denotes the degree of E*, and not that of E. If
for some F' € Ux(pri,p(ri1(g — 1) + e1)) there is a nonzero map E* % F, then this

comes together with a diagram of the form:

E* —V ——>0

RN

F

where the vector bundle V is the image of ¢. The idea is essentially to count all
such diagrams assuming that the rank and degree of V' are fixed and see that the

F’s involved in at least one of them cover only a proper subset of the whole moduli
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space. Denote as before by Quot,, ;(E*) the Quot scheme of quotients of E* of rank
k and degree d and for any 1 < k < r and any d in the suitable range (given by the

stability of E and F') consider its subset:
Apa :=1{V € Quoty 4(E")| IF € Ux(pr1,p(ri(9—1)+e1)), 30 # ¢ : E* — F with V = Im(¢)}.

The theorem on Quot schemes stated in Section 4.2 then gives us the dimension

estimate:

dim Agg < k(r — k) + (d — fo)(k+ 1)(r — k), (5.1)

where f, = fi(E*) is the minimum possible degree of a quotient bundle of E* of rank
k (which is the same as —dy). Define now the following subsets of Ux (pr1,p(r1(g —

1) +61))I
Uka :={F| 3V € Axq with V C F} C Ux(pr1,p(ri(g — 1) + €1)).

The elements of Uy, 4 are all the F’s that appear in diagrams as above for fixed £ and
d. The claim is that

dim Uk:,d < (pr1)2(g — 1) + 1,

which would imply that Uy 4 C Ux (pri,p(r1(¢9—1)+e€1)). Assuming that this is true,
and since k and d run over a finite set, any F' € Ux(pri,p(r1(g — 1) + €1)) — HUM
satisfies the desired property that h°(E ® F) = 0, which gives the statement <;f the
theorem. It is easy to see, and in fact a particular case of the computation below,
that in the case k = r (i.e. V = E*) U4 has dimension exactly (pri)?(g — 1).

Let us concentrate then on proving the claim above for 1 < k < r — 1. Note that
the inclusions V' C F' appearing in the definition of Uy 4 are valid in general only at

the sheaf level. Any such inclusion determines an exact sequence:

0—V—F—G —0, (5.2)
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where G' = G®7,, with G locally free and 7, a zero dimensional subscheme of length

a. We stratify Uy 4 by the subsets
Uka = {F| F given by an extension of type (4)} C Uyq,

where a runs over the obvious allowable finite set of integers. A simple computation
shows that G has rank pr; —k and degree p(r1(g—1) +e;1) —d—a. Denote by T} ; the
set of all vector bundles G that are quotients of some F' € Ux(prq,p(ri(g—1)+e€1)).
These can be parametrized by a relative Hilbert scheme (see e.g. [27] §8.6) over (an
étale cover of) Ux(pri,p(ri(g — 1) + e1)) and so they form a bounded family. We
invoke a general result, proved in [4] 4.1 and 4.2, saying that the dimension of such a
family is always at most what we get if we assume that the generic member is stable.

Thus we get the bound:
dim T}, < (pr1 — k)*(g — 1) + 1.

Now we only have to compute the dimension of the family of all possible exten-
sions of the form (4) when V and G are allowed to vary over A 4 and T} 4 respectively

and 7, varies over the symmetric product X,. Any such extension induces a diagram

0 0

If we denote by Af , the set of isomorphism classes of vector bundles V' that are

(inverse) elementary transformations of length a of vector bundles in Ay 4, then we
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have the obvious:

dim A‘,;d < dim A4+ ka.

On the other hand any F' is obtained as an extension of a bundle in T}, by a bundle
in Ay ;. Denote by U C Ay ; x T}, the open subset consisting of pairs (V' G) such

that there exists an extension
0—V —F—G—0

with F stable. Note that by Lemma 5.1.3 for any such pair we have h°(G*® V') = 0

and so by Riemann-Roch h'(G* ® V') is constant, given by:
RYG* @ V') = 2kpri(g — 1) — k*(g — 1) + kpey — prid — pria. (5.3)

In this situation it is a well known result (see e.g. [40] (2.4) or [22] §4) that there
exists a universal space of extension classes P(/) — U whose dimension is computed

by the formula:
dim P(U) = dim A}, ; + dim T, + A (G*®@ V') — 1.
There is an obvious forgetful map:

PU) — Ux(pri,p(ri(g — 1) + e1))

whose image is exactly Uy ;. Thus by putting together all the inequalities above we
obtain:

dim Uy, < dim A} ; + dim 77, + h{(G* @ V') — 1
<k(r—k)+(d-fi)(k+1)(r—k)+ka+ (pri—k)?(g—1)+ 1
+2kpri(g —1) — k*(9 — 1) + kpey — prid — pria — 1

<k(r—k)+(d—fo)(k+1)(r—=k)+ (pr1)*(g — 1) + kpey — prid + ka — pria
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< k(r—k)+ (d— fo)(k+1)(r — k) + (pr1)*(g — 1) + kpe1 — pr1d,

where the last inequality is due to the obvious fact that k <r —1 < pr,; if p > M.
Since a runs over a finite set, to conclude the proof of the claim it is enough to see

that dim U, < (pr1)*(g — 1). By the inequality above this is true if
p(rid —key) > k(r — k) + (d — fo)(k+ 1)(r — k),
or equivalently if
p(rd —ke) > k(r —k)h+ (d — fi)(k+1)(r — k)h
for any k£ and d. This can be rewritten in the following more manageable form:
p(r(d — fi) +rfi — ke) > k(r — k)h + (d — fi)(k + 1)(r — k)h.

The first case to look at is d = fi, when we should have p(rfy — ke) > k(r — k)h
and this should hold for every k. But clearly rfr, — ke = s, x(E*) = sg(F), defined
above in terms of maximal subbundles, and h|sg(E). Since E is stable we then have
sk(E) > h for all k£ and so s > h as mentioned before. Note though that in general
one cannot do better (cf. Remark 5.3.6). In any case, this says that the inequality
D> %h must be satisfied (which would certainly hold if p > %)

When d > fi, it is convenient to collect together all the terms containing d — fy.

The last inequality above then reads:
(d— fe)(pr — (k+ 1)(r — k)h) + psi(E) > k(r — k)h.

For p as before it is then sufficient to have pr > (k + 1)(r — k)h, which again by

simple optimization is satisfied for p > %h. Concluding, the desired inequality

holds as long as p > M. O
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The most important instances of this theorem are the cases of vector bundles
of degree 0 (more generally d = 0(mod r)) and degree 1 or —1 (more generally
d = £1(modr)). In the second situation the moduli space in question is smooth. It
is somewhat surprising that the results obtained in these cases have different orders

of magnitude.

Corollary 5.3.3. |LP| is base point free on SUx(r) for p > %.

Proof. This is clear since h = r. OJ
Corollary 5.3.4. |£?| is base point free on SUx(r,1) and SUx(r,—1) forp > r—1.

Proof. Note that by duality it suffices to prove the claim for one of the moduli
spaces, say SUx(r,—1). In this case h = 1 and for any E € SUx(r,—1), s,_x(E*) =
rfr — k > r — k. Following the proof of the theorem we see thus that it suffices to

have
(r+1)2
4r

}7

p > max{r — 1,

which is equal to r — 1 for » > 3. For » = 2 one can slightly improve the last
inequality in the proof of the theorem (actually this is true whenever r is even) to

see that p = 1 already works. O

Remark 5.3.5. Corollary 5.3.4 can be seen as a generalization of the well-known
fact that |L£| is base point free on SUx(2,1). Also, as already noted in its proof, the
general bound obtained in the theorem can be slightly improved in each particular
case, due to the fact that the two optimization problems do not simultaneously have
integral solutions. Thus for example if r is even, the proof of the theorem actually

gives that |£P| is base point free on SUx(r) for p > r(r + 2)/4.
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Remark 5.3.6. As already noted, in any given numerical situation the bound given
by the theorem is either linear or quadratic in the rank . One may thus hope that
at least in the case h = 1 (i.e. 7 and e coprime), a closer study of the number s(r, e)
might always produce by this method a linear bound. Examples show though that
this is not the case: one can take r = 4l, e = 2l — 1, k = 2l + 1 and f; = [ (this

works for special vector bundles) for a positive integer [, which implies s = s3 = 1.

5.4 An application to surfaces a la Le Potier

Another, in some sense algorithmic, application of the effective bound 5.3.1 can
be given following the paper of Le Potier [26]. By a simple use of a restriction
theorem due to Flenner [13] (cf. also [27] §11), Le Potier shows that effective results
for the determinant bundle £ induce effective results for the Donaldson determinant
line bundles on moduli spaces of semistable sheaves on surfaces. For the appropriate
definitions and basic results, the reader can consult [19] §8. Using the uniform
bound k > (r + 1)?/4 that works on every moduli space SUx(r,d), the result can be

formulated as follows:

Theorem 5.4.1. Let (X,Ox(1)) be a polarized smooth projective surface and L a
line bundle on X. Let M = Mx(r, L, c3) be the moduli space of semistable sheaves
of rank r, fized determinant L and second Chern class ca on X and denote n =
deg(X) = Ox(1)? and d = n[%] If D is the Donaldson determinant line bundle on

M, then D®P is globally generated for p > d - W divisible by d.

Note that it is not true that D is ample, which accounts for the formulation of
the theorem. The significance of the map to projective space given by some multiple
of D is well known. Its image is the moduli space of p-semistable sheaves and in

the rank 2 and degree 0 case this is homeomorphic to the Donaldson-Uhlenbeck
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compactification of the moduli space of ASD-connections in gauge theory, the map
realizing the transition between the Gieseker and Uhlenbeck points of view (see e.g.
[19] §8.2 for a survey). Better bounds for the global generation of the Donaldson line
bundle thus limit the dimension of an ambient projective space for this moduli space.
The main improvement brought by the results in the present paper comes from the
fact that our result is not influenced by the genus of the curve given by Flenner’s
theorem. Effectively that reduces the bound given in [26] §3.2 by an order of four,

namely from a polynomial of degree 8 in the rank r to a polynomial of degree 4.

Sketch of proof of Theorem 5.4.1.(cf. [26] 3.6) In analogy with the curve situation,
given E € M, the problem is to find a complementary 1-dimensional sheaf F' on X
such that h!(E ® F) = 0. Flenner’s theorem says that there exists a smooth curve C
belonging to the linear series |Ox (d)| such that Ej¢ is semistable. By theorem 5.3.1,
on C one can find for any k > (r + 1)2/4 a vector bundle V of rank kr; such that
hY(E @ V) = 0. The F that we are looking for is obtained by considering V as a
1-dimensional sheaf on X and a simple computation shows that if p = dk, this gives

the global generation of D®?.

Remark 5.4.2. Depending on the values of the invariants involved, this bound may
sometimes be improved to a polynomial of degree 3 in r, according to the precise

statement of Theorem 5.3.1.



CHAPTER VI

Verlinde bundles and duality for generalized theta
functions

6.1 The Verlinde bundles E,

The purpose of this section is to introduce and study some very interesting vector
bundles on the Jacobian of a curve which are associated to generalized theta linear
series on moduli spaces of vector bundles on that curve. By way of application, we
establish in the present and the next chapter, effective bounds for the global and
normal generation of such linear series and we give new proofs of the known results
and a new perspective on the familiar conjectures concerning duality for generalized
theta functions. We also show that these bundles lead to new examples (in the spirit

of [41]) of base points for the determinant linear series.

Definition 6.1.1. For every positive integers r and k and every N €Pic?~!(X), the

(r, k) - Verlinde bundle on J(X) is the vector bundle
E. (= ETNk) = det.O(kOy),

where det : Ux(r,0) — J(X) is the determinant map. The dependence of the
definition on the choice of N is implicitly assumed, but not emphasized by the

notation. Recall that by the convention in Section 2.3 we will (and it is enough to)

46
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assume that N is a theta characteristic. Also, most of the time the rank r is fixed

and we refer to E, j, as the level k Verlinde bundle.

Remark 6.1.2. The fibers of the determinant map are the moduli spaces of vector
bundles of fixed determinant SUx (r, L) with L €Pic®(X). The restriction of O(k©y)
to such a fiber is exactly £*, where £ is the determinant bundle. Since on SUx(r)
the dualizing sheaf is isomorphic to £-2", by the rational singularities version of the
Kodaira vanishing theorem these have no higher cohomology and it is clear that
E, is a vector bundle of rank s, := h°(SUx(r), £*). The fiber of E, at a point
L is naturally isomorphic to the Verlinde vector space H°(SUx(r, L), £*) and this
justifies the terminology Verlinde bundles that we are using. Our viewpoint is that
they allow a translation of statements about spaces of generalized theta functions
into global statements about vector bundles on Jacobians. This in turn opens the

way towards a more geometric study of these spaces.

Much of the study of the vector bundles £, ; is governed by the fact that they
decompose very nicely when pulled back via multiplication by r. To see this, first

recall from [8], §2 and §4, that there is a cartesian diagram:

SUx (r) x J(X) —T= Ux(r,0)

| oo

J(X) ———J(X)

where 7 is the tensor product of vector bundles, p, is the projection on the second

factor and r; is multiplication by r. The top and bottom maps are étale covers of

degree 7% and one finds in [8] the formula:
T*O(GN) gﬁgOJ(T@N). (61)

Using the notation V,; := H°(SUx(r), £¥), we have the following simple but very

important
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Lemma 6.1.3. ’I‘;Er,k = V;,k ® OJ(]C’I‘C"‘)N).
Proof. By the push-pull formula (see [16], IT11.9.3) and (2) we obtain:
7B, = rdet . O(kOn) = pa, 7" O(kOn)

= py (LF R Oy (krOn)) =2 Vo @ Oy (krOn).

O]

An immediate consequence of this property is the following (recall that a vector
bundle is called polystable if it decomposes as a direct sum of stable bundles of the

same slope):

Corollary 6.1.4. E,; is an ample vector bundle, polystable with respect to any

polarization on J(X).

Proof. Both properties can be checked up to finite covers (see e.g. [19] §3.2) and

they are obvious for r}E, . O

For future reference it is also necessary to study how the bundles E,; behave

under the Fourier-Mukai transform (for the definitions see Appendix A).

Lemma 6.1.5. E,, satisfies I.T. with index 0 and so m 1s a vector bundle of rank

RO (Ux(r,0), O(kOy)) satisfying I.T. with index g.

Proof. Using the usual identification between Pic®(J(X)) and Pic®(X), we have to
show that H*(E,; ® P) = 0 for all P €Pic’(X) and all ¢ > 0. But H*(E,, ® P) is a
direct summand in H'(r;,r%(E,; ® P)) and so it is enough to have the vanishing of

Hi(r%(E,, ® P)). This is obvious by the formula in 6.1.3. By A.3(5) we have:

—

rk(E, ;) = h°(E, ) = h°(Ux(r,0),0(kOy)).

The last statement follows also from A.3(5). O
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By Serre duality, one obtains in a similar way the statement:

Lemma 6.1.6. E7 satisfies I.T. with index g and so E,i s a vector bundle of rank

hO(Ux(r,0), 0(kOy)) satisfying I.T. with index 0.

The Verlinde bundles are particularly easy to compute when k is a multiple of
the rank r, but note that for general k the decomposition of E, ) into stable factors

is not so easy to describe.

Proposition 6.1.7. For allm > 1

E’r,mr = @ OJ (m®N) (g ‘/r,mr ® OJ (mG)N)) .

Sr,mr

Proof. By 6.1.3 we have
rj;E’r,mr = r,mr X OJ(mrz(_)N)-

Since N is a theta characteristic, © y is symmetric and so r3O(mOy) = O;(mr?Oy).
We get

T B mr 175 (Veme ® O(mOBy)).

Note now that the diagram giving 6.1.3 is equivariant with respect to the X,,
the group of r-torsion points of J(X), if we let X, act on SUx(r) x J(X) by
(&,(F,L)) — (F,L ® £) and naturally on all the other spaces. Also the action of
X, on T*O(mrONEL™ K O;(mr?Oy) is on O (mr?Oy) the same as the natural
(pullback) action. By chasing the diagram we see then that the vector bundle iso-
morphism above is equivariant with respect to the natural X, action on both sides.

Since we have an an induced isomorphism:
T 1T Ermr = 17575 (Ve @ O(mOy))
Jxl grmr — TJxl g\ Vrmr N

and B, and V. . @ O;(mOy) are both eigenbundles with respect to the trivial

character, the lemma follows. |
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The rest of the section will be devoted to a further study of these bundles in the
case kK = 1, where more tools are available. The main result is that E,; is a simple
vector bundle and this fact will be exploited in the next section. We show this after
proving a very simple lemma, to the effect that twisting by r-torsion line bundles

does not change E, ;.

Lemma 6.1.8. E,; ® Py = E,; for any r-torsion line bundle P¢ on J(X) corre-

sponding to an r-torsion & € Pic®(X) by the usual identification.

Proof. By definition and the projection formula one has
Er,l ® Pg = det*(O(@N) X® det*Pg) = det*O(@N@,g),

where the last isomorphism is an application of 2.2.3. Now the following commutative
diagram:

Ux (r,0) —=~ U (r, 0)

det l l det

J(X) —2~ J(X)
shows that det,O(Oy) = det.O(Onge), which is exactly the statement of the lemma.

O
Proposition 6.1.9. E, ; is a simple vector bundle.

Proof. This follows from a direct computation of the number of endomorphisms of
E.;. By lemma 6.1.3 and the Verlinde formula at level 1, rjE,; = @O (rOn).

Then:

WO (ryury(Ery @ Epy)) = O(r3(Efy ® Ey))

= ho((goJ(—T@N)) ® (©0,(rOn))) = r?d.
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On the other hand, since r; is a Galois cover with Galois group X,, we have the

formula r;,0; = @ Pe. Combined with lemma 6.1.8, this gives
£eXy

r5.r5 (B ® E) = @D E;, ® Ena ® P~ (PE;, ® E,a.

teX, r29

The two relations imply that hO(E;f’1 ® E,1) =1, so E,; is simple. O

Remark 6.1.10. Using an argument similar to the one given above, plus the Verlinde
formula, it is not hard to see that the bundles E, ) are not simple for £ > 2. In the
case when k is a multiple of r they even decompose as direct sums of line bundles,
as we have already seen in 6.1.7. This shows why some special results that we will
obtain in the case £k = 1 do not admit straightforward extensions to higher k’s.

6.2 Stability of Fourier transforms and duality for general-
ized theta functions

One of the main features of the vector bundles E,;, already observed in the
previous section, is that they are simple. We will see below that in fact they are even
stable (with respect to any polarization on J(X)). This fact, combined with the fact
that OJ/(""@N) is also stable (see Proposition 6.2.1 below), gives very quick proofs
of some results of Beauville-Narasimhan-Ramanan [3] and Donagi-Tu [8]. Note that

for the proofs of these applications it is enough to use the simpleness of the vector

bundles mentioned above.

Proposition 6.2.1. El\,. = O;(rOy) is stable with respect to any polarization on

J(X).

This is a consequence of a more general fact of independent interest, saying that
this is indeed true for an arbitrary nondegenerate line bundle on an abelian variety.

Recall that a line bundle A on the abelian variety X is called nondegenerate if
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X(A) # 0. By [32] §16 this implies that there is a unique ¢ (the index of A) such

that H'(A) # 0.

Proposition 6.2.2. Let A be a nondegenerate line bundle on an abelian variety X .

The Fourier-Mukai transform A is stable with respect to any polarization on X.

Proof. Let’s begin by fixing a polarization on X , so that stability will be understood

with respect to this polarization. Consider the isogeny defined by A
d1: X — Pi®(X)xX
r ~ HAQAT!
If i is the index of A, it follows from A.3(3) that ¢%A = V ® A~!, where V := H'(A).
As we already mentioned in the proof of 6.1.4, by [19] §3.2 this already implies that
A is polystable. On the other hand, by A.3(5) the Fourier transform of any line

bundle is simple, so A must be stable. |

Remark 6.2.3. It is worth noting that one can avoid the use of [19] §3.2 quoted
above and use only the easier fact that semistability is preserved by finite covers.
More precisely, A has to be semistable, but assume that it is not stable. Then we
can choose a maximal destabilizing subbundle F' C 21\, which must obviously be
semistable and satisfy u(F) = p(A4). Again ¢%F must be semistable, with respect
to the pull-back polarization. But ¢%F C ¢f4;1\ ~ V ® A! and by semistability
this implies that ¢%F =2 V' ® A~! with V' C V. This situation is overruled by the
presence of the action of Mumford’s theta-group G(A). Recall from [31] that A is
endowed with a natural G(A)-linearization of weight 1. On the other hand, ¢% F
has a natural K (A)-linearization which can be seen as a G(A)-linearization of weight

0, where K(A) is the kernel of the isogeny ¢4 above. By tensoring we obtain a

weight 1 G(A)-linearization on V' ® Ox = ¢%F ® A and thus an induced weight 1
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representation on V'. It is known though from [31] that V is the unique irreducible

representation of G(A) up to isomorphism, so we get a contradiction.

We now return to the study of the relationship between the bundles £, and their
Fourier transforms. First note that throughout the rest of the paper we will use the
fact that J(X) is canonically isomorphic to its dual Pic’(J(X)) and consequently
we will use the same notation for both. Thus all the Fourier transforms should be
thought of as coming from the dual via this identification, although since there is no
danger of confusion this will not be visible in the notation. The fiber of E,  over a
point £ € J(X) is H*(SUx(r, &), L), while the fiber of E'k\T over the same point is
canonically isomorphic to H°(J(X), E.\, ® P). By 2.2.3 the latter is isomorphic to
H°(Ux(k,0),O(rOngy)), where n®" = ¢ (it is easy to see that this does not depend
on the choice of n). The Strange Duality conjecture (see [2] §8 and [8] §5) says that

there is a canonical isomorphism:
H°(SUx(r,€), £*)" = H°(Ux (k,0), O(rOngy))

which will be described more precisely later in this section. This suggests then that

one should relate somehow the vector bundles E, ; and E/’k\, via the diagram:

Ux(’f’, 0) Ux(k,O)

det J(X) x J( ¢

X) de
/ K
J(X) J(X)

The first proposition treats the case £ = 1 and establishes the fact that the dual of

E.: is nothing else but the Fourier transform of O;(r©xy).

Proposition 6.2.4. E*, = E;

r1l —
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Proof. By Mukai’s duality theorem A.1, it is enough to show that l/?;‘\l = (—1y)*Er,.
But E, is just O;(r©y), which is symmetric since N is a theta characteristic. So

what we have to prove is

Er, = 0,(rOy).

Since r; is Galois with Galois group X,., we have (see e.g [34] (2.1)):

riraEr = DEE

£eXr

But translates commute with tensor products via the Fourier transform (cf. A.3(4))
and so

E:1 = Erl ® P = E:p
where as usual P is the line bundle in Pic?(J(X)) that corresponds to £ and the last
isomorphism follows from 6.1.8. Thus we get

ryr J*L/?:,\l & @E;‘\l
729

and the idea is to compute this bundle in a different way, by using the behavior of
the Fourier transform under isogenies. More precisely, by applying A.3(1) we get the

isomorphisms:

g B 2 ey B 2 r(Vey © Os(—rOy))

=~ @rjoj(/—@N) = @OJ(T@N)-

r2g

The second isomorphism follows from 6.1.3, while the fourth follows from A.3(3) and

the Verlinde formula at level 1. The outcome is the isomorphism

PE;, = Po,rew).

r29 r29

Now E*1 is simple since E,; is simple, so the previous isomorphism implies the

stronger fact that

Er, = 0,(r0y).
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Example 6.2.5. The relationship between the Chern character of a sheaf and that
of its Fourier transform established in [29] (1.18) allows us to easily compute the first
Chern class of E, ; as a consequence of the previous proposition. More precisely, if 0

is the class of a theta divisor on J(X), we have
c1(0y(rOn)) = chi(O4(rOn)) = (—1) - PDag—2(chy—1(O,(rOn))) =

= (=1) - PDyy_o(r97" - 6971 /(g — 1)) = —19~1 . 4.

where PDy, o : H*7%(J(X),Z) — H?*(J(X),Z) is the Poincaré duality. We get:
CI(ET,I) = ,,,g—l - 0.

We are able to prove the analogous fact for higher k’s only modulo multiplication

by r:
Proposition 6.2.6. rjE;, = rJEk,,

Proof. We know that k3 Ey, = @O (krOy), so by A.3(1) we obtain

Sk,r

k1B = @0 (krOw).

Sk,r

As in the previous proposition, since the Galois group of k; is X}, we have
Kyksu By = @ ttEx, and so (kr)5ks.Ei, = @ ritiEy,.
Xy €eXy
Moreover the isomorphisms above show as before that E;:. has to be semistable with
respect to an arbitrary polarization. On the other by A.3(3) we have

(kr)%J*E,\k = @(kT)JOJ (krOy) = @ O, (—krOy).

Sk,r k9r9sy
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This gives us the isomorphism

PritiBr. = @ 0s(—krow)

teXy kIr9sy ,

which in particular implies (recall semistability) that

r}ﬁk\r = @(’)J(—kfr'@]v) = ryEr,.
Sr.k

The important fact that the last index of summation is s, follows from the well-
known “symmetry” of the Verlinde formula, which is:
198, = k98, k.
O
The propositions above allow us to give quick proofs of some results in [3] and [8]
concerning duality between spaces of generalized theta functions. We first show how
one can recapture a theorem of Donagi-Tu in the present context. The full version

of the theorem (i.e. for arbitrary degree) can be obtained by the same method (cf.

Section 7.2).

Theorem 6.2.7. (/8], Theorem 1) For any L € Pic®(X) and any N € Pic? '(X),
we have:

RO(SUx(k,L), L") -9 = h®(Ux(k,0),O(rOxy)) - k9.
Proof. We will actually prove the following equality:
R°(SUx(r, L), £*) = R°(Ux(k,0), O(rOx)).

The statement will then follow from the same symmetry of the Verlinde formula
198k, = k95, mentioned in the proof of 6.2.6. To this end we can use Proposition

6.2.6 to obtain rk(E;,) = rk(Ek\,,). But on one hand

rk(E:,k) = hO(SUX (’f’, L)7 ‘Ck)
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while on the other hand by A.3(5)
tk(Eiy) = h°(J(X), Bry) = h2(Ux (k,0), O(rOx))
as required. |

It is worth mentioning that since we are assuming the Verlinde formula all

throughout, an important particular case of the theorem above is:
Corollary 6.2.8. (/8], Theorem 2) h°(Ux(r,0),0(Oy)) = 1.

As it is very well known, this fact is essential in setting up the strange duality.
Turning to an application in this direction, the results above also lead to a simple
proof of the strange duality at level 1, which has been first given a proof in [3],
Theorem 3. It is important though to emphasize again that here, unlike in the quoted
paper, the Verlinde formula is granted. So the purpose of the next application is to
show how, with the knowledge of the Verlinde numbers, the strange duality at level 1
can simply be seen as the solution of a stability problem for vector bundles on J(X).
This may also provide a global method for understanding the conjecture for higher
levels. A few facts in this direction will be mentioned at the end of this section (cf.
Remark 6.2.13).

Before turning to the proof, we need the following general result, which is a

globalization of §3 in [8].

Proposition 6.2.9. Consider the tensor product map
7:Ux(r,0) x Ux(k,0) — Ux(kr,0)

and the map

¢ :=det x det : Ux(r,0) x Ux(k,0) — J(X) x J(X).
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Then

7*0(0On) = p10;(kON) ® P3O0, (rON) ® ¢*P,

where P is a Poincaré line bundle on J(X)x J(X), normalized such that Pisoyx.r(x) =

0;.

Proof. We will compare the restrictions of the two line bundles to fibers of the pro-

jections. First fix F' € Ux(k,0). We have
T O(ON)|uxroyx{F} = TRO(ON) = O(OFgn),
where 77 is the map given by twisting with F'. But by 2.2.3 one has
O(Orgn) = O(kON) @ det*(detF) (= O(kOn) ® det™ (Ply(x)x{detF}))-
On the other hand obviously
P10 (kON) ® p;0(rON) ® ¢"Pluy(royxiry = O(kOn) ® det™(detF).
Let’s now fix E € Ux(r,0) such that detEl = Ox. Using the same 2.2.3 we get
T*O(ON) (EyxUx (k,0) = O(Open) = O(rOy)
and we also have
p10;(kOn) ® p50;(rON) ® ¢*P|iEyxUx (k,0)

= O(rOn) @ det*(Poxixix)) = O(rOn).

The desired isomorphism follows now from the see-saw principle(see e.g. [32], [.5.6).

O
Theorem 6.2.7 tells us that there is essentially a unique nonzero section

s € H(Ux(kr,0),0(6y)),
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which induces via 7 a nonzero section
t e HO(U)((T', 0) X Ux(k, 0), T*O(@N)
= HO(U)((T', 0) X Ux(k, 0),])){0.](]{?@]\]) ®p;0J(r®N) &® ¢*P)
But notice that from the projection formula we get
¢« (p101(kON) ® p;0(rOn) ® ¢*P)
= . (p10s(kON) @ p30,4(rON)) ® P = piEr ) ® pyEry ® P,
so t induces a section (denoted also by t):
0%t € HY(J(X) x J(X),p,Enp, @ pEr, ® P) = H(E, ), ® Ey,,).

This is nothing else but a globalization of the section defining the strange duality
morphism, as explained in [8] §5 (simply because for any ¢ €Pic®(X) the restriction

of 7in 6.2.9 to SUx(r, &) x Ux(k,0) is again the tensor product map
T: SUx(T’,g) X Ux(k,O) — Ux(k?’r',())

and 7*O(Oy) = L¥* K O(rOy)). In other words, ¢ corresponds to a morphism of
vector bundles

SD: Ef, — E,
which fiberwise is exactly the strange duality morphism

H(SUx(r,€), £4)* 2B HO(Ux(k,0), O(rOnan)),

where n®" = £. Since this global morphism collects together all the strange duality
morphisms as we vary £, the strange duality conjecture is equivalent to SD being an

isomorphism.



60

Conjecture 6.2.10. SD : E;; — E,:, is an isomorphism of vector bundles.

In this context Proposition 6.2.6 can be seen as a weak form of “global” evidence

for the conjecture in the case £ > 2. For k = 1 it can now be easily proved.
Theorem 6.2.11. SD : E}; — El\r s an isomorphism.

Corollary 6.2.12. (c¢f. [3], Theorem 8) The level 1 strange duality morphism
H°(SUx(r), £)* 2B HO(J(X),0(rOn))
18 an isomorphism.

Proof. (of 6.2.11) All the ingredients necessary for proving this have been discussed
above: by 6.2.1 and 6.2.4, the bundles E; and E; are isomorphic and stable. This
means that SD is essentially the unique nonzero morphism between them, and it

must be an isomorphism. O

Remark 6.2.13. One step towards 6.2.10 is a better understanding of the properties
of the kernel F' of SD. A couple of interesting remarks in this direction can already
be made. Since FE,; and E;; are polystable of the same slope, the same will be true
about F. On the other hand some simple calculus involving 2.2.3 and A.3(4) shows
that I’ gets multiplied by a line bundle in Pic’(J(X)) when we translate it, so in the
language of Mukai (e.g. [29] §3) it is a semi-homogeneous vector bundle (although

clearly not homogeneous, i.e. not fixed by all translations).

6.3 A generalization of Raynaud’s examples

In this section we would like to discuss a generalization of the examples of base
points of the theta linear system |£| on SUx(m) constructed by Raynaud in [41].

For an introduction to this problem, the reader can consult Chapter 3. Let us recall
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here (see [36] §2) only that for a semistable vector bundle E of rank m to induce a

base point of |£| it is sufficient that it satisfies the property
0<u(E)<g—1and °(E® L) # 0 for L € Pic’(X) generic.

The examples of Raynaud are essentially the restrictions of Ei‘\,,, =0 J(/—FQ N) to
some embedding of the curve X in the Jacobian. We will generalize this by consid-
ering the Fourier transform of higher level Verlinde bundles E,’S with k > 2.

For simplicity, let’s fix £ and r and denote F' := E’,’;\T This is a vector bundle by

Lemma 6.1.6. Consider also an arbitrary embedding
j: X = J(X)

and denote by E the restriction Fix.

Proposition 6.3.1. E is a semistable vector bundle.

Proof. This follows basically from the proof of Proposition 6.2.6. One can see in a
completely analogous way that:

ryF & 15 Ey = DO, (kroy).

Sr.k

Now if we consider Y to be the preimage of X by r;, this shows that r%Fy is

semistable and so Fjx is semistable. O

Proposition 6.3.2. There is an embedding of X in J(X) such that E = Fix satisfies

HY(E® L) # 0 for L € Pic’(X) generic.

Proof. The proof goes like in [41] (3.1) and we repeat it here for convenience: choose
U a nonempty open subset of J(X) on which (—1;)*Ej, is trivial. By Mukai’s duality

theorem A.1 we know that F = (—1 7)*Ej ., so there exists a nonzero section s €
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L(p2 Y(U),p;F ® P). Choose now an zy € J(X) such that sj{z,3xv # 0 and consider
an embedding of X in J(X) passing through . The image of s in I'(X x U, p; F QP)

is nonzero and this implies that H°(E ® L) # 0 for L generic. O
We are only left with computing the invariants of E.

Proposition 6.3.3. The rank and the slope of E are given by:
tk(E) = 5,5, = h°(SUx(r), £¥) and u(E) = gk/r.
Proof. By A.3(5) we have
tk(F) = tk(E},) = h°(Ey,) = B (Ux(k,0), O(rOy)).

But from the proof of 6.2.7 we know that h°(Ux(k,0),O(rOx)) = h°(SUx(r,0), L)
and so rk(F) = s.,. To compute the slope of E, first notice that by the proof of

Proposition 6.3.1 we know that
r? - u(E) = deg(Os(krOn)yy).
But r50;(krOy) = O;(kr30y), so
r?. deg(O;(krOy)y) = deg(r;0;(krON)y) = r29 . deg(O;(krOn)|x) = r29tlkg.
Combining the two equalities we get
WE) = deg(O(krOn)y)/r* = gk/r.
]

In conclusion, for each r and k we obtain a semistable vector bundle £ on X
of rank equal to the Verlinde number s, ; and of slope gk/r, satisfying the property

that H(E ® L) # 0 for L generic in Pic’(X). So as long as k < r and r divides
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gk we obtain new examples of base points for |£| on the moduli spaces SUx(syk),
as explained above. Raynaud’s examples correspond to the case k = 1. See also [36]
for a study of a different kind of examples of such base points and for bounds on the

dimension of the base locus of |L]|.



CHAPTER VII

Effective global and normal generation on Ux(r,0)

7.1 Linear series on Ux(r,0)

The main application of the Verlinde vector bundles studied in the previous chap-
ter concerns the global generation and normal generation of line bundles on Ux(r,0).
The specific goal is to give effective bounds for multiples of the generalized theta line
bundles that satisfy the properties mentioned above. In this direction analogous

results for SUx(r) will be used. The starting point is the following general result:

Proposition 7.1.1. Let f : X — Y be a flat morphism of projective schemes, with
reduced fibers, L a line bundle on X, and E := f,L. Assume that if X, denotes the
fiber of f over y € Y the following conditions hold:

(i) K'(L) =0

(i) h'(Lix,) = 0,Vy € Y, Vi > 0.

Then L s globally generated as long as L|x, is globally generated for ally € Y and

E is globally generated.

Proof. Start with x € X and consider y = f(z). By (i) we have the exact sequence

on X:
0— H(L®Ix,) — H(L) — H°(Lix,) — H'(L®ZIx,) — 0.

64
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The global generation of L|x, implies that there exists a section s € H 0(L| x,) such
that s(z) # 0. We would like to lift s to some 3, so it is enough to prove that
H'(L ® Ix,) = 0. The fibers of f are reduced, so Zx, = f*ZIy,. Condition (ii)
implies, by the base change theorem, that R'f,L = 0 for all 7 > 0 and so by the
projection formula we also get R'f.(L ® Zx,) = 0 for all ¢ > 0. The Leray spectral
sequence then gives H'(E) = H'(L) and H'(E ® Iyy) = H(L ® Ix,) for all 7 > 0.

The first isomorphism implies that there is an exact sequence:
0 — HY(E®Iy,) — HYE) =% HY(E,) — H'(E ® Iy,) — 0.

But E is globally generated, which means that ev, is surjective. This implies the
vanishing of H*(E ®Z,}), which by the second isomorphism is equivalent to H'(L®

Ix,) = 0. 0

The idea is to apply this result to the situation when the map is det : Ux(r,0) —
J(X), L =0(kOy) and E = E, ;. Modulo detecting for what k global generation
is attained, the conditions of the proposition are satisfied. The fiberwise global
generation problem (i.e. the SUx(r) case) has been given some effective solutions in
the literature. The most recent is the author’s result in [37], described in Chapter V,
improving earlier bounds of Le Potier [26] and Hein [17]. We show there that £* on
SUx(r) is globally generated if k > w. We now turn to the effective statement for
E, ) and in this direction we make essential use of Pareschi’s cohomological criterion

described in Appendix B.
Proposition 7.1.2. E, . is globally generated if and only if k > r + 1.

Proof. The trick is to write E, as E,;, ® O;(—6Ox) @ O;(On). Denote E,j ®

O;(—On) by F. Pareschi’s criterion B.1 says in our case that E, j is globally gener-
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ated as long as the condition
h'(F ® a) = 0,Ya € Pic’(X)

is satisfied (in fact under this assumption F' ® A will be globally generated for every
ample line bundle A). Arguing as usual, h'(F®a) = 0 is implied by h'(r%(F®a)) = 0.
We have

T F 23, @150;(=0N) 2 O ((kr — r)Oy)

and this easily gives the desired vanishing for £ > r + 1. On the other hand from
6.1.7 we know that E,, = @0O,(Oy), which is clearly not globally generated. This

Sr,r

shows that the bound is optimal. O

Combining all these we obtain effective bounds for global generation on Ux(r,0)
in terms of the analogous bounds on SUx(r). We prefer to state the general result
in a non-effective form though, in order to emphasize that it applies algorithmically

(but see the corollaries for effective statements):

Theorem 7.1.3. O(kOy) is globally generated on Ux(r,0) as long as k > r+1 and

Lk is globally generated on SUx(r). Moreover, O(r©y) is not globally generated.

Proof. The first part follows by puting together 7.1.2 and 7.1.1 in our particular
setting. To prove that O(r©y) is not globally generated, let us begin by assuming
the contrary. Then the restriction £ of O(r©y) to any of the fibers SUx(r, L) is
also globally generated.

Choose in particular a line bundle L outside the support of Oy on J(X). Re-

striction to the fiber gives the following long exact sequence on cohomology:

00— HO(O(T(‘)N) ®ISU)((T,L)) — HO(O(T@N)) i)
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— H°(L") — H'(O(rOn) ® Zsuy(r,r)) — 0.

As in the proof of 7.1.1, this sequence can be written in terms of the cohomology of

E,,:
0— HY%E,, ®I;y) — H(O(rOy)) = H(L") — H'(E,, ® I{y) — 0.

The assumption on O(r©y) ensures the fact that the map « in the sequence above

is nonzero, and as a result
R (E,, ® Iry) < B(L7) = s,y

On the other hand we use again the fact 6.1.7 that E,, is isomorphic to @O, (On).

Sr,r

The additional hypothesis that L € ©y says then that
hl(ET7T ® I{L}) = ST,T

which is a contradiction. O

As suggested above, by combining this with the effective result on SUx(r) given

in Theorem 5.3.1, we get:

Corollary 7.1.4. O(kOy) is globally generated on Ux(r,0) for

(r+1)2.

>
k= 4

It is important, as noted in the introduction, to emphasize the fact that the
SUx(r) bound may still allow for improvement. Thus the content and formulation
of the theorem certainly go beyond this corollary. For moduli spaces of vector bundles
of rank 2 and 3 though, in view of the second part of 7.1.3, we actually have optimal

results (see also [37] (5.4)).
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Corollary 7.1.5. (i) O(30y) is globally generated on Ux(2,0).

(i) O(40y) is globally generated on Ux(3,0).

These are natural extensions of the fact that O(20y) is globally generated on
J(X) 2 Ux(1,0) (see e.g. [15], Theorem 2, p.317). In Section 7.2 we will also state

some questions and conjectures about optimal bounds in general.

Remark 7.1.6. A similar technique can be applied to study the base point freeness

of more general linear series on Ux(r,0). This is done in Section 7.2.

Remark 7.1.7. A result analogous to 7.1.1, combined with a more careful study of
the cohomological properties of E, ;, gives information about effective separation of
points by the linear series |kOy|. We will not insist on this aspect in the present

work.

In the same spirit of studying properties of linear series on Ux(r,0) via vector
bundle techniques, one can look at multiplication maps on spaces of sections and
normal generation. The Verlinde bundles are again an essential tool. The underlying

theme is the study of surjectivity of the multiplication map
H(O(kOy)) ® H(O(kOy)) 12 H(O(2kOy)).

To this respect we have to start by assuming that k is already chosen such that £*
and E,; are globaly generated (in particular k¥ > r + 1). As proved in Theorem
7.1.3, this also induces the global generation of O(k©y). The method will be to look
at the kernels of various multiplication maps—in the spirit of [25] for example—and
study their cohomology vanishing properties. Let M}, on Ux(r,0) and M, on J(X)

be the vector bundles defined by the sequences:

0 — M, — H°(O(kOy)) ® O — O(kOy) — 0 (7.1)
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and

0 — Myy — H(E,p) ® Oy — E,j, — 0. (7.2)

By twisting (7.1) with O(k© y) and taking cohomology, it is clear that the surjectivity
of py is equivalent to H*(M; ® O(kOy)) = 0.

On the other hand, the global generation of O(k©y) implies that the natural map
det*E, , — O(kOy) is surjective, so we can consider the vector bundle K defined by

the following sequence:
0 — K — det"E,, — O(kOy) — 0. (7.3)

Remark 7.1.8. Fixing L € Pic’(X), we can also look at the evaluation sequence

for £* on SUx(r, L):
0 — Mg — H(LY) ® Osy, — LF — 0.

The sequence (7.3) should be interpreted as globalizing this picture. It induces the

above sequence when restricted to the fiber of the determinant map over each L.

The study of vanishing for M, ; and K will be the key to obtaining the required
vanishing for Mj. This is reflected in the top exact sequence in the following com-

mutative diagram, obtained from (7.1),(7.2) and (7.3) as an application of the snake
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lemma:
0 0
00— det" M, M, K 0
det*H(E, ) ® O == H'(kOy) ® O
0 K det* E, O(kOn) 0
0 0

We again state our result in part (b) of the following theorem in a form that al-
lows algorithmic applications. The main ingredient is an effective normal generation

bound for E, ;, which is the content of part (a).
Theorem 7.1.9. (a) The multiplication map
HY(E.x) @ H(E,x) — H(ES})

s surjective for k > 2r + 1.

(b) Under the global generation assumptions formulated above, the multiplication map
e - H(O(kOy)) ® HY(O(kOy)) — H°(O(2kO))

is surjective as long as the multiplication map H°(LF) ® HO(L*) — H°(L%*) on

SUx(r) is surjective and k > 2r + 1.

Proof. (a) This is not hard to deal with when k is a multiple of r, since we know
from 6.1.7 that E, ;, decomposes in a particularly nice way. To tackle the general case
though, we have to appeal to Proposition B.3. Concretely, we have to see precisely

when the skew Pontrjagin product

E’r,k:;:Er,k = Er,k * (_]—J)*ET,k
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is globally generated, and since by the initial choice of a theta characteristic £, is
symmetric, this is the same as the global generation of the usual Pontrjagin product
E, i * E, . As an aside, recall from B.3 that this would imply the surjectivity of all

the multiplication maps
HO(t;Ep) ® HY(Eyp) — HO(t;Eri ® Eypp)

for all z € J(X).

The global generation of this Pontrjagin product is in turn another application
of the general cohomological criterion B.1 for vector bundles on abelian varieties.
We first prove that E,j * E,  also has a nice decomposition when pulled back by an
isogeny, namely this time by multiplication by 2r. Denote by F' the Fourier transform

ET;, so that [ = (—15)*E, x = E, . Then we have the following isomorphisms:
E+E,2FxF2FQF,

where the second one is obtained by the correspondence between the Potrjagin prod-
uct and the tensor product via the Fourier-Mukai transform, as in A.3(2). Next, as
in the previous sections, we look at the behaviour of our bundle when pulled back

via certain isogenies (cf. A.3(1)):

o —

In 6.2.6 we proved that

KiF 2 k3B = k5 Er, = @O (~kroy).

Sk,r

and by plugging this into (5) we obtain

kro(Erg % Eri) = (DO (—krOn) Q) PO (—krOn))

Sk,r Sk,r
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= @O](—Qk’r@]\]).

2
sk,r

Finally we apply (2r)% o k% to both sides of the isomorphism above and use the
behavior of the Fourier transform of a line bundle when pulled back via the isogeny
that it determines (see A.3(3)). Since E, x * E, is a direct summand in k%k;,(E,x *

E, ), we obtain the desired decomposition:

(2r)5(Evg % Erx) = @D 01 (2krOy). (7.5)

This allows us to apply a trick analogous to the one used in the proof of 7.1.2. Namely

(7) implies that
(2r)5(Br % Er ® O(—Ox)) =2 @D 0,((2kr — 4r*)Oy).

Thus if we denote by U,.; the vector bundle E,.j x E, ;, ® O;(—Oy) we clearly have:
R (U.x ® a) =0, Ya € Pic®(X), Vi > 0 and Vk > 2r + 1.

Pareschi’s criterion 7.3 immediately gives then that E.; x E, }, is globally generated
for k£ > 2r + 1, since

EpxE., =U.,®0;(0n).

(b) We will show the vanishing of H'(M, ® O(kOy)). By the top sequence in the
diagram preceding the theorem, it is enough to prove that

HY (K ® O(kOy)) =0 and H'(det*M,; ® O(kOy)) = 0.
First we prove the vanishing of H'(K ® O(kOy)). The key point is to identify the

pull-back of K by the étale cover 7 in the diagram

SUx(’T‘) X J(X)—T>Ux(7’,0)

J Jae
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described in §6.1. In the pull-back sequence
0 — 7K — 7*det"E,;, — 7" O(kOy) — 0

we can identify 7*det*FE,;, with pir;*E,; and 7*O(kOy) with £ X O, (krOy). In

other words we have the exact sequence
0 — 7K — H(LF) @ O;(krOy) — LFR O (krOy) — 0,
which shows that the following isomorphism holds (cf. 7.1.8):
T"K = M X O;(krOy).
Finally we obtain the isomorphism
™K @ O(kOn)) = (M @ LX) R O;(2krOy).

Certainly by the argument mentioned earlier the surjectivity of the multiplication
map H°(LF) @ H°(LF) — H°(L*) is also equivalent to H'(M ® L*¥) = 0. The
required vanishing is then an easy application of the Kiinneth formula.

The next step is to prove the vanishing of H'(det*M,.; ® O(kOy)). From the

projection formula we know that
Ridet,(det* M, ® O(kOy)) = M, ® R'det,O(kOy) =0 for all i >0

since obviously R'det,O(k©y) = 0 for all > 0. The Leray spectral sequence reduces
then our problem to proving the vanishing H'(M,; ® E, ;) = 0, which is basically

equivalent to the surjectivity of the multiplication map
H°(E,;) ® H(E,x) — H°(EZ}).

This is the content of part (a). O
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Corollary 7.1.10. For k as in 7.1.9, O(kOy) is very ample.

Proof. Since Oy is ample, by a standard argument the assertion is true if the mul-

tiplication maps
HY(O(kOy) ® H(O(klOy)) — HY(O(k(l + 1)Ox))

are surjective for [ > 1. For [ = 1 this is proved in the theorem and the case [ > 2 is

similar but easier. O

Remark 7.1.11. The case of line bundles in the theorem above (i.e. » = 1) is the
statement for Jacobians of a well known theorem of Koizumi (see [21] and [43]).
Applied to that particular case, the metod of proof in Step 2 above is of course

implicit in Pareschi’s paper [35].

For an effective bound implied by the previous theorem we have to restrict our-
selves to the case of rank 2 vector bundles, since to the best of our knowledge nothing

is known about multiplication maps on SUx(r) for r > 3.

Corollary 7.1.12. For a generic curve X the multiplication map
H°(O(kOy)) ® H'(O(kOy)) 25 HO(O(2kON))

on Ux(2,0) is surjective for k > max{5,g — 2} and so O(kOy) is very ample for

such k.

Proof. This follows by a theorem of Laszlo [24], which says that on a generic curve
the multiplication map

S*HO(L) — H°(LF)
on SUx(2) is surjective for k > 2g — 4. See also [2] §4 for a survey of results in this

direction. M
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Remark 7.1.13. A more refined study along these lines gives analogous results in
the extended setting of higher syzygies and N, properties. We hope to come back to

this somewhere else.

We would like to end this section with another application to multiplication maps.
Although probably not of the same significance as the previous results, it still brings
some new insight through the use of methods characteristic to abelian varieties.
Recall from 2.2.2 that the Picard group of Ux(r,0) is generated by O(©y) and the
preimages of line bundles on J(X). We want to study “mixed” multiplication maps

of the form:

H°(O(kOy) @ H(det*O;(mOy)) = H°(O(kOy) ® det*O;(mOy)).  (7.6)
Proposition 7.1.14. The multiplication map o in (7.6) is surjective if m > 2 and
k>2r+1.

Proof. By repeated use of the projection formula, from the commutative diagram

HY(O(kOy) @ HO(det* O5(mOy)) 2 HO(O(kOy) ® det* O, (mOy))

gl lg

HO(ET,]C) ®H0(0J(m@]\r)) HO(Er,k ®0J(m®N))

we see that it is enough to prove the surjectivity of the multiplication map 8 on

B

J(X).
This is an application of the cohomological criterion B.4 going back to Kempf

[20]. What we need to check is that
R(E,® O0;(108)®a) =0, Vi >0, VI > —2 and Va € Pic’(J(X)).
It is again enough to prove this after pulling back by multiplication by r. Now:

r5(Erk ® 04(10x) ® a) = @O, ((kr + 1r*)Oy) @ T3
Sr.k

hence the required vanishings are obvious as long as | > —2 and k > 2r + 1. O
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7.2 Variants for arbitrary degree

As it is natural to expect, some of the facts discussed in the previous sections
for moduli spaces of vector bundles of degree 0 can be extended to arbitrary degree.
On the other hand, as the reader might have already observed, there are results that
do not admit (at least straightforward) such extensions. In this last paragraph we
would like to emphasize what can and what cannot be generalized using the present
techniques.

Fix r and d arbitrary positive integers. Then we can look at the moduli space
Ux(r,d) of semistable vector bundles of rank r and degree d. For A € Pic*(X),
denote also by SUx(r, A) the moduli space of rank r bundles with fixed determinant
A. We will write SUx(r,d) when it is not important what determinant is involved.
On these moduli spaces one can construct generalized theta divisors as in the degree

0 case. More precisely, denote
h = ged(r,d), ry =r/h and dy = d/h.

Then for any vector bundle F' of rank r; and degree d;, we can consider O to be

the closure in Ux(r,d) of the locus
0% ={E| ’"(E® F) # 0} C Us(r,d).

This does not always have to be a proper subset, but it is so for generic F' (see [18])
and in that case O is a divisor. We can of course do the same thing with vector
bundles of rank kr; and degree kd; for any £ > 1 and a formula analogous to 2.2.3
holds. On SUx(r,d) there are similar divisors ©p and they all determine the same
determinant line bundle. As before this generates Pic(SUx(r,d)) and is denoted by

L.
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To study the linear series determined by these divisors we define Verlinde type
bundles as in the previous chapter. They will now depend on two parameters (again
not emphasized by the notation). Namely fix F € Ux(r1,r1(9 — 1) —d;) and L €

Pic?(X). Consider the composition
w1 Ux(r,d) 2% Picd(X) 25 J(X)

and define:
E,ax(= Edek) =7, O(kOF).
This is a vector bundle on J(X) of rank s, 4y := h®(SUx(r,d), £¥). There is again a

fiber diagram

SUx(r, A) x J(X) = Ux(r,d)

J(X) — J(X)

where 7 is given by tensor product and the top and bottom maps are Galois with

Galois group X,. By [8] §3 one has the formula
T*O(@F) =LK 0]([67’7’1@]\{),

where N € Pic?”'(X) is a line bundle such that N = L ® (detF)®". Asin 6.1.3
we obtain the decomposition:

T}E'r,d,k = @O](kTTl@N).

Sr,d,k

The basic duality setup via Fourier-Mukai transform presented in Section 6.2 can be
extended with a little extra care to this general setting. The purpose is to relate linear

series on the complementary moduli spaces SUx(r,d) and Ux(kry,kri(g — 1) — kdy)
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(cf. [8] §5) and this is realized via a diagram of the form:

Ux(’f’,d) UX(krl,k‘rl(g—l)—kdl)

- J(X) x J(X) T
/ \
J(X) J(X)

where I € Pict(X), M € Pic**(0=D=*d1(X) and 7, and 7y are defined as above.
One can also choose a vector bundle G € Ux(r1,d;) and consider the Verlinde bundle
Eyry jor1(g—1)—kd1,n associated to G and M. As before, there is an obvious tensor

product map
Ux(r,d) x Ux(kri,kri(g — 1) — kdy) SN Ux(krry, krri(g — 1)).

With the extra (harmless) assumption on our choices that L & (detG)®" and M =

(detF)®* we can show exactly as in 6.2.9 that
7*0(0) 2 O(kOF) X O(hOg) ® (7L X Ta)*P,

where P is a normalized Poincaré line bundle on J(X) x J(X). Note that this is
slightly different from 6.2.9 in the sense that we are twisting up to slope g—1 and on
Ux(krry, krri(g—1)), © represents the canonical theta divisor. The two formulations
are of course equivalent.

The unique nonzero section of O(©) induces then a nonzero map:

SD : E:,d,k — (Ekr1,kr1(g—1)—kd1,hy

and the global formulation of the full strange duality conjecture is:

Conjecture 7.2.1. (cf. [8] §5) SD is an isomorphism.
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On the positive side, the properties of the kernel of this map described in 6.2.13
still hold. On the other hand, the method of proof of Theorem 6.2.11 cannot be
used for arbitrary degree even in the level 1 situation. The point is that these new
Verlinde type bundles may always fail to be simple. Probably the most suggestive

example is the case of r and d coprime, when the other extreme is attained for any

k:

Example 7.2.2. If ged(r,d) = 1, then E, ;5 decomposes as a direct sum of line
bundles for any k. More precisely:

Erqr = PO(kON), VE > 1.

Sr,d,k

This can be seen by imitating the proof of 6.1.7.

On a more modest note, the main result of [8] can be naturally integrated into
these global arguments on J(X). It is obtained by calculus with Fourier transforms

in the spirit of Section 6.1 and we do not repeat the argument here:
Proposition 7.2.3. (/8], Theorem 1) h°(Ux(r,d), O(kOF)) = £ - s, 4.

Turning to effective global generation and normal generation Ux (7, d), the picture
described in Section 7.1 completely extends, with the appropriate modifications,
to the general case. All the effective bounds turn out to depend on the number
h = ged(r,d). The global generation result analogous to 7.1.3 is formulated as

follows:

Theorem 7.2.4. O(kOp) is globally generated on Ux(r,d) as long as k > h+1 and
L* is globally generated on SUx(r,d). Moreover, O(kOF) is not globally generated

for k < h.
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In Theorem 5.3.1 it is proved that L* is globally generated on SUx(r,d) for

k > max{ (szyh, gh}, where s is an invariant of the moduli space that we will not

(r+1)2
4

define here, but satisfying s > h so that in particular £ > always works. This

implies then:
Corollary 7.2.5. O(kOr) is globally generated on Ux (r,d) for k > max{%h, %h}.

This again produces optimal results in the case of rank 2 and rank 3 vector

bundles:
Corollary 7.2.6. O(20r) is globally generated on Ux(2,1) and Ux (3, £1).
In the same vein, the normal generation result 7.1.9 can be generalized to:

Theorem 7.2.7. The multiplication map
pr : H'(O(kOF)) @ H'(O(kOF)) — H°(O(2kOF))

on Ux(r,d) is surjective as long as the multiplication map H°(LF) @ HO(LF) —
HO(L?*) on SUx(r,d) is surjective and k > 2h + 1. For such k, O(kOp) is very

ample.
Corollary 7.2.8. For X generic y is surjective on Ux(2,1) if k > max{3, &2}.

Proof. This is a consequence of Theorem 7.2.7 and [24], where it is proved that on
SUx(2,1)
S*HO(L) — H°(LF)

is surjective for k > g — 2. O

It is certainly not hard to formulate further results corresponding to 7.1.14. We

leave this to the interested reader.
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7.3 Some further conjectures in both the GL, and SL, cases
and a generalization

It is interesting to see how the bounds given in Chapter V and in this chapter
relate to possible optimal bounds and consequently formulate some conjectures and
questions in this direction. Given the shape of the results, we will carry out the
discussion in the case of SUx(r) (and Ux(r,0)) and SUx(r, £1), based on the results
5.3.3 and 5.3.4. A similar analysis can be applied to any other case, but we will not
give any details here.

We begin by looking at degree 0 vector bundles, where global generation is at-
tained for k > %, with the improvement 5.2.1 in the case of rank 2, when £ > 1

suffices. In view of 7.1.3, the bound in 7.1.4 is optimal in the case of rank 2 and rank

3 vector bundles. Let us recall the result for convenience.

Corollary 7.3.1. Let N € Pic? 1(X). Then:
(i) Oy (3Oy) is globally generated on Ux(2,0).

(ii) Oy (4©y) is globally generated on Ux(3,0).

This could be seen as a natural extension of the classical fact that O;(20y) is
globally generated on J(X) = Ux(1,0). In presence of this evidence it is natural to

conjecture that this is indeed the case for any rank:

Conjecture 7.3.2. For any r > 1, Oy (kOy) is globally generated on Ux(r,0) for

k>r+1.

This is the best that one can hope for and there is a possibility that it might be
a little too optimistic, or in other words that Corollary 7.3.1 might be an accident
of low values of a quadratic function. On the other hand if that is the case, the

theorem should be very close to being optimal. Turning to SUx(r), in Chapter III
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we showed that, granting the Strange Duality conjecture, the optimal bound for the
global generation of £* should also go up as we increase the rank . The case of rank
2 vector bundles 5.2.1 suggests though that we could ask for a slightly better result

than for Ux(r,0), but unfortunately further evidence is still missing:
Conjecture/Question 7.3.3. Is L* globally generated on SUx(r) for k > r — 17

Note also that in view of 7.1.3, any positive answer in the range {r — 1,7,r + 1}
would imply the optimal conjecture 7.3.2.

In the case of SUx(r,+1) 5.3.4 and 7.1.3 give that Oy (kOF) is globally generated
for k > max{2,r — 1}, while Oy(©F) cannot be. We obtain thus again optimal

bounds for rank 2 and rank 3 vector bundles.
Corollary 7.3.4. Oy (20p) is globally generated on Ux(2,1) and Ux(3,=£1).

Note also that for all the examples of special vector bundles constructed in [41],
[36] and [38] we have h # 1, therefore theoretically an optimal bound that does not
depend on the rank 7 is still possible. It is natural to ask if the best possible result

always holds:

Question 7.3.5. Is Oy(20F) on Ux(r,+1), and so also £? on SUx(r, +1), globally

generated? More generally, is this true whenever r» and d are coprime?

We conclude the section with a generalization of Theorem 7.1.3. For simplicity we
present it only in the degree 0 case, but the extension to other degrees is immediate.
Recall from Section 2.2 that for N € Pic? '(X), Pic(Ux(r,0)) = Z - O(Oy) @
det*Pic(J(X)). The method provided by the Verlinde bundles allows one to study
effective global generation for “mixed” line bundles of the form O(kOy)®det*L with
L € Pic(J(X)). Concretely we have the following cohomological criterion (assume

r > 2):
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Theorem 7.3.6. O(kOy) ® det*L is globally generated if k > W and
R (O, ((kr —r2)ON) ® L& @ ) = 0, Vi > 0, Va € Pic®(J(X)).
Proof. By the projection formula, for every i > 0 we have:
R'det, (Op(kOn) ® det*L) = R'det,Oy(kOy) ® L = 0.

Also the restriction of Oy (kOy) ® det™L to any fiber SUx(r, &) of the determinant

map is isomorphic to £* and so globally generated for k > w. It is a simple
consequence of the general machinery described in Section 7.1 Proposition 7.1.1,

that in these conditions the statement holds as soon as
det*((’)U(kQN) X det*L) = E,,.’k ® L

is globally generated on J(X), where E, ;. To study this we make use, as in Section
7.1, of the cohomological criterion for global generation of vector bundles on abelian
varieties B.1. In our particular setting it says that E,; ® L is globally generated if

there exists some ample line bundle A on J(X) such that
M(E.,®L® A ®a)=0, Vi >0, Ya € Pic’(J(X)).

We chose A to be O;(Oy), where Oy is the theta divisor on J(X) associated to
N. The cohomology vanishing that we need is true if it holds for the pullback of
E.r®L®0;(—0Oy) ® a by any finite cover of J(X). But recall from Lemma 6.1.3
that 75 B, = @ O (krOy), where r; is the multiplication by . Since r5L = L,

via pulling back by r; the required vanishing certainly holds if

K (O5((kr —r2)ON) ® L& @ a) = 0, Vi > 0, VYa € Pic®(J(X)).
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Corollary 7.3.7. Ifl € Z, O(kOy) ® det*O;(1Ox) is globally generated for

12
k> max{r+1— lr,#}.
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Appendix A. The Fourier-Mukai transform on an abelian va-
riety

Here we give a brief overview of some basic facts on the Fourier-Mukai transform
on an abelian variety, following the original paper of Mukai [28]. Let X be an
abelian variety of dimension g, X its dual and P the Poincaré line bundle on X x X ,
normalized such that P x {0} and ’P| (0}xX are trivial. To any coherent sheaf F on X

we can associate the sheaf p, (p1*F ® P) on X via the natural diagram:

Xx)?
D2
pP1
X X

This correspondence gives a functor
S : Coh(X) — Coh(X).

If we denote by D(X) and D(X) the derived categories of Coh(X) and Coh(X), then
the derived functor RS : D(X) — D()? ) is defined (and called the Fourier functor)

and one can consider RS : D(X) — D(X) in a similar way. Mukai’s main theorem

is the following:

Theorem. A.1(/28] (2.2)) The Fourier functor establishes an equivalence of cate-

~

gories between D(X) and D(X). More precisely there are isomorphisms of functors:
RS oRS = (~1g)"[~g]
RS o RS = (—1x)*[—g].
In this paper we will essentially have to deal with the simple situation when by
applying the Fourier functor we get back another vector bundle, i.e. a complex with

only one nonzero (and locally free) term. This is packaged in the following definition

(see [28] (2.3):
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Definition. A.2 A coherent sheaf F on X satisfies I.T. (index theorem) with indezx j
if H(F ® a) = 0 for all @ € Pic®(X) and all i # j. In this situation we have
R!S(F) = 0 for all i # j and by the base change theorem R'S(F) is locally free.
We denote R'S(F) by F and call it the Fourier transform of F. Note that then

RS(F) = F[—j].

For later reference we list some basic properties of the Fourier transform that will

be used repeatedly throughout the paper:

Proposition. A.3 Let X be an abelian variety and X its dual and let RS and RS
the corresponding Fourier functors. Then the following are true:
(1)(/28] (3.4)) Let Y be an abelian veriety, f : Y — X anisogenyand f : X = Y

the dual isogeny. Then there are isomorphisms of functors:
f*oRSx =RSyo f.
f* o ng = R§X o f*.

(2)([28] (3.7)) Let F and G coherent sheaves on X and define their Pontrjagin
product by F x G := p.(p1*F @ pa*G), where p: X x X — X is the multiplication on

X. Then we have the following isomorphisms:
RS(F xG) = RS(F) @ RS(G)

RS(F ® ) = RS(F) * RS(9)[g],

where the operations on the right hand side should be thought of in the derived cate-
gory.
(3)(/28] (3.11)) Let L be a nondegenerate line bundle on X of indexi, i.e. hi(L) #

0 and h?(L) = 0 for all j # i. Then by [82] §16, L.T. holds for L and there is an
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isomorphism

s L=HL) L™ (= PL),
[x(L)]

with ¢, the isogeny canonically defined by L.
(4)(/28] (5.1)) Let F be a coherent sheaf on X, x € X and P, € Pic®(X) the

corresponding line bundle. Then we have an isomorphism:
RS(F ® P,) 2 t;RS(F),

where t, is translation by x.
(5)([28] (2.4),(2.5),(2.8)) Assume that E satisfies I.T. with index i. Then E

satisfies I.T. with index g — 1 and in this case

Moreover, there are isomorphisms Ext*(E, E) = Extk(E, E) for all k, and in partic-

ular E is simple if and only ifE\ s simple.
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Appendix B. Global generation and normal generation of vec-
tor bundles on abelian varieties

For the reader’s convenience, in the present paragraph we give a brief account of
some very recent results and techniques in the study of vector bundles on abelian
varieties — following work of Pareschi [35] — in a form convenient for our purposes. The
underlying theme is to give useful criteria for the global generation and surjectivity
of multiplication maps of such vector bundles.

Let X be an abelian variety and E a vector bundle on X. Building on earlier
work of Kempf [20], Pareschi proves the following cohomological criterion for global

generation:

Theorem. B.1(/35] (2.1)) Assume that E satisfies the following vanishing property:
R (E® a) =0, Va € Pic’(X) and Vi > 0.
Then for any ample line bundle L on X, E® L s globally generated.

In another direction, in order to attack questions about multiplication maps of

the form

H(E)® H'(F) — H°(E® F) (.7)

for £ and F' vector bundles on X, the right notion turns out to be that of skew

Pontrjagin product:

Definition. B.2 Let E and F be coherent sheaves on the abelian variety X. Then

the skew Pontrjagin product of E and F' s defined by
EX*F = p1,((p1 + p2)"E @ p3 F)

where p1,py : X X X — X are the two projections.
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The following is a simple but essential result relating the skew Pontrjagin product
to the surjectivity of the multiplication map (1). It is a restatement of [35] (1.1)
in a form convenient to us and we reproduce Pareschi’s argument for the sake of

completeness.

Proposition. B.3 Assume that EXF is globally generated and that hi(t:EQ F) =0
for all x € X and all v > 0, where t,, is the translation by x. Then for all x € X the

multiplication map
H(t:E)® H'(F) — H°(t'E® F)
is surjective and in particular (1) is surjective.
Proof. The fact that hi(t*E ® F) = 0 for all 7 > 0 and all z € X implies by base
change that E%F is locally free with fiber
EiF(z) 2 H(t'EQ®F).
We also have a natural isomorphism
¢ : H'(E*F) -~ H°(E) ® H°(F)
obtained as follows. One one hand by Leray we naturally have
H°(pr.((p1 + p2)"E ® p3F)) = H'((p1 + p2)"E @ p3 F)

and on the other hand the automorphism (p; + p2,p2) of X x X induces an isomor-
phism

H°((p1 + p2)*E @ psF) = H(E) @ H(F),
so ¢ is obtained by composition. If we identify H°(E) ® H°(F) with both H(E%F)
(via @) and HO(t: E)®@ HO(F) (via t! xid), then it is easily seen that the multiplication
map

H(t:E)® H'(F) — H°(t:EQ®F)
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coincides with the evaluation map
H°(E4F) =2 E4F(z)
and this proves the assertion. ]

Remark. There is a clear relationship between the skew Pontrjagin product and the

usual Pontrjagin product as defined in 7.3(2). In fact (see [35] (1.2)):
EAF = E % (—1x)*F.

If F' is symmetric the two notions coincide and one can hope to apply results like

7.8(2). This whole circle of ideas will be used in Section 5 below.

Finally we extract another result on multiplication maps that will be useful in the
sequel. It is a particular case of [35] (3.8), implicit in Kempf’s work [20] on syzygies

of abelian varieties.

Proposition. B.4 Let E be a vector bundle on X, L an ample line bundle and

m > 2 an integer. Assume that
M(E®L®*®a)=0, Vi> 0, Vk > —2 and Va € Pic®(X).
Then the multiplication map
HY(L®*™) ® H°(E) — H°(L®™ ® E)

18 surjective.
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ABSTRACT

Linear Series on Moduli Spaces of Vector Bundles on Curves

by

Mihnea Popa

Chair: Robert Lazarsfeld

The present work developes a geometric study of linear series and generalized
theta functions on moduli spaces of vector bundles on curves, with the aim of under-
standing effective numerical statements in the spirit of higher dimensional geometry.
We give effective base point freeness and projective normality bounds for pluritheta
linear series, as well as dimension bounds for the base loci of determinant linear
series. This study has an ”abelian” and a "nonabelian” part. For the "nonabelian”
part the main technique is focused on giving upper bounds on the dimension of Quot
schemes, via constructions known as elementary transformations. On the other hand,
from the ”abelian” point of view, we introduce the notion of Verlinde bundle on the
Jacobian of a curve, and study this type of bundle with methods specific to the
theory of vector bundles on abelian varieties. As a byproduct of these techniques
we obtain a new global picture on duality for generalized theta functions and we

formulate some further conjectures on optimal effective statements.



