
ON k-RATIONAL AND k-DU BOIS LOCAL COMPLETE

INTERSECTIONS

MIRCEA MUSTAŢĂ AND MIHNEA POPA

Abstract. We show that local complete intersections with k-rational singularities
are k-Du Bois, as a consequence of an injectivity theorem for the duals of the asso-
ciated graded quotients of the Du Bois complex. For hypersurfaces, we characterize
k-rationality in terms of the minimal exponent. We also establish some local vanish-
ing results for k-rational and k-Du Bois singularities. Some of these results have also
been independently obtained in [FL22b].

A. Introduction

Rational and Du Bois singularities are two classes of singularities that play an im-
portant role in complex algebraic geometry. The notion of rational singularities is of
a cohomological nature: a complex algebraic variety Z has this property if for some

(any) resolution of singularities µ : Z̃ → Z, the canonical morphism OZ → Rµ∗OZ̃
is

an isomorphism. This is a very useful condition since, if satisfied, the cohomology of a

locally free sheaf on Z is isomorphic to that of its pull-back to Z̃. On the other hand,
the notion of Du Bois singularities is of a Hodge-theoretic nature. Recall that building
on Deligne’s work [Del74], Du Bois associated to any complex algebraic variety Z a fil-
tered complex Ω•Z , nowadays called the Du Bois complex of Z. When Z is smooth, this
is just the de Rham complex of Z, with its “stupid” filtration, but when Z is singular,
it turns out to have better cohomological properties than the de Rham complex. The
i-th graded piece Ωi

Z of the Du Bois complex (suitably shifted) is an element in the
bounded derived category of coherent sheaves on Z and it carries a canonical morphism
Ωi
Z → Ωi

Z , which is an isomorphism when Z is smooth. The variety Z has Du Bois

singularities if the canonical morphism OZ → Ω0
Z is an isomorphism. This condition is

important in birational geometry since projective varieties with Du Bois singularities
satisfy a version of Kodaira vanishing. It was shown by Steenbrink [Ste83] in the case
of isolated singularities, and in full generality by Kovács [Kov99] and also later by Saito
[Sai00], that rational singularities are Du Bois.

Recently, a systematic study of natural refinements of these two standard classes
of singularities has been taking shape, guided especially by developments of a Hodge
theoretic and D-module theoretic flavor. On one hand, the papers [MOPW23] and
[JKSY22] introduced and studied the notion of k-Du Bois singularities for hypersur-
faces (the terminology appeared in the latter) as a natural extension of the concept of
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Du Bois singularities. The definition, which makes sense for an arbitrary variety Z, is
that the natural morphisms

Ωi
Z −→ Ωi

Z

are isomorphisms for 0 ≤ i ≤ k. The results in loc. cit. were extended to local complete
intersections in [MP22].

On the other hand, as defined in [FL22a] (cf. also [FL22c]) for normal isolated
singularities, and communicated to us by R. Laza in general, rational singularities also
admit a natural refinement: a variety Z has k-rational singularities if for any resolution

of singularities µ : Z̃ → Z that is an isomorphism over the smooth locus of Z and such
that the reduced inverse image D of the singular locus is a simple normal crossing
divisor, the canonical morphisms

Ωi
Z → Rµ∗Ω

i
Z̃

(log D)

are isomorphisms for all 0 ≤ i ≤ k. Note that for k = 0 we recover the classical notions
of Du Bois and rational singularities.

The study we undertake here is motivated by two points. First, since we know
that rational singularities are Du Bois, it is natural to ask whether this persists for
the higher versions. Second, in the case of hypersurfaces both notions have other
possible (numerical) refinements in terms of minimal exponents; the natural question,
already approached for isolated singularities in [FL22a], is whether they coincide with
the notions defined above.

In this paper, we answer some of these questions positively for local complete inter-
sections, and others, when the V -filtration and minimal exponents are involved, only
in the case of hypersurfaces. While writing it, we learned that some of the results we
obtain have also been arrived at independently in [FL22b] and [Sai22], following work
in the case of isolated singularities in [FL22a], [FL22c]; see below. At the moment it
seems quite hard to say much beyond the case of local complete intersections.

In what follows we always work over C, and X is an irreducible n-dimensional smooth
algebraic variety.

Results for local complete intersections. The main result we obtain in this context
is an injectivity theorem for the cohomologies of the Grothendieck duals of the various
graded quotients of the Du Bois complex, whose proof relies on the study of the Hodge
filtration on local cohomology in [MP22].

Theorem A. Let Z be an algebraic variety which is locally a complete intersection,
and let k be a nonnegative integer such that Z has (k− 1)-Du Bois singularities. Then
the morphism

RHomOZ
(Ωk

Z , ωZ)→ RHomOZ
(Ωk

Z , ωZ)

in the derived category of coherent sheaves on Z, obtained by dualizing the canonical
morphism Ωk

Z → Ωk
Z , is injective at the level of cohomology.

When k = 0 the hypothesis is vacuous, and the statement is known to hold for an
arbitrary variety Z (meaning not necessarily a local complete intersection). This result
was shown by Kovács and Schwede [KS16, Theorem 3.3], with a somewhat stronger
version obtained by different means in [MP22, Theorem A], and has proven to be useful
for a whole range of applications.
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A quick consequence of Theorem A that we derive here is the natural higher analogue,
for local complete intersections, of the well-known fact discussed above that rational
singularities are Du Bois.

Theorem B. Let Z be an algebraic variety which is locally a complete intersection. If
Z has k-rational singularities, then Z has k-Du Bois singularities.

This result was also obtained in a different fashion by Friedman and Laza in [FL22b],
and previously in the case of isolated singularities in [FL22a] (cf. also [FL22c]).

An interesting consequence of Theorem B regards duality for the graded pieces of
the Du Bois complex. It is not hard to show, see Proposition 6.1 below, that for every
d-dimensional irreducible variety Z and every k ≥ 0 there is a natural morphism

ψk : Ωk
Z −→ RHomOZ

(
Ωd−k
Z , ω•Z [−d]

)
,

where ω•Z is the dualizing complex of Z. This is however usually not an isomorphism,
and in fact we show that this property is precisely what makes the difference between
k-Du Bois and k-rational singularities:

Corollary C. If Z is an irreducible d-dimensional local complete intersection variety,
then Z has k-rational singularities if and only if it has k-Du Bois singularities and the
canonical morphism

ψk : Ωk
Z −→ RHomOZ

(Ωd−k
Z , ωZ)

is an isomorphism.

By duality, in the setting of Corollary C one can also compute Ωd−k
Z as the derived

dual of Ωk
Z ; see Corollary 6.3.

On a different note, since the work of Steenbrink, see e.g. [Ste85], it has been known
that the graded pieces of the Du Bois complex are closely related to direct images
of sheaves of forms with log poles on log resolutions. In this direction, we record
the following local vanishing theorem, which is mainly a consequence of our results
in [MP22], with some additions from [GKKP11]; this gives a positive answer to a
question of R. Laza. A related result, Theorem G below, will be a crucial technical
step towards a finer understanding of k-rational singularities of hypersurfaces. We

again take µ : Z̃ → Z to be a resolution that is an isomorphism over the smooth locus
of Z, and such that the reduced preimage of the singular locus of Z is a simple normal
crossing divisor D.

Theorem D. If Z is a d-dimensional local complete intersection variety which has
k-Du Bois singularities and is normal,1 then

Rqµ∗Ω
p

Z̃
(log D)(−D) = 0

in each of the following cases:

i) p+ q ≥ d+ 1;
ii) p ≤ k, q ≥ 1, and p+ q ≥ d− 2k + 1;

iii) p = k + 1 and q = d− k − 1;
iv) q ≥ max{d− k − 1, 1}.

1Note that Z is automatically normal if k ≥ 1.
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When the singularities of Z are isolated, a different approach to such vanishing is
provided in [FL22a, Theorem 3.6].

Results for hypersurfaces. In the case of hypersurfaces, one can obtain stronger
results; the key technical tool allowing for this is the minimal exponent, and especially
its connection with the V -filtration of Kashiwara and Malgrange.

Let Z be a hypersurface in X. Its minimal exponent α̃(Z) is the negative of the
greatest root of the reduced Bernstein-Sato polynomial bZ(s)/(s+ 1); see e.g. [MP20a,
§6] for a general discussion of this singularity invariant. The minimal exponent is
related to the log canonical threshold by the formula lct(X,Z) = min{α̃(Z), 1}. M.
Saito showed in [Sai93] that Z has rational singularities if and only if α̃(Z) > 1. This
can be extended to the following:

Theorem E. If Z is a hypersurface in X, and k is a nonnegative integer, then Z has
k-rational singularities if and only if α̃(Z) > k + 1.

Another proof of this result was obtained independently by Saito [Sai22]. For isolated
singularities, it had been established in [FL22a, Theorem 3.8], cf. also [FL22c].

Note. The notion of k-rationality for hypersurfaces first appeared in [KL20] precisely
as the condition α̃(Z) > k+ 1. Here we are of course using the more natural definition
in terms of log resolutions suggested in [FL22a]. The point of the theorem is that these
two possible generalizations indeed coincide.

Combining the main results of [MOPW23] and [JKSY22], we also know that Z is
k-Du Bois if and only if α̃(Z) ≥ k + 1. Together with Theorem E, this provides a
numerical strengthening of Theorem B, and has the following immediate consequence
(cf. also [FL22b, Conjecture 1.8]):

Corollary F. If Z is a hypersurface in X which has (k+ 1)-Du Bois singularities, for
some k ≥ 0, then Z has k-rational singularities.

At the moment we do not know how to show this last implication in the case of local
complete intersections of higher codimension.

We consider an approach that obtains the “if” part of Theorem E as a quick conse-
quence of the following local vanishing theorem, which is the counterpart to Theorem
D, and uses the same notation. The question whether a vanishing result roughly of
this type holds was posed to us by R. Laza. Part ii) is in fact one of the main results of
[MP20b] (the proof we give here is technically similar, but slightly simpler); the main
new result is part i). Again, for isolated singularities see also [FL22a, Theorem 3.8 and
Remark 3.9].

Theorem G. If Z is a hypersurface in X, k is a nonnegative integer, and α̃(Z) > k+1,
then

Rqµ∗Ω
p

Z̃
(log D) = 0

in each of the following cases:

i) p ≤ k and q ≥ 1;
ii) p = k + 1 and q = n− k − 2.

This theorem is in turn a consequence of an analogous result we establish for log
resolutions of the pair (X,Z), as opposed to Z itself; see Theorem 8.3. The proofs
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of Theorems E and G make use of Saito’s theory of mixed Hodge modules [Sai90],
especially duality and the description of the Hodge filtration on the local cohomology
H1
Z(OX) in terms of the V -filtration.

Acknowledgements. We especially thank R. Laza for outlining the program we
address here, and for asking us many relevant questions. We also thank him and
R. Friedman for sharing an early version of the paper [FL22a], which discusses many of
these topics in the case of isolated singularities. We would like to thank the anonymous
referee for several comments and suggestions on a previous version of this article.

B. Definitions and background

In what follows we work over the field C of complex numbers. By a variety we mean
a reduced, separated scheme of finite type over C (not necessarily irreducible). For a
variety Z, we denote by Zsing its singular locus and by Zsm the complement Z rZsing.

1. Log resolutions. We will deal with two types of resolutions of singularities that
we now describe. If Z is an irreducible variety, then by a log resolution of Z we

mean a proper birational morphism µ : Z̃ → Z, with Z̃ smooth, such that if W is the
complement of the domain of µ−1, then the subset µ−1(W )red (the exceptional locus of
µ) is a divisor D with simple normal crossings. We say that µ is a strong log resolution
of Z if, in addition, we have W = Zsing (in general we only have Zsing ⊆ W ). Recall
that if X is a smooth variety, then a family of subvarieties (Wi) of X has simple normal
crossings if locally on X we can find a system of algebraic coordinates x1, . . . , xn (that
is, dx1, . . . , dxn trivialize the cotangent bundle) such that every irreducible component
of a Wi is defined by a subset of the coordinates.

Suppose now that Z is a subvariety of the smooth irreducible variety X. A log
resolution of (X,Z) is a proper morphism π : Y → X, with Y smooth, which is an
isomorphism over X r Z, and such that π−1(Z)red is a divisor with simple normal
crossings. If Z is a hypersurface in X, then we say that π is a strong log resolution
of (X,Z) if, in addition, it is an isomorphism over X r Zsing. In this case, if Z is

irreducible and Z̃ is its strict transform on Y , then the induced morphism Z̃ → Z is a
strong log resolution of Z. We note that in both contexts strong log resolutions exist
by Hironaka’s fundamental theorem. Moreover, a (strong) log resolution of (X,Z) can
be obtained as a composition of blow-ups of smooth centers.

Let’s assume now that Z is an irreducible hypersurface in X, and establish a connec-
tion between higher direct images of forms with log poles in the two contexts. Suppose
that W is a proper closed subset of Z containing Zsing, and let π : Y → X be a log
resolution of (X,Z) that is an isomorphism over XrW and is a composition of smooth
blow-ups. More precisely, the morphism π factors as

Y = XN
πN−→ XN−1 −→ · · · −→ X1

π1−→ X0 = X,

where each πj with 1 ≤ j ≤ N is the blow-up of a smooth irreducible subvariety
Wj−1 ⊆ Xj−1 that lies over W . We denote by Fj the exceptional divisor of Xj → X
and by Zj the strict transform of Z on Xj . Moreover, for each 1 ≤ j ≤ N , we assume
that Wj−1 has simple normal crossings with Zj−1+Fj−1. We note that such a resolution
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exists by Hironaka’s theorem (we can take, for example, W = Zsing). We denote

Z̃ = ZN , E = π∗(Z)red = Z̃ + FN , and D = FN |Z̃ .

If µ : Z̃ → Z is the restriction of π, then µ is a strong log resolution of Z and D =
µ−1(Zsing)red.

Proposition 1.1. With the above notation, if r = codimX(W ), then for every i with
0 ≤ i ≤ r − 2 and every q ≥ 1, we have an isomorphism

(1.2) Rqµ∗Ω
i
Z̃

(logD) ' Rqπ∗Ωi+1
Y (log E).

Moreover, we have an isomorphism

(1.3) µ∗Ω
i
Z̃

(log D) ' Coker
(
Ωi+1
X → π∗Ω

i+1
Y (log E)

)
.

Proof. The argument is similar to the one in the proof of [MP20b, Theorem D], but we
include the details for the benefit of the reader. We first show that for every i ≤ r− 1,
we have

(1.4) π∗Ω
i
Y (log FN ) = Ωi

X and Rqπ∗Ω
i
Y (log FN ) = 0 for all q ≥ 1.

Using the Leray spectral sequence, we see that in order to prove (1.4) it is enough to
show that for every 1 ≤ j ≤ N , we have
(1.5)
πj∗Ω

i
Xj

(log Fj) = Ωi
Xj−1

(log Fj−1) and Rqπj∗Ω
i
Xj

(log Fj) = 0 for all q ≥ 1.

Let us fix j. If Wj−1 ⊆ Fj−1, then Fj = π∗j (Fj−1) and the assertion follows from

[MP19, Theorem 31.1(i)]. On the other hand, if Wj−1 6⊆ Fj−1, then Wj−1 is the strict
transform of its image in X. In particular, we have codimXj−1(Wj−1) ≥ r and the
assertions in (1.5) for j follow from [MP20b, Lemma 7.2].

We now consider on Y the residue short exact sequence

0 −→ Ωi+1
Y (log FN ) −→ Ωi+1

Y (log E) −→ Ωi
Z̃

(log D) −→ 0.

The long exact sequence for higher direct images together with the formulas in (1.4)
imply that for i ≤ r − 2 we have an isomorphism

Rqπ∗Ω
i+1
Y (logE) ' Rqµ∗Ωi

Z̃
(log D) for all q ≥ 1

and a short exact sequence

0 −→ Ωi+1
X −→ π∗Ω

i+1
Y (log E) −→ µ∗Ω

i
Z̃

(log D) −→ 0.

This completes the proof of the proposition. �

Lemma 1.6. Let Z be an irreducible variety, µ : Z̃ → Z a log resolution of Z with W
the complement of the domain of µ−1, and let D be the simple normal crossing divisor

on Z̃ such that µ−1(W )red = D. For every p and q, the sheaves

Rqµ∗Ω
p

Z̃
(log D) and Rqµ∗Ω

p

Z̃
(log D)(−D)

only depend on W (but not on µ). In particular, these sheaves only depend on Z if µ
is assumed to be a strong log resolution.
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Proof. Since any two log resolutions with the same W are dominated by a common
one, in order to prove the assertion it is enough to show that if E is a reduced simple

normal crossing divisor on the smooth n-dimensional variety Y and g : Ỹ → Y is

a proper morphism that is an isomorphism over Y r Supp(E), with Ỹ smooth and
F = g∗(E)red having simple normal crossings, then for every p ≥ 0, we have canonical
isomorphisms

(1.7) Rg∗Ω
p

Ỹ
(log F ) ' Ωp

Y (log E).

and

(1.8) Rg∗Ω
p

Ỹ
(log F )(−F ) ' Ωp

Y (log E)(−E).

In fact (1.7) is already known; see for example [MP19, Theorem 31.1(i)]. On the other
hand, since Ωn

Y (log E) ' ωY (E) and Ωn
Ỹ

(log F ) ' ω
Ỹ

(F ), we have(
Ωp
Y (log E)(−E)

)∨ ' Ωn−p
Y (log E)⊗ω−1

Y and
(
Ωp

Ỹ
(log F )(−F )

)∨ ' Ωn−p
Ỹ

(log F )⊗ω−1

Ỹ
,

and using Grothendieck duality we obtain

RHomOY

(
Rg∗Ω

p

Ỹ
(log F )(−F ), ωY

)
' Rg∗RHomO

Ỹ

(
Ωp

Ỹ
(log F )(−F ), ω

Ỹ

)
' Rg∗Ω

n−p
Ỹ

(log F ) ' Ωn−p
Y (log E) ' RHomOY

(
Ωp
Y (log E)(−E), ωY

)
.

The isomorphism in (1.8) follows from the fact that RHomOY
(−, ωY ) is a duality. �

2. k-rational singularities. The following definition is due to Friedman and Laza
[FL22a] in the case of normal isolated singularities, and was communicated to us by
Laza in general.

Definition 2.1. Let Z be an irreducible variety and µ : Z̃ → Z a strong log resolution,
with µ−1(Zsing)red = D. For an integer k ≥ 0, we say that Z has k-rational singularities
if the canonical morphisms

(2.2) Ωi
Z → Rµ∗Ω

i
Z̃

(log D)

are isomorphisms for all 0 ≤ i ≤ k. We say that an arbitrary variety Z has k-rational
singularities if all its connected components are irreducible, with k-rational singulari-
ties.

Remark 2.3. By Lemma 1.6, the definition is independent of the choice of strong log
resolution.

Remark 2.4. For k = 0, we recover the familiar notion of rational singularities.

Remark 2.5. Recall that a coherent sheaf F on Z is reflexive if the canonical mor-
phism F → F∨∨ is an isomorphism. If Z is normal, then F is reflexive if and only if
it is torsion-free and for every open subsets V ′ ⊆ V ⊆ X with codimV (V rV ′) ≥ 2, the
restriction map Γ(V,F )→ Γ(V ′,F ) is an isomorphism (see [Har80, Proposition 1.6]).
This implies that if U = ZrZsing, with j : U ↪→ X the inclusion, and F |U is locally free,
then F is reflexive if and only if the canonical map F → j∗(F |U ) is an isomorphism.

Remark 2.6. With the notation in Definition 2.1, the condition that Z has k-rational
singularities is equivalent to the vanishings

Rqµ∗Ω
i
Z̃

(log D) = 0 for i ≤ k, q ≥ 1
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and the fact that the canonical morphism

(2.7) Ωi
Z → µ∗Ω

i
Z̃

(log D)

is an isomorphism for all i ≤ k. Note that for i = 0, the morphism (2.7) is an
isomorphism if and only if Z is normal. On the other hand, for i ≥ 1, as a consequence
of the extension theorem for differential forms in [KS21] we have:

Lemma 2.8. If Z has rational singularities, then the morphism (2.7) is an isomor-
phism if and only if Ωi

Z is a reflexive sheaf.

Proof. The key point is to show that since Z has rational singularities, µ∗Ω
i
Z̃

(log D)

is reflexive for every i. Note first that µ∗ωZ̃(D) is a reflexive sheaf. Indeed, the fact
that Z has rational singularities implies that Z is normal and Cohen-Macaulay and
µ∗ωZ̃ ' ωZ , which is reflexive; see [KM98, Theorem 5.10]. Since the inclusion µ∗ωZ̃ ↪→
µ∗ωZ̃(D) is an isomorphism over the smooth locus of Z and µ∗ωZ̃(D) is torsion-free, it
is straightforward to deduce that µ∗ωZ̃(D) is reflexive, and in fact isomorphic to µ∗ωZ̃ .

We can thus apply [KS21, Theorem 1.5] to deduce that µ∗Ω
i
Z̃

(log D) is reflexive for

every i. Since the morphism (2.7) is an isomorphism over the smooth locus of Z, it
follows that it is an isomorphism if and only if Ωi

Z is reflexive (see the last assertion in
Remark 2.5). �

It is a natural question whether the morphisms (2.2) are isomorphisms when X has
k-rational singularities, but µ is an arbitrary log resolution of Z. We now address this.

Proposition 2.9. Let Z be an irreducible variety, µ : Z̃ → Z a log resolution of Z
with W the complement of the domain of µ−1, and let D be the simple normal crossing

divisor on Z̃ such that µ−1(W )red = D. We assume that W ∩ Zsm 6= ∅ and let r =
codimZsm(W ∩ Zsm).

i) If Rqµ∗Ω
i
Z̃

(logD) = 0 for q ≥ 1 and i ≤ k, then r > k.

ii) If Z has k-rational singularities and r > k, then the canonical morphism Ωi
Z →

Rµ∗Ω
i
Z̃

(log D) is an isomorphism for every i ≤ k.

Proof. We first note that since µ−1 is defined in codimension 1 on Zsm, we have r ≥ 2.
In order to prove the assertion in i), given any irreducible component W0 of W that
intersects Zsm, we may replace Z by a suitable smooth open subset U such that U ∩W0

is smooth and irreducible. Therefore we may and will assume that both Z and W are
smooth and irreducible. By Lemma 1.6, we may assume that µ is the blow-up of Z
along W . In this case, we have

Rr−1µ∗Ω
j

Z̃
(log D) ' Ωj−r

W for all j

(see for example [MP22, Lemma 4.27]). Therefore this is nonzero if r ≤ j ≤ dim(Z),
hence the assumption in i) implies r > k.

In order to prove the assertion in ii), we use again the fact that by Lemma 1.6, we
may choose a convenient µ. We thus may and will assume that µ = ϕ ◦ ψ, as follows.

The morphism ϕ : Z̃0 → Z is a strong log resolution of Z, with ϕ−1(Zsing)red = F ; we
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denote by W0 ⊆ Z̃0 the union of the strict transforms of the irreducible components of

W that intersect Zsm. The morphism ψ : Z̃ → Z̃0 is a composition of smooth blow-ups

Z̃ = Z̃N
ψN−→ · · · ψ2−→ Z̃1

ψ1−→ Z̃0,

where each ψj is the blow-up of a smooth, irreducible subvariety Vj−1 ⊆ Z̃j−1 that is

mapped into W0. Moreover, if Ej ⊆ Z̃j is the exceptional divisor of Z̃j → Z̃0 and Fj is

the strict transform of F on Z̃j , then we assume that Vj−1 has simple normal crossings
with Fj−1 + Ej−1 for 1 ≤ j ≤ N . The existence of such ψ is again a consequence of
Hironaka’s theorem. With this notation, note that D = EN + FN .

Since Z has k-rational singularities, we know that the canonical morphism

Ωi
Z → Rϕ∗Ω

i
Z̃0

(log F )

is an isomorphism for all i ≤ k. We deduce using the Leray spectral sequence that in
order to prove the assertion in ii), it is enough to show that for every i ≤ k and every
j, with 1 ≤ j ≤ N , the canonical morphism

(2.10) Ωi
Z̃j−1

(
log(Fj−1 + Ej−1)

)
→ Rψj∗Ω

i
Z̃j

(
log(Fj + Ej)

)
is an isomorphism. If Vj−1 ⊆ Supp(Fj−1 + Ej−1), then (2.10) is an isomorphism for
all i, see [MP19, Theorem 31.1(i)]. On the other hand, if Vj−1 6⊆ Supp(Fj−1 + Ej−1),
then (2.10) is an isomorphism if i ≤ codim

Z̃j−1
(Vj−1) − 1, see [MP22, Lemma 4.27].

Note that since Vj−1 is not contained in the exceptional locus of Z̃j−1 → Z, it follows
that it is the strict transform of its image in Z, which is contained in an irreducible
component of W meeting Zsm. We thus have

codim
Z̃j−1

(Vj−1)− 1 ≥ r − 1 ≥ k ≥ i,

hence (2.10) is an isomorphism in this case as well. This completes the proof of the
proposition. �

3. Brief review of filtered D-modules. We will make use of the theory of mixed
Hodge modules, for which we refer to [Sai90]. Let X be a smooth, irreducible, n-
dimensional complex algebraic variety. Recall that every (mixed) Hodge module on
X has an underlying filtered DX -module (M, F ); the filtration F is called the Hodge
filtration. For an integer q, the Tate twist M(q) has the same underlying DX -module,
but the filtration is given by FpM(q) = Fp−qM for all p ∈ Z.

We will use both left and right Hodge modules. Recall that there is an equivalence
between the categories of such objects, such that if (Mr, F ) is the right filtered DX -
module that corresponds to (M, F ), then there is an isomorphism of OX -modules
Mr ' ωX ⊗OX

M that induces for every p an isomorphism

Fp−nMr ' ωX ⊗OX
FpM.

For example, the left version of the trivial (pure) Hodge module QH
X [n] is (OX , F ),

where grFi OX = 0 for i 6= 0, and the corresponding right filtered DX -module is (ωX , F ),
where grFi ωX = 0 for i 6= −n.

Recall that for every filtered left Hodge module (M, F ) on X and every i ∈ Z, the
complex GrFi DRX(M) is given by

0→ GrFi M→ Ω1
X ⊗OX

GrFi+1M→ · · · → ωX ⊗OX
GrFi+nM→ 0,
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placed in cohomological degrees −n, . . . , 0. The same complex can be written in terms
of the corresponding right Hodge module (Mr, F ) as

0→ ∧nTX ⊗OX
GrFi−nMr → ∧n−1TX ⊗OX

GrFi−n+1Mr → · · · → GrFi Mr → 0.

4. The Du Bois complex and k-Du Bois singularities. Recall that the Du Bois
complex of a complex variety W is an element (Ω•W , F ) in a suitable filtered derived
category. We will only be interested in its shifted graded pieces

Ωp
W := GrpFΩ•W [p] for p ≥ 0,

which are objects in the bounded derived category of coherent sheaves Db
coh(W ).

For an introduction to the Du Bois complex and for further references, we refer to
[GNAPGP88, Chapter V.3] or [PS08, Chapter 7.3]. We note that Hi(Ωp

W ) = 0 for all
i < 0 and H0(Ωp

W ) is torsion-free; this follows, for example, from the description in
[HJ14, Theorem 7.12].

For every W as above and every p, there is a canonical morphism σp : Ωp
W → Ωp

W
that is an isomorphism over the smooth locus of W . Recall that by definition, W has
Du Bois singularities if σ0 is an isomorphism. More generally, following [JKSY22], we
will say that W has k-Du Bois singularities if σp is an isomorphism for all p, with
0 ≤ p ≤ k.

Remark 4.1. Suppose that W is an irreducible variety and µ : W̃ → W is any reso-
lution of singularities. By functoriality of the Du Bois complex, for every p we have a
canonical map

Ωp
W → Rµ∗Ω

p

W̃
= Rµ∗Ω

p

W̃

whose composition with σp is the canonical morphism Ωp
W → Rµ∗Ω

p

W̃
. Indeed, this

follows using the next remark, since µ∗Ω
p

W̃
is torsion-free and the assertion certainly

holds on the locus in W over which µ is an isomorphism.

The following general remark is used repeatedly throughout the paper.

Remark 4.2. Let W be a variety and let u : F → P be a morphism in Db
coh(W ), where

F is a coherent sheaf and Hi(P) = 0 for all i < 0. If H0(P) is torsion-free and u|V = 0
for some open dense subset V of W , then u = 0. Indeed, giving such a morphism u is
equivalent to giving the corresponding morphism of coherent sheaves F → H0(P), and
the assertion is clear.

Local complete intersections. We next restrict to the case of a local complete
intersection Z of pure codimension r in X, and review the connection established
in [MP22] between the Du Bois complex of Z and the Hodge filtration on the local
cohomology sheaf HrZ(OX). This sheaf has a DX -module structure which underlies a
(left) mixed Hodge module. In particular, it carries a Hodge filtration F , and for every
integer k we have an isomorphism

(4.3) Ωk
Z ' RHomOX

(
GrFk−nDRXHrZ(OX), ωX

)
[k + r]

provided by [MP22, Proposition 5.5].
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The sheaf HrZ(OX) also carries a more elementary filtration, also compatible with
the order filtration on DX , namely the Ext filtration, given for p ≥ 0 by

EpHrZ(OX) =
{
u ∈ HrZ(OX) | Ip+1

Z u = 0
}

= Im
[
E xtrOX

(
OX/Ip+1

Z ,OX

)
→ HrZ(OX)

]
,

where IZ is the ideal defining Z in X. It is known that for each p we have FpHrZ(OX) ⊆
EpHrZ(OX); see [MP22, §3.1 and §3.3].

The singularity level of the Hodge filtration on HrZOX is defined as

p(Z) := sup{k | FkHrZOX = EkHrZOX},

with the convention that p(Z) = −1 if there are no such k. For a general study of
this invariant, see [MP22, §3.3]. We only mention a few points: first, we have that
p(Z) =∞ if and only if Z is smooth. Moreover, when Z is singular, we have

(4.4) codimZ(Zsing) ≥ 2p(Z) + 1.

In general, the singularity level p(Z) only depends on Z (not on the ambient smooth
variety X). If Z is a hypersurface in X, then p(Z) = bα̃(Z)c − 1, where α̃(Z) is the
minimal exponent of Z, recalled in the Introduction.

The main result proved in loc. cit. relates p(Z) to the complexity of the Du Bois
complex of Z, extending the hypersurface case treated in [MOPW23] and [JKSY22].

Theorem 4.5 ([MP22, Theorem F]). For every nonnegative integer p, we have p(Z) ≥
k if and only if Z has k-Du Bois singularities.

C. Results for local complete intersections

We recall that X denotes a smooth irreducible n-dimensional variety. All throughout
this chapter, Z will be a local complete intersection closed subvariety of X, of pure
codimension r.

5. Injectivity and hierarchy of singularities. In this section we prove the main
statement for local complete intersections, the injectivity Theorem A, and deduce The-
orem B, stating that k-rational local complete intersection singularities are k-Du Bois.

In preparation for the proof of Theorem A, we consider for each 0 ≤ k ≤ dimZ the
complex C•k defined by

0→ SymkN∨Z/X → Ω1
X⊗OX

Symk−1N∨Z/X → · · · → Ωk−1
X ⊗OX

N∨Z/X → Ωk
X⊗OX

OZ → 0

and placed in cohomological degrees −k, . . . , 0, obtained by truncating the general-
ized Eagon-Northcott complex Dn−r−k (see [BV88, Chapter 2.C]) associated to the
canonical morphism

g : TX |Z → NZ/X ,

keeping the first k + 1 terms, and then suitably translating. We have a canonical
isomorphism H0(C•k) ' Ωk

Z induced by the exact sequence

N∨Z/X → Ω1
X |Z → Ω1

Z → 0.

It is shown in [MP22, §5.2] (right before the proof of Theorem F) that if codimZ(Zsing) ≥
k, then C•k is a resolution of Ωk

Z .



12 M. MUSTAŢǍ AND M. POPA

We are now ready to prove the injectivity theorem for the duals of the graded pieces
of the Du Bois complex of a local complete intersection.

Proof of Theorem A. Since p(Z) ≥ k − 1, using (4.4) we deduce that

codimZ(Zsing) ≥ 2k − 1.

We conclude that the complex C•k is a locally free resolution of Ωk
Z over OZ ; for

k = 0 this is obvious, while for k ≥ 1 the inequality above implies in particular that
codimZ(Zsing) ≥ k, hence we can apply the discussion before the start of the proof.

We can therefore compute RHomOZ
(Ωk

Z , ωZ) by applying the functor HomOZ
(−, ωZ)

to C•k ; this leads to the complex

0→ Ωn−k
X ⊗ωZ⊗ω−1

X → Ωn−k+1
X ⊗NZ/X⊗ωZ⊗ω−1

X → · · · → Ωn
X⊗SymkNZ/X⊗ωZ⊗ω−1

X → 0

placed in cohomological degrees −k, . . . , 0. But this turns out to be precisely the
complex GrEk−nDRXHrZ(OX), i.e. the associated graded of the de Rham complex of
the DX -module HrZ(OX) with respect to the Ext filtration; see [MP22, Lemma 3.21],
as well as [MP22, §5.2], especially the discussion before formula (5.5). In other words,
under our assumption on the minimal exponent, we have a natural isomorphism

RHomOZ
(Ωk

Z , ωZ) ' GrEk−nDRXHrZ(OX)[−k].

On the other hand, by dualizing the isomorphism in (4.3), we also have

RHomOX
(Ωk

Z , ωX) ' GrFk−nDRXHrZ(OX)[−k − r],

where this time the associated graded is taken with respect to the Hodge filtration.
Using Grothendieck duality for the inclusion Z ↪→ X, we deduce an isomorphism

RHomOZ
(Ωk

Z , ωZ) ' GrFk−nDRXHrZ(OX)[−k]

in Db
coh(X). We claim that via these identifications, the canonical morphism

ϕk : GrFk−nDRXHrZ(OX)→ GrEk−nDRXHrZ(OX)

induced by the inclusion of the Hodge filtration into the Ext filtration is the dual of the
canonical morphism Ωk

Z → Ωk
Z . Indeed, since H0(Ωk

Z) is torsion-free, it follows from
Remark 4.2 that it is enough to check this on the complement of the singular locus of Z.
We may thus assume that Z is smooth, in which case the assertion is straightforward
to check.

Note that ϕk is a morphism of complexes placed in nonpositive degrees. Moreover,
by definition of the singularity level, since p(Z) ≥ k−1, it follows ϕk is an injective mor-
phism of complexes and its cokernel is concentrated in degree 0. It is then immediate
to check that Hi(ϕk) is an isomorphism for all i 6= 0 and H0(ϕk) is injective. �

The fact that k-rational implies k-Du Bois in our setting is now an easy application.

Proof of Theorem B. Since the connected components of Z are irreducible, we may and
will assume that Z is irreducible. We prove the result by induction on k ≥ 0. The
canonical morphism Ωp

Z → Rµ∗Ω
k
Z̃

(logD) factors as

Ωk
Z

σk−→ Ωk
Z

τk−→ Rµ∗Ω
k
Z̃

(logD)
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(see Remark 4.1). Dualizing this, we obtain the composition

RHomOZ
(Rµ∗Ω

k
Z̃

(logD), ωZ)
τ ′k−→ RHomOZ

(Ωk
Z , ωZ)

σ′k−→ RHomOZ
(Ωk

Z , ωZ).

Our hypothesis gives that τk ◦ σk is an isomorphism, and therefore so is σ′k ◦ τ ′k. On
the other hand, since Z is also (k−1)-rational, it is (k−1)-Du Bois by induction (this is
vacuous if k = 0). Therefore Theorem A applies, to the effect that σ′k induces injective
maps in cohomology. These maps are also surjective, hence σ′k is an isomorphism, and
so is σk. Therefore Z has k-Du Bois singularities. �

6. Duality. The k-rationality condition has interesting consequences regarding duality
for the graded pieces of the Du Bois complex. We start with a general construction:

Proposition 6.1. For every irreducible variety Z of dimension d and every k ≥ 0,
there is a canonical morphism

ψk : Ωk
Z −→ RHomOZ

(
Ωd−k
Z , ω•Z [−d]

)
in the bounded derived category of coherent sheaves on Z.

Proof. Let f : Y → Z be any resolution of singularities. The functoriality of the Du
Bois complex gives a morphism

αk : Ωk
Z −→ Rf∗Ω

k
Y

for each k. On the other hand, on Y we have an isomorphism

τYk : Ωk
Y
'−→ RHomOY

(
Ωd−k
Y , ω•Y [−d]

)
and we get an isomorphism βk on Z as the composition

Rf∗Ω
k
Y
'−→ Rf∗RHomOY

(
Ωd−k
Y , ω•Y [−d]

) '−→ RHomOZ

(
Rf∗Ω

d−k
Y , ω•Z [−d]

)
,

where the first isomorphism is Rf∗(τ
Y
k ) and the second isomorphism is provided by rel-

ative duality for f . Finally, taking the Grothendieck dual of αd−k provides a morphism

γk : RHom
(
Rf∗Ω

d−k
Y , ω•Z [−d]

)
−→ RHom

(
Ωd−k
Z , ω•Z [−d]

)
.

We define

ψk := γk ◦ βk ◦ αk.

We need to show that this is independent of the choice of resolution. Since any two
resolutions are dominated by a third one, it is enough to show that if f is as above and
g : W → Y is a proper birational morphism, with W smooth, then the morphisms ψk
corresponding to f and h = f ◦g coincide. This follows easily from the definitions once
we know that the following diagram is commutative

Rf∗Ω
k
Y RHom

(
Rf∗Ω

d−k
Y , ω•Z [−d]

)
Rh∗Ω

k
W RHom

(
Rh∗Ω

d−k
W , ω•Z [−d]

)
,

in which the top horizontal map is the βk with respect to f and the bottom map is
βk with respect to h. This commutativity follows from the functoriality of relative
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duality and its compatibility with composition of proper morphisms, together with the
commutativity of the diagram

Ωk
Y RHomOY

(
Ωd−k
Y , ω•Y [−d]

)
Rg∗Ω

k
W Rg∗RHomOW

(
Ωd−k
W , ω•W [−d]

)
.

τYk

Rg∗(τWk )

The latter follows in turn from the fact that it trivially holds over any open subset over
which g is an isomorphism (note that we are comparing two morphisms between vector
bundles). This completes the proof of the proposition. �

It is interesting to understand under what assumptions ψk is an isomorphism, as in
the case of smooth varieties. Note that this requires assumptions on the singularities.
For instance, when k = 0, even when Z is Cohen-Macaulay and Du Bois, ψ0 being an

isomorphism is equivalent to the condition µ∗ωZ̃ ' ωZ , where µ : Z̃ → Z is a resolution
of singularities; in other words, it is equivalent to Z having rational singularities. More
generally, we now show that the condition that ψk is an isomorphism is precisely the
difference between having k-rational and k-Du Bois singularities.

Proof of Corollary C. By Theorem B, we may assume that Z has k-Du Bois singulari-

ties, hence p(Z) ≥ k by Theorem 4.5. We consider a strong log-resolution µ : Z̃ → Z as
in Definition 2.1. We put W = Zsing, and D = µ−1(W )red. By [Ste85, Proposition 3.3],
we have an exact triangle

(6.2) Rµ∗Ω
d−k
Z̃

(logD)(−D) −→ Ωd−k
Z −→ Ωd−k

W
+1−→ .

Since p(Z) ≥ k, using (4.4) we deduce that

dimW ≤ d− 2k − 1 < d− k.

It follows that Ωd−k
W = 0, hence the above triangle implies that the canonical morphism

Rµ∗Ω
d−k
Z̃

(logD)(−D) −→ Ωd−k
Z

is an isomorphism. Equivalently, using Grothendieck duality, the induced morphism

RHomOZ
(Ωd−k

Z , ωZ)
νk−→ Rµ∗Ω

k
Z̃

(logD)

is an isomorphism. On the other hand, since Ωk
Z → Ωk

Z is an isomorphism, it follows

that the canonical morphism Ωk
Z → Rµ∗Ω

k
Z̃

(logD) can be identified with the compo-

sition νk ◦ ψk. Thus by definition Z has k-rational singularities if and only if ψk is an
isomorphism. �

Note that in the situation of Corollary C, it follows by duality that one can also
compute Ωd−k

Z in terms of the sheaf of Kähler differentials Ωk
Z .

Corollary 6.3. If Z has k-rational singularities, then we have an isomorphism

ψd−k : Ωd−k
Z −→ RHomOZ

(Ωk
Z , ωZ).
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Remark 6.4. The proof of Corollary C shows that if codimZ(Zsing) > k, then we have
a natural isomorphism

RHomOZ
(Ωd−k

Z , ωZ) ' Rµ∗Ω
k
Z̃

(logD).

In particular, this is the case if 2p(Z) + 1 > k.

Remark 6.5 (Depth of Ωk
Z). It is well known (see e.g. [PS08, Theorem 7.29]) that

for any variety W and any p, we have Hi(Ωp
W ) = 0 for i > dimW − p. Thus a

numerical consequence of Corollary 6.3 is that if Z has k-rational singularities, then
depth(Ωk

Z) ≥ d− k. However, this holds even if we only assume that Z has k-Du Bois
singularities: this follows from the Auslander-Buchsbaum formula and the fact that in
this case C•k gives a locally free resolution of Ωk

Z (see the discussion before the proof of
Theorem A).

Remark 6.6 (Small singular locus). We also note that the duality morphism ψk has a
more familiar interpretation for an arbitrary d-dimensional irreducible variety Z whose
singular locus W has small dimension. Indeed, it follows from the exact triangle (6.2)
that the canonical morphism

Rµ∗Ω
k
Z̃

(logD)(−D) −→ Ωk
Z

is an isomorphism when dimW < k, while just as in the proof of Corollary C, the
canonical morphism

RHomOZ
(Ωd−k

Z , ωZ) −→ Rµ∗Ω
k
Z̃

(logD)

is an isomorphism when dimW < d− k.

We conclude that, in general, under the assumption dimW < min{k, d − k}, the
duality morphism ψk is naturally identified with the morphism

Rµ∗Ω
k
Z̃

(logD)(−D) −→ Rµ∗Ω
k
Z̃

(logD)

obtained by pushing forward the canonical inclusion on Z̃. This holds for instance
when Z has isolated singularities and 1 ≤ k ≤ d − 1; in this case, at the level of
cohomology the map can be studied as in [FL22a, §3], using classical Hodge theory
arguments involving the mixed Hodge structure on the cohomology of the link of the
singularity.

7. Local vanishing for k-Du Bois singularities. We continue to assume that
Z ⊆ X is a local complete intersection closed subvariety of pure codimension r, and
dimension d = n− r. For completeness, we start by recording a consequence of results
we established in [MP22, §5.2]. Let f : Y → X be a log resolution of the pair (X,Z)
and let E = f−1(Z)red (recall that we always assume that f is an isomorphism over
X r Z).

Corollary 7.1. If k is a nonnegative integer such that p(Z) ≥ k, then

Rqf∗Ω
p
Y (logE)(−E) = 0 for all q ≥ 1 and p ≤ k.

Proof. The hypothesis implies that Hq(Ωp
Z) = 0 in the range of the conclusion, by

Theorem 4.5. The proof is then identical to that of [MOPW23, Corollary 1.2]. �

We next establish the generalization of [MOPW23, Theorem 1.4] to local complete
intersections.
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Theorem 7.2. For every q ≤ p(Z) + 1 we have

Hd−q(Ωq
Z) = 0,

unless q = d (in which case Z is either smooth or a curve with nodal singularities). In
particular, we have

(7.3) Rd−q+1f∗Ω
q
Y (logE)(−E) = 0,

unless q = d or q = d+ 1 (in the latter case Z being smooth).

Proof. Note first that by [Ste85, Proposition 3.3], we have an exact triangle

(7.4) Rf∗Ω
q
Y (logE)(−E) −→ Ωq

X −→ Ωq
Z

+1−→ .

This immediately implies that (7.3) holds if Z is smooth and q 6= d + 1. The first
assertion in the theorem is also clear if Z is smooth, hence from now on we assume
that Z is singular.

In this case it follows from (4.4) that p(Z) ≤ d−1
2 , hence

(7.5) q ≤ d+ 1

2
< d+ 1.

In particular, we have q 6= d+ 1. We thus have Hd+1−q(Ωq
X) = 0, and the vanishing in

(7.3) follows if we know that Hd−q(Ωq
Z) = 0.

Therefore it is enough to prove the first assertion in the theorem. Using our previous
constructions, this will be reduced to a statement in commutative algebra. We know
that q ≤ d and it follows from (7.5) that if q = d, then d = 1. Hence Z is a locally
complete intersection curve with Du Bois singularities, and it is known that this implies
that Z has nodal singularities. (Note that in this case we clearly have H0(Ω1

Z) 6= 0.)

From now on we assume that q ≤ d − 1. We use the notation in the proof of
Theorem A. By (4.3) we have

Hd−q(Ωq
Z) ' ExtnOX

(
GrFq−nDRX(HrZ(OX)), ωX

)
.

The hypothesis p(Z) + 1 ≥ q implies that FiHr(OZ) = EiHr(OZ) for all i ≤ q − 1,
hence the morphism of complexes

ϕq : GrFq−nDRX(HrZ(OX))→ B•q := GrEq−nDRX(HrZ(OX))

is injective and its cokernel is a sheaf F (supported in cohomological degree 0). We
thus have an exact sequence

ExtnOX
(B•q , ωX)→ ExtnOX

(
GrFq−nDRX(HrZ(OX)), ωX

)
→ Extn+1

OX
(F , ωX) = 0,

and we see that it is enough to show that ExtnOX
(B•q , ωX) = 0.

Recall from the proof of Theorem A that B•q can be described as the complex

0→ Ωn−q
X ⊗ωZ⊗ω−1

X → Ωn−q+1
X ⊗NZ/X⊗ωZ⊗ω−1

X → · · · → Ωn
X⊗SymqNZ/X⊗ωZ⊗ω−1

X → 0

placed in cohomological degrees −q, . . . , 0. The spectral sequence

Ei,j1 := ExtjOX
(B−iq , ωX)⇒ Exti+jOX

(B•q , ωX)

shows that it is enough to prove that

Extn−mOX

(
Ωn−m
X ⊗ Symq−mNZ/X ⊗ detNZ/X , ωX

)
= 0 for 0 ≤ m ≤ q.
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This is a consequence of the fact that q ≤ d−1, combined with the fact that if r = n−d,
then for every locally free sheaf E on Z we have

ExtjOX
(E , ωX) = 0 for j 6= r.

�

We are now able to prove the local vanishing theorem for k-Du Bois singularities.

Proof of Theorem D. By a general vanishing result due to Steenbrink (see [Ste85, The-
orem 2]), we always have Rqµ∗Ω

p

Z̃
(log D)(−D) = 0 if p + q > d, i.e. the statement in

i) (for an arbitrary variety Z). From now on we assume that p+ q ≤ d.

By [Ste85, Proposition 3.3], if W = Zsing, then we have an exact triangle

Rµ∗Ω
p

Z̃
(logD)(−D) −→ Ωp

Z −→ Ωp
W

+1−→ .

Taking the long exact sequence in cohomology, we obtain the exact sequence

(7.6) Hq−1(Ωp
W ) −→ Rqµ∗Ω

p

Z̃
(log D)(−D) −→ Hq(Ωp

Z).

By Theorem 4.5, Z having k-Du Bois singularities is equivalent to the fact that
p(Z) ≥ k. This in turn implies by (4.4) that dim(W ) ≤ d − 2k − 1. Using a general
result on the vanishing of the cohomologies of the graded pieces of the Du Bois complex
(see [PS08, Theorem 7.29]), we then have

Hq−1(Ωp
W ) = 0 if p+ q ≥ d− 2k + 1.

On the other hand, if p ≤ k and q ≥ 1, we have Hq(Ωp
Z) = 0 by definition of k-Du Bois

singularities. The assertion in ii) thus follows from the exact sequence (7.6).

The assertion in iii) follows directly from Theorem 7.2; note that we avoid the ex-
ceptional cases in that theorem since q ≤ d − 1. Let’s now prove the assertion in
iv).

We assume that q ≥ max{d − k − 1, 1}. Suppose first that p + q ≥ d − 2k + 1. If
p ≤ k, then we are done by ii). Hence we may and will assume that p ≥ k + 1. By i),
we may also assume that p+ q ≤ d, hence q ≤ d−p ≤ d−k−1. Since we are assuming
q ≥ d− k − 1, it follows that q = d− k − 1 and p = k + 1, hence we are done by iii).

Suppose now that p + q ≤ d − 2k. Since q ≥ d − k − 1, it follows that p + k ≤ 1,
hence we are left with 3 possible case, when (k, p) = (1, 0), (0, 0), or (0, 1).

If p = 0, then we need to show that

Rqµ∗OZ̃
(−D) = 0 for q ≥ max{d− k − 1, 1}.

If k = 1, then the condition p + q ≤ d − 2k gives d ≥ 3, while the inequality (4.4)
gives dim(W ) ≤ d − 3. If k = 0, then we only get dim(W ) ≤ d − 2, using the fact
that Z is normal. Since the case when Z is a smooth curve is obvious, we assume
d ≥ 2. Using the fact that Z is normal, with Du Bois singularities, we can then apply
[GKKP11, Theorem 13.3] which says that Riµ∗OZ̃

(−D) = 0 for i > max{dim(W ), 0}.
Therefore we are done in this case.

If p = 1 and k = 0, then we have d ≥ 2 and we need to show that

Rqµ∗Ω
1
Z̃

(log D)(−D) = 0 for q ≥ d− 1.
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This follows by applying [GKKP11, Theorem 14.1].2 This completes the proof of the
theorem. �

D. Results for hypersurfaces

In this chapter, we show that k-rational singularities are characterized numerically in
terms of their minimal exponent; see the discussion around Theorem E and Corollary
F in the introduction.

All throughout this chapter, Z will be a (nonempty) hypersurface, meaning a closed
subscheme of pure codimension 1, in the smooth irreducible n-dimensional variety X.

8. Minimal exponent > k + 1 implies k-rational singularities. Our goal in this
section is to prove one implication in Theorem E, namely to show the following:

Theorem 8.1. If k is a nonnegative integer such that α̃(Z) > k + 1, then Z has
k-rational singularities.

Remark 8.2. Under the hypotheses in Theorem 8.1, we have α̃(Z) > 1, hence Z is
normal; in particular, it is reduced and all its connected components are irreducible.3

Indeed, we have lct(X,Z) = 1, hence Z is reduced and in codimension 1 its singularities
are at worst nodal singularities. Since the Bernstein-Sato polynomial of a union of two
smooth divisors meeting transversally is (s + 1)2, we conclude that if α̃(Z) > 1, we
have Z smooth in codimension 1. Therefore Z is normal by Serre’s criterion since it is
Cohen-Macaulay, being a hypersurface.

In order to prove the theorem, we may clearly treat each connected component of Z
separately. In light of Remark 8.2, we thus may and will assume from now on that Z
is normal. We choose a log resolution π : Y → X of (X,Z) and write π−1(Z)red = E.
The morphism π may be taken to be projective, and we will do so in what follows. The
key input for the proof of Theorem 8.1 is the following vanishing result, interesting in
its own right.

Theorem 8.3. If k is a nonnegative integer and α̃(Z) > k + 1, then

Rqπ∗Ω
p
Y (log E) = 0

in each of the following cases:

i) p+ q ≥ n+ 1;
ii) p ≤ k + 1 and q ≥ 1;

iii) p = k + 2 and q = n− k − 2.

In particular, it holds for all p and all q ≥ max{n− k − 2, 1}.

Part i) is known to hold for an arbitrary hypersurface Z in X; cf. (8.6) below. The
case when p = k+ 2 and q = n− k− 2 is the content of [MP20b, Corollary C]. In what

2Note that the result we refer to is stated for log canonical pairs (Z,E). However, when E = 0, the
same proof works when Z is only assumed to have Du Bois singularities; this is the only condition that
is used in the proof, via [GKKP11, Theorem 13.3].

3It follows from [Sai93, Theorem 0.4] that α̃(Z) > 1 implies that Z has rational singularities, hence
in particular it is normal. However, we prefer to give a direct argument for this elementary fact.
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follows we will show that (a simplified version of) the argument in loc. cit. is enough
to give the vanishing in ii) as well.

Remark 8.4. We note that if Z is smooth, then all the vanishings in Theorem 8.3
are well known; see for example [MP19, Theorem 31.1(i)]. On the other hand, if Z is
singular, we have α̃(Z) ≤ n

2 by [Sai94, Theorem 0.4]. If α̃(Z) > k + 1, then k ≤ n−3
2 ,

hence if q ≥ n− k − 2, we automatically have q ≥ 1.

We begin by relating the higher direct images of the sheaves of log differentials on Y
to certain mixed Hodge modules on X. Recall that ωX(∗Z) is the right Hodge module
whose underlying DX -module is the module of top rational differentials on X with
poles along Z. It is a basic fact that for every p we have an isomorphism

(8.5) Rπ∗Ω
p
Y (log E)[n− p] ' GrF−pDRX

(
ωX(∗Z)

)
.

One way to see this is by using the explicit filtered resolution of ωY (∗E) in [MP19,
Proposition 3.1] to get an isomorphism

Ωp
Y (log E)[n− p] ' GrF−pDRY

(
ωY (∗E)

)
.

The isomorphism in (8.5) then follows from the fact that ωX(∗Z) is the push-forward of
ωY (∗E) (in the category of Hodge modules), using Saito’s Strictness Theorem [Sai88,
Section 2.3.7]; cf. [MP19, Section C.4].

Since the complex on the right-hand side of (8.5) is placed in nonpositive degrees,
we immediately deduce the following vanishing result

(8.6) Rqπ∗Ω
p
Y (log E) = 0 for p+ q > n

(cf. [Sai07, Corollary 3] and [MP19, Theorem 32.1]). In other words, part i) in Theorem
8.3 holds for an arbitrary hypersurface Z in X.

Lemma 8.7. With the notation above, we have Rqπ∗Ω
p
Y (log E) = 0 for q ≥ 1 and

arbitrary p, provided that

Hp+q−n
(
GrF−pDRX

(
H1
Z(ωX)

))
= 0.

Proof. We have a short exact sequence of filtered right DX -modules underlying mixed
Hodge modules

0 −→ ωX −→ ωX(∗Z) −→ H1
Z(ωX) −→ 0,

where the underlying DX -module of H1
Z(ωX) is the first local cohomology module of

ωX along Z. By taking GrF−pDRX(−), using (8.5) we obtain an exact triangle

Ωp
X [n− p] −→ Rπ∗Ω

p
Y (log E)[n− p] −→ GrF−pDRX

(
H1
Z(ωX)

) +1−→ .

This immediately implies the statement by passing to cohomology. �

The key point for the proof of Theorem 8.3 is the use of duality. Recall that by
the compatibility between duality and the graded de Rham complex (see [Sai88, Sec-
tions 2.4.5 and 2.4.11]), for every p ∈ Z, we have an isomorphism

GrF−pDRX

(
H1
Z(ωX)

)
' RHomOX

(
GrFp DRXD(H1

Z(ωX)), ωX [n]
)
,

and thus

(8.8) Hp+q−n
(
GrF−pDRX

(
H1
Z(ωX)

))
' Extp+qOX

(
GrFp DRXD(H1

Z(ωX)), ωX
)
.



20 M. MUSTAŢǍ AND M. POPA

We compute D(H1
Z(ωX)) using the V -filtration. We work locally and suppose that

Z is a singular hypersurface in X defined by f ∈ OX(X). Recall that if ι : X →
X×C is the graph embedding ι(x) =

(
x, f(x)

)
, then the V -filtration of Malgrange and

Kashiwara is an increasing, exhaustive, discrete, and right-continuous filtration on

Bf := ι+ωX =
⊕
j≥0

ωX∂
j
t

indexed by rational numbers and characterized by a few conditions (see for example
[Sai88, Section 3.1]). For example, if t is the coordinate on C, then VαBf · t ⊆ Vα−1Bf
and VαBf · ∂t ⊆ Vα+1Bf . For every α ∈ Q, we put GrVαBf = VαBf/V<αBf . We note
that the Hodge filtration on Bf is given by

Fp−nBf =
⊕
j≤p

ωX∂
j
t .

By [Sai90, Section 2.24], we have a short exact sequence

0→ GrV0 Bf
·t−→ GrV−1Bf → H1

Z(ωX)→ 0,

which after taking duals gives the exact sequence

(8.9) 0→ D
(
H1
Z(ωX)

)
→ D(GrV−1Bf )→ D(GrV0 Bf )→ 0.

On the other hand, by [Sai89, Theorem 1.6] we have isomorphisms

D(GrV−1Bf ) ' GrV−1Bf (n+ 1) and D(GrV0 Bf ) ' GrV0 Bf (n)

such that the exact sequence (8.9) becomes

(8.10) 0→ D
(
H1
Z(ωX)

)
→ GrV−1Bf (1 + n)

·(−∂t)−→ GrV0 Bf (n)→ 0.

By taking the corresponding graded piece of the de Rham complex, we obtain the short
exact sequence of complexes
(8.11)

0→ GrFp DRXD
(
H1
Z(ωX)

)
→ GrFp−n−1DRXGrV−1Bf

·∂t−→ GrFp−nDRXGrV0 Bf → 0.

The connection between the minimal exponent and the V -filtration is provided by
the following result due to Saito, see [Sai16, (1.3.8)]: if q is a nonnegative integer and
α ∈ (0, 1] is a rational number, then

(8.12) α̃(Z) ≥ q + α ⇐⇒ ωX∂
q
t ⊆ V−αBf (⇐⇒ Fq−nBf ⊆ V−αBf ).

(Note that the formulation in loc. cit. is in terms of the left DX -module B`
f corre-

sponding to our Bf , and with respect to the decreasing version of the V -filtration,

related to the one in this paper by VαBf = ωX ⊗ V −αB`
f .) Therefore the condition

that α̃(Z) > k + 1 is equivalent to Fk+1−nBf ⊆ V<0Bf . Note that this implies

(8.13) GrFi−nGrV0 Bf = 0 for all i ≤ k + 1.

Moreover, it was shown in [MP20b, Proposition 4.5] that (after translating from left to
right DX -modules) the condition α̃(Z) > k + 1 implies

(8.14) GrFi−nGrV−1Bf ' ωX ⊗OX
OX/(f) for 0 ≤ i ≤ k and

(8.15) GrFk+1−nGrV−1Bf ' ωX ⊗OX
J/(f),
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where J = {h ∈ OX | ωX · h∂k+1
t ⊆ V−1Bf}. We also note that

(8.16) GrFi−nGrV−1Bf = 0 for i < 0

since Fi−nBf = 0 for i < 0.

After these preparations we can give the proof of our vanishing result.

Proof of Theorem 8.3. The vanishing in i) follows from (8.6). Since all assertions are
local on X, to approach the rest we may assume that Z is defined by f ∈ OX(X). We
may also assume that Z is singular; see Remark 8.4.

We begin by recalling that if A• is a complex of OX -modules, then we have a spectral
sequence

Ei,j1 = ExtjOX
(A−i, ωX)⇒ Exti+jOX

(A•, ωX).

We thus obtain for every m ∈ Z

(8.17) ExtmOX
(A•, ωX) = 0 if Extm+i

OX
(Ai, ωX) = 0 for all i ∈ Z.

We also recall that by Lemma 8.7, in order to prove that Rqπ∗Ω
p
X(log E) = 0 for

some p and some q ≥ 1, it is enough to verify that

Hp+q−n
(
GrF−pDRX(H1

Z(ωX))
)

= 0.

Furthermore, the isomorphism (8.8) implies that if

Mp,q := Extp+qOX

(
GrFp DRXD(H1

Z(ωZ)), ωX
)
,

then it is enough to show that Mp,q = 0.

Let’s now prove ii). Suppose that p ≤ k + 1 and q ≥ 1. The long exact sequence
associated to the exact sequence of complexes (8.11) gives an exact sequence
(8.18)

Extp+qOX

(
GrFp−n−1DRXGrV−1Bf , ωX

)
→Mp,q → Extp+q+1

OX

(
GrFp−nDRXGrV0 Bf , ωX

)
.

Since GrFi−nGrV0 Bf = 0 for all i ≤ p ≤ k + 1 by (8.13), it follows that

GrFp−nDRXGrV0 Bf = 0,

hence the third term in (8.18) is 0. On the other hand, if A• = GrFp−n−1DRXGrV−1Bf ,

then Ai = 0 unless 1− p ≤ i ≤ 0. Since each Ai is a locally free OZ-module by (8.14),

we have ExtjOX
(Ai, ωX) = 0 for all j ≥ 2. But for i ≥ 1−p we have p+q+i ≥ q+1 ≥ 2,

hence it follows that

Extp+q+iOX
(Ai, ωX) = 0 for all i ∈ Z.

We thus conclude, using (8.17), that the first term in (8.18) is 0 as well. Therefore
Mp,q = 0, which completes the proof of ii).

Suppose now that p = k + 2 and q = n − k − 2 ≥ 1 and let’s prove that again
Mp,q = 0. The long exact sequence associated with the exact sequence of complexes
(8.11) gives an exact sequence
(8.19)

ExtnOX

(
GrFk−n+1DRXGrV−1Bf , ωX

)
→Mp,q → Extn+1

OX

(
GrFk−n+2DRXGrV0 Bf , ωX

)
.

Note first that (8.13) implies that GrFk−n+2DRXGrV0 Bf is concentrated in cohomological
degree 0. Since dim(X) = n, it follows that the third term in (8.19) is 0.
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We now consider the complex A• = GrFk−n+1DRXGrV−1Bf . We have Ai = 0 unless

−k−1 ≤ i ≤ 0 and it follows from (8.14) that Ai is a free OZ-module for i ≤ −1, while
A0 ' ωX ⊗OX

J/(f). For −k − 1 ≤ i ≤ −1, we thus have n+ i ≥ n− k − 1 ≥ 2, hence

Extn+i
OX

(Ai, ωX) = 0. Moreover, it follows from (8.14) that we have an exact sequence

0→ A0 ⊗OX
ω−1
X → OZ → OX/J → 0,

which immediately gives ExtnOX
(A0, ωX) = 0. Using (8.17) one more time, we conclude

that the first term in (8.19) is also 0, and thus Mp,q = 0. This completes the proof of
the theorem. �

We next deduce the local vanishing result for a resolution of Z stated in the intro-
duction.

Proof of Theorem G. Note first that by Lemma 1.6, the result is independent of the
choice of strong log resolution µ. Let π : Y → X be a strong log resolution of (X,Z) as

in Proposition 1.1 and µ : Z̃ → Z the induced log resolution of Z. Recall that we write

π−1(Z)red = E = Z̃ + FN and D = FN |Z̃ = µ−1(Zsing)red.

Note that since α̃(Z) > k + 1, it follows from [MP20b, Proposition 7.4] that r :=
codimX(Zsing) ≥ 2k + 3. Thus (1.2) in Proposition 1.1 gives

Rqµ∗Ω
p

Z̃
(logD) ' Rqπ∗Ωp+1

Y (log E)

for all q ≥ 1 and all 0 ≤ p ≤ 2k + 1. This concludes the proof in combination with
assertions ii) and iii) in Theorem 8.3. �

Remark 8.20 (Isolated singularities). Under the hypothesis of Theorem G, if Z has
at most isolated singularities, then for q ≥ max{n− k − 2, 1} we have

Rqµ∗Ω
p

Z̃
(log D) = 0 ⇐⇒ (p, q) 6= (n− 1, n− 2).

Indeed, by Remark 2.3 the assertion is independent of the choice of log resolution.
Hence we may assume that we are in the setting of Proposition 1.1, which implies

Rqµ∗Ω
p

Z̃
(log D) ' Rqπ∗Ωp+1

Y (log E) for p ≤ n− 2.

By Theorem 8.3, the right-hand side vanishes for q ≥ max{n− k − 2, 1}.
On the other hand, if p = n − 1, then Ωp

Z̃
(log D) ' ω

Z̃
(D) and the short exact

sequence

0→ ω
Z̃
→ ω

Z̃
(D)→ ωD → 0

together with Grauert-Riemenschneider vanishing gives

Rqµ∗ωZ̃(D) ' Rqµ∗ωD.

The right-hand side is a skyscraper sheaf of length hq(D,ωD) = hn−2−q(D,OD). We
clearly have h0(D,OD) 6= 0 (in fact, we have h0(D,OD) = 1 since Z being normal
implies that D is connected), while hi(D,OD) = 0 for i > 0 since Z has isolated
rational singularities; see [Nam01, Lemma 1.2]. This proves our assertion.

The fact that hypersurfaces with minimal exponent > k + 1 have k-rational singu-
larities is an easy consequence.
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Proof of Theorem 8.1. By Theorem G i) we have

Rqµ∗Ω
p

Z̃
(log D) = 0 for all q ≥ 1 and p ≤ k.

Therefore in order to establish that Z has k-rational singularities it is enough to
show that the canonical morphism

(8.21) Ωi
Z → µ∗Ω

i
Z̃

(log D)

is an isomorphism for i ≤ k. This is clear if k = 0 by Zariski’s Main Theorem, since Z
is normal; see Remark 8.2.

Suppose now that k ≥ 1. Since we already know that Z has rational singularities,
the morphism (8.21) is an isomorphism if and only if Ωi

Z is reflexive; see Remark 2.6
and Lemma 2.8. This in turn follows for i ≤ k from the fact that α̃(Z) ≥ k + 1,
according to [MOPW23, Remark 3.5], and completes the proof of the theorem. �

9. k-rational hypersurface singularities have minimal exponent > k+ 1. This
section is devoted to the proof of the converse statement in Theorem E.

Theorem 9.1. If k is a nonnegative integer and Z has k-rational singularities, then
α̃(Z) > k + 1.

Proof. Since Z has k-rational singularities, it follows from Theorem B that it has k-Du
Bois singularities, in which case we get α̃(Z) ≥ k + 1 by [JKSY22, Theorem 1]. Using
this, we can argue as in the proof of Theorem 8.3 to show that in fact α̃(Z) > k + 1.
Since the assertion we want to prove is local on X, we may and will assume that Z is
defined by some f ∈ OX(X). We also assume that Z is singular, since otherwise the
assertion is trivial. We use the notation from the previous section.

Claim. To prove the theorem, it is enough to show that

(9.2) GrFk−n+1DRXGrV0 Bf = 0

in the derived category of coherent sheaves on X. To this end, we record two facts that
use (8.12): first, the known inequality α̃(Z) ≥ k+1 implies that Fk−nBf ⊆ V−1Bf ; after
applying ∂t this also implies Fk−n+1Bf ⊆ V0Bf . Second, proving that α̃(Z) > k + 1 is
equivalent to showing that Fk−n+1Bf ⊆ V<0Bf .

Since we already know that Fk−nBf ⊆ V<0Bf and Fk−n+1Bf ⊆ V0Bf , it is in turn

enough to show that GrFk−n+1GrV0 Bf = 0. Finally, this holds if and only if we have the

identity in (9.2): indeed, since GrFi GrV0 Bf = 0 for all i ≤ k− n, the graded piece of de
Rham complex we are interested in is concentrated in cohomological degree 0, where
the entry is GrFk−n+1GrV0 Bf . This concludes the proof of the Claim.

Recall also that by (8.11), we have a short exact sequence of complexes

0 −→ GrFk+1DRXD
(
H1
Z(ωX)

)
−→ Q1 −→ Q2 −→ 0,

where

Q1 := GrFk−nDRXGrV−1Bf and Q2 := GrFk−n+1DRXGrV0 Bf .

Since RHomOX

(
−, ωX [n]

)
is a duality, it follows that (9.2) holds if and only if the

induced morphism

τ : RHomOX

(
Q1, ωX [n]

)
−→ P := RHomOX

(
GrFk+1DRXD(H1

Z(ωX)), ωX [n]
)
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is an isomorphism.

We now describe the domain and the target of τ , starting with the target. Note first
that by the compatibility between duality and taking the graded pieces of the de Rham
complex (see [Sai88, Sections 2.4.5 and 2.4.11]), we have

P ' GrF−k−1DRX

(
H1
Z(ωX)

)
.

We analyze P more carefully under the k-rationality assumption. Let π : Y → X be a

strong log resolution of (X,Z) as in Proposition 1.1 and let µ : Z̃ → Z be the induced
strong log resolution of Z. As in the proof of Lemma 8.7, we have an exact triangle

Ωk+1
X [n− k − 1] −→ Rπ∗Ω

k+1
Y (log E)[n− k − 1] −→ P +1−→ .

Since α̃(Z) ≥ k+1, it follows from [MOPW23, Lemma 2.1] that codimX(Zsing) ≥ 2k+2.
We can thus apply Proposition 1.1 and the fact that Z has k-rational singularities to
deduce that

Rqπ∗Ω
k+1
Y (log E) = 0 for all q ≥ 1 and

Ωk
Z ' Coker

(
Ωk+1
X ↪→ π∗Ω

k+1
Y (log E)

)
.

We thus conclude that Hi(P) = 0 for all i 6= k + 1− n and

Hk+1−n(P) ' Ωk
Z .

We next describe the domain of τ . Using the notation in the proof of Theorem 8.3,
we note that the condition α̃(Z) ≥ k + 1, being equivalent to ωX · ∂kt ⊆ V−1Bf , can
also be interpreted as saying that J = OX , where

J = {h ∈ OX | ωX · h∂kt ⊆ V−1Bf}.

Applying the formulas (8.14) and (8.15) with k + 1 replaced by k, we obtain isomor-
phisms

GrFi−nGrV−1Bf ' ωX ⊗OX
OX/(f) for all i ≤ k.

Moreover, it is easy to check that via these isomorphisms the complex Q1 becomes
isomorphic to A• ⊗OX

OZ , where A• is the complex

0 −→ Ωn−k
X −→ · · · −→ Ωn−1

X −→ ωX −→ 0

placed in cohomological degrees −k, . . . , 0, with each map given by wedging with df .
Since A• is a complex of locally free OX -modules, it is well known (and easy to show)
that we have an isomorphism

RHomOX

(
Q1, ωX [n]

)
' (A•)∨ ⊗OX

ωZ [n− 1].

Finally, we record one last consequence of the inequality α̃(Z) ≥ k + 1 needed here.
Namely, under this assumption the sheaf Ωk

Z is reflexive; see [MOPW23, Remark 3.5].
(Note also that Z is normal since it has rational singularities.) Furthermore, using the
isomorphism OZ(Z) ' OZ provided by the global equation f defining Z, we know that
Ωk
Z has a locally free resolution given by the following complex C•, placed in degrees
−k, . . . , 0:

C• : 0 −→ OZ −→ Ω1
X |Z −→ · · · −→ Ωk

X |Z −→ 0,
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where all maps are given by wedging with df ; as explained in the proof of [MOPW23,
Theorem 1], this follows from the criterion for the exactness of the Koszul complex in
[Mat89, Theorem 16.8]. Therefore we have

RHomOX

(
Q1, ωX [n]

)
' C•[n− 1− k] ' Ωk

Z [n− 1− k].

Putting everything together, we see that τ can be identified with a morphism

Ωk
Z [n− 1− k] −→ Ωk

Z [n− 1− k].

Since Ωk
Z is a reflexive sheaf it is thus enough to check that τ is an isomorphism

on X r Zsing. However, this is clear since all our constructions are compatible with
restriction to open subsets, and we clearly have Q2|XrZsing = 0. This completes the
proof of the theorem. �
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