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Abstract. We use the theory of Hodge modules to construct Viehweg-Zuo

sheaves on base spaces of families with maximal variation and fibers of general
type and, more generally, families whose geometric generic fiber has a good

minimal model. Combining this with a result of Campana-Păun, we deduce

Viehweg’s hyperbolicity conjecture in this context, namely the fact that the
base spaces of such families are of log general type. This is approached as part

of a general problem of identifying what spaces can support Hodge theoretic

objects with certain positivity properties.

A. Introduction

1. Families of varieties. The main aim of this paper is to give a proof of
Viehweg’s hyperbolicity conjecture for base spaces of families of varieties of general
type with maximal variation, and more generally, when assuming the conjectures
of the minimal model program, for arbitrary families with maximal variation.

Theorem A. Let f : Y → X be an algebraic fiber space between smooth projective
varieties, and let D ⊆ X be any divisor containing the singular locus of f . Assume
that f has maximal variation, in the sense that Var(f) = dimX. Then:

(i) If the general fiber of f is of general type, then the pair (X,D) is of log-
general type, meaning that ωX(D) is big.

(ii) More generally, the same conclusion holds if the geometric generic fiber of
f admits a good minimal model.

We obtain Theorem ATheorem A as a consequence of the main result we prove, regarding
the existence of what are sometimes called Viehweg-Zuo sheaves, stated below,
combined with a key theorem of Campana-Păun [CP15CP15] on the pseudo-effectivity
of quotients of powers of log-cotangent bundles.

Theorem B. Let f : Y → X be an algebraic fiber space between smooth projective
varieties, such that the f -singular locus Df ⊆ X is a simple normal crossing divisor.

Assume that for every generically finite τ : X̃ → X with X̃ smooth, and for every
resolution Ỹ of Y ×X X̃, there is an integer m ≥ 1 such that det f̃∗ω

⊗m
Ỹ /X̃

is big.

Then there exists a big coherent sheaf H on X and an integer s ≥ 1, together with
an inclusion

H ↪→
(
Ω1
X(logDf )

)⊗s
.
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Going back to the statement of Theorem ATheorem A, the variation Var(f) is an invariant
introduced by Viehweg [Vie83aVie83a] in order to measure how much the birational iso-
morphism class of the fibers of f varies along Y . Maximal variation Var(f) = dimX
simply means that the general fiber can only be birational to countably many other
fibers. The connection between the two theorems is made via Viehweg’s Qn,m con-
jecture, which states that if f has maximal variation, then det f∗ω

⊗m
Y/X is big for

some m ≥ 1.11 This implies Viehweg’s C+
n,m generalization of Iitaka’s conjecture,

see [Vie83aVie83a, Theorem II] and [Vie83bVie83b, Remark 3.7], and was shown to hold when
the fibers are of general type by Kollár [Kol87Kol87] (see also [Vie89Vie89]). Moreover, Kawa-
mata [Kaw85Kaw85, Theorem 1.1] proved that that Qn,m holds for any morphism whose
geometric generic fiber has a good minimal model.

2. Previous results. Viehweg’s original conjecture (see [Vie01Vie01, 6.3] or [VZ02VZ02,
Problem 1.5]) is a generalization of Shafarevich’s conjecture on non-isotrivial one-
parameter families of curves: it states that ifX◦ is smooth and quasi-projective, and
f◦ : Y ◦ → X◦ is a smooth family of canonically polarized varieties with maximal
variation, then X◦ must be of log-general type.22 This is of course very much related
to the study of subvarieties of moduli stacks.

In this setting, i.e. for families of canonically polarized varieties, Theorem ATheorem A is
by now fully known. This is due to important work of many authors, all relying
crucially on the existence of Viehweg-Zuo sheaves [VZ02VZ02, Theorem 1.4] for such
families; we briefly review the main highlights, without providing an exhaustive
list (but see also [Kov09Kov09] and [Keb13Keb13] for comprehensive surveys and references
to previous work over one-dimensional bases). The result was shown by Kebekus-
Kovács when X is a surface in [KK08aKK08a], and then in [KK08bKK08b] when D = ∅ assuming
the main conjectures of the minimal model program, while [KK10KK10] contains more
refined results in dimension at most three. It was then deduced unconditionally
by Patakfalvi [Pat12Pat12] from the results of [CP11CP11], when D = ∅ and when X is not
uniruled. Finally, Campana-Păun obtained the result in general, based on their
bigness criterion [CP15CP15, Theorem 7.7] that we use here as well. Using further
results from [VZ02VZ02], it is possible to extend this argument to families of varieties
with semiample canonical bundle.

The work of Viehweg-Zuo [VZ01VZ01], [VZ02VZ02] suggested however that Viehweg’s con-
jecture should hold much more generally, indeed for all families with maximal vari-
ation. Note that the full Theorem ATheorem A in the case dimX = 1 was proved in [VZ01VZ01,
Theorem 0.1]. Our work owes a lot to the general strategy introduced in their
papers, as we will see below.

3. Kebekus-Kovács and Campana conjectures. In [KK08aKK08a] Kebekus and
Kovács proposed a natural extension of Viehweg’s conjecture taking into account
families of canonically polarized varieties that are not necessarily of maximal varia-
tion. At least when κ(X◦) ≥ 0 it predicts that one should have κ(X◦) ≥ Var(f); see
Conjecture 22.1Conjecture 22.1 for the precise statement and the results they obtained. We remark
in §2222 that, at least when X◦ is projective, the methods of this paper also apply
to the extension of this conjecture to families whose geometric generic fiber has a

1By the determinant of a torsion-free sheaf F of generic rank r, we mean (
∧r F )∨∨.

2It is standard that f◦ can be compactified to a morphism f : X → Y whose singular locus
D = X \X◦ is a divisor. In the paper we phrase things directly in this set-up, but note that the

conclusions should be seen as properties of the original family f◦.
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good minimal model, assuming a positive answer to an abundance-type conjecture
of Campana-Peternell.

A closely related problem is Campana’s isotriviality conjecture, which predicts
that smooth families of canonically polarized varieties over a special base must be
isotrivial, and which implies the Kebekus-Kovács conjecture. This conjecture has
recently been proved by Taji [Taj15Taj15], It would be interesting to know whether our
construction (based on Hodge modules) can be adapted to the case of orbifolds.

4. Abstract results on Hodge modules and Higgs bundles. The main
new ingredient for proving Theorem BTheorem B is the construction in Chapter BChapter B of certain
Hodge modules, and of Higgs bundles derived from them. They are associated to
morphisms whose relative canonical bundle satisfies a mild positivity condition; see
(9.19.1) below. Such Hodge modules and Higgs bundles satisfy a “largeness” property
for the first step in the Hodge filtration, defined in §1818. The existence of a Viehweg-
Zuo sheaf, meaning a big sheaf as in Theorem BTheorem B, turns out to be an instance of an
abstract result about Hodge modules with this property. Oversimplifying in order
to explain the main idea, we consider pure Hodge modules with the property that
there exist a big line bundle A and a sheaf inclusion

(4.1) A ↪→ Fp(M)M⊗ OX(`D)

where Fp(M)M is the lowest non-zero term in the filtration F•M on the underlying
D-moduleM, D is a divisor away from which M is a variation of Hodge structure,
and ` ≥ 0 is an integer. This can be seen as an abstract version of the more familiar
property of the period map being immersive at a point.

Theorem C. Let X be a smooth projective variety, and M a polarizable pure Hodge
module with strict support X, extending a variation of Hodge structure of weight
k on a dense open subset U = X \ D, with D a divisor. If its underlying filtered
DX-module (M, F•M) satisfies (4.14.1), then at least one of the following holds:

(i) D is big.
(ii) There exists 1 ≤ s ≤ k, r ≥ 1, and a big coherent sheaf G on X such that

H ↪→ (Ω1
X)⊗s ⊗ O(rD).

Consequently, if X is not uniruled, then ωX(D) is big.

Therefore variations of Hodge structure can have such large extensions only if
they are supported on the complement of a sufficiently positive divisor.33 When
the base is not uniruled this implies by the result of [CP15CP15] that it must actually
be of log-general type. In this abstract context the non-uniruledness hypothesis is
necessary; see Example 18.6Example 18.6.

In reality, for applications like Theorem BTheorem B a more refined setup is needed. Besides
the polarizable Hodge module M , we also need to consider a graded Sym TX -
submodule G• ⊆ grF•M of the associated graded of the underlying filtered DX -
module (M, F•M). This is constructed in Theorem 9.2Theorem 9.2. In the case when X is
an abelian variety, this type of construction was considered in [PS14PS14]. We prove
and use a slightly stronger version of Theorem CTheorem C involving such submodules; see
Theorem 18.4Theorem 18.4 for the precise statement, which uses a recent weak positivity result
for Hodge modules from [PWPW].

3Another example of this phenomenon is [Sch15Sch15, Theorem 26.2], which says that D must be
ample when X is an abelian variety.
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To deal with the case when X is uniruled, an additional step is needed. Using
the pair (M,G•) from above, we produce in Theorem 9.4Theorem 9.4 another pair (E•,F•),
where (E•, θ) is a (graded logarithmic) Higgs bundle with poles along a divisor D
containing Df , while F• ⊆ E• is a subsheaf such that

θ(F•) ⊆ Ω1
X(logDf )⊗F•+1,

and which again satisfies a largeness property. This uses some of the more techni-
cal aspects of the theory of Hodge modules, especially the interaction between the
Hodge filtration and the V -filtration along hypersurfaces. The corresponding ver-
sion of Theorem CTheorem C is Theorem 19.1Theorem 19.1, which finally produces the Viehweg-Zuo sheaf
best suited for our purposes.

5. Outline of the proof. We summarize the discussion above into a brief outline
of the proof of Theorem BTheorem B and Theorem ATheorem A.

(1) Due to results of Kawamata, Kollár, and Viehweg, families with maximal
variation whose geometric generic fiber has a good minimal model satisfy
the hypothesis of Theorem BTheorem B.

(2) Given a big line bundle L on X, we show that the m-th power of the line
bundle ωY/X ⊗ f∗L−1 has a nontrivial global section for some m ≥ 1. This

uses the bigness of det f∗ω
⊗m
Ỹ /X̃

on generically finite covers of X, Viehweg’s

fiber product trick, and semistable reduction; in the process, we replace Y
by a resolution of singularities of a very large fibered product Y ×X · · ·×XY .

(3) We construct a polarizable Hodge module M on X, together with a graded
Sym TX -submodule G• ⊆ grF•M, such that G0 = L and Supp G ⊆ Sf , the
set of singular cotangent vectors of f in T ∗X. Both are obtained from a
resolution of singularities of a branched covering determined by the section
in (2). After resolving singularities, we may assume that M restricts to a
variation of Hodge structure outside a normal crossing divisor D ⊇ Df .

(4) The variation of Hodge structure on X \D determines a (graded logarith-
mic) Higgs bundle E• with Higgs field

θ : E• → Ω1
X(logD)⊗ E•+1.

From G• in (3), we construct a subsheaf F• ⊆ E• such that F0 is a big
line bundle and θ(F•) ⊆ Ω1

X(logDf ) ⊗ F•+1. This uses the interaction
between the Hodge filtration and the V -filtration on Hodge modules.

(5) We deduce that some large tensor power of Ω1
X(logDf ) contains a big

subsheaf (or Viehweg-Zuo sheaf), concluding the proof of Theorem BTheorem B. The
main ingredient is a slight extension of a theorem of Zuo, to the effect that
the dual of the kernel of θ : E• → Ω1

X(logD)⊗ E•+1 is weakly positive.
(6) Finally, to deduce Theorem ATheorem A, we can assume after a birational modifica-

tion that the f -singular locus Df is a divisor with simple normal crossings.
We apply Theorem BTheorem B and a recent theorem by Campana and Păun to con-
clude that, in this situation, the line bundle det Ω1

X(logDf ) = ωX(Df ) is
big. This proves that the pair (X,Df ) is of log general type.

These steps are addressed throughout the paper, and are collected together in
§2121. We also include in §2020 a substantially simpler proof of Theorem ATheorem A in the case
when X is not uniruled. It avoids many of the technicalities involved in dealing
with the remaining case, while still containing all the key ideas in a particularly
transparent form; hence it may help at a first reading. In brief, it only needs a less
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precise version of (1), which does not use semistable reduction; it does not need
(4), which is the most technical part of the general proof, and it replaces (5) with
similar results applied directly to the Hodge module construction in (2).

6. What is new. As mentioned above, our work owes to the beautiful approach
of Viehweg and Zuo [VZ01VZ01, VZ02VZ02, VZ03VZ03] to the study of families with maximal
variation, by means of constructing Viehweg-Zuo sheaves as a main step towards
understanding the base space of such a family. For families of varieties with semi-
ample canonical bundle they constructed Higgs systems as in (4) above, using a
very delicate analysis based on weak positivity, while dealing with mild enough sin-
gularities due to the semiampleness assumption. They pioneered the idea of using
negativity results for Kodaira-Spencer kernels to extract positivity from the Higgs
systems thus constructed.

This paper offers two main new inputs. The first is to view the hyperbolicity
problem as a special case of the study of spaces supporting abstract Hodge theoretic
objects satisfying the largeness property described above, an interesting problem in
its own right. The second, and most significant, is the use of Hodge modules. Just
as in [PS14PS14], we are able to address a more general situation due to the fact that
Hodge modules provide higher flexibility in dealing with the singularities created
by section produced in (2), and for applying positivity results. Even in the case of
canonically polarized fibers this simplifies the argument in [VZ02VZ02], at least when
the base is not uniruled. In general however, besides appealing to a Hodge module
construction, providing a Higgs system with all the necessary properties requires
the use of some quite deep input from Saito’s theory.

7. Acknowledgements. The first author is grateful for the hospitality of the
Department of Mathematics at the University of Michigan, where he completed
part of this work. Both authors thank Frédéric Campana, Stefan Kebekus, Sándor
Kovács, Mihai Păun, and Behrouz Taji for useful discussions. They also thank
the referee for suggestions that improved the exposition. During the preparation
of the paper, M. Popa was partially supported by NSF grant DMS-1405516 and a
Simons Fellowship, and Ch. Schnell by NSF grant DMS-1404947 and a Centennial
Fellowship of the American Mathematical Society.

B. Construction of Hodge modules and Higgs bundles

Let f : Y → X be a surjective morphism between two smooth projective varieties.
In this chapter, we describe a general method for obtaining information about the
f -singular locus Df ⊆ X of the morphism from positivity assumptions on the
relative canonical bundle ωY/X .

8. Cotangent bundles. We begin by introducing a more refined measure, inside
the cotangent bundle, for the singularities of a morphism. Given a surjective mor-
phism f : Y → X between two smooth projective varieties, we use the following
notation for the induced morphisms between the cotangent bundles of X and Y .

(8.1)

Y T ∗X ×X Y T ∗Y

X T ∗X

f

p2

p1

df

p
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Inside the cotangent bundle of X, consider the set of singular cotangent vectors

Sf = p1
(
df −1(0)

)
⊆ T ∗X.

A cotangent vector (x, ξ) ∈ T ∗X belongs to Sf if and only if f∗ξ vanishes at some
point y ∈ f−1(x), or equivalently, if ξ annihilates the image of TyY inside the
tangent space TxX. If this happens and ξ 6= 0, then f is not submersive at y,
which means that x belongs to the f -singular locus Df ⊆ X. Consequently, Sf is
the union of the zero section and a closed conical subset of T ∗X whose image under
the projection p : T ∗X → X is equal to Df . The set of singular cotangent vectors
Sf has the following interesting property.

Lemma 8.2. One has dimSf ≤ dimX, and every irreducible component of Sf of
dimension dimX is the conormal variety of a subvariety of X.

Proof. Fix an irreducible component W ⊆ Sf , and denote by Z = p(W ) its image
in X; because Sf is conical, this is a closed subvariety of X. Both assertions will
follow if we manage to show that W is contained in the conormal variety

T ∗ZX = closure in T ∗X of the conormal bundle to the smooth locus of Z.

By definition, for every cotangent vector (x, ξ) ∈ W , there is a point y ∈ f−1(x)
such that ξ vanishes on the image of TyY → TxX. At a general smooth point
x ∈ Z, this image contains the tangent space TxZ, and so (x, ξ) ∈ T ∗ZX. �

The zero section is clearly one of the irreducible components of Sf ; for dimension
reasons, the conormal varieties of the divisorial components of Df are also contained
in Sf . Other irreducible components of dimension dimX are less easy to come by.

Evidently, the morphism f is smooth if and only if Sf is equal to the zero section.
One method for getting a lower bound on the size of Sf – and, therefore, of Df –
is to look for coherent sheaves on T ∗X whose support is contained in the set Sf .
In practice, it is better to work with sheaves of graded modules over the symmetric
algebra AX = Sym TX , where TX is the tangent sheaf of X. Recall that

AX ' p∗OT∗X ,
and that taking the direct image under p : T ∗X → X gives an equivalence of cate-
gories between (algebraic) coherent sheaves on the cotangent bundle and coherent
AX -modules. For a coherent graded AX -module

G• =
⊕
k∈Z

Gk,

we use the symbol G , without the dot, to denote the associated coherent sheaf on
T ∗X; it has the property that p∗G ' G• as modules over AX (without the grading).

9. The main result. For the remainder of the chapter, let us fix a surjective
morphism f : Y → X between two smooth projective varieties. We also fix a line
bundle L on X, and consider on Y the line bundle

B = ωY/X ⊗ f∗L−1.
We assume that the following condition holds:

(9.1) H0(Y,B⊗m) 6= 0 for some m ≥ 1.

Starting from this data, we construct a graded module over Sym TX with the
following properties.
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Theorem 9.2. Assuming (9.19.1), one can find a graded AX-module G• that is co-
herent over AX and has the following properties:

(a) As a coherent sheaf on the cotangent bundle, Supp G ⊆ Sf .
(b) One has G0 ' L⊗ f∗OY .
(c) Each Gk is torsion-free on the open subset X \Df .
(d) There exists a regular holonomic D-module M with good filtration F•M,

and an inclusion of graded AX-modules G• ⊆ grF•M.
(e) The filtered D-module (M, F•M) underlies a polarizable Hodge module M

on X with strict support X, and FkM = 0 for k < 0.

Roughly speaking, G• is constructed by applying results from the theory of Hodge
modules to a resolution of singularities of a branched covering of Y . This type of
construction was invented by Viehweg and Zuo, but it becomes both simpler and
more flexible through the use of Hodge modules. An introduction to Hodge modules
that covers all the results we need here, with references to the original work of Saito,
can be found in [Sch14Sch14].

Despite the technical advantages of working with Hodge modules, the proof of
Viehweg’s conjecture in the general case works more naturally in the context of
Higgs sheaves (with logarithmic poles along Df ). Since we do not have any control
over the zero locus of the section in (9.19.1), we do not attempt to construct such an
object directly from the branched covering. Instead, we use the local properties of
Hodge modules to construct a suitable Higgs sheaf from the graded module G•, at
least on some birational model of X. More precisely, we can perform finitely many
blowups with smooth centers to assume that the f -singular locus Df is a divisor,
and moreover to put ourselves in the following situation:

(9.3) The singularities of M occur along a normal crossing divisor D ⊇ Df .

Concretely, this means that the restriction of M to the open subset X \ D is a
polarizable variation of Hodge structure. We use this fact to construct from G• an
OX -module F• with the structure of a graded Higgs sheaf.

Theorem 9.4. Let f : Y → X be a surjective morphism with connected fibers
between two smooth projective varieties. Assuming (9.19.1) and (9.39.3), one can find an
OX-module F• with the following properties:

(a) One has L(−Df ) ⊆ F0 ⊆ L.
(b) Each Fk is a reflexive coherent sheaf on X.
(c) There exists a (graded logarithmic) Higgs bundle E• with Higgs field

θ : E• → Ω1
X(logD)⊗ E•+1,

such that F• ⊆ E• and θ(F•) ⊆ Ω1
X(logDf )⊗F•+1.

(d) The pair (E•, θ) comes from a polarizable variation of Hodge structure on
X \D with Ek = 0 for k < 0.

Both theorems will be proved in the remainder of this chapter.

10. Constructing the Hodge module. From now on, we assume that the
line bundle B = ωY/X ⊗ f∗L−1 satisfies the hypothesis in (9.19.1). For the sake of
convenience, let m ≥ 1 be the smallest integer with the property that there is
a nontrivial global section s ∈ H0

(
Y,B⊗m

)
. Such a section defines a branched

covering π : Ym → Y of degree m, unramified outside the divisor Z(s); see [EV92EV92,



8 MIHNEA POPA AND CHRISTIAN SCHNELL

§3] for details. Since m is minimal, Ym is irreducible; let µ : Z → Ym be a resolution
of singularities that is an isomorphism over the complement of Z(s), and define
ϕ = π ◦µ and h = f ◦ϕ. The following commutative diagram shows all the relevant
morphisms:

(10.1)

Z Ym Y

X

µ

h

ϕ

π

f

To simplify the notation, set n = dimX and d = dimY = dimZ. Let H0h∗QHZ [d] ∈
HM(X, d) be the polarizable Hodge module obtained by taking the direct image of
the constant Hodge module on Z; restricted to the smooth locus of h, this is just
the polarizable variation of Hodge structure on the middle cohomology of the fibers.
Let M ∈ HMX(X, d) be the summand with strict support X in the decomposition
of H0h∗QHZ [d] by strict support [Sch14Sch14, §10]. LetM denote the underlying regular
holonomic left DX -module, and F•M its Hodge filtration. Since F•M is a good
filtration, the associated graded AX -module

grF•M =
⊕
k∈Z

grFkM

is coherent over AX = Sym TX ; for simplicity, we denote the corresponding coher-
ent sheaf on the cotangent bundle by the symbol GM .

One has the following more concrete description of grF•M. On Z, consider the
complex of graded h∗AX -modules

CZ,• =

[
h∗A•−nX ⊗

d∧
TZ → h∗A•−n+1

X ⊗
d−1∧

TZ → · · · → h∗A•−n+dX

]
,

placed in cohomological degrees −d, . . . , 0; the differential in the complex is induced
by the natural morphism TZ → h∗TX .

Proposition 10.2. In the category of graded AX-modules, grF•M is a direct sum-
mand of R0h∗

(
ωZ/X ⊗ CZ,•

)
.

Proof. This is a special case of the following more general result: the complex

(10.3) Rh∗
(
ωZ/X ⊗ CZ,•

)
splits in the derived category of graded AX -modules, and its i-th cohomology mod-
ule computes the associated graded of the Hodge module Hih∗QHZ [d]. The proof is
an application of several results by Saito. The underlying filtered D-module of the
trivial Hodge module is (OZ , F•OZ), where the filtration is such that grFk OZ = 0
for k 6= 0. As shown in [PS13PS13, Theorem 2.9], the direct image of (OZ , F•OZ) in the
derived category of filtered D-modules satisfies

(10.4) grF• h+(OZ , F•OZ) ' Rh∗

(
ωZ/X ⊗OZ

grF•+d−nOZ
L
⊗AZ

h∗AX
)
.

Since the morphism h : Z → X is projective, the complex h+(OZ , F•OZ) is strict
and splits in the derived category [Sch14Sch14, §16]; the same is therefore true for the
complex of graded AX -modules on the left-hand side of (10.410.4). To conclude the
proof, we only have to show that the complex on the right-hand side of (10.410.4) is
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quasi-isomorphic to the one in (10.310.3). Now the associated graded of the constant
Hodge module is OZ , in degree zero, with the trivial action by AZ . It is naturally
resolved by the complex of graded AZ-modules

(10.5)

[
A•−dZ ⊗

d∧
TZ → A•−d+1

Z ⊗
d−1∧

TZ → · · · → A•Z

]
,

placed in cohomological degrees −d, . . . , 0. After shifting the grading by d− n and
tensoring over AZ by h∗AX , we obtain the desired result. �

The lemma gives some information about the individual OX -modules grFk M.

Corollary 10.6. One has grFk M = 0 for k < n− d, whereas grFn−dM' h∗ωZ/X .

Proof. The first assertion is clear because CZ,k = 0 for k < n − d. To prove the
second assertion, recall that we have a canonical decomposition

H0h∗QHZ [d] 'M ⊕M ′,
where M has strict support X, and M ′ is supported in a union of proper subvari-
eties. Proposition 10.2Proposition 10.2 shows that

Fn−dM⊕ Fn−dM′ ' R0h∗
(
ωZ/X ⊗ CZ,n−d

)
' h∗ωZ/X .

But now Fn−dM′ is supported in a union of proper subvarieties, whereas h∗ωZ/X
is torsion-free; the conclusion is that Fn−dM′ = 0. This is a special case of a much
more general result by Saito [Sai91Sai91, Proposition 2.6]. �

The complex CZ,• is closely related to the set of singular cotangent vectors
Sh ⊆ T ∗X of the morphism h : Z → X. Recall the following notation:

(10.7)

Z T ∗X ×X Z T ∗Z

X T ∗X

h

p2

p1

dh

p

Let us denote by CZ the complex of coherent sheaves on T ∗X×X Z associated with
the complex of graded h∗AX -modules CZ,•.

Proposition 10.8. The support of CZ is equal to dh−1(0) ⊆ T ∗X ×X Z.

Proof. The complex of graded AZ-modules in (10.510.5) is a resolution of OZ as a
graded AZ-module, and so the associated complex of coherent sheaves on T ∗Z is
quasi-isomorphic to the structure sheaf of the zero section. The proof of Proposition 10.2Proposition 10.2
shows that CZ is the pullback of this complex via the morphism dh in the diagram
in (10.710.7); its support must therefore be equal to dh−1(0). �

This result also implies the well-known fact that the characteristic variety of the
Hodge module M is contained inside the set Sh ⊆ T ∗X.

Corollary 10.9. The support of GM is a union of irreducible components of Sh.

Proof. According to Proposition 10.2Proposition 10.2, one has

Supp GM ⊆ SuppR0p1∗
(
p∗2ωZ/X ⊗ CZ

)
,

and because SuppCZ is equal to dh−1(0), it follows that Supp GM is contained
in Sh = p1

(
dh−1(0)

)
. Now the support of GM is by definition the characteristic
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variety of the regular holonomic D-module M, and therefore of pure dimension
n = dimX. It must therefore be a union of irreducible components of Sh, because
we know from Lemma 8.2Lemma 8.2 that dimSh ≤ n. �

Note that Sh may very well have additional components of dimension n that are
not accounted for by the Hodge module M . In any case, the existence of M by
itself tells us nothing about the original morphism f .

11. Constructing the graded module. We now explain how to use the geom-
etry of the branched covering in (10.110.1) to construct a graded AX -submodule

G• ⊆ grF•M
which, unlike grF•M itself, encodes information about the f -singular locus Df of
the original morphism f : Y → X. In fact, the support of G• will be contained
in the set of singular cotangent vectors Sf ; the point is that Sf is typically much
smaller than Sh, because both the covering and its resolution create additional
singular fibers. This construction will allow us to use positivity properties of Hodge
modules towards the study of Df .

By construction, the branched covering Ym is embedded into the total space of
the line bundle B = ωY/X⊗f∗L−1, and so the pullback ϕ∗B has a tautological sec-

tion; the induced morphism ϕ∗B−1 → OZ is an isomorphism over the complement
of Z(s). After composing with ϕ∗ΩkY → ΩkZ , we obtain for every k = 0, 1, . . . , d an
injective morphism

(11.1) ik : ϕ∗
(
B−1 ⊗ ΩkY

)
→ ΩkZ ,

that is actually an isomorphism over the complement of Z(s).

Proposition 11.2. There is a morphism of complexes of graded AX-modules

Rf∗
(
B−1 ⊗ ωY/X ⊗ CY,•

)
→ Rh∗

(
ωZ/X ⊗ CZ,•

)
,

induced by the individual morphisms in (11.111.1).

Proof. By adjunction, it suffices to construct a morphism of complexes

ϕ∗
(
B−1 ⊗ ωY/X ⊗ CY,•

)
→ ωZ/X ⊗ CZ,•.

Using the fact that TY and Ω1
Y are dual to each other, we have

B−1 ⊗ ωY/X ⊗ Ck−dY,• ' f
∗ω−1X ⊗ f

∗A•−n−kX ⊗B−1 ⊗ ΩkY ,

which gives us a natural isomorphism

ϕ∗
(
B−1 ⊗ ωY/X ⊗ Ck−dY,•

)
' h∗ω−1X ⊗ h

∗A•−n−kX ⊗ ϕ∗
(
B−1 ⊗ ΩkY

)
.

By composing with (11.111.1), we obtain an h∗AX -linear morphism to

h∗ω−1X ⊗ h
∗A•−n−kX ⊗ ΩkZ ' ωZ/X ⊗ Ck−dZ,• .

It remains to verify that the individual morphisms are compatible with the dif-
ferentials in the two complexes. Since they are by construction h∗AX -linear, the
problem is reduced to proving the commutativity of the diagram

ϕ∗
(
B−1 ⊗ ΩkY

)
ΩkZ

ϕ∗
(
B−1 ⊗ Ωk+1

Y

)
⊗ h∗TX Ωk+1

Z ⊗ h∗TX

ik

ik+1⊗id
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in which the vertical morphisms are induced respectively by TY → f∗TX and
TZ → h∗TX . This is an easy exercise. �

Now we can construct a graded AX -module G• in the following manner. By
composing the morphism from Proposition 11.2Proposition 11.2 with the projection to grF•M, we
obtain a morphism of graded AX -modules

(11.3) R0f∗
(
B−1 ⊗ ωY/X ⊗ CY,•

)
→ R0h∗

(
ωZ/X ⊗ CZ,•

)
→ grF•M.

We then define G• ⊆ grF•M as the image of this morphism, in the category of
graded AX -modules. Remembering that B−1⊗ωY/X = f∗L, we see that G• is also

a quotient of the graded AX -module L⊗R0f∗CY,•. We can use this observation to
prove that G• is nontrivial.

Proposition 11.4. One has Gk = 0 for k < n− d, whereas Gn−d ' L⊗ f∗OY .

Proof. We make use of Corollary 10.6Corollary 10.6. The first assertion is clear because grFk M =
0 for k < n− d. By construction, Gn−d is a quotient of the OX -module

L⊗R0f∗CY,n−d ' L⊗ f∗OY .

Since we already know that grFn−dM is isomorphic to h∗ωZ/X , it is therefore enough
to prove that the morphism in Proposition 11.2Proposition 11.2 is injective in degree n − d. The
morphism in question is

f∗
(
B−1 ⊗ ωY/X

)
→ h∗ωZ/X ,

and is induced by (11.111.1) for k = d. Now id : ϕ∗
(
B−1 ⊗ ωY

)
→ ωZ is injective, and

because OY injects into ϕ∗OZ , the adjoint morphism B−1 ⊗ ωY → ϕ∗ωZ remains
injective. The second assertion follows from this because f∗ is left-exact. �

It is also not hard to show that the support of the associated coherent sheaf G
on the cotangent bundle is contained in the set Sf .

Proposition 11.5. We have Supp G ⊆ Sf .

Proof. By construction, G is a quotient of the coherent sheaf p∗L⊗R0p1∗CY . But
the complex CY is supported on the set df −1(0) by Proposition 10.8Proposition 10.8, and so the
support of G is contained in Sf = p1

(
df −1(0)

)
. �

12. Additional properties. Except in trivial cases, G• is not itself the associated
graded of a Hodge module. Nevertheless, we shall see in this section that G• inherits
several good properties from grF•M.

Lemma 12.1. Every irreducible component of Supp G is the conormal variety of
some subvariety of X.

Proof. By a theorem of Saito [Sch14Sch14, §29], GM is a Cohen-Macaulay sheaf on
T ∗X of dimension n = dimX; in particular, it is unmixed, and every associated
subvariety of GM has dimension n. This property is inherited by the subsheaf
G ⊆ GM ; in particular, every irreducible component of Supp G is n-dimensional.
Since Supp G ⊆ Sf , we conclude from Lemma 8.2Lemma 8.2 that every such component is the
conormal variety of some subvariety of X. �
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Recall our notation Df ⊆ X for the singular locus of the surjective morphism
f : Y → X. Being part of a Hodge module, the coherent sheaves grFk M are lo-
cally free on the open subset X \ Dh where M is a variation of Hodge structure.
Surprisingly, the sheaves Gk are torsion-free on the much larger open set X \Df .

Proposition 12.2. For every k ∈ Z, the sheaf Gk is torsion-free on X \Df .

Proof. After replacing X by the open subset X \Df , we may assume that Supp G
is contained in the zero section; the reason is that Supp G ⊆ Sf , and that Df is
the image of Sf minus the zero section. What we need to prove is that Gk is a
torsion-free sheaf on X. This is equivalent to saying that

codimX SuppRiHomO(Gk, ωX) ≥ i+ 1,

for every i ≥ 1; see for instance [PP09PP09, Lemma A.5]. We can compute the dual of
Gk directly by applying Grothendieck duality to the projection p : T ∗X → X. Note
first that

p∗G '
⊕
k∈Z

Gk

is OX -coherent because the support of G is contained in the zero section; in partic-
ular, Gk = 0 for k � 0. Since the relative dualizing sheaf is p∗ω−1X , Grothendieck
duality gives us

RHomO

(
G•, ωX

)
' p∗RHomO

(
G ,O[n]

)
,

and so SuppRiHomO(Gk, ωX) is contained in the image under p of

SuppRiHomO

(
G ,O[n]

)
.

As the zero section has codimension n, this reduces the problem to proving that

(12.3) codimT∗X SuppRiHomO

(
G ,O[n]

)
≥ n+ i+ 1

for every i ≥ 1. On T ∗X, we have a short exact sequence of coherent sheaves

0→ G → GM → GM/G → 0,

from which we get a distinguished triangle

RHomO

(
GM/G ,O[n]

)
→ RHomO

(
GM ,O[n]

)
→ RHomO

(
G ,O[n]

)
→ · · ·

All three complexes are concentrated in nonnegative degrees, because the original
sheaves are supported on a subset of codimension≥ n; moreover, RHomO

(
GM ,O[n]

)
is a sheaf, because GM is Cohen-Macaulay of dimension n. We conclude that

RiHomO

(
G ,O[n]

)
' Ri+1HomO

(
GM/G ,O[n]

)
for i ≥ 1. But GM/G is a sheaf, and so the support of the right-hand side has
codimension at least n+ i+ 1; this implies the desired inequality (12.312.3). �

13. Proof of Theorem 9.2. In this section, we prove Theorem 9.2Theorem 9.2 by putting
together the results about the graded AX -module G• that we have established so
far. To resolve the minor discrepancy in the indexing, we replace M ∈ HMX(X, d)
by its Tate twist M(d − n) ∈ HMX(X, 2n − d); this leaves the underlying regular
holonomic D-module M unchanged, but replaces the filtration F•M by the shift
F•+n−dM. Similarly, we replace G• by the shift G•+n−d. Then the assertions in (d)(d)
and (e)(e) hold by construction, and the assertion in (b)(b) follows from Corollary 10.6Corollary 10.6.
In Proposition 11.5Proposition 11.5, we showed that Supp G ⊆ Sf , which proves (a)(a). The remaining
assertion in (c)(c) has been established in Proposition 12.2Proposition 12.2.
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Note. At this point, the reader interested in starting with a technically simpler
proof of Theorem ATheorem A when X is not uniruled can move directly to §18§18 and from
there to §20§20.

14. Constructing the Higgs bundle. From now on, we assume in addition
that the hypothesis in (9.39.3) is satisfied – recall that we can always arrange this by
blowing up X. We also assume for simplicity that our morphism f : Y → X has
connected fibers; this implies that G0 ' L⊗f∗OY ' L is a line bundle. Denote by V
the polarizable variation of Hodge structure obtained by restricting M to the open
subset X \D; for the sake of convenience, we shall consider the Hodge filtration as
an increasing filtration F•V, with the convention that FkV = F−kV.

Let Ṽ be the canonical meromorphic extension [Del70Del70, Proposition II.2.18] of the

flat bundle (V,∇), and denote by Ṽ≥α and Ṽ>α Deligne’s canonical lattices with
eigenvalues contained in the intervals [α, α+ 1) and (α, α+ 1], respectively [Del70Del70,
Proposition I.5.4]. The flat connection on V extends uniquely to a logarithmic
connection

(14.1) ∇ : Ṽ≥0 → Ω1
X(logD)⊗ Ṽ≥0.

As a consequence of Schmid’s nilpotent orbit theorem, the Hodge filtration F•V
extends to a filtration of Ṽ≥0 with locally free subquotients; see [Sai90Sai90, (3.10.7)] for
a discussion of this point. The extension is given by

(14.2) FkṼ≥0 = Ṽ≥0 ∩ j∗FkV,

where j : X \ D ↪→ X is the inclusion. On the associated graded with respect to
the Hodge filtration, the connection then induces an OX -linear operator

(14.3) θ : grF• Ṽ≥0 → Ω1
X(logD)⊗ grF•+1 Ṽ≥0

with the property that θ ∧ θ = 0. Setting

E• = grF• Ṽ≥0,

we therefore obtain the desired (graded logarithmic) Higgs bundle (E•, θ). Since
FkV = 0 for k < 0, it is clear that Ek = 0 in the same range.

It turns out that we can find a copy of E• inside the associated graded grF•M
of the Hodge module M , and that the Higgs field θ can also be recovered from the
AX -module structure. The connection on V induces on the meromorphic extension
Ṽ the structure of a left D-module. The formulas for the minimal extension in
[Sai90Sai90, 3.10] show that Ṽ≥0 ⊆M ⊆ Ṽ.

Lemma 14.4. For every k ∈ Z, we have an inclusion Ek = grFk Ṽ≥0 ⊆ grFk M.

Proof. We observe that Ṽ≥0 ∩ FkM = FkṼ≥0. Indeed, the construction of the
Hodge filtration on M in [Sai90Sai90, (3.10.12)] is such that one has

Ṽ>−1 ∩ j∗FkV ⊆ FkM⊆ j∗FkV,

as subsheaves of Ṽ. Now intersect with Ṽ≥0 and use (14.214.2) to get the desired

identity. The inclusion Ṽ≥0 ⊆ M induces an inclusion FkṼ≥0 ⊆ FkM, and the
identity we have just proved implies that grFk Ṽ≥0 → grFk M stays injective. �

To recover the action of the Higgs field θ, let us choose local coordinates x1, . . . , xn
that are adapted to the normal crossing divisor D. We denote the corresponding



14 MIHNEA POPA AND CHRISTIAN SCHNELL

vector fields by the symbols ∂1, . . . , ∂n. Since the connection in (14.114.1) has logarith-

mic poles, the action by the vector field xi∂i preserves the lattice Ṽ≥0, and therefore
induces an OX -linear morphism

xi∂i : grFk Ṽ≥0 → grFk+1 Ṽ≥0.
Note that if xi = 0 is not a component of D, the factor of xi is not needed, because
in that case, ∂i itself already maps grFk Ṽ≥0 into grFk+1 Ṽ≥0. Putting together the
individual morphisms, we obtain an OX -linear morphism

(14.5) grFk Ṽ≥0 → Ω1
X(logD)⊗ grFk+1 Ṽ≥0, s 7→

n∑
i=1

dx i
xi
⊗ (xi∂is),

which is exactly the Higgs field in (14.314.3).

15. Constructing the Higgs sheaf. We can now construct a collection of sub-
sheaves Fk ⊆ Ek by intersecting Gk and Ek = grFk Ṽ≥0 inside the larger coherent
sheaf grFk M. Since the intersection may not be reflexive, we actually define

Fk = (Gk ∩ Ek)∨∨ ⊆ Ek

as the reflexive hull of the intersection. Since Ek = 0 for k < 0, we obviously have
Fk = 0 in the same range. It is also not hard to see that F• ⊆ E• is compatible
with the action of the Higgs field in (14.314.3). Indeed, using the notation introduced
before (14.514.5), the vector field xi∂i maps Fk into Fk+1, due to the fact that G• is
a graded AX -submodule of grF•M. But this means that the Higgs field takes Fk

into the subsheaf Ω1
X(logD)⊗Fk+1.

As in the work of Viehweg and Zuo, the key property is that the action of the
Higgs field on F• only creates poles along the smaller divisor Df .

Proposition 15.1. The Higgs field maps Fk into Ω1
X(logDf )⊗Fk+1.

The proof exploits the relationship between F•M and the V-filtration with re-
spect to locally defined holomorphic functions on X. We briefly review the relevant
properties; for a more careful discussion of how the V-filtration enters into the def-
inition of Hodge modules, see [Sch14Sch14, §9–12]. Suppose then that t : U → C is a
non-constant holomorphic function on an open subset U ⊆ X, with the property
that t−1(0) is a smooth divisor; also suppose that we have a holomorphic vector
field ∂t such that [∂t, t] = 1. To keep the notation simple, we denote the restriction
of M and (M, F•M) to the open set U by the same symbols.

Being part of a Hodge module, the D-module M admits a rational V-filtration
V •M with respect to the function t. As we are working with left D-modules, this is
a decreasing filtration, discretely indexed by α ∈ Q, with the following properties:

(1) One has t · V αM⊆ V α+1M, with equality for α > −1.
(2) One has ∂t · V αM⊆ V α−1M.
(3) The operator t∂t − α acts nilpotently on grαV M = V αM/V >αM, where

V >αM is defined as the union of those V βM with β > α.
(4) Each V αM is coherent over V 0DX , which is defined as the OX -subalgebra

of DX that preserves the ideal tOX ⊆ OX .

More generally, every regular holonomic D-module with quasi-unipotent local mon-
odromy44 around the divisor t−1(0) has a unique rational V-filtration; this result is

4This is a shorthand for saying that all eigenvalues of the monodromy operator on the perverse
sheaf of nearby cycles ψt DR(M) are roots of unity.
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due to Kashiwara [Kas83Kas83]. The uniqueness statement implies that if two D-modules
M1 and M2 admit rational V-filtrations, then any morphism f : M1 → M2 be-
tween them is strictly compatible with these filtrations, in the sense that

f(M1) ∩ V αM2 = f
(
V αM1

)
for all α ∈ Q.

Saito defines the category of Hodge modules by requiring, among other things,
that the Hodge filtration F•M interacts well with the rational V-filtration V •M.
The first requirement in the definition is that

(15.2) t : FkV
αM→ FkV

α+1M
must be an isomorphism for α > −1; the second requirement is that

(15.3) ∂t : Fk grαV M→ Fk+1 grα−1V M
must be an isomorphism for α < 0. Here and in what follows, F• grαV M means the
filtration induced by F•M; thus

Fk grαV M =
V αM∩ FkM+ V >αM

V >αM
.

These two conditions together give us very precise information on how the two
operators t and ∂t interact with the Hodge filtration F•M.

Proof of Proposition 15.1Proposition 15.1. Since Fk and Ω1
X(logDf )⊗Fk+1 are reflexive coherent

sheaves, we only need to prove the assertion outside a subset of codimension ≥ 2.
After removing the singular locus of the normal crossing divisor D, it is therefore
enough to show that when the Higgs field in (14.514.5) is applied to a local section
of Fk, it does not actually produce any poles along the components of D that
do not belong to Df . Fix such a component, and on a sufficiently small open
neighborhood U of its generic point, choose local coordinates x1, . . . , xn such that
D∩U is defined by the equation xn = 0. Because we can ignore what happens on a
subset of codimension ≥ 2, we may assume that Fk = Gk ∩Ek on U . Moreover, the
component in question does not belong to Df , and so we may further assume that
Df ∩U = ∅; the part of Sf that lies over U is then contained in the zero section of
the cotangent bundle. As G• is coherent over AX , this implies that any section in
H0(U,Gk) is annihilated by a sufficiently large power of ∂n.

Let V •i M be the rational V-filtration with respect to the function xi. Since M
is a flat bundle outside the divisor xn = 0, it is easy to see from the definition that

V αi M = x
max(0,bαc)
i M⊆M

is essentially the xi-adic filtration for i = 1, . . . , n− 1; the same is true also on the
larger D-module Ṽ. The defining property of the canonical lattices implies that

Ṽ≥α =

n⋂
i=1

V αi Ṽ = V αn Ṽ

for α < 1, as noted for example in [Sai90Sai90, (3.10.1)]. Because any morphism of
D-modules is strictly compatible with the rational V-filtration, we obtain

V αnM =M∩ V αn Ṽ =M∩ Ṽ≥α

as long as α < 1; in particular, V 0
nM = Ṽ≥0. Over the open set U , we thus get

Ek = grFk Ṽ≥0 = V 0
n grFk M⊆ grFk M,
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where V •n grFk M again means the filtration induced by V •nM, that is to say,

V αn grFk M =
V αnM∩ FkM+ Fk−1M

Fk−1M
.

Now given any section s ∈ Γ(U,Fk), we need to argue that ∂ns ∈ H0(U,Fk+1);
this will guarantee that the Higgs field in (14.514.5) does not create a pole along xn = 0
when applied to the section s. Viewing s as a section of the larger locally free sheaf
Ek = V 0

n grFk M, and remembering that the operator ∂n maps FkM into Fk+1M
and V 0

nM into V −1n M, we obtain

(15.4) ∂ns ∈ H0
(
U, V −1n grFk+1M

)
.

We shall argue that, in fact, ∂ns ∈ H0
(
U, V 0

n grFk+1M
)
. This is the crucial step in

the proof; it rests entirely on the compatibility between the Hodge filtration and
the rational V-filtration, in the form of Saito’s condition (15.315.3).

Since Fk ⊆ Gk, we already know that ∂`+1
n s = 0 for some ` ≥ 1; in other words,

our section ∂ns is annihilated by the operator ∂`n. To make use of this fact, consider
the following commutative diagram with short exact columns:

Fk grαVn
M Fk+` grα−`Vn

M

Fk+1 grαVn
M Fk+1+` grα−`Vn

M

grFk+1 grαVn
M grFk+1+` grα−`Vn

M

∂`
n

∂`
n

∂`
n

The condition in (15.315.3) relating F•M and V •nM tells us that the morphisms in the
first and second row are isomorphisms for α < 0; of course, the morphism in the
third row is then also an isomorphism. Taking α = −1, we see that

∂`n : grFk+1 gr−1Vn
M→ grFk+1+` gr−1−`Vn

M
is an isomorphism; because the image of ∂ns belongs to the kernel, we conclude
that ∂ns is in fact a section of

V >−1n grFk+1M = V αn grFk+1M
for some α > −1. As long as α < 0, we can repeat this argument and further
increase the value of α; because the rational V-filtration is discretely indexed, we
eventually arrive at the conclusion that

∂ns ∈ H0
(
U, V 0

n grFk+1M
)

= H0(U,Ek+1).

Since also ∂ns ∈ H0(U,Gk+1), we obtain ∂ns ∈ H0(U,Fk+1), as needed. �

We also need to have some information about the subsheaf F0 ⊆ F0Ṽ≥0. From
the definition of the Hodge filtration on M in [Sai90Sai90, (3.10.12)], we immediately

get F0M = F0Ṽ>−1, and so the problem is to compute the intersection

G0 ∩ F0Ṽ≥0 ⊆ F0Ṽ>−1.
This turns out to be fairly subtle, and the answer depends on the local monodromy
around the components of the divisor Df . Fortunately, the following rather weak
result is enough for our purposes.
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Proposition 15.5. We have L(−Df ) ⊆ F0 ⊆ L.

Proof. It is again enough to prove this outside a closed subset of codimension ≥ 2.
After removing the singular locus of the normal crossing divisor D, we may therefore
consider one component of D at a time; as in the proof of Proposition 15.1Proposition 15.1, we
choose local coordinates x1, . . . , xn on an open subset U such that D∩U is defined
by the equation xn = 0. Let s ∈ H0(U,G0) be any section. By definition,

s ∈ H0(U,F0Ṽ>−1) = H0(U,F0V
>−1
n M).

Now there are two possibilities. If the component in question belongs to the divisor
Df , we use the obvious fact that

xns ∈ H0(U,F0V
0
nM) ⊆ H0(U,F0)

to conclude that multiplication by a local equation for Df maps G0 ' L into the
subsheaf F0. If the component in question does not belong to the divisor Df , then
we argue as in the proof of Proposition 15.1Proposition 15.1. Namely, the part of Sf that lies over
U is contained in the zero section of the cotangent bundle, which means that we
have ∂`ns = 0 for `� 0. As before, we use (15.315.3) to conclude that

s ∈ H0(U,F0V
0
nM) = H0(U,F0),

which leads to the desired conclusion also in this case. �

16. Proof of Theorem 9.4. We finish this chapter by proving Theorem 9.4Theorem 9.4. As
already mentioned, the (graded logarithmic) Higgs bundle E• = grF• Ṽ≥0, with the
Higgs field in (14.314.3), comes from the polarizable variation of Hodge structure V
on X \ D, and so (d)(d) is true by construction. The graded submodule F• ⊆ E•
satisfies (b)(b) by construction, (a)(a) because of Proposition 15.5Proposition 15.5, and (c)(c) because of
Proposition 15.1Proposition 15.1.

C. Positivity for Hodge modules and Higgs bundles

17. Background on weak positivity. In this paragraph we fix a smooth quasi-
projective variety X, and a torsion-free coherent sheaf F on X.

Definition 17.1 ([Vie83aVie83a, Vie83bVie83b]).

(i) We call F weakly positive over an open set U ⊆ X if for every integer α > 0
and every ample line bundle H on X, there is an integer β > 0 such that

(SαβF )∨∨ ⊗H⊗β

is generated by global sections at each point of U . We say that F is weakly
positive if such an open set U 6= ∅ exists.

(ii) We call F big (in the sense of Viehweg) if for any line bundle L on X, there
exists some integer γ > 0 such that (SγF )∨∨ ⊗ L−1 is weakly positive.

We recall some basic facts needed in the next section; they are immediate appli-
cations of [Vie83aVie83a, Lemma 1.4] and [Vie83bVie83b, Lemma 3.6].

Lemma 17.2. Let F and G be torsion-free coherent sheaves on X. Then:

(1) If F → G is surjective over U , and if F is weakly positive over U , then G
is weakly positive over U . Moreover, if F is big, then G is big.

(2) If F is weakly positive and A is a big line bundle, then F ⊗A is big.
(3) If F is big, then det F is a big line bundle.
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18. Positivity for Hodge modules. Let M be a pure Hodge module on a
smooth projective variety X, with underlying filtered DX -module (M, F•M). For
each k, the filtration induces Kodaira-Spencer type OX -module homomorphisms

θk : grFk M−→ grFk+1M⊗ Ω1
X ,

and we shall use the notation

Kk(M) := ker θk.

Below we will make use of the following weak positivity statement, extending to
Hodge modules results of [Zuo00Zuo00] and [Bru15Bru15], which are themselves generalizations
of the well-known Fujita-Kawamata semipositivity theorem.

Theorem 18.1 ([PWPW, Theorem A]). If M is a pure polarizable Hodge module with
strict support X, then the reflexive sheaf Kk(M)∨ is weakly positive for any k.

We now give an ad-hoc definition, for repeated use in what follows. Recall that
given filtered DX -module (M, F•M), the associated graded grF• M is coherent
graded AX -module, with AX = Sym TX . Moreover, we denote

(18.2) p(M) := min { p | FpM 6= 0 }.
In other words,

Fp(M)M = grFp(M)M
is the lowest nonzero graded piece in the filtration on M. If (M, F•M) underlies
a Hodge module M , we also use the notation p(M) instead of p(M).

Definition 18.3 (Large graded AX -submodules). Let M be a pure Hodge module
with strict support X. A graded AX -submodule

G• ⊆ grF• M
is called large (with respect to D) if there exist a big line bundle A and an effective
divisor D on X, together with an integer ` ≥ 0, such that:

• there is a sheaf inclusion A(−`D) ↪→ Gp(M).

• the support of the torsion of all Gk is contained in D.55

For applications we need to prove the following stronger version of Theorem CTheorem C;
the reason is that the locus where the Hodge module we consider is not a variation
of Hodge structure is usually bigger than the singular locus of the family we are
interested in.

Theorem 18.4. Let X be a smooth projective variety, and let M be a pure Hodge
module M with strict support X and underlying filtered DX-module (M, F•M),
which is generically a variation of Hodge structure of weight k. Assume that there
exists a graded AX-submodule G• ⊆ grF• M which is large with respect to a divisor
D. Then at least one of the following holds:

(i) D is big.
(ii) There exist 1 ≤ s ≤ k, r ≥ 1, and a big coherent sheaf H on X, such that

H ↪→ (Ω1
X)⊗s ⊗ OX(rD)

Moreover, if X is not uniruled, then ωX(D) is big.

5Typically D may be the complement of the locus where M is a variation of Hodge structure,
though we will also have to deal with the case when D is strictly contained in that locus.
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Proof. Note to begin with that Fp(M)M is a torsion-free sheaf; see for instance
[Sai91Sai91]. It follows that Gp(M) is torsion-free as well. By assumption, there is a big
line bundle A on X and an integer ` ≥ 0, together with an injective sheaf morphism

A(−`D) ↪→ Gp(M).

Denoting for simplicity p = p(M), the graded AX -module structure induces a
chain of homomorphisms of coherent OX -modules

0 −→ Gp
θp−→ Gp+1 ⊗ Ω1

X

θp+1◦id−→ Gp+2 ⊗ (Ω1
X)⊗2 −→ · · ·

Just as with Hodge modules, we will denote

Kk = Kk(G•) := ker
(
θk : Gk −→ Gk+1 ⊗ Ω1

X

)
.

There are obvious inclusions
Kk ↪→ Kk(M),

which by Theorem 18.1Theorem 18.1 and Lemma 17.2Lemma 17.2(1) imply that K∨k are weakly positive for
all k. To start making use of this property, note to begin with that given the
inclusion of A(−`D) into Gp, there are two possibilities:

The first is that the induced homomorphism

A(−`D) −→ Gp+1 ⊗ Ω1
X

is not injective, i.e. A maps into the torsion of this sheaf, whose support is assumed
to be contained in D. It follows that there exists a non-trivial subscheme Z ⊂ X
such that Zred ⊆ D and A(−`D) ⊗ IZ ⊂ Kp. This implies that there exists
an integer r ≥ 1 and an inclusion A(−rD) ↪→ Kp, which induces a non-trivial
homomorphism

K∨p −→ A−1(rD).

Using the weak positivity of K∨p again, we get that A−1(rD) is pseudo-effective.
Since A is big, we get that D must be big, i.e. the condition in (i).

The second possibility is that we have an inclusion

A(−`D) ↪→ Gp+1 ⊗ Ω1
X .

We can then repeat the same argument via the morphisms θs ◦ id with s ≥ p + 1.
The next thing to note however is that there is an s ≤ k where the inclusions will
have to stop, i.e. such that

A ⊆ Gp+s ⊗ (Ω1
X)⊗s and A 6⊆ Gp+s+1 ⊗ (Ω1

X)⊗s+1.

Indeed, note that an inclusion A ⊆ grFp+tM⊗ (Ω1
X)⊗t can only hold as long as

grFp+tM is not a torsion sheaf. Recall however that (M, F•M) underlies an exten-
sion of a variation of Hodge structure V of weight k on an open set U ⊂ X. Thus
over U the sheaves grFp+tM coincide with Hodge bundles of V, and therefore are
non-zero only for t ≤ k.

As above, this implies that there exists some r ≥ 1 such that

(18.5) A(−rD) ⊆ Kp+s ⊗ (Ω1
X)⊗s.

We conclude that for s as in (18.518.5), there exists a nontrivial homomorphism

K∨p+s ⊗A −→ (Ω1
X)⊗s ⊗ OX(rD)

and, using the weak positivity of K∨p+s and Lemma 17.2Lemma 17.2(1) and (2), taking its image
we obtain an inclusion

H ↪→ (Ω1
X)⊗s ⊗ OX(rD)
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with H a big sheaf on X, i.e. the condition in (ii).

Let us now assume that X is not uniruled. By [BDPP13BDPP13, Corollary 0.3] it follows
that ωX is pseudo-effective. If D is big, then we immediately get the conclusion.
Otherwise we employ the standard argument based on the pseudo-effectivity of
quotients by Viehweg-Zuo type sheaves, inspired by an idea in [CP11CP11, §2.2] (see
also [Pat12Pat12]): using (ii), we have a short exact sequence

0 −→ H −→ (Ω1
X)⊗s ⊗ OX(rD) −→ Q −→ 0,

and passing to the saturation of H we can assume that Q is torsion-free. Using that
X is not uniruled, a special case of [CP15CP15, Theorem 1.2] says that every torsion-free
quotient of (Ω1

X)⊗s has pseudo-effective determinant; it follows that det
(
Q(−rD)

)
is pseudo-effective, which implies that det Q is pseudo-effective as well. Since H is
big, its determinant is also big by Lemma 17.2Lemma 17.2(3), and one obtains by passing to
determinants in the sequence above that

ω⊗sX ⊗ OX(nrsD),

is big, with n = dimX. Finally, ωX is pseudo-effective, and so multiplying by its
suitable power implies that ωX(D) is big. �

Example 18.6. The last statement of Theorem 18.4Theorem 18.4 may fail if X is uniruled. For
example, consider the double covering of P1 branched at the two points 0 and ∞.
Let M be the direct image of the constant Hodge module, and denote by (M, F•M)
the underlying filtered D-module. Then Corollary 10.6Corollary 10.6 shows that F0M is the
direct image of the relative canonical bundle, which equals OP1 ⊕ OP1(1). Even
though F0M contains an ample line bundle, P1\{0,∞} is of course not of log general
type. This phenomenon is partly explained by Proposition 15.5Proposition 15.5: in the process of
constructing the Higgs subsheaf F•, the fact that the local system corresponding
to the summand OP1(1) has nontrivial monodromy of order 2 around each of the
two points means that we end up with F0 = OP1(−1), which is no longer ample.

19. Positivity for Higgs bundles. We will also need a version of Theorem 18.4Theorem 18.4
in the case of (graded logarithmic) Higgs bundles. This will allow us later on to
deal with the a priori possibility of X being uniruled.

The set-up is as follows: X is a smooth projective variety, and D a simple normal
crossings divisor on X. We consider a (graded logarithmic) Higgs bundle

θp : Ep → Ω1
X(logD)⊗ Ep+1

extending a polarizable variation of Hodge structure of weight ` on X \ D; up to
Tate twist, we can make the convention that Ep 6= 0 if only if 0 ≤ p ≤ `. We also
consider a graded submodule F• ⊂ E• having the property that

θp(Fp) ⊆ Ω1
X(logB)⊗Fp+1

for some divisor B ⊆ D. Note that since Ep are vector bundles, the sheaves Fp are
automatically torsion-free. By analogy with the previous section, we say that F•
is large if there exists a big line bundle A such that A ⊆ F0.

The first part of the next theorem is essentially due to Viehweg-Zuo [VZ02VZ02], at
least in the geometric case; it can be proved completely analogously to Theorem 18.4Theorem 18.4,
replacing the chain of coherent OX -module homomorphisms there with

0 −→ F0
θ0−→ F1 ⊗ Ω1

X(logB)
θ1◦id−→ F2 ⊗

(
Ω1
X(logB)

)⊗2 −→ · · ·
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The argument is in fact simpler, as no torsion issues arise. The weak positivity of
Kk(E•)∨, with

Kk(E•) := ker
(
θk : Ek −→ Ω1

X(logD)⊗ Ek+1

)
,

is deduced in [PWPW] (see Theorem 4.9 and its proof, a step towards the proof of
Theorem 18.1Theorem 18.1) as a quick corollary of the results of [Zuo00Zuo00] and [Bru15Bru15].

Theorem 19.1. Assume that X is endowed with large submodule of a (graded
logarithmic) Higgs bundle, as above. Then there exist a big coherent sheaf H on X
and an integer 1 ≤ s ≤ `, together with an inclusion

H ↪→
(
Ω1
X(logB)

)⊗s
.

In particular, (X,B) is of log-general type, i.e. ωX(B) is big.

The last part of the theorem is due to Campana-Păun; once we have the existence
of a Viehweg-Zuo sheaf H as in the statement, it follows from:

Theorem 19.2 ([CP15CP15, Theorem 7.6]). Let X be a smooth projective variety and
B a simple normal crossings divisor on X. Assume that there for some s ≥ 1 there
is an inclusion

H ↪→
(
Ω1
X(logB)

)⊗s
,

where H is a sheaf whose determinant is big. Then ωX(B) is a big line bundle.

Note that in [CP15CP15] the result is stated when H is a line bundle, but the
proof works identically for any subsheaf such that detH is big. Moreover, what
we state here is only a special case of their theorem; in fact, the possible non-
pseudoeffectivity of ωX is very cleverly dealt with in [CP15CP15] by proving a more
general theorem that applies to the orbifold setting as well.

D. Families of varieties

To show the statement in Theorem ATheorem A, it is immediate that after a birational
modification we can assume that the f -singular locus is a divisor Df , and hence it
is also enough to just take D = Df . We will always assume that this is the case in
what follows.

20. Non-uniruled case. In this section we prove Theorem ATheorem A under the extra
assumption that the base space X is not uniruled. This is included since at a first
reading it allows to avoid many of the technicalities involved in dealing with the
remaining case, while containing all the key ideas. The proof in the general case is
given in the next section.

As recalled in the introduction, Viehweg’s Qn,m conjecture states that if f is a
fiber space with maximal variation, then det f∗ω

⊗m
Y/X is big for some m > 0. It is

known to hold when the fibers are of general type by [Kol87Kol87], and more generally
(nowadays) when they have good minimal models by [Kaw85Kaw85]. Thus Theorem ATheorem A in
the non-uniruled case is a consequence of the following statement and Theorem 18.4Theorem 18.4.

Theorem 20.1. Let f : Y → X be an algebraic fiber space between smooth projec-
tive varieties, with branch locus a divisor Df ⊂ X. Assume that there is an integer
m > 0 such that det f∗ω

⊗m
Y/X is big. Then there exists a pure Hodge module M

with strict support X and underlying filtered DX-module (M, F•M), together with
a graded AX-submodule G• ⊆ grF• M which is large with respect to Df .
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Proof. Note that since the conclusion is purely on X, we are allowed to change the
domain Y as necessary.

Step 1. We reduce to the following situation: given a fiber space over X as in the
statement, and given any ample line bundle A on X, we can modify the picture
to a new family f ′ : Y ′ → X satisfying the property that there exists an integer
k0 ≥ 0 such that:

B = ωY ′/X ⊗ f ′
∗
L−1 satisfies (9.19.1) with L = A(−k0Df ).

To this end, fix an m > 0 such that

Lm := det f∗ω
⊗m
Y/X

is a big line bundle. Given any ample line bundle M on X, we will produce a new
family f ′ : Y ′ → X, smooth over U = X \Df , such that

(20.2) H0
(
Y ′, ω⊗mY ′/X ⊗ f

′∗M−1(kDf )
)
6= 0

for some integer k ≥ 0. In particular, we can take M = A⊗m; also, perhaps by
increasing it, we can assume k = k0 · m for some k0 ≥ 0 in order to obtain the
reduction step.

To prove the existence of such a family f ′, note first that for N sufficiently large
we can write

L⊗Nm 'M ⊗ OX(B),

where B is an effective divisor. Denote by r0 the rank of f∗ω
⊗m
Y/X over U , where

it is a locally free sheaf by Siu’s invariance of plurigenera, and define r := N · r0.
Then there is an inclusion of sheaves

L⊗Nm ↪→ (f∗ω
⊗m
Y/X)⊗r

(which is split over the locus where f∗ω
⊗m
Y/X is locally free).

Now we take advantage of Viehweg’s fiber product trick. Consider a resolution of
singularities Y (r) of the main component of the r-fold fiber product Y ×X · · ·×X Y ,
with its induced morphism f (r) : Y (r) → X. Note that this morphism is smooth
over U as well; moreover, it is well known (see [Mor87Mor87, Corollary 4.11] or [Vie83aVie83a,
Lemma 3.5]) that there exists a morphism

f
(r)
∗ ω⊗m

Y (r)/X
−→

(
(f∗ω

⊗m
Y/X)⊗r

)∨∨
,

which is an isomorphism over U . Since L⊗Nm injects into the right hand side, and
the morphism f (r) degenerates at most over Df , it follows that there exists an
inclusion

L⊗Nm (−kDf ) ↪→ f
(r)
∗ ω⊗m

Y (r)/X

for some integer k ≥ 0. This implies in particular that on Y (r) we have

H0
(
Y (r), ω⊗m

Y (r)/X
⊗ f (r)

∗
M−1(kDf )

)
6= 0.

Thus we can take (Y (r), f (r)) to play the role of (Y ′, f ′) in (20.220.2).

Step 2. Fix now an ample line bundle A on X. The considerations above show
that, in order to prove the theorem, we can assume that there exists an integer
k0 ≥ 0 such that the condition in (9.19.1) is satisfied for f ′ with respect to the line
bundle

L = A(−k0Df ).
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But then Theorem 9.2Theorem 9.2 provides a graded Sym TX -module G• as in its statement,
which in particular is large with respect to Df . �

21. General case. This section contains the proof of Theorem BTheorem B, and explains
how to deduce Theorem ATheorem A in the general case. The main reason Theorem BTheorem B is
better suited for the argument is that the integer r in the statement of Theorem 18.4Theorem 18.4
could be very large, precluding its use in the uniruled case in a similar way to the
previous section.

Proof of Theorem BTheorem B. Step 1. We refine Step 1 in the proof of Theorem 20.1Theorem 20.1 to ob-
tain a stronger statement under the assumption that the bigness of the determinant
of some pluricanonical image holds on any generically finite cover. We claim that
for any line bundle A on X one can modify the picture to a new family f ′ : Y ′ → X
such that:

B = ωY ′/X ⊗ f ′
∗
A−1 satisfies (9.19.1).

This requires using an extra semistable reduction in codimension one procedure,
following work of Viehweg. Indeed, for instance [Vie83aVie83a, Lemma 6.1] says that
there is a commutative diagram

Y Ỹ

X X̃

f f̃

τ

with τ generically finite, X̃ and Ỹ smooth and projective, and after removing
a closed subset Z of codimension at least 2 in X, τ is finite and flat and f ′ is
semistable.66 Since our goal is to check the inclusion of line bundles into various
torsion-free sheaves, we can ignore Z and assume that these properties hold for the
full diagram above. (However f̃ may have a bigger degeneracy locus than τ−1(Df ).)

For any given r, we again consider a resolution of singularities Y (r) of the main
component of the r-fold fiber product, with its induced morphism f (r) : Y (r) → X,
and similarly for f̃ : Ỹ → X̃, chosen in such a way that we have a commutative
diagram

Y (r) Ỹ (r)

X X̃.

f(r) f̃(r)

τ

Pick now a line bundle on X of the form L = A⊗m ⊗M , where M is an ample
line bundle chosen such that the sheaf M ⊗ (τ∗OX̃)∨ is globally generated. By

hypothesis there exists an integer m > 0 such that det f̃∗ω
⊗m
Ỹ /X̃

is big. Therefore

exactly as in Step 1 in the proof of Theorem 20.1Theorem 20.1, for some sufficiently large r we
obtain an inclusion

τ∗L ↪→
(
f̃∗ω

⊗m
Ỹ /X̃

)⊗r
.

6Although not strictly necessary here, note that an even stronger construction based on the
Abramovich-Karu weak semistable reduction can be considered; see e.g. [VZ02VZ02, Lemma 2.6].



24 MIHNEA POPA AND CHRISTIAN SCHNELL

But since f̃ is semistable, by [Vie83aVie83a, Lemma 3.2] (see also [Mor87Mor87, Corollary 4.11])
the natural morphism

f̃
(r)
∗ ω⊗m

Ỹ (r)/X̃
−→

(
(f̃∗ω

⊗m
Ỹ /X̃

)⊗r
)∨∨

is in fact an isomorphism. On the other hand, since τ is flat, by [Vie83aVie83a, Lemma
3.2] (see also [Mor87Mor87, 4.10]) we have an inclusion

f̃
(r)
∗ ω⊗m

Ỹ (r)/X̃
↪→ τ∗f

(r)
∗ ω⊗m

Y (r)/X
.

Putting everything together, we obtain an inclusion

τ∗L ↪→ τ∗f
(r)
∗ ω⊗m

Y (r)/X
,

and consequently an inclusion

L ↪→ f
(r)
∗ ω⊗m

Y (r)/X
⊗ τ∗OX̃ .

Because of the global generation of M ⊗ (τ∗OX̃)∨, this in turn induces a sequence
of inclusions

A⊗m ↪→ f
(r)
∗ ω⊗m

Y (r)/X
⊗ τ∗OX̃ ⊗M

−1 ↪→
⊕

f
(r)
∗ ω⊗m

Y (r)/X
,

Finally, this provides a non-trivial homomorphism A⊗m → f
(r)
∗ ω⊗m

Y (r)/X
, which

means that we can take (Y (r), f (r)) to play the role of (Y ′, f ′) as desired.

Step 2. Fix now a line bundle A on X such that A(−Df ) is ample. Using Step 1,
and switching back to the notation f : Y → X, we can now assume that condition
(9.19.1) is satisfied for f with respect to L = A, so that Theorem 9.2Theorem 9.2 applies to this
set-up. By passing to a birational model of the base, and therefore assuming only
that A(−Df ) is big and nef, we can arrange in addition that the singularities of
the Hodge module M constructed in Theorem 9.2Theorem 9.2 occur along a simple normal
crossings divisor D which contains Df .

This is the context where Theorem 9.4Theorem 9.4 applies; we use it to obtain a graded
submodule F• ⊆ E• of a (graded logarithmic) Higgs bundle

θ : E• → Ω1
X(logD)⊗ E•+1,

such that

θ(F•) ⊆ Ω1
X(logDf )⊗F•+1

and moreover

A(−Df ) ⊆ F0 and Fk = 0 for k < 0.

We can then apply Theorem 19.1Theorem 19.1 to obtain the desired conclusion. �

Proof of Theorem ATheorem A. If f has maximal variation, then clearly so does any f̃ : Ỹ →
X̃ obtained from f by a base change τ : X̃ → X followed by a desingularization of
Y ×X X̃. Under our hypotheses it follows that Theorem BTheorem B applies, which gives the
conclusion in combination with Theorem 19.2Theorem 19.2. �
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22. On the Kebekus-Kovács conjecture. Kebekus and Kovács have proposed
a natural conjecture generalizing Viehweg’s hyperbolicity conjecture to families that
are not necessarily of maximal variation.

Conjecture 22.1 ([KK08aKK08a, Conjecture 1.6]). If X◦ is smooth and quasi-projective,
and f◦ : Y ◦ → X◦ is a smooth family of canonically polarized varieties with maxi-
mal variation, then either κ(X◦) = −∞ and dimX◦ > Var(f), or κ(X◦) ≥ Var(f).

In [KK08aKK08a] and [KK10KK10] they showed that this conjecture holds when X◦ has
dimension two and three, respectively, and provided a beautiful structural analysis
according to the different possible values of the variation in these cases. In [KK08bKK08b]
they showed that it holds when X◦ is projective of arbitrary dimension if the
conjectures of the minimal model program, including abundance, are assumed for
all varieties of dimension at most dimX◦. The conjecture is now known to hold in
general due to work of Taji [Taj15Taj15], who proved Campana’s isotriviality conjecture,
which in turn implies the Kebekus-Kovács conjecture.

We note for completeness that, again when X = X◦ is projective, a small varia-
tion of the methods in this paper leads to a proof of Conjecture 22.1Conjecture 22.1 for the more
general types of families of varieties considered here as well, provided that a state-
ment along the lines of the abundance conjecture were known for KX . Such a
statement was conjectured by Campana and Peternell; the case A = 0 is a famous
special case of the abundance conjecture.

Conjecture 22.2 ([CP11CP11, Conjecture p.2]). If X is a smooth projective variety
and

KX ∼Q A+B,

where A and B are an effective and a pseudo-effective Q-divisor respectively, then
κ(X) ≥ κ(A).

Consider now a smooth family f : Y → X, with X and Y smooth and projective.
We assume that the fibers are of general type, or more generally that the geometric
generic fiber has a good minimal model.

Claim: Conjecture 22.1Conjecture 22.1 holds for f assuming that Conjecture 22.2Conjecture 22.2 holds for X.

To see this, we can assume that κ(X) ≥ 0, since in the uniruled case Theorem ATheorem A
already implies that Var(f) < dimX. In any case, for all families with fibers as
assumed, Kawamata [Kaw85Kaw85, Theorem 1.1] has shown a stronger version of the
Qn,m conjecture: for m ≥ 1 sufficiently large one has

κ(det f∗ω
⊗m
Y/X) ≥ Var(f).

This implies via an argument similar to that in Theorem 20.1Theorem 20.1 (and in fact simpler,
since now D = ∅) that there exists a graded submodule F• of a graded Higgs
bundle E• → Ω1

X ⊗ E•+1, and a line bundle with κ(A) ≥ Var(f), such that

A ⊆ F0 and Fk = 0 for k < 0.

This in turn produces for some s ≥ 1 a subsheaf H ⊆ (Ω1
X)⊗s as in Theorem 19.1Theorem 19.1,

only this time H is not big, but rather only has the property that H ' G ⊗ A,
where G is a weakly positive sheaf. Indeed, repeating the argument used in the
proof of Theorem 18.4Theorem 18.4 and Theorem 19.1Theorem 19.1, we obtain a morphism

K∨p+s ⊗A −→ (Ω1
X)⊗s,
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where K∨p+s is weakly positive, and again we takeH to be its image. In particular we
have detH ' det G ⊗B with det G pseudo-effective, and κ(B) ≥ Var(f). Moreover,
the inclusion of H induces an exact sequence

0 −→ H −→ (Ω1
X)⊗s −→ Q −→ 0.

As at the end of the proof of Theorem 18.4Theorem 18.4, we can assume that H is saturated,
and therefore by the same result of Campana-Păun that det Q is pseudoeffective.
Passing to determinants we obtain

ω⊗sX ' det Q ⊗ det G ⊗B,

where the first two line bundles on the right are pseudo-effective. At this stage
Conjecture 22.2Conjecture 22.2 implies that

κ(X) ≥ κ(B) ≥ Var(f),

as predicted by Conjecture 22.1Conjecture 22.1.
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