KODAIRA DIMENSION OF FIBRATIONS OVER ABELIAN
VARIETIES

FANJUN MENG AND MIHNEA POPA

ABSTRACT. We prove an additivity result for the log Kodaira dimension of algebraic
fiber spaces over abelian varieties, a superadditivity result for fiber spaces over varieties
of maximal Albanese dimension, as well as a subadditivity result for log pairs.

1. Introduction. In this paper we show the validity, in the case of algebraic fiber spaces
over abelian varieties, of some conjectures on the behavior of Kodaira dimension proposed
by the second author; see [Pop21, Conjectures 3.1 and 4.1]. We also deduce (a stronger
version of ) Conjecture 3.1 in loc. cit. in the more general case of fiber spaces over varieties
of maximal Albanese dimension. We always work over the complex numbers.

Theorem A. Let f: X — A be an algebraic fiber space, with X a smooth projective
variety and A an abelian variety. Assume that f is smooth over an open set V C A, and
denote U = f~Y(V) and the general fiber of f by F. Then

(1) (V) + k(F) =k(U) > k(X).

(2) If ANV has codimension at least 2 in A (e.g. if f is smooth), then k(U) = k(X) =
k(F). Moreover, there exists an étale cover X' of X such that

P (X") = Pp(F) > P,p(X) for all m > 0.

Here, for a smooth quasi-projective variety V, x(V') denotes the log Kodaira dimension,
defined as follows: for any smooth projective compactification Y of V such that D = Y\ V
is a divisor with simple normal crossings, we have (V') = k(Y, Ky +D). Also, for a smooth
projective variety X and m > 0, P, (X) = h%(X,w$™) is the m-th plurigenus of X.

Item (2) recovers (and strengthens) in particular [PS14b, Corollary 3.1], stating that
if f is smooth, then dim X — x(X) > dim A. As for the proof, thanks to the structure
of effective divisors on abelian varieties, item (1) is in fact a consequence of (2). On
the other hand, litaka’s C), ,,, conjecture on the subadditivity of the Kodaira dimension is
known for algebraic fiber spaces over abelian varieties by [CP17] (see also [HPS18]), giving
k(X) > k(F) for any such. Thus, up to some technicalities regarding the log Kodaira
dimension, the key point is the last statement in (2), for which we employ techniques from
[LPS20] regarding the Chen-Jiang decomposition, as well as a hyperbolicity-type result
from [PS17]. We prove in fact a stronger statement:

Theorem B. Let f: X — A be a surjective morphism from a smooth projective variety
to an abelian variety. Assume that f is smooth away from a closed set of codimension at
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least 2 in A, and denote its general fiber by F'. Then for every m > 1 we have
P, (F)

f*w§m2 @ o,
i=1

where a; € Pic’(A) are (possibly repeated) torsion line bundles. In particular, if fuw$™ is
globally generated for some m, then

m D P (F
f*w?} ~0, &),

We remark that non-trivial torsion line bundles can indeed appear in the decomposition
of f*w?}m in Theorem B. For instance, if X is a bielliptic surface obtained as a quotient
of a product of elliptic curves by a non-trivial finite group, then its Albanese map f is

smooth, while P;(X) = 0 and P;(F) = 1; thus f.wx is a non-trivial torsion line bundle.

Note that assuming Viehweg’s C’:; m conjecture, which holds when F' has a good minimal
model by [Kaw85], the result in Theorem A(2) implies that a morphism f: X — A which
is smooth in codimension 1 satisfies Var(f) = 0, i.e. f is birationally isotrivial (cf. also
[PS14b, Corollary 3.2]). By analogy with Ueno’s Conjecture K, we propose the following
strengthening:

Conjecture C. Let f: X — A be an algebraic fiber space, with X a smooth projective
variety, A an abelian variety, and general fiber F with k(F) > 0. If f is smooth away
from a closed set of codimension at least 2 in A , then there exists an isogeny A" — A
such that

X xqg A ~Fx A,

i.e. X becomes birational to a product after an étale base change.

When f is smooth with canonically polarized fibers, i.e. Kp is ample, this is proved,
with isomorphism, in [Kov97, §2]. A consequence of Theorem B is that this in fact always
holds at the level of canonical models; here X¢., ; denotes the relative canonical model of
f (birational to X over A when F' is of general type), and Fa, the canonical model of F'.

Corollary D. Under the assumptions of Conjecture C, there exists an isogeny A" — A
such that
Xcan,f XA A, ~ Fcan X A,.

In particular Conjecture C holds when F' is of general type.

It turns out that much of the result in Theorem A holds more generally over any
variety of maximal Albanese dimension, i.e. endowed with a (not necessarily surjective)
generically finite morphism to an abelian variety. We state this separately, since the proof
is a rather involved reduction to the case of abelian varieties, combined with Theorem A.

Theorem E. Let f: X — Y be an algebraic fiber space, with X and Y smooth and
projective, and Y of maximal Albanese dimension. Assume that f is smooth over an open

set V. .CY, and denote U = f~Y(V) and the general fiber of f by F. Then

(1) K(V) + &(F) = £(U) = K(X).
(2) If Y \'V has codimension at least 2 in Y, then

K(X)=r(U) =r(V)+K(F) =rs(Y)+ s(F).
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As predicted in [Pop21, Conjecture 4.1], it should in fact always be the case that
k(U) = k(V) + k(F); what is left is the standard conjectural subadditivity of the log
Kodaira dimension, i.e. x(U) > (V) 4 w(F'). For this, unlike in the case of abelian
varieties, further ideas related to log canonical pairs seem necessary. Note that the usual
subadditivity x(X) > k(F) + k(Y) is known to hold for any algebraic fiber space over Y
of maximal Albanese dimension, by [HPS18, Theorem 1.1].

In a different but related direction, we remark that using the klt version provided in
[Men21] (see also [Jia22] for related results) of the global generation result for direct images
in [LPS20] used for the results above, one can go beyond the results of [CP17] and [HPS18].
Concretely, we show the validity of the log litaka conjecture over an abelian variety A, in
the case of divisors that do not dominate A (though the statement can be phrased slightly
more generally). For a divisor D on a smooth projective variety X, we use the notation
Pn(X,D) := h%(X,wx (D)®™).

Theorem F. Let f: X — A be an algebraic fiber space, with X a smooth projective
variety, and A an abelian variety. Denote by I the general fiber of f. Let D be a reduced
effective divisor on A and E a reduced effective divisor on X such that Supp(f*D) C E.
Then

k(X,Kx + E) > k(F)+ (A, D).
More precisely, there exists an étale cover v: X' — X and a fized integer k > 1 such that

Proi(X' W E) > Pp(F) - Pu(A, D) for all m > 0.

Note that unlike in the previous results, we are not assuming f to be smooth over AN\ D.
In this setting, the most general case of the log litaka conjecture allows for divisors F that
dominate A, in other words replacing x(F') by x(F, Kr + E|r). It would be solved with
similar methods if extensions of the results in [LPS20] were available in the setting of log
canonical pairs; this is however beyond our reach at the moment.

One final word: in the results of this paper, morphisms that are smooth away from
a closed subset of codimension at least 2 behave just like morphisms that are smooth
everywhere. However, working under this weaker hypothesis leads to additional techni-
cal arguments. In order to isolate the main ideas, it may be helpful to assume global
smoothness at a first reading.

2. Background. We will make use of the following two results from [LPS20], which are
shown in loc. cit. to be equivalent.

Theorem 2.1 ([LPS20, Theorem BJ). Let f: X — A be a morphism from a smooth
projective variety to an abelian variety. Then there exwists an isogeny ¢: A’ — A such that
if

X — X

ol

A —F A

/1, ,®@m

1s the fiber product, then go*f*w;@}m ~ fuwy)" is globally generated for every m > 1.

Recall that an (algebraic) fiber space is a surjective projective morphism with connected
fibers. We remark, as could have been done already in [LPS20], that Theorem 2.1 implies



4 F. MENG AND M. POPA

a strengthening of the subadditivity of the Kodaira dimension for algebraic fiber spaces
over abelian varieties proved in [CP17] and later also in [HPS18].

Corollary 2.2. Let f: X — A be an algebraic fiber space over an abelian variety, with X
smooth and projective, and with general fiber F'. Then there exists an étale cover X' — X,
base changed from an étale cover of A, such that Pp,(X') > Ppn(F) for all m > 1.

Proof. We consider the construction in Theorem 2.1, so that fiw?}’,” is globally generated
for every m > 1. The number of independent global sections of this sheaf is therefore at
least equal to its rank, which is equivalent to the inequality

Po(X') > Py(F).
O

For the next statement, and for later use in the paper, recall that for a coherent sheaf
% on an abelian variety A, and for ¢ > 0, we consider the i-th cohomological support
locus of .# given by

VUA,F)={acPic’(A) | H(A,.F @ a) #0}.
We will use the following standard terminology:

o 7 is a GV-sheaf if codimp;eo(4) V*(A, F) > i for all i > 0.
o 7 is an M-regular sheaf if codimp;o(4) VA, F)>iforalli>0.

Theorem 2.3 ([LPS20, Theorem C)). In the setting of Theorem 2.1, there exists a finite
direct sum decomposition
few§" EB(%‘ ® p; Fi),
el
where each p;: A — A; is a quotient morphism with connected fibers to an abelian variety,
each %; is an M-regular coherent sheaf on A;, and each o; € PiCO(A) is a line bundle that
becomes trivial when pulled back by the isogeny in Theorem 2.1.

The direct sum decomposition in this last theorem goes under the name of a Chen-Jiang
decomposition. The only special fact about M-regular sheaves that we will use here is that
they are ample, as shown in [Deb06]; similarly, GV-sheaves are nef, as shown in [PP11].

We will also need a hyperbolicity-type result, proved in this generality in [PS17]; it
relies on important ideas and results of Viehweg-Zuo and Campana-Paun described in loc.
cit., as well as on the theory of Hodge modules. For simplicity, in the following statement
we combine two results, and only state the special consequence needed in this paper.!

Theorem 2.4 ([PS17, Theorem 4.1 and Theorem 3.5]). Let f: X — Y be an algebraic
fiber space between smooth projective varieties, such that Y is not uniruled. Assume that
f is smooth over the complement of a closed subset Z C Y, and that there exists m > 1
such that detf*w?é%/ is big. Denote by D the union of the divisorial components of Z.

Then the pair (Y, D) is of log general type, i.e. the line bundle wy (D) is big.

IThe statement works in a more general setting; it is comparatively much simpler however, avoiding
semistable reduction tricks, when the base is a priori known not to be uniruled.
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Remark 2.5. The theorem above is stated in loc. cit. only when Z = D, but the proof
shows more generally the statement above, as all the objects it involves can be constructed
from Y with any closed subset of codimension at least 2 removed.

Finally, we will sometimes make use of a more flexible interpretation of the log Kodaira
dimension on ambient varieties of non-negative Kodaira dimension.

Lemma 2.6. Let X be a smooth projective variety with k(X) > 0, Z C X a closed
reduced subscheme, and V = X ~ Z. Assume that Z = W U D where codimx W > 2 and
D is a divisor. Then

k(V)=kr(X,Kx + D).

Proof. Take a resolution u: Y — X of (X, Z) such that p is an isomorphism over X \ Z; in
particular g ~!(Z) is a divisor with simple normal crossing support G. Hence by definition

k(V) =k(Y, Ky + G).
Since k(X) > 0, we deduce that Kx ~g E, where E is an effective Q-divisor on X. We
therefore have that
Ky ~pW'Kx +F ~q W*E + F,
where F' is an effective and p-exceptional divisor on Y such that Supp(F') = Exc(u). Now
KX, Kx+D) =Y, 1) (Kx+D)+ F)=r(Y,u"E+p*D + F)

while
k(Y,Ky +G)=xs(Y,/"E+F +G).
Since Supp(u*E + p*D + F) = Supp(p*E + F + G), we obtain the conclusion. O

3. Proof of Theorem B. Let f: X — A be a surjective morphism of smooth projective
varieties, with A an abelian variety, and let F' be the general fiber of f. Assume that f
is smooth over an open subset V' C A whose complement has codimension at least 2. We
divide the proof of Theorem B into two steps:

Step 1. We first prove the last assertion; namely if f*wg?m is globally generated for some
m > 1, then

(3.1) fuw@m ~ o),

We first prove this result when f is a fiber space. We use the statement and notation
of Theorem 2.3, and we claim in fact that dim A; = 0 for all i+ € I appearing in the
decomposition in that theorem. Since f.w%™ is globally generated and the rank of f.w%™
is Py, (F'), this immediately implies (3.1).

Assume on the contrary that we have dim Ay > 0 for one of the quotients py: A — Ay.
(This includes the case when Ay = A.) Denote the kernel of p, by C; this is an abelian
subvariety of A. By Poincaré’s complete reducibility theorem, there exists an abelian
variety B C A such that B+ C = A and B N C is finite, so that the natural morphism
p: BxC — Ais an isogeny. We consider the following commutative diagram, ¢ is the
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projection onto C, ¢ € C' is a general point, and f’ and f. are obtained by base change
from f via ¢ and the inclusion i, of the fiber B. of g over ¢ respectively:

/

X! )

C

e lf
B*)BXC*)A

Ll

{C} — C Ak

Note that by construction the composition
Ve i =prpopoi.: Be — Ay

is an isogeny. Furthermore, X’ is smooth, since ¢ is étale. We denote by Z C A the closed
subset of codimension > 2 such that f is smooth over A\ Z. If Z’ := p~(Z), then Z’
has codimension > 2 in B x C as well, and f’ is smooth over its complement. Moreover,
¢ can be chosen sufficiently general so that X is smooth (by generic smoothness applied
to go f') and codimp, i !(Z") > 2 as well, hence f/ inherits the same property as f.

Claim. The line bundle det ((f}).w% X/ ") is big (hence ample, as B, is an abelian variety).

Assuming the Claim, we can immediately conclude the proof. Indeed, by Theorem 2.4
this would imply that wp, is big, which is a contradiction and shows that we cannot have
dim Aj, > 0.

We are left with proving the Claim. To this end, applying the base change theorem as
in [LPS20, Proposition 4.1], since ¢ is general we have

(3.2) (JOw" = (fOx (W xy) = de(fuw) = ige™ (fow(™)-

To analyze this, we need to look more carefully at the decomposition of f*w?ém from
Theorem 2.3. Since f*w?}m is globally generated, we deduce that aj; ® p;.#;, is globally
generated, and in particular h°(4, a; ® piFk) > 0. It follows that oy is trivial on the
general, hence every, fiber of py, and so there exists a torsion line bundle 3 € Pic®(Ay)
such that aj, ~ p; . Moreover, since py has connected fibers,

Prex (ke @ ppFk) = By ® Fy,
by the projection formula (applied to the 0-th cohomology of Rpy, (o ® pi-Fy)). If we
denote & := B, 4, (o ® pj F;), we then have

(3.3) Fw™ = pi(B © Fi) @Y.

These summands have various positivity properties. Since f; ® % is an M-regular sheaf
on Apg, it is ample. On the other hand, since f*wg?m is a GV-sheaf by [PS14a, Theorem
1.10], it is nef, hence so is ¢. (For all this, see the comments after Theorem 2.3.) Since a
priori they might not be locally free, it is also useful to record that ¢ is a weakly positive
sheaf, since f,w$™ is so by [Vie83a, Theorem III].

Using (3.2) and (3.3), we deduce that
(s3] = i (fuw}™) = 2 (B ® Fi) @ i20"9 -
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Note in passing that if f is smooth, and so also f’ and f! are smooth to begin with, then
all of the sheaves above are locally free (by the deformation invariance of plurigenera), so
by the previous paragraph this is a sum of an ample and a nef vector bundle, hence its
determinant is clearly ample. In general we have to be slightly more careful in order to
draw the same conclusion. Since v is an isogeny, we deduce that ¢} (8 ® F) is an ample
sheaf as well, while i3p*¥ is weakly positive just as ¢ (being a summand of ( fc)*wX/ )
In other words, we have that
(f/)*wX/ = Hl @ H27

with 1 ample and Ho weakly positive. But an ample sheaf is big in the sense of Viehweg
(see e.g. [Deb06, §2 a)] and [Mor87, §5 p.293]), and so its determinant® det H; is a big line
bundle by [Vie83b, Lemma 3.2(iii)] (see also [Mor87, 5.1.1]). On the other hand, det Hs
is weakly positive, e.g. also by [Vie83b, Lemma 3.2(iii)]; for a line bundle this is the same
as being pseudoeffective. Their tensor product is therefore also big, hence finally the line
bundle det (( Yws X7 ) is big. This concludes the proof in the case of fiber spaces.

If f is not a fiber space, we consider its Stein factorization f = go h. Here B is a
normal projective variety, h: X — B is a fiber space, and ¢g: B — A is a finite surjective
morphism. Note that h smooth over B ~ ¢g~!(Z) and g is étale over A \ Z; see e.g.
[FG12, Lemma 2.4]. By the purity of the branch locus, it follows that g is actually étale
over A, and thus B is also an abelian variety. Moreover the canonical morphism

g*g*h*wg?m — h*w}e}m
is surjective, which implies that h*w?}m is globally generated as well. Using what we
showed above for fiber spaces that are smooth in codimension 1, we deduce that

h*w?}m ~ ﬁng(H)

where H denotes the general fiber of h. Furthermore, we have

9x0p =~ @ (0]

acKer(g)
where §: Pic’(A) — Pic?(B) is the dual isogeny of g, hence frw¥™ is a direct sum of torsion
line bundles on A. Since f*w?}m is globally generated, we obtain the same conclusion (3.1).

Step 2. We deduce next the general case from the statement for globally generated sheaves
proved in Step 1. By the same Stein factorization argument as above, we may assume
that f is a fiber space.

We now use the statement and notation of Theorem 2.1. By Step 1, we have that

'Y f* f*wX/ ﬁ

which implies that f*w?ém is a direct summand of (, & 4/)®F m(F)  Since

pOn = P B

BeKer(p)

where ¢ is the dual isogeny of ¢, we deduce that
VO(A, foi™) C Ker(p)

Y

2Recall that the determinant of a torsion-free sheaf .% of generic rank r is the line bundle (A".#)"Y

i.e. the unique extension of the determinant line bundle from the big open set on which .# is locally free.
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and in particular dim VO(4, f.w$™) = 0.

We consider again the Chen-Jiang decomposition of f*w}e}m provided by Theorem 2.3.
By [LPS20, Lemma 3.3], we have

VO(A, fw™) = U a; ' @ piPic(4)).
el
Since dim V9(A4, f*w?}m) = 0, we deduce that dim A; = 0 for all 4 € I, which in turn leads
to a decomposition

f*w?ém ~ @ Q;
with «; torsion line bundles on A, as desired.

4. Proof of Theorem A. By possibly passing to a further log resolution, we may assume
from the beginning that £ := X ~\ U is a simple normal crossing divisor, and therefore

k(U) =k(X,Kx + E).

We start with part (2), which is mostly a quick application of Theorem B. Indeed, we
consider the étale base change X’ — X as in Theorem 2.1, so that f w}e}fn is globally

generated for m > 1. According to Theorem B, it follows that

P (F
iw}eéfn_ﬁée ()

which gives P,,,(X') = P,,,(F), and in particular x(X) = k(X’) = k(F'). We also obviously
have P, (X') > P, (X).

We are left with proving that x(X) = x(U). Given the interpretation of x(U) above, it
suffices to show that

)

(4.1) [ " = f (WS (mE)) for all m > 1.
We consider the diagram

U—> X

v |

V154

where the horizontal maps are the inclusions, and fy; is the restriction of f to U. By
Theorem B we know that f*wg?m is locally free for every m > 1, and therefore the natural
morphism

f*w?ém — ]*]*f*w?ém
is an isomorphism, since codimy(A \ V) > 2. By base change we deduce that
f*w?} >~ Jufu i C*JX > fiixi® W = U felw E)),
k>0
which immediately implies (4.1). (Note that
z*z*w?;m ~ wX ®ey Ox(*E) U w?}m (kE),
k>0

where Ox (xFE) is the quasi-coherent sheaf of functions with poles of any order along E.)
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The rest of the section is devoted to proving (1), essentially by reducing it to (2). We
consider the closed subset Z := A\ V, and decompose it as Z = D U W, where each
irreducible component of D has codimension 1, while W has codimension at least 2. By
Lemma 2.6 we have

k(V) = k(A, D).
We conclude that in order to finish the proof, we need to show that
(4.2) k(A, D)+ k(F)=rk(U) =r(X,Kx + E).

If D = (), then we are done by (2), so we assume that D is non-trivial. There are two
cases, according to whether D is an ample divisor or not.

If D is ample, then (A, D) = dim A, and the formula in (4.2) follows from the additivity
of the log Kodaira dimension for fiber spaces over varieties of log general type [Mae86,
Corollary 2] (see also the earlier [Kaw81, Theorem 30] for the case k(U) > 0).

If D is not ample, a well-known structural fact says that there exist a fibration g: A — B
of abelian varieties and an ample effective divisor H on B such that dim A > dim B and
D=qg"H.

X%A%B

N

For a point b € B, we denote the fiber of g over b by X}, and the fiber of g over b by Ay.
Consider the following open algebraic fiber space®

U=X~F —A~D —— B~ H

~_ ,

k(B H) =k(B,H) = dim B,
and since ¢ is a fiber space, we also have
k(V)=k(A,D)=k(B,H).

On the other hand, [Mae86, Corollary 2] used above continues to apply in this more general
setting, to give

By Lemma 2.6, we have

k(B ~ H)+ k(U,) = s(U),
where b € B~ H. (Note that this result does not require the smoothness of ¢.) We can
choose b sufficiently general so that codimy, (A, NW) > 2. Since A,N D = (), we then also
have
codimy, (A4p N Z) > 2.

Moreover, b can be chosen sufficiently general so that E, := FE|x, has simple normal
crossings, and thus x(Up) = k(Xp, Kx, + Ep). We obtain a fiber space f,: X, — Ay
with general fiber F', induced by the restriction of f to Xj, which is smooth over the
complement of the closed subset A, N Z of codimension at least 2. We have

U ANZ) = Y2 N Xy = ENX, = By

3This means that ¢ is a dominant morphism of smooth quasi-projective varieties, with irreducible general
fiber.
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By part (2) we deduce that x(Up) = k(X \ Ep) = &(F), and thus finally

(V) 4+ k(F) =k(B~ H)+ c(Up) = &(U).

5. Proof of Corollary D. Under the assumption that f: X — A is smooth away from
a closed set of codimension at least 2, by Theorem B and Theorem 2.1 we may assume
(after having passed to an étale base change A" — A, and noting that the relative canonical
model is compatible with this base change) that we have

frwgm™ o~ ﬁfpm(F)
for all m > 0 (hence P, (X) = Pp(F)). We deduce that the evaluation morphisms
HO(X,w§™) @c Oa ~ HY(A, Lwd™) @c Os — fow"

are all isomorphisms. Putting these together we obtain an & 4-algebra isomorphism

(@ HO(X,w?}m)) Q¢ O =~ @ fw™,

m>0 m>0

since the evaluation morphisms for each f*w?;m are compatible with the multiplicative
structures on the two sides. Recalling that X.., r = Pro j(@m>0 f*w?}m), we obtain

Xcan,f =~ Xcan X A.

Moreover, by the invariance of plurigenera and base change we also have a natural C-
algebra isomorphism

P 7O(X,wP™) ~ @ HO(F,wE™),

m>0 m>0

which shows that X..n >~ Fean.

6. Proof of Theorem E. We start with a general set-up. Since Y is of maximal Albanese
dimension, we can take a Stein factorization of the Albanese morphism ay: Y — Alb(Y)
such that ay = g o h, where h: Y — Z is birational, g: Z — Alb(Y") is finite onto its
image, and Z is a normal projective variety.

By [Kaw81, Theorem 13], there exists an étale cover ¢: Z' — Z, an abelian variety A,
and a normal projective variety W such that

Z'~WxA and k(W)=dimW = k(Z) = r(Y).
Denote the projection of Z’ onto W by p. We consider the following commutative diagram,

where the morphisms in the middle column are obtained by base change from h and f via
¢ and then ¢’, while on the left we have the respective fibers over a general point w € W.
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(The horizontal maps between the two left columns are all inclusions.)

/

X!, s x' x
[ A
y, oy Py
(6.1) W, W Jh
A=A, 7 %57
p

{w} — W

The projective varieties X’ and Y’ are both smooth, since ¢ is étale. We can choose w
sufficiently general so that X/ and Y, are smooth, and h/, is birational. Moreover f/ is
a fiber space.

After this preparation, we are ready to prove Theorem E. By possibly passing to a
further log resolution, we may assume that £ := X \ U is a simple normal crossing
divisor, and therefore

k(U) =k(X,Kx + E).

We start again with part (2), which is somewhat less involved. If T =Y \ V, recall that
in (2) we are assuming that the codimension of T is at least 2. Note that f~1(T) = E.
The morphism f’ is smooth over Y’ \ ¢'~}(T), and codimy ¢'~1(T) > 2. Since ¢ is
étale, we deduce that E' := ¢"*F has simple normal crossings, hence the pair (X', E’) is
log canonical. We have

k(X' Kx + E") = k(X" (Kx + E)) = k(X,Kx + E) = x(U).
If T/ := (¢’ 0iy) "1 (T), we also know that f/, is smooth over Y,, \T%, as well, while choosing
w carefully we can also ensure that codimy; T}, > 2. We can choose w sufficiently general
such that E;, := E'|x; has simple normal crossings, and thus
k(X N Ey) = k(X,, Kx1 + Ey).

As in the proof of Theorem A, since W is of general type, after passing to a resolution
W of W and a log resolution of the pull-back of the pair (X', E) to the main component

of the fiber product X’ xy W, by [Mae86, Corollary 2] we deduce the additivity of log
Kodaira dimension

KJ(X/,KX/ + El) = K:(X;U,KX{U =+ Ezlu) +dim W.

Since hl, is a birational morphism, it is immediate to check that hl, o f/ is also smooth
over the complement in A of the closed subset Sy, = h!, (T UExc(hl,)) of codimension at
least 2, and its general fiber is F.

At this stage, by Theorem A(2) we have
R (X0 N (0 f) 7 (Sw)) = K(X3,) = K(F).
Since E! = (f!)"1(T) C (b, o f:)71(Sy), we also have
K (X5~ (hy 0 1) 7 (Sw)) = K(Xo, N B) 2 5(X5,),



12 F. MENG AND M. POPA

and thus (X, \ E|,) = k(X],) = k(F). Putting the identities above together, we deduce
h
et /€<U) = KJ(X/, KX’ + E/) = KZ(X{U, Kan + E{u) +dimW = /i(F) + H(Y)
On the other hand, by the subadditivity of the Kodaira dimension [HPS18, Theorem 1.1],
we have k(X) > k(F) + x(Y). Thus

KF)+r(Y)=rU) > k(X) > r(F)+r(Y).
Note also that since 7" has codimension at least 2 in Y, by Lemma 2.6 we have x(Y) =

k(V'). We finally obtain
K(X)=r(U)=rc(V)+k(F)=r(Y)+ r(F).

We now prove (1). We note first that we can assume Y ~\ V' to be a simple normal
crossing divisor. Let p: Y > Y bea log resolution of Y\ 'V which is an isomorphism over
V. In particular x~*(Y \ V) is a divisor with simple normal crossing support, and Y is
still of maximal Albanese dimension. We consider the commutative diagram

XxYYmamHX

\ i |

y — " vy

where (X xy ?)mam is the main component of X Xy }7, and X is a resolution which is
an isomorphism over (1 om)~%(V). The algebraic fiber space f: X — Y is smooth over
p~ (V) =V, with general fiber F. Thus we can assume from the start that D := Y \ V
is a simple normal crossing divisor, and

k(V)=kr(Y,Ky + D).

We next show that we can also assume that there exists a birational morphism h: Y —
A, where A is an abelian variety. We consider again the diagram (6.1) in our set-up,
but we now keep track of the divisor D and its pullbacks as well. Since ¢ is étale,
D’ := ©* D is also a simple normal crossing divisor. For w sufficiently general, in addition
to all the properties described in the set-up and the proof of (1), we can also assume that
D;, := D'|y; is a simple normal crossing divisor. Since W is of general type, as before we
have the additivity of log Kodaira dimension

k(X,Kx + E) = &(X',Kx + E') = k(X,,, Kx; + E,,) + dim W¥,
and similarly
k(Y,Ky + D) = H(Y’, Ky + DI) = R(YQL, Kyl{) + D;,) + dim W.

Now the general fiber of f/, is F'. Thus to obtain the conclusion (V) + k(F) > x(U), we
only need to prove the inequality

(Y, Kyy + Dy,) + 6(F) > w(X,, Kx;, + E,,).
Note that the morphism f/ is smooth over V! := (¢’ 0iy,)~Y(V) =Y. ~\ D.,, and
k(V)) = ii(YJ,,Ky{u + D),
while U/, := f/ ' (V/) = X!, \ E.,, and
k(Uy) = 6(Xy, Kx;, + E,).-
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This allows us indeed to assume from the start (replacing f: X — Y by f: X/, = Y,)
that there exists a birational morphism h: Y — A, where A is an abelian variety.

The picture is now

XL>YL>A

W

At this stage we can forget about the previous steps in the proof, and reuse some of
the notation symbols. The birational morphism A is an isomorphism away from Z :=
h(Supp(D)UExc(h)) and thus g is smooth over A\ Z. By Theorem A(1), we then have

KANZ2) +k(F)=r(X N g 1(2)).
We can take a log resolution p: Y’ — Y which is an isomorphism over Y ~ (Supp(D) U
Exc(h)), such that the support of p~!(Supp(D) U Exc(h)) UExc(p) is a simple normal
crossing divisor D'. Since Supp(h~!(Z)) = Supp(D) U Exc(h), we deduce that
k(AN Z)=k(Y' Ky + D).
Now Ky ~ p*Ky + E’, where E’ is an effective divisor whose support is Exc(u). Since

A is an abelian variety, we also have Ky ~ I, where E is an effective and h-exceptional
divisor supported on Exc(h). We deduce that

Ky +D' ~u*E+E +D' >0,

and since Supp(u*E + E' + D) = Supp(u*E + E' + p*D), we finally have
K(ANZ)=k(Y' Ky, + D) =s(Y',u)*E+ E + D)
=k(Y,WE+E +u'D)=r(Y' 1 (Ky + D)+ E')=k(Y,Ky + D) = x(V).

Putting everything together, we obtain

w(V) 4+ k(F) = k(X ~ g H(2)).
Finally, since g~ 1(Z) = f~(h~1(2)) = f~*(Supp(D) U Exc(h)) contains f~!(D), which
is supported on F, we deduce that

K(V)+ k(F) > k(X N\ E) =k(U).

7. Proof of Theorem F. It is clear that
&(Xa Kx + E) > ’%(Xv Kx + (f*D)red)a
hence to prove the theorem it suffices to assume E = (f*D)eq.

We first show that we can reduce to the case when F has simple normal crossings. Take
a log resolution p: Y — X of the pair (X, E), so that p*E has simple normal crossing
support, and let Ky = p*Kx + G with G an effective p-exceptional divisor on Y. We
may assume that p is an isomorphism over X ~\ F. Thus the general fiber of g = fo u is
isomorphic to F.

YL>XL>A

\g/‘
We have that p*E > (¢*D)eq, and since G is effective and p-exceptional, we deduce that
KX, Kx + E) = s(Y, 0" (Kx + E) + G)
= k(Y Ky + p'E) > k(Y, Ky 4+ (9" D)rea) > £(F) + £(4, D),
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where the last inequality holds if we can prove the result in the simple normal crossing
case.

We proceed therefore assuming that E has simple normal crossings. Let £ > 1 be the
maximal coefficient of the irreducible components of f*D. Thus the coefficients of the
divisor F — % f*D are nonnegative and strictly smaller than 1. Since it has simple normal

crossing support, we deduce that the log pair (X, E — % f*D) is klt. We consider the
divisor class

1
T:=kKx +kE — "D ~g k(Kx + E — 2 f*D).

By [Men21, Theorem 1.1], generalizing Theorem 2.1, there exists an isogeny p: A" — A
and an induced fiber product

X . x

b

A2 A

such that f.Ox/ (¢ (mT)) ~ ¢*f.Ox(mT) is globally generated for all m > 1. Note that
by the base change theorem

rk(f.Ox (mT)) = Ppi(F).
We conclude that for each m > 1 there exist injective coherent sheaf homomorphisms
o) o fLox ($*(mT)).

Tensoring with &4/ (¢*(mD)), and noting that

FiOxi ("™ (mT)) @ Ou (" (mD)) = fLOx: (" (mk(Kx + E))),
this leads to injections

O x(p*(mD))oPmeF) s fLOx (mk(Kx: + ¢ E)).

Thus we deduce that

Puk(X',¢*E) > Pui(F) - Prn(A',¢" D) > Py (F) - P(A, D)*
for all m > 0. Since k is fixed and ¢*wx ~ wyr, it is immediate to see that this implies

k(X' Kx +¢*E) > k(F) + k(A, D).
Now ¢’ is étale, hence (X', Kx + ¢"*E) = (X, Kx + E), and so finally
kK(X,Kx + E) > r(F)+ k(A,D).

Acknowledgements. The first author would like to thank the Department of Mathe-

matics at Harvard University for its hospitality during the preparation of this paper.

AThis is analogous to Corollary 2.2.
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