
Q-FACTORIALITY AND HODGE-DU BOIS THEORY

SUNG GI PARK AND MIHNEA POPA

Abstract. We prove Hodge-theoretic formulas for the Q-factoriality defect of a normal projective
variety, and for the local analytic Q-factoriality defect of an analytic germ of a normal variety.
These formulas lead to consequences ranging from a local analytic version of Samuel’s conjecture
to a characterization of projective rational homology threefolds with rational singularities, or the
invariance of Hodge-Du Bois numbers under flops of projective threefolds.
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A. Introduction

In this paper we relate Q-factoriality, and its local analytic version in the case of threefolds,
to various symmetries of the singular cohomology or the Hodge-Du Bois diamond of a complex
projective variety. More generally, on normal varieties we obtain Hodge-theoretic formulas for the
defect of Q-factoriality of a projective variety, and for the defect of local analytic Q-factoriality of
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an analytic germ. This complements the picture described in the companion paper [PP25], where
symmetries in the cohomology of a projective variety are related to its local cohomological defect
and higher rational singularities.1 At the same time, it is a line of study of independent interest
that has been considered previously in more specialized cases.

Q-factoriality defect. We prove a general result showing that a potential symmetry of the
singular cohomology of a normal projective variety X is controlled by its Q-factoriality. This has
appeared before in the literature in various special situations, most importantly in the case of
threefolds, in the work of Namikawa and Steenbrink [NS95].

Following the usual conventions, for a normal variety X, we denote by Div(X) the free abelian
group of Weil divisors on X (i.e. generated by the irreducible codimension 1 subvarieties of X),
and by CDiv(X) the subgroup of Cartier divisors on X. We also denote DivQ(X) := Div(X)⊗ZQ
and CDivQ(X) := CDiv(X)⊗ZQ. The subgroups Alg1Q(X), Hom1

Q(X), and Num1
Q(X) of DivQ(X)

are the groups of Q-Weil divisors algebraically, homologically, or numerically equivalent to zero,
respectively; see [Ful98, Section 19.1]. The Q-factoriality defect of X is

σ(X) := dimQDivQ(X)/CDivQ(X).

Thus σ(X) = 0 if and only if X is Q-factorial. This invariant was originally defined and studied by
Kawamata [Kaw88] in order to prove important results in the three-dimensional Minimal Model
Program, and has since been a subject of interest. When X is a projective threefold with at
worst isolated rational singularities and H2(X,OX) = 0, Namikawa-Steenbrink [NS95, Theorem
3.2] proved that σ(X) = h4(X)−h2(X),2 thus providing an obstruction to Poincaré duality, with
numerous applications to the problem of the existence of global smoothings, and to the study of
terminal (especially Fano) threefolds. See also [FL24a, Remark 3.2] for a modern interpretation
of this formula using link invariants.

Here we provide an extension of this result to arbitrary normal varieties of any dimension. This
will be used in many of the applications discussed later.

Theorem A. Let X be a normal projective variety of dimension n. Then the following conditions
are equivalent:

(i) h1(X) = h2n−1(X), (ii) Alg1Q(X) ⊂ CDivQ(X), (iii) σ(X) is finite.

In this case,

σ(X) = dimQ
(
IH 2(X,Q) ∩ IH 1,1(X)

)
− dimQ

(
ker(H2(X,Q) → H2(X,OX))

)
.

In particular, if X has rational singularities, then

σ(X) = h2n−2(X)− h2(X).

Thus for a variety with rational singularities, a small piece of all potential duality, namely that
between H2(X,Q) and H2n−2(X,Q), implies that X must be Q-factorial. It is worth mentioning
that condition (ii) implies that every deformation of a Q-Cartier divisor is Q-Cartier.

The proof of Theorem A relies on a version of the Lefschetz (1, 1)-theorem for Weil divisors on
normal varieties, which states that there is a surjective cycle class morphism

clQ : DivQ(X) → IH 2(X,Q) ∩ IH 1,1(X)

whose kernel is Alg1Q(X) = Hom1
Q(X). This is essentially already known, although the description

of the target space is new. As a supplement, we show that if X is Q-factorial, algebraic and

1Note that this paper and [PP25] appeared originally as a single paper [PP24]. Both contain new material,
compared to the original preprint.

2We use the notation hi(X) := dimQ Hi(X,Q) rather than the more common Betti number notation bi(X) for
uniformity, since at times we will make comparisons with the dimension Ihi(X) := dimQ IH i(X,Q) of intersection
cohomology.
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homological equivalence for Q-Weil divisors also coincide with numerical equivalence, i.e. the
kernel is also equal to Num1

Q(X). See Theorem 2.1 and the surrounding discussion.

Local analytic Q-factoriality defect. It is important to also consider an analogous but more
refined local concept, that has interesting connections with global properties. Following the
notation in [Kaw88, Section 1], for a normal analytic variety X of dimension n, and for a point
x ∈ X, one can define

σan(X;x) := dimQDivanQ (X,x)/CDivanQ (X,x),

the local analytic Q-factoriality defect of X at x. Here DivanQ (X,x) is the direct limit of DivanQ (U),
over all the analytic open neighborhoods of x under inclusion, and similarly for CDivanQ (X,x).
This is equal to 0 if and only if X is locally analytically Q-factorial at x (which in turn implies
Q-factoriality, if true at all points). Theorem A has a local analogue:

Theorem B. Let x ∈ X be an analytic germ of a normal algebraic variety of dimension n. Then
the following conditions are equivalent:

(i) σan(X;x) is finite, (ii) R1µ∗OX̃
= 0 for a resolution µ : X̃ → X.

In this case,

σan(X;x) = dimQ ker
(
H−n+2(ICX)x → (R2µ∗OX̃

)x
)
.

In particular, if X has rational singularities, then

σan(X;x) = dimQH−n+2(ICX)x.

The last statement also follows from [PP25, Proposition 12.1], which makes essential use of
[Fle81, Satz 6.1]. Here ICX is the intersection complex of X with rational coefficients, and H•

denotes its constructible cohomology. The theorem has some basic consequences described in
Section 6; for instance, in Corollary 6.2 we show that if X is S3, the set of points where σ

an(X;x)
is infinite is either empty or a Zariski closed subset of pure codimension 2.

The proof of Theorem B also relies on a version, this time local analytic, and perhaps more
surprising, of the Lefschetz (1, 1)-theorem; this is Theorem 5.3 in the main body of the paper. A
key role in the statement and approach is played by the intersection complex, and the proof relies
on the theory of mixed Hodge modules.

Analogues of Samuel’s conjecture. Recall that Samuel’s conjecture states that a local com-
plete intersection X which is factorial in codimension 3 is in fact factorial; this was proved by
Grothendieck [Gro68, Corollaire 3.14]. In particular, this automatically applies if X is regular in
codimension 3.

Theorem B quickly leads to various versions of this statement involving (local analytic) Q-
factoriality. The first is the local analytic version of Samuel’s conjecture; a stronger version is
stated in Theorem 9.2.

Corollary C. If X is an algebraic local complete intersection, then X is locally analytically Q-
factorial if and only if it is locally analytically Q-factorial away from a subvariety of codimension
at least 4.

Recall that if X is a local complete intersection, then the local cohomological defect of X (see
Section 1) satisfies lcdef(X) = 0; the latter is a more general condition. Another consequence of
Theorem B is the following statement for a variety with Du Bois singularities or Serre’s condition
S3; a generalization to arbitrary lcdef(X) is stated in Corollary 9.1.

Corollary D. Let X be a normal algebraic variety with lcdef(X) = 0 and codimX Sing(X) ≥ 4.
If X is Du Bois or satisfies S3, then X is locally analytically Q-factorial.
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Local analytic Q-factoriality defect and Hodge-Du Bois numbers. In the case of projec-
tive threefolds with rational singularities, using the two main theorems above as well as results
from [PP25], we give a formula for the local analytic Q-factoriality defect in terms of Hodge-Du
Bois numbers, completing the picture provided by Theorem A.

Theorem E. Let X be a projective threefold with rational singularities. Then, there are two
inequalities of Hodge-Du Bois numbers

h2,2(X) ≥ h1,1(X), h1,2(X) ≥ h2,1(X),

and the equality

σ(X) = h2,2(X)− h1,1(X).

Additionally, X is locally analytically Q-factorial away from a finite set {xs}s∈S of closed points
on X, and ∑

s∈S
σan(X;xs)− σ(X) = h1,2(X)− h2,1(X).

This theorem extends (and rephrases) another result of Namikawa-Steenbrink, [NS95, Propo-
sition 3.10], to arbitrary threefolds with rational singularities. The Hodge-Du Bois numbers
appearing here are singular analogues of the Hodge numbers of a smooth projective variety, given
by

hp,q(X) := dimCHq(X,Ωp
X),

where Ωp
X is the p-th Du Bois complex of X; see §1. In the form

σ(X) = hn−1,n−1(X)− h1,1(X),

the formula for σ(X) holds in fact in arbitrary dimension; see Remark 4.9.

By [PP25, Theorem A], all the other Hodge-Du Bois numbers of a threefold with rational
singularities besides those in Theorem E (i.e. those on the boundary of the Hodge diamond)
satisfy the usual symmetries from the smooth case. As a consequence, we obtain another proof
of [PP25, Theorem D] in the projective case.

Corollary F. Let X be a projective threefold with rational singularities. Then the following are
equivalent:

(i) X is a rational homology manifold.

(ii) The Hodge-Du Bois diamond of X satisfies full symmetry, i.e.

hp,q(X) = hq,p(X) = h3−p,3−q(X) = h3−q,3−p(X)

for all 0 ≤ p, q ≤ 3.

(iii) X is locally analytically Q-factorial.

Note that conditions (i) and (iii) are local, and their equivalence can be shown to hold even in
the non-projective case. See loc. cit. for more context on this statement, and for previous results
in this direction in [Kol89] and [GW18].

Hodge-Du Bois numbers under threefold flips and flops. Another application is to de-
termine the behavior of the Hodge-Du Bois numbers of a projective threefold with terminal
singularities under flips and flops. By Kontsevich’s work, it is known in arbitrary dimension that
smooth K-equivalent varieties have the same Hodge numbers. This was explained by Batyrev
[Bat98, Theorem 3.4], who extended the statement to the stringy E-function of varieties with
klt singularities. Note however that this is quite different from considering the Hodge-Du Bois
numbers, and in dimension at least 4 we do not expect all of these to be invariant under flops; cf.
Conjecture 8.4.
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For threefold terminal flops and flips, Kollár [Kol89, Corollary 4.12] proved that intersection
cohomology is invariant. On the other hand, results in [PP25] imply that a projective threefold
X with rational singularities satisfies

hp,q(X) = Ihp,q(X) for (p, q) ̸= (1, 1) and (1, 2),

where on the right hand side we have the intersection cohomology Hodge numbers. Using Theorem
E as the new ingredient, we complete the picture for the Hodge-Du Bois numbers:

Theorem G. Let X be a projective threefold with Q-factorial terminal singularities.

(i) Let g : X → Z be a flopping contraction. For a Q-divisor D ∈ DivQ(X), let X+ be the D-flop
of g. If X+ is Q-factorial, then we have:

hp,q(X) = hp,q(X+) for all 0 ≤ p, q ≤ 3.

In particular, the Hodge-Du Bois numbers of two birational minimal models are the same.

(ii) Let gR : X → Z be the flipping contraction of a KX-negative extremal ray. Let g+R : X+ → Z
be the flip. Then,

hp,q(X) = hp,q(X+) for all (p, q) ̸= (1, 2),

and h1,2(X) ≤ h1,2(X+).

Note that in (i) the Q-factoriality of X+ is immediate if D is effective and g is the contraction
of a (KX + ϵD)-negative extremal ray (see [KM98, Proposition 3.37]). The last statement in (i)
follows from the fact that a birational map between threefold minimal models can be written as
a composition of Q-factorial terminal flops, by [Kaw88, Theorem 5.3] and [Kol89, Theorem 4.9].

Further applications. Theorem A has several other interesting consequences related to prop-
erties of the Q-factoriality index σ(X). Here is an example, related to its behavior in families; it
generalizes [KM92, Proposition 12.1.7], which is a similar statement about Q-factoriality.

Corollary H. In a connected flat projective family of varieties with rational singularities, the set
of varieties with fixed Q-factoriality defect is constructible.

We leave the other statements of applications for the main text, and only briefly describe them
here.

Still on the topic of deformations, relying on a result from [ST23], we deduce that klt singular-
ities of pairs deform in a fixed ambient space; see Corollary 10.2.

In a different direction, Theorem A leads to the inequality σ(D) ≤ σ(X) for a general hyper-
plane section D of a variety X of dimension at least 4; this is already a consequence of [RS06].
It also leads to a new criterion for having the equality σ(D) = σ(X), which holds in a variety of
situations; see Theorem 11.1 and Example 11.2.

Another application, this time to the factoriality of hypersurfaces in fourfolds, is given in Section
12. This is inspired by the paper [PRS14]; we extend its main results from hypersurfaces in P4

to hypersurfaces in arbitrary smooth projective fourfolds, using Theorem A in combination with
methods from loc. cit.

Acknowledgements. We thank János Kollár, Mircea Mustaţă, Vasudevan Srinivas and Claire
Voisin for valuable discussions. We would especially like to thank János Kollár for providing us
an unpublished draft on local Picard groups, from which we extracted Lemma 6.3.

B. Q-factoriality and the Lefschetz (1,1)-theorem

1. Background. This paper was written in conjunction with [PP25], which covers the prelimi-
naries needed here in detail. Rather than essentially repeating the introductory sections, we will
mostly refer to [PP25] for details. We only review here some of the main definitions.



6 SUNG GI PARK AND MIHNEA POPA

Let X be a complex projective variety of dimension n. The singular cohomology groups
Hk(X,Q) have a mixed Hodge structure with (increasing) Hodge filtration F•. The Hodge-Du
Bois numbers hp,q are defined by

hp,q(X) := dimC grF−pH
p+q(X,C).

By the degeneration of the generalized Hodge-de Rham spectral sequence, we have isomorphisms

Hp,q(X) := grF−pH
p+q(X,C) ≃ Hq(X,Ωp

X),

where Ωp
X is the p-th Du Bois complex of X; see Sections 1 and 4 in [PP25] for details.

We often compare these notions with similar ones coming from the study of intersection coho-
mology. We set

IH p,q(X) := grF−pIH
p+q(X,C) = Hq(X, IΩp

X).

Here

IH i+n(X,C) = Hi(X, ICX)

are the intersection cohomology groups of X, and ICX is its Q-intersection complex, underlying
the intersection complex Hodge module ICH

X from [Sai90]; moreover, IΩp
X are the intersection

Du Bois complexes of X, i.e. the graded pieces of the filtered de Rham complex of ICH
X . The

intersection Hodge numbers of X are defined as

Ihp,q(X) := dimC IH p,q(X).

For all this, see Sections 3 and 4 in [PP25].

There is a distinguished triangle

(1.1) K•
X −→ QH

X [n] −→ ICH
X

+1−−→

defined by the canonical map from the trivial Hodge module to the intersection complex. The
object K•

X in the derived category of mixed Hodge modules on X is studied, and called the
RHM-defect object of X, in Section 6 of [PP25]. Passing to cohomology induces natural maps

Hp,q(X) → IH p,q(X),

which in turn are Hodge pieces of the natural topological map

Hp+q(X,C) → IH p+q(X,C).

Intersection cohomology is well known to satisfy Poincaré duality and the weak Lefschetz
theorem [GM88]. On the other hand, the extent to which is true for singular cohomology is
dictated by the so-called local cohomological defect

lcdef(X) := lcd(X,Y )− codimY X,

where Y is any smooth variety containing X (locally), and lcd(X,Y ) is the local cohomological
dimension of X in Y . See Section 2 in [PP25] for a discussion of this invariant, and Section 8 in
loc. cit. for the weak Lefschetz theorem for a hyperplane section of a projective X that depends
on this invariant.

In particular, a variety X with lcdef(X) = 0 satisfies the exact same weak Lefschetz theorem as
in the smooth case. This class includes Cohen-Macaulay varieties of dimension up to 3 and rational
homology manifolds; see the references in Section 2 of [PP25]. Characterizations of lcdef(X) for
higher dimensional varieties, in terms of higher cohomological invariants, can be found in the
Appendix of [PP25].

For the background on Hodge modules needed in this paper, please see Section 5 in [PP25].
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2. Lefschetz (1,1)-theorem for singular varieties. The purpose of this section is to address
the following Weil divisor version of the Lefschetz (1, 1)-theorem on normal varieties. This is a
useful tool towards the proof of Theorem A, but also a result of general interest, containing in
particular a comparison between various notions of equivalence of Weil divisors.3 We explain the
proof of (i) in this section, and the proof of (ii) in the next.

Theorem 2.1. Let X be a normal projective variety. Then:

(i) There exists a cycle class morphism

clQ : DivQ(X) → IH 2(X,Q) ∩ IH 1,1(X)

which is surjective.

(ii) The kernel of the morphism in (i) is Hom1
Q(X) = Alg1Q(X). In other words, on normal

varieties, algebraic equivalence coincides with the homological equivalence for Q-Weil divisors.
Furthermore, if X is Q-factorial, then they also coincide with numerical equivalence:

Alg1Q(X) = Hom1
Q(X) = Num1

Q(X).

We emphasize that much of this result is not new. The statement in (i) is already known in a
different form, due to Jannsen [Jan90], who reduced a singular version of the Hodge conjecture to
the case of smooth varieties; our contribution to (i) is to express the right hand side in terms of
the Hodge structure on Borel-Moore homology, and then intersection cohomology, as in Lemma
2.3. This turns out to be very useful throughout. The method we use leads to the statement in
part (ii), as well as to the proof of Theorem A. The first statement in (ii) is familiar to experts;
for instance, it can be deduced from the statement of [BO74, Theorem 7.3], but there are also
more elementary proofs.

Turning to details, the cycle class map for smooth projective varieties is generalized in vari-
ous contexts in the literature. We recall a version for arbitrary irreducible varieties. Given an
irreducible variety X of dimension n, there is a cycle class map with rational coefficients

cld ⊗Q : Zd(X)⊗Q → HBM
2d (X,Q),

where Zd(X) is a free abelian group of algebraic cycles of dimension d in X, and HBM
• (X,Q)

is the Borel-Moore homology of X; see [Ful98, Section 19.1]. The group of algebraic cycles of
dimension d with zero homology class is denoted by

Homn−d
Q (X) := ker(cld ⊗Q).

It is well known that this cycle class map commutes with pushforward for proper morphisms.

Borel-Moore homology carries a mixed Hodge structure coming from Deligne’s theory; see for
instance [PS08, 6.24]. On the other hand, it is naturally identified with the hypercohomology of
the Verdier dualizing sheaf

HBM
2d (X,Q) = H−2d(X,DQX),

and thus inherits a mixed Hodge structure coming from Saito’s theory, as in [Sai90, §4.5]. These
two mixed Hodge structures are known to be equivalent; see loc. cit. or [Sai00]. Consequently,
the image of cld ⊗Q is contained in

(2.2) W−2dH−2d(X,DQX) ∩ F−dH−2d(X,DCX).

(See, for example, [PS08, Section 7.1.3]). It is worth noting that when X is a smooth projective
variety, (2.2) is naturally isomorphic to the group of Hodge classes

H2n−2d(X,Q) ∩Hn−d,n−d(X)

3Another extension of the Lefschetz (1, 1)-theorem to normal varieties was found by Biswas-Srinivas [BS00], who
describe NS(X), partly in terms of the mixed Hodge structure on singular cohomology.
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by Poincaré duality, and the Hodge conjecture asserts the surjectivity of cld ⊗Q onto this group.

For a normal projective variety X and d = n− 1, we have the following key identification.

Lemma 2.3. Let X be a normal projective variety of dimension n. Then we have a canonical
isomorphism of pure Q-Hodge structures of weight 2:

IH 2(X,Q) =
(
W−2n+2H−2n+2(X,DQX)

)
(−n).

In particular, when d = n− 1, (2.2) is canonically isomorphic to

IH 2(X,Q) ∩ IH 1,1(X)

where IH 1,1(X) is the (1, 1)-component of IH 2(X,Q).

Proof. The dual of the distinguished triangle (1.1) is

DICH
X → (DQH

X)[−n] → DK•
X

+1−−→ .

Since we have the canonical polarization ICH
X(n) = DICH

X , this induces a long exact sequence of
mixed Hodge structures

· · · → H−n+1(X,DK•
X) → H−n+2(X, ICX)(n) → H−2n+2(X,DQX) → H−n+2(X,DK•

X) → · · · .

As X is normal, the (perverse) cohomologies of K•
X are supported on a subvariety of dimension

≤ n−2. Moreover, since DK•
X ∈ D≥0MHM(X) and DK•

X is of weight ≥ −n+1 by [PP25, Propo-
sition 6.4], we have H−n+1(X,DK•

X) = 0 (see [HTT08, Proposition 8.1.42]), and H−n+2(X,DK•
X)

is a mixed Hodge structure of weight ≥ −2n+ 3.

In conclusion, we have a natural inclusion

IH 2(X,Q) = H−n+2(X, ICX) ↪→ H−2n+2(X, (DQX))(−n)

whose quotient is a mixed Hodge structure of weight ≥ 3. This completes the proof of the first
statement. The last statement follows from the definition of a pure Hodge structure. □

Combining the general construction with Lemma 2.3, when X is a normal projective variety,
we obtain a cycle class morphism for Weil divisors on X, as in Theorem 2.1(i).

A homological version of the generalized Hodge conjecture [PS08, Conjecture 7.12] states that
cld ⊗ Q surjects onto (2.2), and using resolution of singularities Jannsen [Jan90, Theorem 7.9]
proved that this version is true if it is true for smooth projective varieties. In particular, this
holds when d = n− 1, by the classical Lefschetz (1, 1)-theorem.

Therefore, the surjectivity of clQ in Theorem 2.1 is an immediate consequence.

Remark 2.4. Using the mixed Hodge module formalism, Saito [Sai90, 4.5.18] constructed a cycle
class map

Zd(X)⊗Q → HomDbMHM(pt)(QH
pt, (aX)∗(DQH

X)(−d)[−2d]),

where aX : X → pt. Taking 0-th cohomologies on the right hand side, this induces a map

Zd(X)⊗Q → HomMHS(QH ,H−2d(X,DQH
X(−d))),

where QH is a trivial pure Q-Hodge structure of weight 0 and the right hand side is the group of
morphisms of mixed Hodge structures. This group is naturally isomorphic to (2.2), which offers
another way to construct the cycle class map we consider.
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3. Algebraic, homological, and numerical equivalence of Weil divisors. Following the
terminology in Fulton [Ful98], we denote by Alg1Q(X) the group of Q-Weil divisors algebraically

equivalent to zero, and by Num1
Q(X) the group of Q-Weil divisors numerically equivalent to zero.

Here, a Q-Weil divisor α is numerically equivalent to zero if∫
X
P ∩ α = 0

for all polynomials P in Chern classes of vector bundles on X. For a projective variety X, it is
proven in [Ful98, Section 19.1] that there are inclusions

Alg1Q(X) ⊂ Hom1
Q(X) ⊂ Num1

Q(X) ⊂ DivQ(X).

Beyond the surjectivity of the cycle class morphism, the classical Lefschetz (1, 1)-theorem for
smooth projective varieties explains that the algebraic, homological, and numerical equivalence
relations coincide. This is generalized by Theorem 2.1(ii), stating that for a normal projective X
we have Alg1Q(X) = Hom1

Q(X) (which as we mentioned is already known), while if in addition X

is Q-factorial, they also coincide with Num1
Q(X).

The proof uses a desingularization µ : X̃ → X and establishes that the proper pushforward
map

µ∗ : Hom
1
Q(X̃) → Hom1

Q(X).

is an isomorphism. From this, it follows easily that Alg1Q(X) = Hom1
Q(X), as algebraic equivalence

is preserved under proper pushforward.

For this purpose, we compare the (intersection) cohomology of the two spaces X and X̃. Note
that there exists a natural surjection morphism

H2(X̃,Q) → IH 2(X,Q)

of pure Q-Hodge structures of weight 2. Indeed, there exists a pushforward map

µ∗ : H−2n+2(X̃,DQ
X̃
) → H−2n+2(X,DQX)

of mixed Hodge structures on Borel-Moore homology, induced by the adjunction morphism

µ∗DQ
X̃

→ DQX . By Poincaré duality, the hypercohomology H−2n+2(X̃,DQ
X̃
)(−n) is equal

to the pure Hodge structure H2(X̃,Q) of weight 2. By Lemma 2.3, this implies that this push-

forward map on hypercohomology gives the natural morphism H2(X̃,Q) → IH 2(X,Q) of pure
Hodge structures of weight 2, and also the induced pushforward map

µ∗ : H
2(X̃,Q) ∩H1,1(X̃) → IH 2(X,Q) ∩ IH 1,1(X).

We describe the kernel of this morphism in the following:

Proposition 3.1. Let X be a normal projective variety of dimension n. Let µ : X̃ → X be a

resolution of singularities, and denote by {Ei}i∈I the set of exceptional divisors in X̃. Then

ker
(
H2(X̃,Q) → IH 2(X,Q)

)
=
⊕
i∈I

Q · clQ(Ei),

that is the kernel of the natural surjection H2(X̃,Q) → IH 2(X,Q) has the set {clQ(Ei)}i∈I of
cycle classes of exceptional divisors as a basis.

The proof of this proposition uses the next two lemmas. The first states that the classes of
exceptional divisors are linearly independent, and the second states that these classes generate the
kernel of the natural morphism appearing in the proposition. The first lemma is well-known to
experts and we formulate this for normal analytic varieties, as it is used to study a local analogue
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of the Lefschetz (1,1)-theorem. Note that the cycle class map clQ is defined for arbitrary analytic
varieties and coincides with the first Chern class map for divisors on smooth analytic varieties.

Lemma 3.2. Let X be a normal analytic variety, and a projective morphism µ : X̃ → X be a

resolution of singularities with {Ei}i∈I the set of exceptional divisors in X̃. If∑
i∈I

ai · clQ(Ei) = 0,

for a finite Q-linear combination of classes of exceptional divisors, then ai = 0 for all i ∈ I.

Proof. We proceed by induction on n = dimX. When X is a normal surface, this is in [Gra62,
p.367]. Supposing now that the statement is true when the dimension is n − 1, we prove it in
dimension n.

For every point of x ∈ X, it suffices to prove that the coefficients of exceptional divisor over a
small neighborhood of x is zero. Hence, we assume that x ∈ X is the germ of a normal analytic
variety. We argue by contradiction. Let

J := {i ∈ I|ai ̸= 0}
and suppose J is nonempty. Note first that it suffices to consider the case when µ(Ej) is supported
at a closed point of X for all j ∈ J . Indeed, say aj ̸= 0, with dimµ(Ej) ≥ 1. Taking a general
hyperplane section H ⊂ X, the restriction of the class of the Q-linear combination to µ−1(H) is
still zero: ∑

i∈I
ai · clQ(Ei|µ−1(H)) = 0.

Since µ|µ−1(H) : µ
−1(H) → H is a resolution of singularities of the normal variety H of dimension

n− 1, with exceptional divisors Ei|µ−1(H), we have aj = 0 by the induction hypothesis. This is a
contradiction.

Assume now that µ(Ej) is a point for all j ∈ J . Take a general hyperplane section H̃ ⊂ X̃. As
above, we have ∑

j∈J
aj · clQ(Ej |H̃) = 0.

Then the restriction morphism µ|
H̃
: H̃ → µ(H̃) factors through the normalization of µ(H̃), and

Ej |H̃ are exceptional divisors for all j ∈ J . By the induction hypothesis, aj = 0 for all j ∈ J .
This is a contradiction, which completes the proof. □

Lemma 3.3. In the setting of Proposition 3.1, we have

h2(X̃)− Ih2(X) = |I|.

Proof. By Poincaré duality, it suffices to show that

h2n−2(X̃)− Ih2n−2(X) = |I|.
By the Decomposition Theorem, we have

Rµ∗QX̃
[n] ≃ ICX [0]⊕M•

where M• is supported inside the locus Z ⊂ X where µ is not an isomorphism. Consequently,
we have an isomorphism of hypercohomologies

H2n−2(X̃,Q) ≃ IH 2n−2(X,Q)⊕Hn−2(Z,M•).

Denote by ι : Z ↪→ X the closed embedding. Note that dimZ ≤ n − 2. By the proper base
change theorem, we have

Rµ∗Qµ−1(Z)[n] = ι∗ICX [0]⊕M•.
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Since ι∗ICX [0] ∈ pD≤−1
c (Z,Q), we have

Hn−2(Z, ι∗ICX) = 0.

(See e.g. [HTT08, Propositions 8.1.42, 8.2.5].) Therefore we obtain

dimQHn−2(Z,M•) = h2n−2(µ−1(Z),Q) = |I|,
which completes the proof. □

Next, we prove Proposition 3.1 and Theorem 2.1(ii).

Proof of Proposition 3.1. Exceptional divisors map to zero by the proper pushforward map, so
the classes of exceptional divisors clQ(Ei) are contained in the kernel of the natural surjective

morphism H2(X̃,Q) → IH 2(X,Q). Since Lemma 3.2 proves that these classes are linearly inde-
pendent, we conclude from Lemma 3.3 that they form a basis of the kernel. □

Proof of Theorem 2.1(ii). Recall the discussion preceding Proposition 3.1, which leads to a com-
mutative diagram of proper pushforward and cycle class morphisms:

DivQ(X̃)

clX̃Q
��

µ∗ // DivQ(X)

clXQ
��

H2(X̃,Q) ∩H1,1(X̃)
µ∗ // IH 2(X,Q) ∩ IH 1,1(X)

Note that all the maps are surjective; for the right-most, we use Theorem 2.1(i). Additionally,

ker(µ∗ : DivQ(X̃) → DivQ(X)) =
⊕
i∈I

Q · Ei

where {Ei}i∈I is the set of µ-exceptional divisors in X̃, and

ker(µ∗ : H
2(X̃,Q) ∩H1,1(X̃) → IH 2(X,Q) ∩ IH 1,1(X)) =

⊕
i∈I

Q · clQ(Ei)

by Proposition 3.1. Indeed, for the second equality, it is easy to check that

grF0 H
2(X̃,C) = grF0 IH

2(X,C)
(see [Par23, Lemma 4.2] for details), which implies that

ker(H2(X̃,Q) ∩H1,1(X̃) → IH 2(X,Q) ∩ IH 1,1(X)) = ker(H2(X̃,Q) → IH 2(X,Q)).

Consequently, applying the Snake Lemma, we deduce

(3.4) ker(DivQ(X̃) → H2(X̃,Q) ∩H1,1(X̃)) = ker(DivQ(X) → IH 2(X,Q) ∩ IH 1,1(X)),

that is, the kernel of the cycle class morphism is invariant under a resolution of singularities. This
implies that

µ∗ : Hom
1
Q(X̃) → Hom1

Q(X)

is an isomorphism. From the classical Lefschetz (1, 1)-theorem, we have Hom1
Q(X̃) = Alg1Q(X̃).

Additionally, algebraic equivalence is preserved under the proper pushforward µ∗; see [Ful98,
Proposition 10.3]. Therefore, Hom1

Q(X) = Alg1Q(X).

Next, assume X is Q-factorial, or equivalently, CDivQ(X) = DivQ(X). Consider the composi-
tion

CDivQ(X) → H2(X,Q) → IH 2(X,Q)

where the first map is the first Chern class map. This composition is the cycle class map in
Theorem 2.1(i) restricted to Q-Cartier divisors; see (4.4) below for a more detailed explanation.
Thus by the assumption, CDivQ(X) maps surjectively onto the (1, 1)-component of IH 2(X,Q).
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Let η ∈ H2(X,Q) be the class of an ample divisor. Then we have the commutative diagram:

CDivQ(X) // H2(X,Q)

ηn−2·
��

// IH 2(X,Q)

ηn−2·
��

H2n−2(X,Q) // IH 2n−2(X,Q)

where the vertical maps are the cup products with the class ηn−2. In particular, the vertical
maps are morphisms of (mixed) Hodge structures up to Tate twist, and the right-most is an
isomorphism by the Hard Lefschetz theorem for intersection cohomology. The dual of Lemma 2.3
says that IH 2n−2(X,Q) is the top weight graded piece of H2n−2(X,Q):

IH 2n−2(X,Q) = grW2n−2H
2n−2(X,Q).

Thus, ηn−2 ·CDivQ(X) maps surjectively onto the (n−1, n−1)-component of grW2n−2H
2n−2(X,Q).

On the other hand, DivQ(X) maps surjectively onto the (−n+ 1,−n+ 1)-component of

grW−2n+2H2n−2(X,Q)

by Theorem 2.1(i). Using the perfect pairing

grW−2n+2H2n−2(X,Q)× grW2n−2H
2n−2(X,Q) → Q,

it then follows that Hom1
Q(X) = Num1

Q(X). □

Remark 3.5. In fact, one can prove Alg1Q(X) = Hom1
Q(X) = Num1

Q(X) when

dimQ(IH
2(X,Q) ∩ IH 1,1(X)) = dimQ(ker(H

2(X,Q) → H2(X,OX)))

using results in the next section. This condition is potentially weaker than Q-factoriality, as seen
in Theorem A.

For later use, we also record the following result regarding varieties with normal or rational
singularities.

Lemma 3.6. Let X be a normal projective variety of dimension n, and let µ : X̃ → X be a
resolution of singularities. Then, h2n−1(X) = Ih2n−1(X) = Ih1(X) and we have canonical
isomorphisms

grF0 H
1(X,C) ≃ H1(X,OX) and H1(X̃,Q) ≃ IH 1(X,Q).

Furthermore, if X has rational singularities, then h2n−2(X) = Ih2n−2(X) = Ih2(X).

Proof. Recall from [PP25, Section 6] that the RHM-defect object satisfies K•
X ∈ D≤0MHM(X),

and has cohomologies supported in Sing(X). Using [HTT08, Proposition 8.1.42], this implies
Hi(X,K•

X) = 0 for i ≥ 2n−1, which in turn immediately gives h2n−1(X) = Ih2n−1(X) by passing
to cohomology in the exact triangle (1.1).

Likewise, if X has rational singularities, then K•
X has cohomologies supported in a subvariety

of dimension at most ≤ n− 3, by case k = 0 in [PP25, Corollary 7.5]. This implies the vanishing
Hi(X,K•

X) = 0 for i ≥ 2n− 2, hence h2n−2(X) = Ih2n−2(X).

Note now that the canonical morphism CX → Ω0
X factors through OX . Since the map

H1(X,C) → H1(X,Ω0
X) is surjective by the degeneration of the Hodge-to-de Rham spectral

sequence in the singular case, the map H1(X,OX) → H1(X,Ω0
X) is surjective as well. Addition-

ally, this map is also injective using a simple spectral sequence argument, since H0(Ω0
X) = OX by

the normality of X (see e.g. [Sai00, Proposition 5.2]). Therefore, we have a canonical isomorphism

H1(X,OX) ≃ H1(X,Ω0
X).
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Lastly, a canonical isomorphism H1(X̃,Q) ≃ IH 1(X,Q) is obtained from the canonical push-
forward morphism

H1(X̃,Q) = H−2n+1(X̃, (DQH
X̃
)(−n))

µ∗−→ H−2n+1(X, (DQH
X)(−n))

and the canonical isomorphism

IH 1(X,Q) = H−2n+1(X, (DQH
X)(−n))

obtained by dualizing the argument in the proof of the equality h2n−1(X) = Ih2n−1(X). By the

Decomposition Theorem, it is easy to see that H1(X̃,Q) → IH 1(X,Q) is surjective, and the two
spaces have the same dimension (see e.g. [Par23, Lemma 4.2]). Hence the morphism above is an
isomorphism. □

4. The Q-factoriality defect. For a normal variety X, we consider the defect of Q-factoriality

σ(X) := dimQDivQ(X)/CDivQ(X).

We have σ(X) = 0 if and only if X is Q-factorial.

The goal of this section is to prove Theorem A, which, as explained in the Introduction, extends
previously known results in the literature to a general formula for σ(X). This theorem is about the
comparison between DivQ(X) and CDivQ(X); we approach this by building on our understanding
of Alg1Q(X) in DivQ(X) in the previous section, and establishing a result that compares Alg1Q(X)
with CDivQ(X).

Proposition 4.1. Let X be a normal projective variety of dimension n. Then

dimQ
Alg1Q(X)

Alg1Q(X) ∩ CDivQ(X)
=

{
0 if h1(X) = h2n−1(X)

∞ otherwise.

In particular, if h1(X) = h2n−1(X), then every deformation of a Q-Cartier divisor is Q-Cartier.

Proof. Consider the exponential exact sequence:

0 → ZX → OX → O∗
X → 1.

This sequence is functorial, and thus, we have the commuting long exact cohomology sequences

(4.2) H1(X,Z) //

µ∗

��

H1(X,OX)

µ∗

��

// Pic(X)

µ∗

��

c1 // H2(X,Z)

µ∗

��

// H2(X,OX)

µ∗

��

H1(X̃,Z) // H1(X̃,O
X̃
) // Pic(X̃)

c1 // H2(X̃,Z) // H2(X̃,O
X̃
)

where µ : X̃ → X is a resolution of singularities and c1 is the first Chern class map. There exists
a natural surjective map

CDiv(X) → Pic(X)

which maps D ∈ CDiv(X) to OX(D) ∈ Pic(X), and this can be composed with the first Chern
class map to obtain CDiv(X) → H2(X,Z). Taking rational coefficients, we have a natural map

c̃X1 : CDivQ(X) → H2(X,Q).
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(In this proof we add superscripts, to emphasize the variety we are considering.) Accordingly,
from (4.2) we obtain the commutative diagram

(4.3) CDivQ(X)

µ∗

��

c̃X1 // H2(X,Q)

µ∗

��

// H2(X,OX)

µ∗

��

CDivQ(X̃)
c̃X̃1 // H2(X̃,Q) // H2(X̃,O

X̃
)

where the horizontal rows are exact. Notice that the map c̃X̃1 for the smooth projective variety X̃

agrees with the cycle class morphism clX̃Q for X̃ in Theorem 2.1(i).

Denote VX := ker(H2(X,Q) → H2(X,OX)). Then we have the induced pullback map

µ∗ : VX → V
X̃
.

Since H2(X̃,O
X̃
) = grF0 H

2(X̃,C), we have V
X̃

= H2(X̃,Q)∩H1,1(X̃). By (4.3) and the commu-
tativity of the proper pushforward functor and the cycle class morphism, we have the commutative
diagram:

(4.4) CDivQ(X)

c̃X1
��

µ∗
// DivQ(X̃)

c̃X̃1 =clX̃Q
��

µ∗ // DivQ(X)

clXQ
��

VX
µ∗

// H2(X̃,Q) ∩H1,1(X̃)
µ∗ // IH 2(X,Q) ∩ IH 1,1(X)

where all the vertical columns are surjective; for the right-most, we use Theorem 2.1(i). The right
square appears in the proof of Theorem 2.1(ii), where we showed that

ker(clX̃Q ) = ker(clXQ ) = Alg1Q(X).

Next we focus on the outer square of (4.4):

(4.5) CDivQ(X)

c̃X1
��

µ∗◦µ∗
// DivQ(X)

clXQ
��

VX
µ∗◦µ∗

// IH 2(X,Q) ∩ IH 1,1(X)

It is straightforward to check that the first row is the natural inclusion CDivQ(X) ↪→ DivQ(X).
Notice that

VX ⊂ ker(H2(X,Q) → grF0 H
2(X,C)),

because of the factorization
QX → OX → Ω0

X ,

and the fact that grF0 H
2(X,C) = H2(X,Ω0

X). The bottom row of (4.5) is induced by the
morphism of mixed Hodge structures H2(X,Q) → IH 2(X,Q). This morphism factors through
grW2 H2(X,Q), as a surjection followed by an injection

H2(X,Q) ↠ grW2 H2(X,Q) ↪→ IH 2(X,Q),

which is a consequence of the fact that K•
X is of weight ≤ n − 1 as in [PP25, Proposition 6.4].

Thus Lemma 4.8 implies that the second row of (4.5) is injective.

As a result, we have

(4.6) ker(c̃X1 ) = Alg1Q(X) ∩ CDivQ(X) and ker(clXQ ) = Alg1Q(X).

Therefore, it suffices to prove the following:
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Claim. If h1(X) = h2n−1(X), then ker(c̃X1 ) = ker(clXQ ). If h1(X) ̸= h2n−1(X), then

coker
(
ker(c̃X1 ) → ker(clXQ )

)
is an infinite dimensional Q-vector space.

To prove this, consider the natural morphism H1(X,Q) → IH 1(X,Q). This is injective, since
H1(X,Q) is pure of weight 1 for a normal projective variety X (see e.g. [PP25, Example 8.11])
and K•

X is of weight ≤ n− 1. Accordingly, we have natural inclusions

µ∗ : H1(X,Q) → H1(X̃,Q), µ∗ : H1(X,OX) → H1(X̃,O
X̃
)

by Lemma 3.6. In particular, since H2n−1(X,Q) ≃ IH 2n−1(X,Q) ≃ IH 1(X,Q), we have

h1(X) = h2n−1(X) ⇐⇒ H1(X,OX) ≃ H1(X̃,O
X̃
).

Recall that we have the identification ker(clXQ ) = ker(clX̃Q ). This allows us to consider instead
the dimension of the cokernel of the inclusion

(4.7) µ∗ : ker(c̃X1 ) → ker(clX̃Q ).

Case 1. h1(X) ̸= h2n−1(X).

In this case, there exists an infinite set {αs}s∈S of elements αs ∈ H1(X̃,O
X̃
) such that any

nonzero Q-linear combination of αs is not contained in the Q-linear span of H1(X,OX) and

H1(X̃,Q). Indeed, we can choose infinitely many such αs since

dimQH1(X̃,O
X̃
)/H1(X,OX) = ∞

and H1(X̃,Q) is a finite dimensional Q-vector space. Let Ls ∈ Pic0(X̃) be the line bundle

corresponding to the element αs, and Ds ∈ Div(X̃) such that O
X̃
(Ds) ≃ Ls. Then, Ds ∈ ker(clX̃Q ).

Suppose that
∑

s∈S asDs ∈ µ∗ ker(c̃X1 ) for some as ∈ Q. Then, for a sufficiently divisible N ∈ N,

L̃ := O
X̃

(
N
∑
s∈S

asDs

)
∈ Pic0(X̃)

is a line bundle isomorphic to µ∗L, for some L ∈ Pic(X) with c1(L) = 0 ∈ H2(X,Z). Note that

L̃ lifts to the class
∑

s∈S(Nas)αs ∈ H1(X̃,O
X̃
). Say L lifts to a class β ∈ H1(X,OX). Then, the

class ∑
s∈S

(Nas)αs − µ∗β ∈ H1(X̃,O
X̃
)

gives a trivial line bundle in H1(X̃,O∗
X̃
) by the exponential map, hence is contained in H1(X̃,Z).

This implies that as = 0 for all s ∈ S, by the choice of {αs}s∈S . Therefore, the set {Ds}s∈S
is Q-linearly independent in the cokernel of (4.7), hence this cokernel is an infinite dimensional
Q-vector space.

Case 2. h1(X) = h2n−1(X).

In other words, we assume H1(X,OX) ≃ H1(X̃,O
X̃
), and would like to show ker(c̃X1 ) =

ker(clXQ ). Suppose D̃ ∈ ker(clX̃Q ). Then there exists a sufficiently divisible N ∈ N such that

O
X̃
(ND̃) ∈ Pic0(X̃).

Say this lifts to a class α ∈ H1(X̃,O
X̃
). By assumption, there exists an element β ∈ H1(X,OX)

such that µ∗β = α. Let L ∈ H1(X,O∗
X) be the line bundle associated to β by the exponential
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map. Then O
X̃
(ND̃) = µ∗L. By the projection formula, we have

µ∗OX̃
(ND̃) = L.

On the other hand, we have a natural inclusion of sheaves

µ∗OX̃
(ND̃) ⊂ OX(µ∗ND̃).

which is an isomorphism away from a codimension 2 subvariety of X. This implies that L =

OX(µ∗ND̃), since they are both reflexive sheaves on X. Therefore, µ∗ND̃ ∈ ker(c̃X1 ) and

ND̃ − µ∗(µ∗ND̃)

is a Z-linear combination of exceptional divisors
∑

i∈I aiEi, with O
X̃
(
∑

i∈I aiEi) ≃ O
X̃
. This

implies ai = 0 for all i ∈ I by Lemma 3.2. In conclusion, if D̃ ∈ ker(clX̃Q ), then µ∗D̃ ∈ ker(c̃X1 )

and D̃ = µ∗(µ∗D̃). Equivalently, ker(c̃X1 ) = ker(clXQ ). □

In the course of the proof we made use of the following general fact about mixed Hodge
structures:

Lemma 4.8. Let VQ be a mixed Q-Hodge structure of weight ≤ 2, with weight filtration W•.
Denote VC := VQ⊗QC as the corresponding C-vector space with Hodge filtration F•. If grFi VC = 0
for i /∈ {0,−1,−2}, then the natural map

ker(VQ → grF0 VC) → ker
(
grW2 VQ → grF0 (gr

W
2 VC)

)
is injective.

Proof. Consider the following commutative diagram, where the bottom short exact sequence is
induced by the strictness of the Hodge and weight filtrations (see [PS08, Corollary 3.6]):

0 // W1VQ

��

// VQ

��

// grW2 VQ

��

// 0

0 // grF0 (W1VC) // grF0 VC // grF0 (gr
W
2 VC) // 0

The first vertical map is injective, since it is easy to check that grWi VQ → grF0 (gr
W
i VC) is injective

for i = 0, 1. Therefore, we conclude from the Snake Lemma. □

Before proving Theorem A, recall that in Lemma 3.6 it is shown that h2n−1(X) = Ih1(X)
(resp. h2n−2(X) = Ih2(X)) if X is a normal projective variety (resp. with rational singularities).
It is easy to check that h1(X) ≤ Ih1(X) (resp. h2(X) ≤ Ih2(X)), using the fact that K•

X is of
weight ≤ n− 1, again by [PP25, Proposition 6.4].

Proof of Theorem A. Applying (4.6) and the Snake Lemma to (4.5), we deduce that

σ(X) = dimQ(IH
2(X,Q) ∩ IH 1,1(X))− dimQ VX + dimQ

Alg1Q(X)

Alg1Q(X) ∩ CDivQ(X)
.

Therefore, the main statements in Theorem A are immediate from Proposition 4.1. Further-
more, if X has rational singularities, then OX ≃ Ω0

X ≃ IΩ0
X . In particular,

grF0 H
2(X,C) = grF0 IH

2(X,C) = H2(X,OX).

Using the fact that K•
X is of weight ≤ n− 1, the kernel K of the natural morphism

H2(X,Q) → IH 2(X,Q)
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is a mixed Q-Hodge structure of weight ≤ 1, with grFp KC = 0 for all p ≥ 0. By [PP25, Proposition

5.2], grFp KC = 0 for all p ∈ Z, so K = 0.

All of this implies that H2(X,Q) → IH 2(X,Q) is an injection of (polarizable) pure Q-Hodge
structures of weight 2, with cokernel only consisting of the (1, 1)-component. From the fact that
the category of polarizable Hodge structures is semisimple (see e.g. [PS08, Corollary 2.12]), we
conclude that

σ(X) = Ih2(X)− h2(X) = h2n−2(X)− h2(X),

where the last equality follows from Lemma 3.6. □

Remark 4.9. Note that by [PP25, Theorem A], which gives the symmetry of the boundary of the
Hodge-Du Bois diamond for varieties with rational singularities, the last statement of Theorem
A may also be written as

σ(X) = hn−1,n−1(X)− h1,1(X).

C. Local analytic versions of Q-factoriality and the Lefschetz (1,1)-theorem

5. Local analytic Lefschetz (1,1)-theorem. We first establish a local analogue of the cycle
class map for a germ of a normal analytic variety. Recall from the discussion following Theorem
2.1 that the cycle class map

cld ⊗Q : Zd(X)⊗Q → HBM
2d (X,Q),

is well defined for an analytic variety X. Sheaf theoretically, for an irreducible subvariety Z ⊂ X
of dimension d, its class cld(Z) is the cohomology class induced by the composition of the following
morphisms

(5.1) QX → QZ → DQZ [−2d] → DQX [−2d]

where the first and third maps are adjunction of the inclusion ιZ : Z → X and its dual, and the
second map is the composition

QZ → ICZ [−d] ≃ DICZ [−d] → DQZ [−2d].

See also the discussion at the beginning of Section 2.

Following the notation in [Kaw88, Section 1], for a normal analytic variety X of dimension n,
we denote by (X,x) the germ at a point x ∈ X and

DivanQ (X,x) := lim−→
x∈U

DivanQ (U), CDivanQ (X,x) := lim−→
x∈U

CDivanQ (U)

where the direct limit is taken over all the analytic open neighborhoods of x under inclusion.
Then, by definition, the defect of local analytic Q-factoriality of X at x is

σan(X;x) = dimQDivanQ (X,x)/CDivanQ (X,x).

Taking the direct limit of the cycle class maps

cln−1 ⊗Q : DivanQ (U) → HBM
2n−2(U,Q)

over all U as above, we obtain the local cycle class morphism

(5.2) clanQ (X,x) : DivanQ (X,x) → H−2n+2(DQX)x

where the target is the stalk at x of the Q-constructible sheaf H−2n+2(DQX). Alternatively,
since cohomology commutes with taking stalks, the class clanQ (D) of an irreducible divisor D ∈
DivanQ (X,x) is obtained by taking the stalk at x of (5.1):

Qx → ι∗xDQX [−2n+ 2],
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where ιx : x ↪→ X is the inclusion. This sheaf-theoretic interpretation allows us to further restrict
the image of the local cycle class morphism using Saito’s theory [Sai90], in the form of a local
analytic Lefschetz (1,1)-theorem that we present next.

Theorem 5.3. Let (X,x) be an analytic germ of a normal algebraic variety of dimension n, and

let µ : X̃ → X be a resolution of singularities with µ projective. Then:

(i) There exists a local cycle class morphism

clanQ (X,x) : DivanQ (X,x) → ker
(
H−n+2(ICX)x → (R2µ∗OX̃

)x
)

which is surjective.

(ii) If R1µ∗OX̃
= 0, then the kernel of the morphism in (i) is CDivanQ (X,x).

Remark 5.4. For technical reasons, we require the germ x ∈ X to arise from an algebraic variety.
For example, we need to work with the adjunction map

QH
X → µ∗QH

X̃

in the bounded derived category of mixed Hodge modulesDbMHM(X). However, the pushforward
functor is not generally defined in the derived category for morphisms of analytic varieties, and
the existence of such an adjunction is also not known. Additionally, we use the description of the
Du Bois complexes of X as the graded de Rham complexes of the trivial Hodge module QH

X , as
established in [Sai00] in the context of algebraic varieties.

To set things up, note that there is an isomorphism

grF0 DR(ICH
X) ≃ Rµ∗OX̃

[n],

and moreover grFi DR(ICH
X) = 0 for all i > 0; see, for example, [Par23, Lemma 4.2]. Therefore

there exists a natural morphism
ICX → grF0 DR(ICH

X)

in the derived category of sheaves on X. Taking the (−n+ 2)-nd cohomology and its stalk at x,
we obtain a morphism

H−n+2(ICX)x → H−n+2(grF0 DR(ICH
X))x,

whose kernel coincides with the target of the cycle class morphism in (i).

We first prove the existence of the cycle class morphism in Theorem 5.3 (i). We start by showing
that the composed map (5.1) factors through the intersection complex.

Lemma 5.5. In the setting of Theorem 5.3, for an irreducible divisor D ⊂ X, the composi-
tion in (5.1) coincides with the composition of the maps of underlying Q-complexes of objects in
DbMHM(X):

QH
X → QH

D → DQH
D(−n+ 1)[−2n+ 2] → DQH

X(−n+ 1)[−2n+ 2].

Furthermore, the resulting composition QH
X → DQH

X(−n+ 1)[−2n+ 2] (non-canonically) factors
through the natural morphism

ICH
X(1)[−n+ 2] → DQH

X(−n+ 1)[−2n+ 2]

in DbMHM(X).

Proof. Note that the trivial Hodge module QH
Z is not generally defined for arbitrary varieties Z.

For a subvariety Z of a germ (X,x) with inclusions ιZ : Z → X and jZ : X ∖ Z → X, the ideal
sheaf of Z in X is globally generated by holomorphic functions of X, and thus we can define
functors (jZ)!j

−1
Z , (jZ)∗j

−1
Z , (ιZ)∗ι

∗
Z , and (ιZ)∗ι

!
Z in DbMHM(X) with the adjunction maps as

described in [Sai90, (2.30.1)]. These functors are compatible with the corresponding functors for
the underlying Q-complexes. In particular, the trivial Hodge module QH

Z is (ιZ)∗ι
∗
ZQH

X .
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As a consequence, the first map of (5.1) is the map of underlying Q-complexes of associated
objects in DbMHM(X), and the third map is its dual. Hence, it suffices to interpret the second
map as the map of underlying Q-complexes of objects in DbMHM(X).

For an irreducible subvariety Z ⊂ X of dimension d, there exists a natural morphism

QH
Z [d] → ICH

Z

in DbMHM(X), which is obtained from the isomorphism grWd Hd(QH
Z ) ≃ ICH

Z . Indeed, this follows
from the mixed Hodge module formalism and the argument in [Sai90, Section 4.5]. Note that
the original argument in [Sai90] is for algebraic varieties, but the aforementioned descriptions of
pullback and pushforward functors for the inclusions ιZ and jZ are sufficient to run the same
argument for analytic germs. Hence, the second map of (5.1) can be realized as the composition
of the maps of the underlying Q-complexes of

QH
Z → ICH

Z [−d] ≃ DICH
Z (−d)[−d] → DQH

Z (−d)[−2d],

where the middle isomorphism is induced by the canonical polarization of ICH
Z . Therefore, this

completes the proof of the first statement, when Z = D is an irreducible divisor.

Next, we prove that a morphism QH
X → DQH

X(−n + 1)[−2n + 2] in DbMHM(X) necessarily

factors through ICH
X(1)[−n+2]. Recall from [PP25, Proposition 6.4] that the RHM-defect object

K•
X is of weight ≤ n− 1. Consider the distinguished triangle

DICH
X(−n+ 1)[−n+ 2] → DQH

X(−n+ 1)[−2n+ 2] → DK•
X(−n+ 1)[−n+ 2]

+1−−→

which is dual to the triangle (1.1) up to a shift and a Tate twist. The first term is isomorphic
to ICH

X(1)[−n + 2] by the canonical polarization of ICH
X , and the third term is of weight ≥ 1

as an object in DbMHM(X). Recall that QH
X is of weight ≤ 0. From the mixed Hodge module

formalism (see, for example, [PS08, Lemma 14.3]), we have

HomDbMHM(X)

(
QH

X ,DK•
X(−n+ 1)[−n+ 2]

)
= 0,

and this implies the last statement of the Lemma. □

The Lemma above shows that the image of the local cycle class morphism (5.2) factors through
the image of the natural morphism

(5.6) H−n+2(ICX)x → H−2n+2(DQX)x.

This map of stalks is an injection:

Lemma 5.7. In the setting of Theorem 5.3, the map (5.6) is injective, and the image of the local
cycle class morphism (5.2) is contained in

ker
(
H−n+2(ICX)x → (R2µ∗OX̃

)x
)
.

Proof. Consider the distinguished triangle

ICX → DQX [−n] → DK•
X

+1−−→ .

Here, we only consider the underlying Q-structure of the RHM-defect object K•
X . Recall that

DK•
X ∈ pD≥0

c (X,Q) and DK•
X is supported on a closed subset of X of codimension at least

2. This implies H−n+1(DK•
X) = 0. Therefore, from the long exact sequence of constructible

cohomologies, (5.6) is injective.

Combined with Lemma 5.5, the image of the local cycle class morphism (5.2) for divisors is
contained in

H−n+2(ICX)x ⊂ H−2n+2(DQX)x.
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Note that we have a natural isomorphism of graded de Rham complexes

grF−nDR(QH
X [n]) ≃ grF−nDR(ICH

X) ≃ µ∗ωX̃
≃ Rµ∗ωX̃

by [Sai00, Corollary 0.3], where the last isomorphism is due to the Grauert-Riemenschneider
vanishing theorem. Taking its dual and a Tate twist, we have a natural isomorphism

grF1 DR
(
ICH

X(1)[−n+ 2]
)
≃ grF1 DR

(
DQH

X(−n+ 1)[−2n+ 2]
)
≃ Rµ∗OX̃

[2].

Since grF1 DR(QH
X) = 0, we have the following commutative diagram induced by Lemma 5.5:

QX

��

// ICX [−n+ 2]

��

// DQX(−n+ 1)[−2n+ 2]

��
0 // Rµ∗OX̃

[2]
∼ // Rµ∗OX̃

[2]

where the top row is the map of underlying Q-structures and the bottom row is the map of the
associated graded terms grF1 DR(·) of de Rham complexes. Note that the vertical maps commute
with the rows, because grF>1DR(·) = 0. Consequently, taking the stalk at x, we conclude that the
image of the local cycle class morphism is contained in

ker
(
H−n+2(ICX)x → (R2µ∗OX̃

)x
)
.

□

This establishes the cycle class morphism in Theorem 5.3 (i). To prove its surjectivity, we need
a local analytic analogue of Lemma 3.3.

Lemma 5.8. In the setting of Theorem 5.3, denote by {Ei}i∈I the set of µ-exceptional divisors

in X̃. Then we have
dimQ(R

2µ∗QX̃
)x − dimQH−n+2(ICX)x = |I|.

Recall that x ∈ X is an analytic germ, and a µ-exceptional divisor E satisfies x ∈ µ(E).

Proof. As in the proof of Lemma 3.3, we have the decomposition

Rµ∗QX̃
[n] ≃ ICX [0]⊕M•.

where M• is supported inside the locus Z ⊂ X where µ is not an isomorphism. It suffices to show
that

dimQH−n+2(M•)x = |I|.

Denote by ι : Z ↪→ X the closed embedding. Note that ι!ICX ∈ pD≥1
c (Z,Q) (see [HTT08,

Proposition 8.2.5]). Since dimZ ≤ n− 2, we have

H−n+2(ι!ICX [0])x = 0.

From (ι!M•)x = (M•)x, it suffices to show that

dimQH2(ι!Rµ∗QX̃
)x = |I|

or equivalently,

dimQR2µ∗(ι̃
!Q

X̃
)x = |I|

where ι̃ : µ−1(Z) ↪→ X̃. Then we have ι̃!Q
X̃

= DQµ−1(Z)[−2n] and

R2µ∗(ι̃
!Q

X̃
)x = lim−→

x∈U
HBM

2n−2(µ
−1(U ∩ Z),Q).

by the proper base change theorem. The top Borel-Moore homology HBM
2n−2(µ

−1(U ∩ Z),Q) is a
Q-vector space with a basis consisting of the classes of (n−1)-dimensional irreducible components
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of µ−1(U ∩ Z). However the set such irreducible components coincides with the set {Ei}i∈I of
exceptional divisors, for small enough neighborhoods U of x. This completes the proof. □

Proof of Theorem 5.3. For a neighborhood U of x, we have the adjunction map

µ∗DQH
Ũ

→ DQH
U

in DbMHM(U), where Ũ := µ−1(U). This induces the following commutative diagram

Rµ∗DQ
Ũ

��

// Rµ∗OŨ
[2n]

≃
��

DQU
// Rµ∗OŨ

[2n]

where the right column is obtained by taking the associated graded terms of the de Rham com-
plexes, grFnDR(·). Taking the hypercohomology groups H−2n+2(·), we have the following commu-
tative diagram

DivanQ (Ũ)

µ∗

��

clanQ // HBM
2n−2(Ũ ,Q)

µ∗

��

// H2(Ũ ,O
Ũ
)

≃
��

DivanQ (U)
clanQ // HBM

2n−2(U,Q) // H2(Ũ ,O
Ũ
)

Since µ is projective, for a small Stein neighborhood U of x, any line bundle of Ũ is induced by

the divisor D̃ ∈ DivanQ (Ũ) (see [GR58]). Therefore, the first row is exact, due to the exponential
exact sequence. Denote

DivanQ (X̃, µ−1(x)) := lim−→
x∈U

DivanQ (Ũ),

and take the direct limit of the commutative diagram above over the open neighborhoods x ∈ U
under inclusion:

DivanQ (X̃, µ−1(x))

µ∗

��

clanQ // (R−2n+2µ∗DQ
X̃
)x

µ∗

��

// (R2µ∗OX̃
)x

∼
��

DivanQ (X,x)
clanQ // H−2n+2(DQX)x // (R2µ∗OX̃

)x

Since the first row is exact, we obtain the commutative diagram

(5.9) DivanQ (X̃, µ−1(x))

µ∗

��

clanQ // // ker
(
(R−2n+2µ∗DQ

X̃
)x → (R2µ∗OX̃

)x
)

µ∗

��
DivanQ (X,x)

clanQ // ker
(
H−n+2(ICX)x → (R2µ∗OX̃

)x
)

using Lemma 5.7. As in its proof, µ∗DQH
X̃

is of weight 0 and DK•
X [n] is of weight ≥ 1, which im-

plies that the adjunction map µ∗DQH
X̃

→ DQH
X factors non-canonically through ICH

X [n]. Together

with the Decomposition Theorem, this implies that the second column is surjective. Therefore
clanQ (X,x) is surjective as well, as desired.

Furthermore, the kernel of the second column is a finite dimensional Q-vector space with
basis consisting of the classes of µ-exceptional divisors, by Lemmas 3.2 and 5.8. Therefore, for
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D ∈ DivanQ (X,x) with clanQ (X,x)(D) = 0, there exists a Q-linear combination E of exceptional

divisors such that the divisor class of µ−1
∗ (D) + E is zero, that is

clanQ (X̃, µ−1(x))(µ−1
∗ (D) + E) = 0

where clanQ (X̃, µ−1(x)) denotes the class map of the first row in (5.9), and µ−1
∗ (D) is the strict

transform of D.

Suppose R1µ∗OX̃
= 0. Since µ−1

∗ (D) + E is numerically relatively trivial over a small neigh-
borhood of x, there exists a sufficiently divisible N ∈ N such that ND is a Cartier divisor, by
[KM92, Proposition 12.1.4]. Consequently, the kernel of clanQ (X,x) is CDivanQ (X,x). □

6. The local analytic Q-factoriality defect. We next come to the main point of this chapter,
the description of the local analytic Q-factoriality defect in Hodge-theoretic terms.

Prood of Theorem B. By Theorem 5.3, the only statement that remains to be proven is (i) ⇒ (ii).
We argue by contradiction; suppose (R1µ∗OX̃

)x ̸= 0 for some resolution µ. Then there exists an

infinite set {αs}s∈S of elements αs ∈ (R1µ∗OX̃
)x such that any nonzero Q-linear combination of

αs is not contained in (R1µ∗QX̃
)x ⊂ (R1µ∗OX̃

)x. Using the exponential exact sequence on X̃,
the proof of Proposition 4.1 Case 1 applies in a similar fashion.

In brief, let Ls be the line bundle associated to αs, and let Ds be a divisor satisfying Ls ≃
O

X̃
(Ds). Then for a nonzero Q-linear combination D of Ds, the pushforward µ∗(D) is never

Q-Cartier. Indeed, if it were, then D − µ∗µ∗(D) would be numerically equivalent to zero relative
to X. By Lemma 3.2, we have D = µ∗µ∗(D) which contradicts the fact that any nonzero Q-linear
combination of αs is not contained in (R1µ∗QX̃

)x. Therefore, any Q-linear combination of µ∗(Ds)
is not contained in CDivanQ (X,x), which implies that σan(X;x) is infinite. □

We derive some interesting consequences of this result.

In [Kaw88, Lemma 1.1], Kawamata showed that for a normal algebraic varietyX withR1µ∗OX̃
=

R2µ∗OX̃
= 0, the defect σ(X) is finite. (This can also be obtained from [Fle81, Satz 6.1].) As an

immediate corollary, we recover this result and deduce a stronger statement:

Corollary 6.1. Let X be a normal algebraic variety with R1µ∗OX̃
= 0 for a resolution µ : X̃ → X.

Then the defect of Q-factoriality σ(X) is finite.

Furthermore, if H−n+2(ICX) = 0, then X is locally analytically Q-factorial.

The next consequence constrains the complement of the locus where the local analytic Q-
factoriality defect is finite, under an additional depth assumption.

Corollary 6.2. Let X be a normal algebraic variety. If X is S3, then the set of points x where
σan(X;x) is infinite is either empty or a Zariski closed subset of pure codimension 2.

Proof. By Theorem B, we are equivalently looking at the locus where (R1µ∗OX̃
)x ̸= 0, for some

resolution µ : X̃ → X. Since for each i ≥ 1 the codimension of the support of Riµ∗OX̃
is at least

i + 1, this locus is in any case of codimension at least 2; moreover, if it were of codimension at
least 3, then X would have rational singularities in codimension 2. By the Lemma below, due to
Kollár, in combination with the S3 condition this would imply that R1µ∗OX̃

= 0 everywhere. □

The following result and proof are due to J. Kollár [Kol]. We thank him for allowing us to
include them here.

Lemma 6.3. Let X be a normal variety over a field of characteristic zero. Then the following
are equivalent:



Q-FACTORIALITY AND HODGE-DU BOIS THEORY 23

(i) R1µ∗OX̃
= 0 for some (equivalently, any) resolution µ : X̃ → X.

(ii) X is S3 and has rational singularities in codimension 2.

Proof. Let x be any point of X, a priori not necessarily closed. In order to check the statement
at x, it is enough to localize, and hence assume that x is a closed point on X of dimension d. We

consider a resolution µ : X̃ → X, and denote E = µ−1(x)red. The statement is clear for d = 2, so
we may assume d ≥ 3.

The Leray spectral sequence computing H•
E(X̃,O

X̃
) yields an exact sequence

H1
E(X̃,O

X̃
) → H0

x(X,R1µ∗OX̃
)

α−→ H2
x(X,OX) → H2

E(X̃,O
X̃
)

Moreover, by formal duality, H i
E(X̃,O

X̃
) is dual to Rd−iµ∗ωX̃

up to completion, and the latter
is 0 for i < d by the Grauert-Riemenschneider theorem. This means that the map α is an
isomorphism, which establishes an equivalence between R1µ∗OX̃

= 0 and the S3 property. □

D. Q-factoriality and the Hodge-Du Bois numbers of threefolds

7. Formula for the (local analytic) Q-factoriality defect. One of our main applications of
the general Theorem A is the analysis of the relationship between Q-factoriality and the middle
rhombus in the Hodge-Du Bois diamond of a projective threefold. This is described in Theorem
E, and this section is devoted to the proof of that theorem. Besides Theorem A, the proof relies
heavily on results and techniques from the companion paper [PP25].

Proof of Theorem E. By [PP25, Theorem A], we have

h0,q(X) = hq,0(X) = h3,3−q(X) = h3−q,3(X)

for all 0 ≤ q ≤ 3; in loc. cit. it is actually shown that they are equal to the respective intersection
Hodge numbers Ihp,q(X). By Theorem A, this implies

σ(X) = h4(X)− h2(X) = h2,2(X)− h1,1(X).

In particular, h2,2(X) ≥ h1,1(X). Additionally, due to the rational singularities hypothesis, by
[PP25, Proposition 7.4] we have Ω2

X = IΩ2
X , hence

h2,q(X) = Ih2,q(X)

for all 0 ≤ q ≤ 3.

Now since X is a threefold with rational singularities, we have lcdef(X) = 0 by [DT16]. More-
over, X is a rational homology manifold away from a finite set, by [PP25, Corollary 7.5]. This
means that the RHM-defect object K•

X is a single mixed Hodge module VH , supported on this
finite set, and the triangle (1.1) becomes

(7.1) VH → QH
X [n] → ICH

X
+1−−→ .

A mixed Hodge module supported on a point is a mixed Hodge structure, which we denote by
V H
x for each point x in the support of VH . Denoting by aX : X → pt the constant map to a

point, we have

V H [0] = aX∗VH ,

where V H is a mixed Q-Hodge structure of weight ≤ 2 (by [PP25, Proposition 6.4]), isomorphic
to the direct sum of mixed Hodge structures V H

x .4

4In fact it is not hard to check that V H is pure of weight 2.
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Passing to the long exact sequence of cohomology associated to the exact triangle (7.1), we
obtain an exact sequence of mixed Q-Hodge structures

(7.2) 0 → H2(X,Q) → IH 2(X,Q) → V H → H3(X,Q) → IH 3(X,Q) → 0,

while for i ̸= 2, 3 we have

H i(X,Q) ≃ IH i(X,Q).

One immediate consequence is that there is a surjection

H1,2(X) ↠ IH 1,2(X),

hence h1,2(X) ≥ Ih1,2(X) = Ih2,1(X) = h2,1(X). This proves the first part of the theorem.5

Next we focus on the final assertion, regarding local analytic Q-factoriality. For a closed point
ιx : x ↪→ X, we pull back the distinguished triangle (7.1) to get

(7.3) ι∗xVH → QH [3] → ι∗xIC
H
X

+1−−→ .

Since VH is supported at a finite set of closed points {xs}s∈S , the pullback

V H
x = ι∗xVH

is a Q-Hodge structure supported in cohomological degree 0. Furthermore, from the long exact
sequence of cohomology of (7.3), we have

H−1(ι∗xIC
H
X) ≃ V H

x .

Making use of the last statement in Theorem B, altogether we deduce that

σan(X;x) ≃ dimQ V H
x .

Therefore, σan(X;x) = 0 away from the finite set {xs}s∈S , and

(7.4)
∑
s∈S

σan(X;xs) =
∑
s∈S

dimQ V H
xs

= dimQ V H .

Now (7.2) and the identities of Hodge numbers listed earlier in the proof imply that we have

dimQ V H = Ih1,1(X)− h1,1(X) + h1,2(X)− Ih1,2(X),

which in turn implies that

(7.5) dimQ V H = h2,2(X)− h1,1(X) + h1,2(X)− h2,1(X).

The second equality follows from Ih1,2(X) = h2,1(X) (explained earlier in the proof) and Ih1,1(X) =
Ih2,2(X) = h2,2(X), which is due to the isomorphism H4(X,Q) ≃ IH 4(X,Q) of Hodge structures.

Since σ(X) = h2,2(X)− h1,1(X), the identities (7.4) and (7.5) complete the proof. □

We can now easily obtain the characterization of projective threefolds with rational singularities
that are rational homology manifolds.

Proof of Corollary F. The equivalence between (i) and (ii) is in fact a special case of [PP25,
Theorem 10.1] since, as explained in the proof of Theorem E, X is a rational homology manifold
away from a finite set of points.

To show that (ii) is equivalent to (iii), note first that by [PP25, Theorem A] we have in any
case the symmetry of the boundary of the Hodge-Du Bois diamond. If we have full symmetry,

5The inequality h1,2(X) ≥ h2,1(X) follows in fact directly from [FL24b, Lemma 3.23], which gives h0,3(X) +
h1,2(X) ≥ h3,0(X) + h2,1(X), combined with the equality h0,3(X) = h3,0(X), which holds since X has rational
singularities.
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then by Theorem E it is obvious that σan(X;x) = 0 for all x ∈ X, that is X is locally analytically
Q-factorial. Conversely, if all σan(X;x) = 0, then the same theorem tells us that

−h2,2(X) + h1,1(X) = h1,2(X)− h2,1(X),

and moreover that the quantity on the left is nonpositive, and the quantity on the right is non-
negative. This implies that both sides are 0, meaning that we have full symmetry. □

Remark 7.6. Note in particular that the statement and proof are in line with the general fact that
(local) analytic Q-factoriality implies Q-factoriality, and is typically a stronger condition.

8. Hodge-Du Bois numbers via threefold flips and flops. According to Theorem 7.1 and
Proposition 7.4 in [PP25], a projective threefoldX with rational singularities exhibits the following
identities between Hodge-Du Bois numbers and intersection Hodge numbers:

hp,q(X) = Ihp,q(X) for (p, q) ̸= (1, 1) or (1, 2).

For threefold terminal flops and flips, Kollár [Kol89, Corollary 4.12] proved that intersection
cohomology is invariant. He also showed in [Kol89, Theorem 2.4] that the local analytic type of
the singularities is unchanged under a flop.

Here we show that, using these results, as a quick consequence of Theorem E one can complete
the picture for singular cohomology: all the Hodge-Du Bois numbers are invariant under a flop,
while only h1,2(X) may change (in fact go up) under a flip. We split Theorem G into the separate
cases of flips and flops.

8.1. Invariance of Hodge-Du Bois numbers under terminal flops.

Corollary 8.1. Let X be a projective threefold with Q-factorial terminal singularities and g :
X → Z be a flopping contraction. For a Q-divisor D ∈ DivQ(X), let X+ be the D-flop of g. If
X+ is Q-factorial, then we have

hp,q(X) = hp,q(X+) for all 0 ≤ p, q ≤ 3.

Note that the Q-factoriality of X+ is immediate if D is effective and g is the contraction of a
(KX + ϵD)-negative extremal ray (see [KM98, Proposition 3.37]).

Proof. By Kollár’s work mentioned above, we have

Ihp,q(X) = Ihp,q(X+)

for all 0 ≤ p, q ≤ 3. Since X and X+ are Q-factorial, we have

h1,1(X) = h2,2(X) = Ih2,2(X) = Ih1,1(X) = Ih1,1(X+) = Ih2,2(X+) = h2,2(X+) = h1,1(X+),

where the first and last equalities follow from Theorem E. Therefore,

hp,q(X) = hp,q(X+)

for (p, q) ̸= (1, 2). Now X and X+ have the same analytic singularity types, again by Kollár’s
work mentioned above, and thus the sums of the defects of local analytic Q-factoriality are the
same: ∑

s∈S
σan(X;xs) =

∑
s+∈S+

σan(X+;xs+).

In conclusion, we have

h1,2(X)− h2,1(X) = h1,2(X+)− h2,1(X+)

by Theorem E, and therefore h1,2(X) = h1,2(X+). □



26 SUNG GI PARK AND MIHNEA POPA

In particular, the Hodge-Du Bois numbers of two birational minimal models are the same,
since by [Kaw88, Theorem 5.3] or [Kol89, Theorem 4.9], any birational map f : X 99K X ′ can be
factored as a composition of D-flops with Q-factorial terminal singularities.

Corollary 8.2. Let X and X ′ be birational projective threefolds with Q-factorial terminal singu-
larities. If both KX and KX′ are nef, then

hp,q(X) = hp,q(X ′) for all 0 ≤ p, q ≤ 3.

8.2. Behavior of Hodge-Du Bois numbers under terminal flips.

Corollary 8.3. Let X be a projective threefold with Q-factorial terminal singularities, and gR :
X → Z be the flipping contraction of a KX-negative extremal ray. Let g+R : X+ → Z be the flip.
Then,

hp,q(X) = hp,q(X+)

for all (p, q) ̸= (1, 2), and h1,2(X) ≤ h1,2(X+).

Proof. Note that X+ is Q-factorial (see [KM98, Proposition 3.37]). Therefore, as in the proof of
Corollary 8.1, we have

hp,q(X) = hp,q(X+)

for (p, q) ̸= (1, 2).

It remains to prove h1,2(X) ≤ h1,2(X+). Given Theorem E, this is equivalent to the fact
that the sum of the defects of local analytic Q-factoriality does not decrease after a flip. This is
essentially contained in [KM92], see for instance (11.9.1).

We include another argument for completeness, still following methods from loc. cit.. Let
C := Ex(gR) be the flipping curve, and C+ := Ex(g+R) the flipped curve. Then X∖C ≃ X+∖C+.
Recall that

χ(X) = χc(X ∖ C) + χ(C), χ(X+) = χc(X
+ ∖ C+) + χ(C+)

where χ(·) (resp. χc(·)) is the topological (resp. compactly supported topological) Euler charac-
teristic. This implies that

χ(X) ≥ χ(X+) ⇐⇒ χ(C) ≥ χ(C+).

Recall by [Kaw88, Section 8] or [Mor88, Theorem 1.2] that Z has rational singularities. Denote
by Csn the seminormalization of C. We have the following commutative diagram

R1gR∗CX

��

// H1(Csn,C)

��
R1gR∗OX

// H1(Csn,OCsn)

where the first horizontal map is surjective by the proper base change theorem and the second
vertical map is surjective by Hodge theory, namely H1(Csn,OCsn) = grF0 H

1(Csn,C). This implies
that the second horizontal map is surjective, and thus H1(Csn,OCsn) = 0. Hence, Csn consists of
a tree of P1s. Likewise, the seminormalization of C+ is a tree of P1s. This gives

χ(C) = 1 +#(irreducible components of C)

and likewise for C+. By [KM92, Theorem 13.5], we conclude that χ(C) ≥ χ(C+), or equivalently
χ(X) ≥ χ(X+). Since all the other hp,q are preserved, we obtain h1,2(X) ≤ h1,2(X+). □

We propose the following extension of Corollaries 8.1 and 8.3 to higher dimension (we only
focus on the non-obvious Hodge numbers).
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Conjecture 8.4. Let X be a projective variety with Q-factorial terminal singularities of dimen-
sion n ≥ 4. In the setting of Corollary 8.1 we have

hn−2,n−1(X) = hn−2,n−1(X+),

while in the setting of Corollary 8.3 we have

hn−2,n−1(X) ≤ hn−2,n−1(X+).

We do not expect other Hodge-Du Bois numbers that are not close to the boundary to behave
nicely under flips, since in general the flipping and flipped loci may have different dimensions.

E. Other applications

9. Variants of Samuel’s conjecture. We use Theorem B and the results in Section 6 to deduce
various versions of Samuel’s conjecture in the context of (local analytic) Q-factoriality. See [Gro68,
Corollaire 3.14] for the proof of the original statement by Grothendieck, which says that a local
complete intersection which is factorial in codimension 3 is in fact factorial everywhere.

We start with the following more general version of Corollary D in the Introduction, which
corresponds to the case lcdef(X) = 0.

Corollary 9.1. Let X be a normal algebraic variety, satisfying either S3 or H1(Ω0
X) = 0. If

codimX Sing(X) ≥ lcdef(X) + 4,

then X is locally analytically Q-factorial.

Proof. Recall that the RHM-defect object K•
X is supported on the singular locus Sing(X), in

cohomological degrees ≥ −lcdef(X). Hence the codimension condition on the singular locus
implies that the constructible cohomologies of the underlying Q-complex satisfy

H≤−n+3(K•
X) = 0,

where n = dimX. This implies that H−n+2(ICX) = 0. Moreover, we have

H≤−n+3
(
grF0 DR(K•

X)
)
= 0,

which follows from the fact that the graded de Rham complex of a mixed Hodge module supported
on a variety Z is supported in cohomological degrees ≥ − dimZ. When H1(Ω0

X) = 0, the
distinguished triangle

grF0 DR(K•
X)[−n] → Ω0

X → IΩ0
X

+1−−→

shows that H1(IΩ0
X) = R1µ∗OX̃

= 0 for a resolution µ : X̃ → X. When X is S3, Corollary 6.2
implies that σan(X;x) is finite for every x ∈ X, since X is smooth in codimension 3. Therefore,
Theorem B completes the proof. □

Most importantly, we prove a local analytic version of Samuel’s conjecture.

Theorem 9.2. Let X be a normal algebraic variety, which is S3 and satisfies lcdef(X) = 0. Then
X is locally analytically Q-factorial if and only if it is locally analytically Q-factorial away from
a subvariety of codimension at least 4.

The statement applies in particular when X is a local complete intersection, as in Corollary C
in the Introduction.
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Proof. Since σan(X;x) = 0 for x away from a closed subset of codimension at least 4, and X is
S3, Corollary 6.2 implies that σan(X;x) is finite for every x ∈ X, or equivalently R1µ∗OX̃

= 0.
Therefore the second part of Theorem B applies at every point of X.

We consider the distinguished triangle (1.1):

K•
X → QH

X [n] → ICH
X

+1−−→ .

Recall from [PP25, Section 6] that the condition lcdef(X) = 0 is equivalent to K•
X being supported

only in degree 0, while being a rational homology manifold at a point x is equivalent to (K•
X)x = 0.

Now since X has rational singularities in codimension 2 (see the proof of Corollary 6.2), and it
is well known that rational surface singularities are rational homology manifolds, K•

X is supported
on a closed subset Y of codimension ≥ 3. Then there exists a closed subset Z ⊂ Y of codimension
≥ 4 such that Y ∖ Z is smooth of pure dimension n− 3 and

K•
X |Y ∖Z ≃ V[n− 3],

where V is a local system on Y ∖ Z. By the hypothesis, we may further assume that X ∖ Z
is locally analytically Q-factorial. Denote by j : Y ∖ Z ↪→ X the inclusion, and consider the
distinguished triangle

C• → K•
X → j∗j

∗K•
X

+1−−→ .

By the discussion above, the condition lcdef(X) = 0 implies that C• ∈ D≥0MHM(X). Addi-
tionally, C• is supported on Z, and thus for the constructible cohomology in degree −n + 3 we
have H−n+3(C•) = 0. This implies the following inclusion of the constructible cohomologies of
underlying Q-complexes:

H−n+3(K•
X) = H−n+2(ICX) ↪→ j∗V.

Let x ∈ X be a closed point. By Theorem B, it suffices to prove that

H−n+2(ICX)x → (R2µ∗OX̃
)x

is injective. We argue by contradiction; suppose a nonzero element α ∈ H−n+2(ICX)x maps to
zero in (R2µ∗OX̃

)x. We lift α to a small neighborhood U of x, so that α is a nonzero section of

H−n+2(ICU ). Since X ∖ Z is locally analytically Q-factorial, the map

H−n+2(ICX)y = Vy → (R2µ∗OX̃
)y

is injective for all y ∈ X ∖ Z. Since H−n+2(ICX) ⊂ j∗V, there exist a point y ∈ U ∖ Z near x
such that α|y ̸= 0 and its image in (R2µ∗OX̃

)y is zero. This is a contradiction. □

10. Behavior in families. Moving on to global statements, we start with two quick consequences
of Theorem A. The first establishes the constructibility of the defect of Q-factoriality for projective
families of varieties with rational singularities, which generalizes [KM92, Proposition 12.1.7] to
arbitrary values of the Q-factoriality defect in projective families.

Corollary 10.1. Let f : X → S be a connected flat family of projective varieties with rational
singularities over a variety S. For every nonnegative integer m, the set of closed points s ∈ S
with σ(f−1(s)) = m is a constructible subset of S.

Proof. Let n be the fiber dimension of f . Since R2f∗QX and R2n−2f∗QX are constructible
sheaves on S, the set of closed points s ∈ S with

dimQR2n−2f∗QX |s − dimQR2f∗QX |s = m

is constructible. Therefore, we have the conclusion by Theorem A and the proper base change
theorem. □
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The second consequence establishes that klt singularities of pairs deform when the ambient
projective variety X is fixed. Note that klt singularities do not deform in general (see e.g. [Kaw99,
Example 4.3]).

Corollary 10.2. Let X be a normal projective variety and f : (X × S,D) → S be a flat family
of pairs (X,Ds) over a variety S, where D is an effective Q-Weil divisor on X × S. If (X,Ds0)
is klt for s0 ∈ S, then (X,Ds) is klt for all s ∈ S in a neighborhood of s0.

Proof. Since X has rational singularities (see e.g. [KM98, Theorem 5.22]) and KX + Ds0 is Q-
Cartier, Theorem A implies that KX +Ds is Q-Cartier for all s ∈ S. Therefore, we conclude from
Sato-Takagi [ST23, Theorem A]. □

11. Bertini theorem for the defect of Q-factoriality. Here we record a “bonus” consequence
of Theorem A; when combined with the Lefschetz hyperplane theorems in [PP25], it can be used
to deduce a restriction theorem for the defect of Q-factoriality.

Theorem 11.1. Let X be a normal projective variety of dimension n ≥ 4. Let L be an ample line
bundle on X, with a base point free linear system |V | ⊂ H0(X,L). Then, for a general element
D ∈ |V |, we have

σ(D) ≤ σ(X).

In particular, if X is Q-factorial, then D is Q-factorial. Furthermore, if lcdef(X) ≤ n − 4 and
H2(X,L−1) = 0, then

σ(D) = σ(X).

Here lcdef(X) is the local cohomological defect of X; for a discussion and references, please see
[PP25, Section 2].

Note however that the inequality σ(D) ≤ σ(X) follows already from the work of Ravindra-
Srinivas [RS06], who prove the stronger fact that, under our hypotheses, there is a Grothendieck-
Lefschetz isomorphism of divisor class groups Cl(X) ≃ Cl(D). The second statement on the
equality case is not very restrictive, as seen in the following:

Example 11.2. Here are some examples of varieties for which the last condition holds:

• First, by [DT16, Theorem 1.3] we know that the condition lcdef(X) ≤ n−4 holds if depth(OX) ≥
4 (so for instance any Cohen-Macaulay variety of dimension at least 4) and the local analytic
Picard groups of X are torsion.

• If X is Du Bois with lcdef(X) ≤ n− 4, then the condition H2(X,L−1) = 0 holds automatically
by [PS25, Theorem 5.1].

• IfX is a complete intersection variety of dimension ≥ 4 in a projective space PN , and L = OX(1),
then lcdef(X) = 0, and the cohomology vanishing holds for straightforward reasons. In this
context, it is worth recalling Grothendieck’s theorem stating that any local complete intersection
with codimX Sing(X) ≥ 4 is factorial; see also the beginning of Section 9.

Proof of Theorem 11.1. Recall first that H1(X,Q) is pure of weight 1, since X is normal. This
implies that the natural map

H1(X,Q) → IH 1(X,Q)

is injective, since the kernel is of weight ≤ 0; see [PP25, Remark 6.5]. In particular, h1(X) ≤
Ih1(X).

By Theorem A, if σ(X) is finite, then in fact h1(X) = Ih1(X). Since X is normal, hence
depth(OX) ≥ 2, we have lcdef(X) ≤ n − 2 by a result of Ogus (see e.g. [PP25, Example 2.5]),
and therefore we have h1(X) ≤ h1(D) by the singular weak Lefschetz statement [PP25, Theorem
B]. Additionally, we have Ih1(X) = Ih1(D) by the weak Lefschetz Theorem for intersection
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cohomology [GM88, Section II.6.10]. Thus, Ih1(D) ≤ h1(D). Note however that D is also
a normal projective variety, and therefore h1(D) ≤ Ih1(D) by the argument in the previous
paragraph. We conclude that h1(D) = Ih1(D), hence σ(D) is finite, again by Theorem A.

Therefore, it suffices to prove that σ(D) ≤ σ(X) when both are finite. Again by the weak
Lefschetz for intersection cohomology, we have

IH 2(X,Q) ∩ IH 1,1(X) ≃ IH 2(D,Q) ∩ IH 1,1(D).

Applying Theorem A, it remains to prove the following inequality

dimQ(ker(H
2(X,Q) → H2(X,OX))) ≤ dimQ(ker(H

2(D,Q) → H2(D,OD))).

To this end, consider the commutative diagram

QH
X [n]

��

// ICH
X

��
ι∗QH

D [n] // ι∗IC
H
D [1]

where the vertical maps come from adjunction for ι : D ↪→ X; recall that there is an isomorphism
ι∗ICH

X ≃ ICH
D [1] when D is transverse to a Whitney stratification of X. Taking hypercohomology,

we obtain the commutative diagram:

H2(X,Q)

��

// IH 2(X,Q)

��
H2(D,Q) // IH 2(D,Q)

By [PP25, Proposition 6.4], the object K•
X in (1.1) is of weight ≤ n− 1, hence the kernels of the

horizontal maps are of weight ≤ 1. This leads to the following commutative diagram:

grW2 H2(X,Q)

��

� � // IH 2(X,Q)

��
grW2 H2(D,Q) �

� // IH 2(D,Q)

Since the right vertical map is an isomorphism as above, we deduce a natural inclusion

(11.3) grW2 H2(X,Q) ↪→ grW2 H2(D,Q).

Recall now from the proof of Theorem A that the map H2(X,Q) → grF0 H
2(X,C) is the

following composition

H2(X,Q) → H2(X,OX) → H2(X,Ω0
X).

Therefore, applying Lemma 4.8, we have a natural inclusion

ker(H2(X,Q) → H2(X,OX)) ↪→ ker(grW2 H2(X,Q) → grF0 (gr
W
2 H2(X,C))).

This induces the commutative diagram

ker(H2(X,Q) → H2(X,OX))

��

� � // ker(grW2 H2(X,Q) → grF0 (gr
W
2 H2(X,C)))

��
ker(H2(D,Q) → H2(D,OD))

� � // ker(grW2 H2(D,Q) → grF0 (gr
W
2 H2(D,C)))
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where the horizontal maps are injective and the right vertical map is injective by (11.3). Conse-
quently, the left vertical map is injective, from which we finally conclude that

σ(D) ≤ σ(X).

Assume now that lcdef(X) ≤ n − 4 and H2(X,L−1) = 0. Using again [PP25, Theorem B]
we have h1(X) = h1(D), while the weak Lefschetz for intersection cohomology gives Ih1(X) =
Ih1(D). Additionally, in the following diagram,

H2(X,Q)

��

// H2(X,OX)

��
H2(D,Q) // H2(D,OD)

the left vertical map is an isomorphism, also by [PP25, Theorem B], while the right vertical map
is injective by the assumption H2(X,L−1) = 0. This gives

ker(H2(X,Q) → H2(X,OX)) = ker(H2(D,Q) → H2(D,OD)),

and therefore Theorem A implies that σ(D) = σ(X). □

12. Factoriality of hypersurfaces in fourfolds. The paper [PRS14] gives a criterion for the
factoriality of a hypersurface X in a smooth complete intersection fourfold Y in Pn, when X has
only isolated ordinary multiple points. We show that Theorem A leads to a quick proof of the
generalization of this statement to arbitrary smooth projective fourfolds Y , by first extending the
main technical statement of loc. cit., namely [PRS14, Theorem A], to this setting.

Theorem 12.1. Let X ⊂ Y be an irreducible normal ample divisor in a smooth projective fourfold

Y . Let Ỹ be the blow-up of Y along finitely many points on X, and let X̃ ⊂ Ỹ be the strict

transform of X. If X̃ is a normal Q-factorial ample divisor in Ỹ , then X is Q-factorial.

Proof. By the weak Lefschetz theorem, we have an isomorphism given by the restriction map

H2(Y,Q) ≃ H2(X,Q),

and similarly

H2(Y,OY ) ≃ H2(X,OX),

using the Kodaira vanishing theorem. Therefore, we obtain an equality

dimQ(ker(H
2(Y,Q) → H2(Y,OY ))) = dimQ(ker(H

2(X,Q) → H2(X,OX))).

Assuming that X̃ is a normal Q-factorial ample divisor in Ỹ , we first prove that σ(X) is finite.
Since the first cohomology is invariant under smooth blow-ups, we have

H1(X,Q) ≃ H1(Y,Q) ≃ H1(Ỹ ,Q) ≃ H1(X̃,Q),

where the first and third isomorphisms are given by the weak Lefschetz theorem. Therefore, using
Lemma 3.6, we have

h1(X) = h1(X̃) = Ih1(X̃) = Ih1(X) = h5(X).

Hence, σ(X) is finite by Theorem A.

We next show that σ(X) = 0. As above, we have an equality

dimQ(ker(H
2(Ỹ ,Q) → H2(Ỹ ,O

Ỹ
))) = dimQ(ker(H

2(X̃,Q) → H2(X̃,O
X̃
))).

Since both Ỹ and X̃ are Q-factorial, they are equal to

dimQ(IH
2(Ỹ ,Q) ∩ IH 1,1(Ỹ )) = dimQ(IH

2(X̃,Q) ∩ IH 1,1(X̃))
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by Theorem A. Let I be the index set for the exceptional divisors of Ỹ → Y . Using Proposition
3.1, it is easy to see that

dimQ(IH
2(Y,Q) ∩ IH 1,1(Y )) = dimQ(IH

2(Ỹ ,Q) ∩ IH 1,1(Ỹ ))− |I|
and

dimQ(IH
2(X,Q) ∩ IH 1,1(X)) ≤ dimQ(IH

2(X̃,Q) ∩ IH 1,1(X̃))− |I|.
The latter inequality follows from the fact that the morphism X̃ → X has at least |I| exceptional
divisors. By combining the above equalities and inequalities, we obtain

dimQ(IH
2(X,Q) ∩ IH 1,1(X)) ≤ dimQ(ker(H

2(X,Q) → H2(X,OX))),

from which we conclude σ(X) ≤ 0 by Theorem A. Hence, X is Q-factorial. □

The theorem is particularly useful when X is a section of a power of a very ample line bun-
dle with ordinary multiple point singularities; this leads to the promised extension of [PRS14,
Theorem B] to arbitrary smooth fourfolds.

Corollary 12.2. Let L be a very ample line bundle on a smooth projective fourfold Y , and X is
an irreducible normal divisor of |dL|. Let S = {p1, ..., pk} be the set of isolated ordinary multiple
points of X of multiplicities m1, ...,mk. If X ∖ S is factorial and

k∑
i=1

mi < d,

then X is factorial.

Once we have Theorem 12.1, the nice argument given in the proof of [PRS14, Theorem 4.1]

works identically: the hypotheses ensure the ampleness of the proper transform X̃ on the blow-up

Ỹ of Y along S. (Note that it suffices to assume that X ∖ S is factorial, since the fact that S

consists of ordinary singularities implies that X̃ is smooth in the neighborhood of S.)

Remark 12.3. In particular, if S is a set consisting of at most ⌊d−1
2 ⌋ ordinary double points (i.e.

nodes), then X is factorial. For degree d hypersurfaces in P4 with only nodes, Cheltsov [Che10]
proved that X is factorial when there are at most (d− 1)2− 1 nodes, and provided an example of
a non-factorial variety with (d − 1)2 nodes. It would be interesting to understand sharp bounds
on the number of singular points required to guarantee factoriality in general, in the context of
Corollary 12.2; cf. [PRS14, Conjecture D] when Y = P4.
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