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Abstract. We prove new results concerning the topology and Hodge theory of singular
varieties. A common theme is that concrete conditions on the complexity of the singularities,
from a number of different perspectives, are closely related to the symmetries of the Hodge-Du
Bois diamond. We relate this to the theory of rational homology manifolds, and characterize
these among low-dimensional varieties with rational singularities.
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A. Introduction

This paper is concerned with new results regarding the topology and Hodge theory of com-
plex varieties, contributing towards a deeper understanding of the behavior of the (appropriate)
Hodge diamond of a singular projective variety. We are especially interested in its symmetries,
as a concrete reflection of the complexity of the singularities. In particular, we aim for criteria
for singular cohomology groups to carry pure Hodge structure, satisfy Poincaré duality, or
better, coincide with intersection cohomology.

All the varieties we consider in this paper are over C. Given a singular projective variety
X of dimension n, the ordinary cohomology Hp+q(X,Q) has a mixed Hodge structure with
Hodge filtration F•; here we use the convention where it is increasing. As in the case of smooth
projective varieties, the Hodge numbers hp,q are defined by

hp,q(X) := dimC grF−pH
p+q(X,C).

Due to Deligne-Du Bois theory, these are also known to be computed by the hypercohomologies
of the Du Bois complexes Ωp

X , in the sense that

Hp,q(X) := grF−pH
p+q(X,C) = Hq(X,Ωp

X).

Therefore, to emphasize the singular setting, we sometimes refer to them as Hodge-Du Bois
numbers. As in the smooth setting, they organize themselves in a Hodge-Du Bois diamond ;
see the figure in Section 4 for the convention. It is natural to ask under what condition on the
singularities we have symmetries that are familiar in the smooth setting; for instance when, in
(very roughly) increasing order of strength, for some given i, or p and q, we have:

(i) purity of the Hodge structure or Poincaré duality for the singular cohomology H i(X,Q).

(ii) the Hodge symmetry

hp,q(X) = hq,p(X) = hn−p,n−q(X) = hn−q,n−p(X).

(iii) Hp,q(X) ≃ IH p,q(X), the corresponding Hodge spaces for intersection cohomology.

We focus especially on (ii) in the statements, most often having to deal technically with (i)
or (iii) in the process. As we will see later, the paper [FL24a] provides a very nice source of
inspiration for thinking about the problem via (ii).

Note that some symmetries of this type hold for relatively simple reasons: a standard fact
is that if dimSing(X) = s, then the Hodge structure on Hk(X,Q) is pure for k > n + s; see
[PS08, Theorem 6.33]. We thus have the symmetry

hp,q(X) = hq,p(X) for all p+ q > n+ s.

Beyond this, things become quite subtle. We will see that many different ingredients go into
answering the question, according to the location under consideration on the diamond. As a
toy example which is already non-trivial, we consider the boundary of the diamond: it can be
shown that it has full symmetry under the assumption of rational singularities, i.e.

X has rational singularities =⇒ h0,q(X) = hq,0(X) = hn,n−q(X) = hn−q,n(X) for 0 ≤ q ≤ n.

The first two equalities follow from basic properties of the Du Bois complex of a rational
singularity, but the last is new and part of a general result, Theorem A below.

There are various ways of taking this analysis deeper into the interior of the Hodge-Du Bois
diamond, based on the following invariants that turn out to be fundamental for the Hodge
theory of singular varieties:

(i) the higher rational singularities level of X.
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(ii) the local cohomological defect of X.

(iii) the defect of (local, analytic) Q-factoriality of X.

These invariants measure different things, but there are also subtle relationships between
them that will emerge throughout. In this paper we focus especially on (i) and (ii), while in
the companion paper [PP25] we address the connection with (iii) and its consequences.1

Symmetries via higher rationality. Friedman and Laza introduced the notion of higher
rational singularities in [FL24b, FL24a] and noted that it is well suited for Hodge symmetries.
In [FL24a, Theorem 3.24], they proved that when X is a local complete intersection (LCI)
with m-rational singularities, one has hp,q(X) = hq,p(X) = hn−p,n−q(X), for all 0 ≤ p ≤ m and
0 ≤ q ≤ n. Employing the same techniques, this was later generalized to arbitrary X with only
normal pre-m-rational singularities (see Definition 1.1) in [SVV23, Corollary 4.1]. However,
the number hn−q,n−p(X) remained mysterious, and is indeed much more delicate to analyze.
We complete the picture in order to obtain full symmetry, answering a question of Laza:

Theorem A. Let X be a normal projective variety of dimension n, with pre-m-rational sin-
gularities. Then

hp,q(X) = hq,p(X) = hn−p,n−q(X) = hn−q,n−p(X)

for all 0 ≤ p ≤ m and 0 ≤ q ≤ n.

In particular, if m ≥ n−2
2 , then we have the full symmetry of the Hodge-Du Bois diamond;

in this case, X is in fact a rational homology manifold.

While we state it in this form for simplicity, the result – just like any result in this paper
involving (pre-)m-rationality – holds under the significantly weaker technical hypothesis that
the canonical map Ωp

X → IΩp
X between the respective Du Bois and intersection Du Bois

complexes of X is an isomorphism for p ≤ m. This is condition Dm, discussed in Section 3,
known to be implied by pre-m-rationality by a result from [PSV24]. The conclusion is also
stronger; see Theorem 7.1. An equivalent condition is also considered in detail, and analyzed
from a different perspective, in the more recent [DOR25].

The last statement of Theorem A is part of a more general result, Corollary 7.5, which is a
useful byproduct of the techniques of this paper:

A variety satisfying condition Dm is a rational homology manifold in codimension 2m+ 2.

An important point regarding these results can be roughly summarized as follows: condition
Dm implies the coincidence between the cohomology groups H•(X,Q), and the respective
intersection cohomology groups IH •(X,Q), in a certain range. Since intersection cohomology
is well behaved, in this range our problem is trivial. The new and more subtle part is that,
thanks to deep duality features in the theory of mixed Hodge modules, the actual range of good
behavior is about twice as large as the naive one. The same applies in the case of Theorem C
below.

Symmetries via weak Lefschetz theorems. The objects and methods we appeal to in
the course of proving Theorem A also lead to new Lefschetz hyperplane theorems for singular
(ambient) varieties. This subject has seen a number of developments, the best known appearing
in the book [GM88] by Goresky and MacPherson; see [Laz04, 3.1.B] for a review of the main
results. We propose some stronger results for cohomology groups with rational coefficients.

The first is a simple, yet powerful, application of generalized Artin vanishing for constructible
complexes, as in [BBD82], and the Riemann-Hilbert correspondence for local cohomology as

1Note that this paper and [PP25] appeared originally as a single paper [PP24]. Both contain new material,
compared to the original preprint.
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in [BBL+23] and [RSW23], recasting [Ogu73]. (For a variant for general hyperplane sections,
using a vanishing theorem in the coherent category from [PS25], see Remark 8.1.) Thus, this
result should be seen as the outcome of the work of a number of authors, starting with Ogus.

Theorem B. Let X be an equidimensional projective variety of dimension n, D be an ample
effective Cartier divisor on X, and U = X ∖D. Then the restriction map

H i(X,Q) → H i(D,Q)

is an isomorphism for i ≤ n− 2− lcdef(U) and injective for i = n− 1− lcdef(U).

Here lcdef(U) is the local cohomological defect of U ; see Section 2. It is equal to 0 in the LCI
case, and more generally we have the inequality lcdef(U) ≤ s(U), where s(U) is the difference
between the minimal number of (local) defining equations for U and its codimension, for an
embedding into a smooth variety. There are however plenty of classes of non-LCI varieties with
defect equal to 0: some examples are quotient singularities, or Cohen-Macaulay varieties of
dimension up to three. A more complete list can be found in Example 2.5, and its extensions in
the Appendix. Thus Theorem B is a strict improvement of the well-known result of Goresky-
MacPherson [GM88, Section 2.2.2] (which is in terms of s(U)) when cohomology with rational
coefficients is considered.2 Its consequences to the purity of Hodge structures lead to a range
of “horizontal” symmetry in the Hodge-Du Bois diamond based on the commutative algebra
properties of X. Concretely, Corollary 8.9 states that when X is regular in codimension k, the
Hodge structure on H i(X,Q) is pure for i < k − lcdef(X).

It turns out that Theorem B does not capture the full picture. Further information is
obtained by considering higher rational singularities as well. While having (pre-)m-rational
singularities imposes subtle restrictions on lcdef(X) (see Corollary 7.5), which brings Theorem
B into play, the next result says more starting in dimension 4, as explained in Section 9.

Theorem C. Let X be an equidimensional projective variety of dimension n, and let D be an
ample effective Cartier divisor on X. If U = X ∖D has normal pre-m-rational singularities,
then the restriction map

Hp,q(X) → Hp,q(D)

is an isomorphism when p+ q ≤ n− 2 and min {p, q} ≤ m. Furthermore, it is injective when
p+ q ≤ n− 1 and min {p, q − 1} ≤ m.

We emphasize that this result already contains new information for arbitrary varieties (take
m = −1), or for varieties with rational singularities (take m = 0), for instance Lefschetz-type
results for global h-differentials; see Remark 9.3.

Besides the consequences in this paper, these Lefschetz theorems are also used in the com-
panion paper [PP25] in order to analyze the Q-factoriality defect of X.

Rational homology manifolds. An obvious case where we have full symmetry of the Hodge-
Du Bois diamond is when X is a rational homology manifold. According to the standard
definition, this means that the homology of the link of each singularity of X is the same as
that of a sphere. It is known (see [BM83]) that this is equivalent to the fact that the canonical
map

QX [n] → ICX ,

from the shifted constant sheaf to the intersection complex of X is an isomorphism (which
extends to the respective Hodge modules). This implies immediately that

H•(X,Q) = IH •(X,Q),

2Note that the results of [GM88] hold with integral coefficients, and also for higher homotopy groups.
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as Hodge structures, and it is well known that intersection cohomology is well behaved.

Understanding which singularities are rational homology manifolds is a much studied topic.
According to the approach in this paper, it is natural to ask how far this condition is from the
symmetry of the Hodge-Du Bois diamond, as well as what either condition means in terms of
standard singularity notions. As one of the main concrete applications of the symmetry results
discussed in this paper, we answer this explicitly in low dimension. The first step is a technical
result on when the two conditions coincide, Theorem 10.1, that holds in arbitrary dimension.
In the Appendix, we also give a criterion for the rational homology manifold condition that
holds in arbitrary dimension, in terms of local analytic cohomological invariants.

It has been known since [Mum61] that surfaces with rational singularities are rational ho-
mology manifolds. We complete the picture in Theorem 11.1, by showing that if X is a normal
surface, the converse also holds if X is assumed to be Du Bois. Moreover, the rational ho-
mology manifold condition is equivalent to the full symmetry of the Hodge-Du Bois diamond
when X is projective.

The picture becomes more complicated in dimension three. First, we note that to have
Hodge symmetry, at least under the assumption H2(X,OX) = 0, any Du Bois (hence any log
canonical) projective threefold must have rational singularities; see Lemma 11.2. Restricting
then to the world of rational singularities, the full answer is provided by:

Theorem D. Let X be a threefold with rational singularities. Then the following are equiva-
lent:

(i) X is a rational homology manifold.

(ii) The local analytic Picard groups of X are torsion.

(iii) X is locally analytically Q-factorial.

If in addition X is projective, then they are also equivalent to:

(iv) The Hodge-Du Bois diamond of X satisfies full symmetry, i.e.

hp,q(X) = hq,p(X) = h3−p,3−q(X) = h3−q,3−p(X)

for all 0 ≤ p, q ≤ 3.

For terminal threefolds, the equivalence between (i) and (iii) is implicitly shown by Kollár
[Kol89, Lemma 4.2], based on results of Flenner on links of singularities. More generally, the
same equivalence is proved for klt threefolds by Grassi-Weigand in [GW18, Theorem 5.8], this
time based on the finiteness of local fundamental groups of such singularities shown in [TX17]
and [Bra21]. Note that in the projective case, the symmetry of the boundary of the diamond
follows from Theorem A; the relationship between the remaining Hodge-Du Bois numbers in
the center of the diamond and Q-factoriality is one of the main topics of [PP25]. It leads in
particular to another proof of this theorem, that goes through the global setting even for the
local statements.

A byproduct of the proof, using Flenner’s theorem [Fle81] describing the local analytic class
group of a rational singularity, is the following general consequence in arbitrary dimension:

Corollary E. (i) A rational homology manifold with rational singularities is locally analytically
Q-factorial.

(ii) A locally analytically Q-factorial variety with rational singularities is a rational homology
manifold in codimension 3.

Going back to characterizing rational homology manifolds, the picture extends to fourfolds
with rational singularities, only now local analytic Q-factoriality is necessary (as seen in the
Corollary above), but not sufficient; a higher cohomological invariant, namely the classifying
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group H2(Uan∖{x},O∗
Uan∖{x}) for analytic gerbes (i.e. gerbes with band O∗

X ; see e.g. [Bry08,

Theorem 5.2.8]) on a punctured analytic germ around each point comes into play.3

Theorem F. Let X be a fourfold with rational and locally analytically Q-factorial singularities.
Then the following are equivalent:

(i) X is a rational homology manifold.

(ii) X has torsion local analytic gerbe groups.

If in addition X is projective, then they are also equivalent to:

(iii) The Hodge-Du Bois diamond of X satisfies full symmetry, i.e.

hp,q(X) = hq,p(X) = h4−p,4−q(X) = h4−q,4−p(X)

for all 0 ≤ p, q ≤ 4.

Recall also that by Theorem A (or Theorem 7.5), a normal fourfold with pre-1-rational
singularities is always a rational homology manifold.

As mentioned above, the local aspects of the criteria in Theorems D and F extend with
an appropriate statement to arbitrary dimension; see Theorem 15.9. When X is projective
and satisfies the rational homology manifold condition away from finitely many points, the
equivalence with the symmetry of the Hodge-Du Bois diamond can also be included, subsuming
the full statements of the two theorems; see Corollary 14.2. However, the local conditions
beyond the H2-cohomology groups are harder to interpret geometrically.

Finally, besides the rational homology manifold condition, in the Appendix we state a general
result expressing lcdef(X) by means of local analytic cohomological invariants, phrased in terms
of what we call condition Lk. The main results are Theorems 15.3 and 15.5, derived from two
main ingredients: another interpretation in terms of links of singularities from [RSW23], and
Flenner’s work [Fle81]. The statements extend, over the complex numbers, the well-known
result of Ogus [Ogu73] and Dao-Takagi [DT16] that apply for small depth, and cover the case
up to lcdef(X) ≤ n − 4. As an example, here is the simplest consequence of these theorems
that goes beyond this:

Corollary G. Let X be an n-dimensional variety, n ≥ 5, with rational locally analytically
Q-factorial singularities. Then lcdef(X) ≤ n − 5 if and only if X has torsion local analytic
gerbe groups.

In particular, if X is a fivefold, then lcdef(X) = 0 ⇐⇒ X has torsion local analytic gerbe
groups.

Note the similarity with the hypotheses of Theorem F. A general picture emerges, that
is roughly phrased as follows: the condition needed to be a rational homology manifold in
dimension n coincides with the condition needed to have lcdef(X) = 0 in dimension n + 1.
This statement needs to be modified appropriately in general, but is literally true when X has
for instance a rational isolated singularity at x ∈ X. In this case we have:

X is an RHM (resp. lcdef(X) = 0) ⇐⇒ X satisfies Ln−2 (resp. Ln−3) along {x}.
See the Appendix for more general statements. Recall also that when X is projective, this
type of criteria tell us when Theorem B works just as well as in the smooth case.

Example: Threefolds with isolated singularities. We conclude the Introduction by
exemplifying the phenomena described in this paper (and in [PP25]) in the case of threefolds
with isolated singularities. This provides a clear illustration of how, by gradually imposing

3Here it is the group itself that interests us; the gerbe interpretation is used for ease of formulation, by
analogy with the fact that the corresponding H1 group parametrizes local analytic line bundles.
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more and more singularity conditions, we have more and more Hodge symmetry, up to the
case of rational homology manifolds. Let X be one such threefold, and consider its Hodge-Du
Bois diamond:

h3,3

h3,2 h2,3

h3,1 h2,2 h1,3

h3,0 h2,1 h1,2 h0,3

h2,0 h1,1 h0,2

h1,0 h0,1

h0,0

First the already known facts: the isolated singularities condition implies that the “top”
part of the Hodge-Du Bois diamond, i.e. Hp.q(X) with p + q ≥ 4, coincides with intersection
cohomology, and therefore has horizontal symmetry hp,q = hq,p. If in addition X is normal,
then H1(X,Q) is pure, and therefore h1,0 = h0,1; see Example 8.11.

Now for the new input: if X is Cohen-Macaulay, then lcdef(X) = 0 by a result of Dao-
Takagi (see Example 2.5), and therefore H1(X,Q) ≃ IH 1(X,Q) and H2(X,Q) is pure, by
Corollary 8.9. The latter implies that h2,0 = h0,2 hence, except for H3(X,Q), we have hor-
izontal symmetry. The former implies that H1(X,Q) is Poincaré dual to H5(X,Q), which
gives

h1,0 = h0,1 = h3,2 = h2,3.

We need more for further symmetries. If X has rational singularities, then Theorem A
implies

h2,0 = h0,2 = h3,1 = h1,3 and h3,0 = h0,3.

(The hypothesis on rational singularities is necessary, for instance when X is Du Bois with
h0,2 = 0.)

Hence under the rational singularities assumption, the only potential source of non-symmetry
is the middle rhombus (even when the singularities are not isolated). Theorem D states that
its symmetry holds when X is in addition locally analytically Q-factorial, and that this is in
fact equivalent to X being a rational homology manifold. A more precise answer is provided
in [PP25]. First, we have that h1,1 = h2,2 if and only if X is Q-factorial. Finally, we have that
in addition h2,1 = h1,2 if and only if X is locally analytically Q-factorial.

Acknowledgements. We thank Bhargav Bhatt, Brad Dirks, Robert Friedman, Antonella
Grassi, János Kollár, Radu Laza, Laurenţiu Maxim, Rosie Shen, and Duc Vo for valuable
discussions.

B. Preliminaries

1. Du Bois complexes and higher singularities. For a complex variety X, the filtered
de Rham complex (Ω•

X , F ) is an object in the bounded derived category of filtered differential
complexes on X, suggested by Deligne and introduced by Du Bois in [DB81] as a replacement
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for the standard de Rham complex on smooth varieties. For each k ≥ 0, the shifted associated
graded quotient

Ωk
X := grkF Ω•

X [k],

is an object in Db
coh(X), called the k-th Du Bois complex of X. It can be computed in terms

of the de Rham complexes on a hyperresolution of X. Besides [DB81], one can find a detailed
treatment in [GNAPGP88, Chapter V] or [PS08, Chapter 7.3].

Here are a few basic properties of Du Bois complexes that will be used throughout the paper:

• For each k ≥ 0, there is a canonical morphism Ωk
X → Ωk

X , which is an isomorphism if X

is smooth; here Ωk
X are the sheaves of Kähler differentials on X; see [DB81, Section 4.1] or

[PS08, Page 175].

• For each k ≥ 0, the sheaf H0Ωk
X embeds in f∗Ω

k
X̃
, where f : X̃ → X is a resolution of X, so

in particular it is torsion-free; see [HJ14, Remark 3.8].

• There exists a Hodge-to-de Rham spectral sequence

Ep,q
1 = Hq(X,Ωp

X) =⇒ Hp+q(X,C),
which degenerates at E1 if X is projective; see [DB81, Theorem 4.5(iii)] or [PS08, Proposition
7.24]. The filtration on each H i(X,C) given by this spectral sequence coincides with the Hodge
filtration associated to Deligne’s mixed Hodge structure on cohomology.

The Du Bois complexes can be used to produce a hierarchy of singularities, starting with the
standard notions of Du Bois and rational singularities. Following [MOPW23, JKSY22, FL24a,
MP25], if X is a local complete intersection (LCI) subvariety of a smooth variety Y , then it is
said to have m-Du Bois singularities if the canonical morphisms Ωp

X → Ωp
X are isomorphisms

for all 0 ≤ p ≤ m, and m-rational singularities if the canonical morphisms Ωp
X → DX(Ωn−p

X )
are isomorphisms for all 0 ≤ p ≤ m, where DX(·) := RHom( · , ωX).

For non-LCI varieties these conditions are too restrictive, as explained in [SVV23], where
new definitions are introduced in the general setting. However, it is often sufficient to consider
weaker notions obtained by removing the conditions in cohomological degree 0.

Definition 1.1. One says that X has pre-m-Du Bois singularities if

HiΩp
X = 0 for all i > 0 and 0 ≤ p ≤ m,

and that it has pre-m-rational singularities if

Hi(DX(Ωn−p
X )) = 0 for all i > 0 and 0 ≤ p ≤ m.

General m-Du Bois and m-rational singularities require further conditions; see [SVV23].
They agree with the classical notions when m = 0, and with the definitions mentioned above
in the local complete intersection case.

Later we will discuss the relationship between these types of singularities and intersection
complexes, which in turn will reveal a precise connection with the topology of the manifold.
One significant consequence, see Theorem A, will be that a variety with normal pre-m-rational
singularities such that m ≥ (n− 2)/2 is a rational homology manifold.

2. Local cohomological defect. Let X be an equidimensional variety of dimension n. If Y
is a smooth variety containing X (locally), the local cohomological dimension of X in Y is

lcd(X,Y ) := max {q | Hq
XOY ̸= 0}.

Here Hq
XOY is the q-th local cohomology sheaf of OY along X. These sheaves also satisfy the

property
codimY X := min {q | Hq

XOY ̸= 0}.
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A discussion of this circle of ideas can be found for instance in [MP22, Section 2.2], where it
is explained in particular that

(2.1) lcd(X,Y ) ≤ r(X,Y ),

where r(X,Y ) is the minimal number of defining equations for X in Y .

As in [PS25], [PSV24], we consider the local cohomological defect lcdef(X) of X as

lcdef(X) := lcd(X,Y )− codimY X.

The topological characterization of lcd(X,Y ) in [Ogu73], or its holomorphic characterization
in [MP22], imply that lcdef(X) depends only on X, and not on the embedding, and that
0 ≤ lcdef(X) ≤ n.

For instance, as explained in [PS25, Section 2], a reinterpretation of the characterization of
local cohomological dimension in [MP22, Theorem E], that makes the relationship with Hodge
theory apparent, is stated as follows:

Theorem 2.2. We have the identity

lcdef(X) = n−min
k≥0

{depth Ωk
X + k}.

Here we will be more often concerned with the topological interpretation of lcdef(X), more
precisely with its more modern interpretation via Riemann-Hilbert correspondence and the
perverse t-structure on the bounded derived category Db

c(X,Q) of Q-sheaves on X with con-
structible cohomologies, as formulated in [RSW23] and [BBL+23].

Theorem 2.3 ([Ogu73, Theorem 2.13], [RSW23, Theorem 1], [BBL+23, Section 3.1]). We
have the identity

lcdef(X) = max {j ≥ 0 | pH−j(QX [n]) ̸= 0}.4

Note that thanks to (2.1) we have

(2.4) lcdef(X) ≤ s(X) := r(X,Y )− codimY X.

The quantity on the right hand side measures the defect of being a local complete intersection.
When X is so, we obviously have lcdef(X) = 0. We will see that in many respects the topology
of X is best behaved when this condition is satisfied, or in any case when lcdef(X) is small.
Interestingly, this can happen for varieties that may be quite far from being local complete
intersections.

Example 2.5 (Varieties with lcdef(X) = 0). Besides local complete intersections, the condi-
tion lcdef(X) = 0 it is known to hold when X has quotient singularities (see [MP22, Corollary
11.22], or use the known fact that X is a rational homology manifold), for affine varieties with
Stanley-Reisner coordinate algebras that are Cohen-Macaulay [MP22, Corollary 11.26], and for
arbitrary Cohen-Macaulay surfaces and threefolds in [Ogu73, Remark p.338-339] and [DT16,
Corollary 2.8] respectively.

More generally, Dao-Takagi [DT16, Theorem 1.2] show that for k ≤ 3 one has

depth OX ≥ k =⇒ lcdef(X) ≤ n− k

This does not continue to hold for k ≥ 4, but for instance it implies that a Cohen-Macaulay
fourfold satisfies lcdef(X) ≤ 1. Moreover, in this case we do have lcdef(X) = 0 if the local
analytic Picard groups are torsion [DT16, Theorem 1.3].

Section 15 is devoted to further similar criteria in higher dimension.

4We include the shift for compatibility with the theory of perverse sheaves and Hodge modules, used later
on.
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3. Intersection complex, rational homology manifolds, condition Dm. Let X be a
complex variety of dimension n. The trivial Hodge module QH

X [n] is an object in the derived
category of mixed Hodge modules on X, with cohomologies in degrees ≤ 0. We also have the
intersection complex ICH

X , a simple pure Hodge module of weight n. The top degree of the
weight filtration on H0QH

X [n] is n, and there is a composition of quotient morphisms

(3.1) γX : QH
X [n] → H0QH

X [n] → ICH
X ≃ grWn H0QH

X [n].

For details on all of this, please see [Sai90, Section 4.5].

Thanks to Theorem 2.3, we know that the degree of the lowest nontrivial cohomology of
QH

X [n] is equal to −lcdef(X), i.e.

(3.2) lcdef(X) = max {j ≥ 0 | H−j(QH
X [n]) ̸= 0}.

Saito [Sai00, Theorem 0.2] proved that the Du Bois complexes of X can be identified up to
shift with the graded pieces of the de Rham complex of QH

X [n], namely

Ωk
X ≃ grF−kDR(QH

X [n])[k − n].

We consider the formal analogue in the case of the intersection complex.

Definition 3.3. The intersection Du Bois complex IΩk
X of an equidimensional variety X of

dimension n is the graded de Rham complex of the Hodge module ICH
X shifted by [k − n]:

IΩk
X := grF−kDR(ICH

X)[k − n].

We note an important property of IΩk
X , used in [KS21] to prove results on the extension of

holomorphic forms (see also [Par23]).

Lemma 3.4 ([KS21, (8.4.1) and Proposition 8.1]). Let X be an equidimensional variety of

dimension n. Then for any resolution of singularities f : X̃ → X, we have that IΩk
X is a

direct summand of Rf∗Ω
k
X̃
, so in particular its cohomologies are supported in non-negative

degrees. Moreover, there is an isomorphism

f∗Ω
k
X̃

≃ H0IΩk
X .

Since any associated graded of the de Rham complex of a Hodge module with respect to the
Hodge filtration lives in nonpositive degrees, it is clear by definition that we also have

HiIΩk
X = 0 for i > n− k.

Several other properties of these complexes are studied in [PSV24].

A rational homology manifold (or RHM) is classically defined by the fact that the homology
of the link of each singularity of X is the same as that of a sphere. It is however known (see
[BM83]) that this is equivalent to the fact that the map γX : QH

X [n] → ICH
X is an isomorphism.

We thus have the implication

X is an RHM =⇒ lcdef(X) = 0.

This is usually not an equivalence. For instance, any normal surface has lcdef(X) = 0; however,
when X is Du Bois, the RHM condition is equivalent to X having rational singularities (see
Theorem 11.1).

Applying the functor grF−kDR to γX in (3.1) yields morphisms

(3.5) γk : Ωk
X → IΩk

X .

It is straightforward to see the following:
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Lemma 3.6. The variety X is a rational homology manifold if and only if γk is an isomorphism
for all k.

A crucial point will be to study what happens when the γk are isomorphisms only in a
certain range. It will be convenient to introduce notation that keeps track of this, and will be
used repeatedly throughout the paper.

Definition 3.7 (Condition Dm). We say that X satisfies condition Dm if the morphisms
γp : Ωp

X → IΩp
X are isomorphisms for all 0 ≤ p ≤ m. For simplicity, we will sometimes write

Ωp
X = IΩp

X to mean this.

Remark 3.8 (Notation). The reason for this notation is the following: it is quite well known
by now that the condition in the definition above is equivalent to requiring that the natural
duality morphisms

Ωp
X → DX(Ωn−p

X )

are isomorphisms for 0 ≤ p ≤ m; see e.g. the proof of [PSV24, Proposition 9.4]. Thus Dm,
which is perhaps more natural in the context of the latter condition, stands for duality up to
level m. In the previous version of this paper [PP24] we called this condition (∗)m, but the
current notation seems more suggestive. Note that condition Dm is also studied, in the latter
form, and in terms of an invariant denoted HRH(X), in the recent [DOR25].

In particular, note that X has m-rational singularities if and only if it has m-Du Bois
singularities and satisfies condition Dm, and having m-rational singularities is typically strictly
stronger than condition Dm. As a toy illustration, a variety with rational singularities satisfies
OX ≃ Ω0

X ≃ IΩ0
X ≃ Rf∗OX̃

, while condition D0 only says that Ω0
X ≃ IΩ0

X ≃ Rf∗OX̃
, where

f : X̃ → X is a resolution. Moreover, we have

Proposition 3.9 ([PSV24, Proposition 9.4]). If X is normal, with pre-m-rational singularities,
then X satisfies condition Dm.

In fact, the converse is also known under the pre-m-Du Bois assumption; see [DOR25,
Sections 4, 5], and earlier [CDM24, Theorem 3.1] for local complete intersections.

Remark 3.10 (Defect). Given Lemma 3.6, for the largest m such that X satisfies condition Dm,
it may be tempting to think of n−m as a rational homology manifold defect of X. Proposition
7.4 will show however that such a defect is more accurately described by the quantity ⌈n−2

2 ⌉−m.

For many topological and Hodge theoretic arguments, the key assumption is Dm, as we will
see throughout the paper. The stronger rationality conditions are related to the finer analytic
properties of the singularities.

4. Hodge-Du Bois numbers and intersection Hodge numbers. Let X be a projective
variety of dimension n. The ordinary cohomology Hp+q(X,Q) has a mixed Hodge structure
with (increasing) Hodge filtration F•, and as for smooth varieties, the Hodge numbers hp,q are
defined by

hp,q(X) := dimC grF−pH
p+q(X,C).

As mentioned in Section 1, these are also computed by the hypercohomologies of the Du Bois
complexes Ωp

X , in the sense that

Hp,q(X) := Hq(X,Ωp
X) = grF−pH

p+q(X,C).

Therefore, to emphasize the singular setting and the difference with the Hodge-Deligne num-
bers of the pure Hodge structures on the associated graded pieces with respect to the weight
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filtration, one sometimes refers to them as Hodge-Du Bois numbers. As in the smooth setting,
they organize themselves into a Hodge-Du Bois diamond :

hn,n

hn,n−1 hn−1,n

. .
. ...

. . .

hn,0 hn−1,1 . . . h1,n−1 h0,n

. . .
... . .

.

h1,0 h0,1

h0,0

To understand the symmetries of this diamond, one of the key tools is the comparison with
intersection cohomology, by means of the intersection complex Hodge module ICH

X and the
graded pieces of its filtered de Rham complex, considered in the previous section. We denote
the intersection cohomology of X by IH •(X). We have

IH i+n(X,C) = Hi(X, ICX),

and by Saito’s theory [Sai88, Sai90], this carries a pure Hodge structure. We set

IH p,q(X) := grF−pIH
p+q(X,C) = Hq(X, IΩp

X)

and the intersection Hodge numbers of X are defined as

Ihp,q(X) := dimC IH p,q(X).

Intersection cohomology also satisfies Poincaré duality, so altogether it has the full Hodge
symmetry

Ihp,q(X) = Ihq,p(X) = Ihn−p,n−q(X) = Ihn−q,n−p(X).

Applying Hq(X, · ) to the morphism γp in the previous section induces the natural map

Hp,q(X) → IH p,q(X),

which in turn is a Hodge piece of the natural topological map

Hp+q(X,C) → IH p+q(X,C).

The more agreement there is between singular cohomology and intersection cohomology via
these mappings, the more symmetry we have in the Hodge-Du Bois diamond.

Lemma 4.1. If X satisfies condition Dm, we have

Hp,q(X) = IH p,q(X) for all 0 ≤ p ≤ m and 0 ≤ q ≤ n.

This culminates in the case of rational homology manifolds (see Lemma 3.6), when the two
agree completely.

It is also worth noting that simply due to the fact that they are the (total) Hodge numbers
of the Hodge filtration on a mixed Hodge structure, the Hodge-Du Bois numbers satisfy some
universal numerical inequalities, as noted by Friedman and Laza.
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Lemma 4.2 ([FL24a, Lemma 3.23]). Let X be a complex projective variety of dimension n.
For all 0 ≤ p ≤ i ≤ n we have

p∑
a=0

hi−a,a(X) ≤
p∑

a=0

ha,i−a(X).

Moreover, equality holds for all 0 ≤ p ≤ m ⇐⇒ hi−p,p(X) = hp,i−p(X) for all 0 ≤ p ≤ m
⇐⇒ grpFWi−1H

i(X,C) = 0 for all p ≤ m.

This contains the well-known fact that the Hodge structure on H i(X,Q) is pure if and only
if hi−p,p(X) = hp,i−p(X) for all 0 ≤ p ≤ i, which will be used repeatedly throughout the paper.

5. Some generalities on mixed Hodge modules. We begin by stating a general lemma
which shows the existence of a morphism from an object in the derived category of mixed
Hodge modules to its top weight graded complex. This will be used to control the weight of
the key object considered in this paper, the RHM-defect defined in the next section.

Lemma 5.1. Let M• ∈ DbMHM(X) be an object of weight ≤ m in the derived category of
mixed Hodge modules on X, in other words

grWi Hj(M•) = 0 for i > j +m.

Then there exists a morphism

M• →
⊕
i

grWm+iHi(M•)[−i]

in DbMHM(X) such that the induced morphism of cohomologies

Hi(M•) → grWm+iHi(M•)

is the natural quotient morphism obtained from the fact that Wm+iHi(M•) = Hi(M•).

Proof. From basic properties of mixed Hodge modules, we have

HomDbMHM(X)(M•,N •) = 0

when M• is of weight ≤ w and N • is of weight > w for some integer w (see [PS08, Lemma
14.3] or [Sai90, 4.5.3]). Using this, we proceed by induction on the number of elements in the
set

S(M•) :=
{
i | grWm+iHi(M•) ̸= 0

}
.

When |S(M•)| = 0, the lemma is immediate. Suppose |S(M•)| is positive. Let k be the
largest integer in S(M•). Consider the following distinguished triangle

τ≤kM• → M• → Q• +1−−→
where τ≤kM is a canonical truncation whose cohomologies are supported on degrees ≤ k.
Therefore, there exists a long exact sequence

→ Hom(M•, grWm+kHk(M•)[−k]) → Hom(τ≤kM•, grWm+kHk(M•)[−k])

→ Hom(Q•[−1], grWm+kHk(M•)[−k]) →

Since Q• is of weight ≤ m− 1, its shift Q•[−1] is of weight ≤ m− 2. Hence,

Hom(Q•[−1], grWm+kHk(M•)[−k]) = 0

and the natural surjection τ≤kM• → grWm+kHk(M•)[−k] lifts to a morphism

M• → grWm+kHk(M•)[−k].
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We extend this morphism to a distinguished triangle

R• → M• → grWm+kHk(M•)[−k]
+1−−→ .

Then, S(M•) = S(R•) ∪ {k}. By induction hypothesis, there exists a morphism

R• →
⊕
i

grWm+iHi(R•)[−i] =
⊕
i ̸=k

grWm+iHi(M•)[−i]

and this morphism lifts to a morphism

M• →
⊕
i ̸=k

grWm+iHi(M•)[−i],

because Hom(grWm+kHk(M•)[−k− 1],
⊕

i gr
W
m+iHi(R•)[−i]) = 0. Indeed, grWm+kHk(M•)[−k−

1] has weight m − 1 and
⊕

i gr
W
m+iHi(R•)[−i] has weight m. Combining two morphisms, we

obtain a morphism

M• →
⊕
i

grWm+iHi(M•)[−i]

in DbMHM(X), and this completes the proof. □

In a different direction, given a polarizable Q-Hodge structure (V, F•) of weight m, we have
a Hodge decomposition

VC := V ⊗Q C =
⊕

p+q=m

V p,q, V p,q ≃ grF−pVC,

such that V p,q = V q,p. (Recall that we are using the increasing convention for the Hodge
filtration.) In particular, this implies that if V p,q = 0 for p ≤ k, then V p,q = 0 for p ≥ m− k.
In other words, if grF−pV = 0 for p ≤ k, then this also holds for p ≥ m − k. It is easy to see
that this remains true for mixed Q-Hodge structures of weight ≤ m, and this generalizes to
mixed Hodge modules in the following sense.

Proposition 5.2. Let M ∈ MHM(X) be a mixed Hodge module on X of weight ≤ m. If

grF−pDR(M) = 0 for p ≤ k,

then this also holds for p ≥ m− k.

Proof. We prove this by induction on the dimension of Supp(M).

The initial case, when M is a mixed Q-Hodge structure of weight ≤ m supported at a point,
is explained in the previous paragraph. Suppose dim(Supp(M)) ≥ 1.

Since the statement is local, we assume that X is embeddable in a smooth quasi-projective
variety Y . For a very general hyperplane section ι : L ↪→ Y , we denote ML := H−1(ι∗M).
Then ML is of weight ≤ m− 1 (see [Sai90, 4.5.2]). According to Lemma 5.3 below, we have a
distinguished triangle

N∗
L/Y ⊗OL

grF−p+1DR(ML) → OL ⊗OY
grF−pDR(M) → grF−pDR(ML) [1]

+1−−→ .

Since grF−pDR(ML) = 0 for p ≪ 0, it is easy to see that grF−pDR(ML) = 0 for p ≤ k by an
inductive argument.

By induction hypothesis, we have grF−pDR(ML) = 0 for p ≥ m − 1 − k. Therefore, the
distinguished triangle implies that

OL ⊗OY
grF−pDR(M) = 0

for p ≥ m − k. Hence, the cohomologies of grF−pDR(M) are supported at closed points of X
for p ≥ m− k.
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Let p0 be a largest integer such that grF−p0DR(M) is nonzero. In other words, −p0 is
the index of the first nonzero term in the Hodge filtration of M. It suffices to show that
p0 ≤ m − k − 1. We argue by contradiction that p0 ≥ m − k. If (M,F•M,W•M) is the
underlying filtered DY -module of M, then F−p0−1M = 0 and

grF−p0DR(M) ≃ F−p0M.

See [Par23, Section 3] for details. By the compatibility and strictness of Hodge filtration F•
and weight filtration W•, [Sai88, Lemme 5], there exists an integer w ≤ m such that

F−p0gr
W
w M ̸= 0.

Since the category of pure Hodge modules is semisimple, [Sai88, Lemme 5], grWw M decom-
poses into irreducible Hodge modules

grWw M ≃
⊕
i

Mi.

Hence, there exists one component M0 with the underlying filtered DY -module (M0, F•M0)
such that F−p0M0 ̸= 0, and F−p0M0 is supported at a closed point x of X. From the basic
property of irreducible Hodge modules, M0 is a Hodge module corresponding to the minimal
extension of an irreducible polarizable variation of Q-Hodge structures supported on a subvari-
ety of X. Therefore, M0 is a Hodge module corresponding to a polarizable Q-Hodge structure
(V, F•) of weight w, supported at x ∈ X, with F−p0VC ̸= 0. This implies that grF−w+p0VC ̸= 0.

Passing to duals, DM0 is a subquotient of DM, corresponding to a Q-Hodge structure
DV supported at a point x ∈ X, with grFw−p0(DV )C ̸= 0. Again, by the compatibility and
strictness of Hodge filtration and weight filtration, the index of the first nonzero term in the
Hodge filtration of DM is at most w − p0. On the other hand, we have

grFp′DR(DM) = 0 for p′ ≤ k

from the duality formula (see e.g. [Par23, Lemma 3.2]). Therefore, we have k < w − p0, and
thus p0 ≤ m− k − 1. This completes the proof. □

Finally, for repeated use, we recall a useful lemma about the restriction of the graded
quotients of the de Rham complex to a very general hypersurface; see [KS21, Proposition 4.17]
and [Sch16, 13.3].

Lemma 5.3. Let Y be a quasi-projective variety, and ι : L ↪→ Y a very general hyperplane
section. For a mixed Hodge module M ∈ MHM(Y ), we have a short exact sequence of com-
plexes

0 → N∗
L/Y ⊗OL

grFp+1DR(ML) → OL ⊗OY
grFp DR(M) → grFp DR(ML) [1] → 0

where ML = H−1(ι∗M).

C. Hodge-Du Bois symmetry I

6. The RHM defect object. We introduce now the crucial ingredient we use in order to
compare singular cohomology and intersection cohomology. Throughout this section X is an
equidimensional variety of dimension n.

Definition 6.1. The RHM-defect object of X is the object K•
X ∈ DbMHM(X) sitting in the

distinguished triangle:

(6.2) K•
X −→ QH

X [n]
γX−→ ICH

X
+1−−→ .
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Thus X is a rational homology manifold if and only if K•
X = 0. Moreover, by (3.2),

lcdef(X) = 0 ⇐⇒ Hj(K•
X) = 0 for j ̸= 0.

Remark 6.3. In this latter case, or equivalently when QX [n] is perverse, the Q-perverse sheaf
underlying K•

X has already appeared as the “multiple-point complex” in [HM16]. It was
later studied as the “comparison complex”, for instance in [Hep19] and [Mas22], primarily to
investigate the topology of hypersurfaces.

Some fundamental properties of K•
X are summarized in the following:

Proposition 6.4. For all integers i, we have

dim
(
Supp

(
HiK•

X

))
≤ n+ i− 1.

Additionally, K•
X is of weight ≤ n− 1, in other words

grWi Hj(K•
X) = 0 for i > j + n− 1.

Here, the support of a mixed Hodge module is the support of the underlying D-module or
perverse sheaf.

Proof. When n = 0, that is X is a union of closed points, then clearly K•
X = 0. We assume

n ≥ 1.

Since the statements are local, we may assume that X is embeddable in a smooth variety.
From the local Lichtenbaum theorem ([Har68, Theorem 3.1] or [Ogu73, Corollary 2.10]), we
have that lcd(X,Y ) ≤ dimY − 1 for any closed embedding X ↪→ Y into a smooth variety
(see also [MP22, Corollary 11.9]). By the Riemann-Hilbert correspondence (see e.g. [RSW23,
Theorem 1]) this translates into

H−n
(
QH

X [n]
)
= 0.

This implies that H−nK•
X = 0. By Lemma 6.6 below, on the behavior of K•

X with respect to
taking very general hyperplane sections, it is then straightforward to conclude by induction
that

dim
(
Supp

(
HiK•

X

))
≤ n+ i− 1.

It remains to prove that K•
X is of weight ≤ n − 1. From [Sai90, 4.5.2] we know that the

object QH
X [n] ∈ DbMHM(X) is of weight ≤ n, hence so is K•

X . By Lemma 5.1, we have a
morphism

QH
X [n] →

⊕
i

grWn+iHi(QH
X [n])[−i].

If i < 0, then grWn+iHi(QH
X [n]) = grWn+iHi(K•

X) is a pure Hodge module supported on a subvari-
ety Z of dimension ≤ n+ i− 1 (as shown above). If ι : Z ↪→ X denotes the closed embedding,
by adjunction we have

HomDbMHM(X)(QH
X [n], grWn+iHi(QH

X [n])[−i]) = HomDbMHM(X)(ι∗QH
Z [n], grWn+iHi(QH

X [n])[−i]).

Since Z is of dimension ≤ n + i − 1, we obtain ι∗QH
Z [n] ∈ D≤i−1MHM(X), meaning its

cohomologies are supported on degrees ≤ i− 1. On the other hand, grWn+iHi(QH
X [n])[−i] is an

object whose only nonzero cohomology is in degree i. Therefore,

HomDbMHM(X)(QH
X [n], grWn+iHi(QH

X [n])[−i]) = 0

when i < 0. This implies that

grWn+iHi(K•
X) = 0

for all i, and thus, K•
X is of weight ≤ n− 1. □
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Remark 6.5 (Weber’s theorem). When X is projective, the long exact sequence of hyperco-
homology associated to (6.2) induces

→ Hi(X,K•
X [−n]) → H i(X,Q) → IH i(X,Q) → .

Using the fact that K•
X is of weight ≤ n − 1, we recover [Web04, Theorem 1.8], which states

that
kernel

(
H i(X,Q) → IH i(X,Q)

)
= Wi−1H

i(X,Q).

See also [Max19, Exercise 11.3.9].

We next describe the behavior of K•
X upon restriction to a very general hyperplane section,

analogous to the behavior of the intersection complex described in [KS21, Proposition 4.17]
(cf. also [Par23, Section 6.2]).

Lemma 6.6. Assume that X is embedded in a smooth quasi-projective variety Y . For a very
general hyperplane ι : L ↪→ Y , we have an isomorphism

ι∗K•
X ≃ K•

X∩L[1],

and there exists a distinguished triangle

N∗
L/Y ⊗OL

grFp+1DR(K•
X∩L) → OL ⊗OY

grFp DR(K•
X) → grFp DR(K•

X∩L) [1]
+1−−→

in Db
coh(L,OL), where N∗

L/Y is the conormal bundle of L ⊂ Y .

Proof. Since L is chosen to be very general, the embedding ι : L ↪→ Y is non-characteristic for
ICH

X . This implies that

ι∗ICH
X ≃ ICH

X∩L[1]

by Saito’s theory [Sai90] (or see [Sch16, Theorem 8.3]). Therefore, the pullback of the distin-
guished triangle (6.2) yields another distinguished triangle

ι∗K•
X → QH

X∩L[n] → ICH
X∩L[1]

+1−−→ .

The morphism QH
X∩L[n] → ICH

X∩L[1] is an isomorphism on the smooth locus of X ∩ L, which

implies that this morphism is the natural morphism QH
X∩L[n − 1] → ICH

X∩L shifted by [1].
Therefore, we have an isomorphism

ι∗K•
X ≃ K•

X∩L[1].

Suppose K•
X is represented by a complex of mixed Hodge modulesM• on Y . Since ι : L ↪→ Y

is chosen to be very general, Lemma 5.3 applies to each term of the complex M•. This induces
the short exact sequence

0 → N∗
L/Y ⊗OL

grFp+1DR(M•
L) → OL ⊗OY

grFp DR(M•) → grFp DR(M•
L) [1] → 0.

From the isomorphism ι∗K•
X ≃ K•

X∩L[1], the object K•
X∩L is represented by the complex

M•
L. Therefore, we obtain the distinguished triangle in the statement. □

The next natural step is to apply the graded de Rham functor grF−kDR( · ) to (6.2). This
leads to the following distinguished triangle

(6.7) grF−kDR(K•
X) → Ωk

X [n− k] → IΩk
X [n− k]

+1−−→

in Db
coh(X). In other words,

grF−kDR(K•
X)[k − n− 1] = Cone

(
γk : Ω

k
X → IΩk

X

)
.

We obviously have the equivalence

Dm ⇐⇒ grF−pDR(K•
X) = 0 for all 0 ≤ p ≤ k,
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in which case, according to Lemma 4.1, when X is projective we have Hp,q(X) = IH p,q(X) for
all 0 ≤ q ≤ n.

Understanding the vanishing of various cohomologies of grF−kDR(K•
X), or conditions on the

dimension of the support of these cohomologies, provides a useful tool towards refining this
type of implication in order to include further Hodge numbers. We first analyze vanishing
statements.

Lemma 6.8. We have

grF−kDR(K•
X) = 0 for all k /∈ [0, n− 1].

When k ∈ [0, n− 1], we have

HigrF−kDR(K•
X) = 0 for all i ≤ k − n and i > 0.

In other words, the cohomologies of grF−kDR(K•
X) are supported on degrees [k − n+ 1, 0].

Proof. It is clear from the definition that Ωk
X = 0 for k /∈ [0, n]. Likewise, we have IΩk

X = 0
for k /∈ [0, n], for instance from Lemma 3.4. Therefore, grF−kDR(K•

X) = 0 for all k /∈ [0, n]. The
vanishing for k = n in the first statement of the Lemma is contained in the rest of the proof.

Claim 1. For k ∈ [0, n], we have HigrF−kDR(K•
X) = 0 for all i > 0.

Recall from the beginning of Section 3 that the perverse cohomologies of QH
X [n] are supported

on non-positive degrees, and the morphism γX is the composition of quotient morphisms

QH
X [n] → H0QH

X [n] → ICH
X = grWn H0QH

X [n].

Hence, the cohomologies of K•
X are supported in non-positive degrees. Using the canonical

truncation at degree 0, the object K•
X can be represented by a complex of mixed Hodge

modules supported in non-positive degrees, hence the cohomologies of grF−kDR(K•
X) are also

supported in non-positive degrees.

Claim 2. For k ∈ [0, n], we have HigrF−kDR(K•
X) = 0 for all i ≤ k − n.

From Lemma 3.4, we have HiIΩk
X = 0 for i < 0, and we know that HiΩk

X = 0 for i < 0 as
well. Using the distinguished triangle (6.7), it suffices to prove that the morphism

H0Ωk
X → H0IΩk

X

is an injection. But this is clear from the fact that H0Ωk
X is torsion-free (see Section 1), as the

two sheaves are naturally isomorphic on the smooth locus of X.

Claims 1 and 2 complete the proof of the Lemma. □

In order to say more, we make use of the following simple general fact:

Lemma 6.9. Let X be a projective variety and C• ∈ Db
coh(X) be an object in the derived

category of coherent sheaves on X. If for some non-negative integer m we have

dim
(
Supp

(
HiC•)) ≤ m− i for all i,

then

Hq (X, C•) = 0 for all q > m.

Proof. Consider the spectral sequence

Ei,j
2 = Hi(X,HjC•) =⇒ Hi+j(X, C•).

If i+ j > m, then Ei,j
2 = 0 by our hypothesis. Therefore, Hq(X, C•) = 0 for q > m. □
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In particular, if for fixed p and k we happen to have

(6.10) dim
(
Supp

(
H−n+p+igrF−pDR(K•

X)
))

≤ n− i− k − 1 for all i,

then
Hq

(
X, grF−pDR(K•

X) [p− n]
)
= 0 for all q ≥ n− k.

Therefore, by the long exact sequence of hypercohomologies induced by (6.7), we have

Hq(X,Ωp
X) = Hq(X, IΩp

X) for all q ≥ n− k.

The crucial point is that (6.10) for a certain range of p is in fact sufficient to establish this
for all p, as described in the following:

Proposition 6.11. Suppose that for a non-negative integer k, (6.10) is satisfied for all 0 ≤
p ≤ k. Then the same inequality (6.10) holds in fact for all 0 ≤ p ≤ n, that is

dim
(
Supp

(
H−n+p+igrF−pDR(K•

X)
))

≤ n− i− k − 1, for all i and all p ∈ [0, n].

If furthermore X is projective, then we consequently have

Hq(X,Ωp
X) = Hq(X, IΩp

X)

for all 0 ≤ p ≤ n and n− k ≤ q ≤ n, so in particular hp,q(X) = Ihp,q(X) in this range.

We follow the convention that the dimension of the empty set is −∞.

Proof. The claims in the projective case are immediate from the argument that precedes the
statement of the Proposition. Therefore it suffices to prove the following claim, which we do
by induction on the dimension n.

Claim. If (6.10) holds for all 0 ≤ p ≤ k, then (6.10) holds for all 0 ≤ p ≤ n.

The base case n = k is trivial, so we assume n > k. Note that the statement (6.10) is local,
so we may assume that X is embeddable in a smooth quasi-projective variety Y . We take a
very general hyperplane section ι : L ↪→ Y . From the distinguished triangle

N∗
L/Y ⊗OL

grF−p+1DR(K•
X∩L) → OL ⊗OY

grF−pDR(K•
X) → grF−pDR(K•

X∩L) [1]
+1−−→

provided by Lemma 6.6, we have a long exact sequence of cohomologies

(6.12) → OL ⊗OY
H−n+p+igrF−pDR(K•

X) → H−(n−1)+p+igrF−pDR(K•
X∩L)

→ N∗
L/Y ⊗OL

H−(n−1)+p+igrF−p+1DR(K•
X∩L) →

Note that we have grF1 DR(K•
X∩L) = 0 by Lemma 6.8. Combined with the sequence above,

this implies that (6.10) holds for X ∩ L and p = 0, that is

dim
(
Supp

(
H−(n−1)+igrF0 DR(K•

X∩L)
))

≤ (n− 1)− i− k − 1, for all i.

Since (6.10) holds for X and 0 ≤ p ≤ k, it is then straightforward to see, by induction on p
and using (6.12), that (6.10) also holds for X ∩ L and 0 ≤ p ≤ k.

Thus, by the induction hypothesis on n, we conclude that (6.10) holds for X ∩ L and
0 ≤ p ≤ n− 1. Using this and (6.12), we have

dim
(
Supp

(
H−n+p+igrF−pDR(K•

X)
))

≤ max {n− i− k − 1, 0} , for all i,

for all 0 ≤ p ≤ n. Therefore, it suffices to prove

H−n+p+igrF−pDR(K•
X) = 0

when n− i− k − 1 < 0 and p > k. In this case, we have −n+ p+ i > 0, and thus Lemma 6.8
completes the proof. □
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7. Hodge symmetry via condition Dm. This section is devoted to the proof of the following
theorem, which thanks to Proposition 3.9 implies the first statement of Theorem A in the
Introduction, answering in particular Laza’s question on the symmetry of Hodge-Du Bois
numbers for higher rational singularities.

Theorem 7.1. Let X be a projective equidimensional variety of dimension n, satisfying con-
dition Dm. Then we have natural identifications

Hp,q(X) = IH p,q(X), Hq,p(X) = IH q,p(X),

Hn−p,n−q(X) = IH n−p,n−q(X), Hn−q,n−p(X) = IH n−q,n−p(X)

for all 0 ≤ p ≤ m and 0 ≤ q ≤ n. In particular, we have

hp,q(X) = hq,p(X) = hn−p,n−q(X) = hn−q,n−p(X)

for all such p and q.

Remark 7.2. The proof will also give the extra conclusion

Hp,q(X) = IH p,q(X), for p = n−m− 1

and all q, under the same hypothesis.

When X has m-rational singularities, the equality of the first three numbers in the last
statement was shown in [FL24a, Theorem 3.24] when X is a local complete intersection, and
in [SVV23, Corollary 4.1] in general.

Remark 7.3 (Rational singularities). Under the assumption Ω0
X ≃ IΩ0

X , we have

h0,q(X) = hq,0(X) = hn,n−q(X) = hn−q,n(X)

for all 0 ≤ q ≤ n, i.e. the symmetry of the boundary of the Hodge-Du Bois diamond. Note
that H0Ω0

X ≃ H0IΩ0
X implies by Lemma 3.4 that the seminormalization Xsn of X is equal to

the normalization of X, as H0Ω0
X ≃ OXsn by [Sai00, Proposition 5.2].

Note that equality of all four numbers is new even under the stronger assumption ofX having
rational singularities, which is equivalent to OX ≃ Ω0

X ≃ IΩ0
X (see e.g. [Par23, Proposition

4.4]).

We start with some preliminaries, where X is not necessarily assumed to be projective,
showing that there are more fundamental symmetries lying behind those of Hodge numbers.

Note first that for an object M• ∈ DbMHM(X) in the derived category of mixed Hodge
modules on X, it is easy to check that the condition

grF−pDR(M•) = 0 for all p ≤ k

is equivalent to the condition

grF−pDR(HiM•) = 0 for all p ≤ k and all i.

This becomes apparent once we consider dual statements: grFp DR(DM•) = 0 for p ≤ k if and

only if the index of the first nonzero term in the Hodge filtration of Hi(DM•) is at least k+1
for all i. When applied to K•

X , this observation leads to the following:

Proposition 7.4. Let X be an equidimensional variety of dimension n, satisfying condition
Dm. Then we additionally have:

(i) Ωp
X = IΩp

X for n−m− 1 ≤ p ≤ n.

(ii) Hi(K•
X) = 0 for i ≤ −n+ 2(m+ 1).
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Proof. The assumption means that grF−pDR(K•
X) = 0 for p ≤ m. As explained in the previous

paragraph, this implies that

grF−pDR(HiK•
X) = 0 for all p ≤ m and all i.

By Proposition 6.4, the i-th cohomology HiK•
X has weight ≤ i+n− 1. Therefore we also have

grF−pDR(HiK•
X) = 0 for all p ≥ i+ n− 1−m and all i

by Proposition 5.2. Recall in addition that HiK•
X = 0 for i > 0, by definition. We deduce that

grF−pDR(K•
X) = 0 for p ≥ n−m− 1, since the same holds for all the cohomologies of K•

X . This
is equivalent to

Ωp
X = IΩp

X for n−m− 1 ≤ p ≤ n.

Additionally, the argument shows that grF−pDR(HiK•
X) = 0 for all p, if i+ n−m− 2 ≤ m.

As a consequence, we have Hi(K•
X) = 0 for i ≤ −n+ 2(m+ 1). □

As an immediate consequence, we record the crucial fact that conditionDm leads to behavior
that is roughly “twice as good” when it comes to measuring the rational homology manifold
condition, or the local cohomological defect. This implies in particular the second part of
Theorem A in the Introduction.

Corollary 7.5. Let X be an equidimensional variety of dimension n, satisfying condition Dm.
Then:

(i) X is a rational homology manifold away from a closed subset of codimension at least 2m+3.

(ii) lcdef(X) ≤ max {n− 2m− 3, 0}.

Proof. By Proposition 7.4, when n ≤ 2m+2 we have K•
X = 0, that is X is a rational homology

manifold. Therefore we also have lcdef(X) = 0.

Suppose now that n ≥ 2m+3. This statement is local, so we assume that X is embeddable
in a smooth quasi-projective variety. Applying Lemma 6.6, condition Dm is preserved under
taking very general hyperplane sections. After taking n − 2m + 2 such hyperplane sections,
the resulting (2m + 2)-dimensional variety is therefore a rational homology manifold. Using
again Lemma 6.6 for the behavior of K•

X under taking very general hyperplane sections, this
implies that X is a rational homology manifold away from a closed subset of codimension at
least 2m+ 3.

Recall next from Proposition 7.4 that Hi(K•
X) = 0 for i ≤ −n + 2(m + 1). Using the

distinguished triangle (6.2) and the fact that ICH
X only has cohomology in degree 0, this implies

that

Hi(QH
X [n]) = 0 for all i ≤ min {−n+ 2(m+ 1),−1} .

According to Theorem 2.3, this gives lcdef(X) ≤ max {n− 2m− 3, 0}. □

We are now ready to prove the main result of the section.

Proof of Theorem 7.1. We consider the long exact sequence of hypercohomology associated to
the distinguished triangle (6.2), that is

· · · → Hk(X,K•
X [−n]) → Hk(X,Q) → IH k(X,Q) → Hk+1(X,K•

X [−n]) → · · ·

By Proposition 6.4, the object K•
X [−n] is of weight ≤ −1, hence the mixed Hodge structure

Hk(X,K•
X [−n]) is of weight ≤ k − 1 (see [Sai90, 4.5.2]). Since

grF−pHk(X,K•
X [−n]) = 0 for p ≤ m,
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the same then holds for p ≥ k−1−m by Proposition 5.2 and the discussion preceding it. This
implies that

grF−pH
k(X,C) = grF−pIH

k(X,C)
for p ≤ m or p ≥ k −m. Hence, Hp,q(X) = IH p,q(X) for p ≤ m or q ≤ m.

By Proposition 7.4, we have Hp,q(X) = IH p,q(X) for p ≥ n −m − 1. By Proposition 6.11,
we have Hp,q(X) = IH p,q(X) for q ≥ n −m. This shows all the natural isomorphisms at the
level of spaces.

Finally, combining all this with the Hodge symmetry of intersection cohomology

Ihp,q(X) = Ihq,p(X) = Ihn−p,n−q(X) = Ihn−q,n−p(X),

we obtain the desired conclusion. □

D. Hodge-Du Bois symmetry II: Weak Lefschetz theorems

8. Weak Lefschetz using the local cohomological defect. The classical Lefschetz hyper-
plane theorem, also known as the weak Lefschetz theorem, states that when X is a smooth
projective variety of dimension n and D is an ample effective Cartier divisor, the restriction
map H i(X,Q) → H i(D,Q) is an isomorphism for i ≤ n− 2 and injective when i = n− 1.

We first record a generalization of this statement that uses the local cohomological defect.
As mentioned in the Introduction, this result should be seen as the joint effort of a number of
authors, starting with Ogus. The proof follows from the Riemann-Hilbert correspondence for
local cohomology and the Artin vanishing theorem [BBD82, Theorem 4.1.1].

Proof of Theorem B. Denote U := X∖D and j : U ↪→ X. According to Theorem 2.3, we have

QU ∈ pD
≥n−lcdef(U)
c (X,Q). We consider the distinguished triangle

j!QU → QX → QD
+1−−→

and its long exact sequence of hypercohomology

· · · → H i
c(U,Q) → H i(X,Q) → H i(D,Q) → · · ·

If we denote by aU : U → pt the constant map to a point, the cohomology with compact
support H i

c(U,Q) is the i-th cohomology of the object aU !QU . Since U is affine, aU ! is a
left perverse exact functor by the generalized version of the Artin vanishing theorem [BBD82,
Theorem 4.1.1]. This implies that

H i
c(U,Q) = 0 for i ≤ n− 1− lcdef(U),

which thanks to the exact sequence above is equivalent to the assertion of the theorem. □

Remark 8.1 (Another approach via vanishing for Du Bois complexes). It is well known
that, at least for well-behaved divisors D in a smooth variety X, the weak Lefschetz theorem is
essentially equivalent to the Kodaira-Nakano vanishing theorem, via the Hodge decomposition.
The same happens in the present context, at least if we use lcdef(X).

If D is a general hyperplane section of X, then for each p there is an exact triangle

Ωp−1
D (−D) → Ωp

X |D → Ωp
D

+1−−→ .

See [SVV23, Lemma 3.2]. Using this and the octahedral axiom, it is not hard to see that we
have an exact triangle

Cp
X,D → Ωp

X → Ωp
D

+1−−→,
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where in turn the object Cp
X,D sits in an exact triangle

(8.2) Ωp
X(−D) → Cp

X,D → Ωp−1
D (−D)

+1−−→ .

On the other hand, there is a dual version of the Nakano vanishing theorem for Du Bois
complexes:5

Theorem 8.3 ([PS25, Theorem 5.1]). If L is an ample line bundle on a projective variety X,
then

Hq(X,Ωp
X ⊗ L−1) = 0 for all p+ q ≤ n− 1− lcdef(X).

Since by generality we have lcdef(D) ≤ lcdef(X), applying this vanishing theorem on both
extremes of (8.2) gives

Hq(X,Cp
X,D) = 0 for all p+ q ≤ n− 1− lcdef(X),

which by the previous triangle is equivalent to the conclusion of Theorem B.

Remark 8.4 (Quasi-projective case). Using [dCM10, Theorem 5.1.2] or [dC12, Theorem
2.0.3] in place of the Artin vanishing theorem in the proof of Theorem B, we obtain a version
for quasi-projective varieties.

Theorem 8.5. Let X be an equidimensional quasi-projective variety of dimension n, and let
D ⊂ X be a general hyperplane section. Then the restriction

H i(X,Q) → H i(D,Q)

is an isomorphism for i ≤ n− 2− lcdef(X ∖D) and injective when i = n− 1− lcdef(X ∖D).

Remark 8.6 (Lefschetz hyperplane theorem for intersection cohomology). We also
recall, for repeated use, the fact that intersection cohomology is known to satisfy the strong
version of the Lefschetz hyperplane theorem.

Theorem 8.7 ([GM88, Section II.6.10]). Let X be an equidimensional (quasi-)projective va-
riety of dimension n, and let D ⊂ X be a general hyperplane section. Then the natural map
of (mixed) Q-Hodge structures given by restriction

IH i(X,Q) → IH i(D,Q)

is an isomorphism for i ≤ n− 2 and injective when i = n− 1.

Stated like this, the theorem incorporates the Hodge structure on intersection cohomology,
coming from the (pure) Hodge module structure on ICH

X in Saito’s work, mentioned previously.
In this setting, there is an isomorphism

(8.8) ι∗ICH
X ≃ ICH

D [1]

when D is transverse to a Whitney stratification of X, and Theorem 8.7 can be seen as a quick
consequence of this fact, precisely along the lines of the proof of Theorem B and Theorem 8.5.

Theorem B has some interesting consequences regarding the purity of Hodge structures.

Corollary 8.9. Let X be an equidimensional projective variety with codim Sing(X) ≥ k + 1.
Then the Hodge structure on H i(X,Q) is pure for i ≤ k − lcdef(X). Moreover, we have

H i(X,Q) ≃ IH i(X,Q) for i ≤ k − 1− lcdef(X),

so in particular H i(X,Q) is Poincaré dual to H2n−i(X,Q) for such i.

5The subtlety here is that, unlike in the smooth case, this vanishing theorem is not the Serre dual of the
typical Nakano-type vanishing theorem for Du Bois complexes, saying that Hq(X,Ωp

X ⊗ L) = 0 for p+ q > n.
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Proof. Note that if U is any open set in X, we have lcdef(U) ≤ lcdef(X), and if D is a
general hyperplane section of X we have lcdef(D) ≤ lcdef(X). Thus by cutting with (n − k)
general hyperplane sections and applying the theorem repeatedly, we can reduce to the case
when D is smooth, when H i(D,Q) is a pure Hodge structure. Moreover, in this case we have
H i(D,Q) ≃ IH i(D,Q), but we always have IH i(X,Q) ≃ IH i(D,Q) by the weak Lefschetz
theorem for intersection cohomology.

Note that since the singular locus of X has dimension at most n − k − 1, we also have
the isomorphism H i(X,Q) ≃ IH i(X,Q) for i ≥ 2n − k, which implies the last assertion as
intersection cohomology satisfies Poincaré duality. □

Example 8.10 (Isolated singularities). When X has isolated singularities we can take k =
n − 1; if moreover lcdef(X) = 0, we obtain that all H i(X,Q) carry pure Hodge structure,
except perhaps Hn(X,Q).

According to Example 2.5, this is the case for instance when X is any Cohen-Macaulay
threefold, or a Cohen-Macaulay fourfold which is locally analytically Q-factorial, with isolated
singularities.

If depth(OX) ≥ 3 in any dimension, then lcdef(X) ≤ n − 3 (again by Example 2.5), and
therefore H2(X,Q) carries pure Hodge structure. (Cf. the Appendix by Srinivas to [GW18]
for this statement for isolated Cohen-Macaulay singularities.)

Example 8.11 (Normal and rational singularities). When X is a projective normal variety,
so that depth(OX) ≥ 2 and hence lcdef(X) ≤ n − 2, the iterative application of Theorem B
implies the injection

H1(X,Q) → H1(C,Q)

where C is a general complete intersection curve in X. Since C is smooth by the normality of
X, this recovers the well-known fact that H1(X,Q) is a pure Hodge structure of weight 1 (see
e.g. [Sai18]). As in the previous example, when X has rational singularities and dimX ≥ 3, we
have lcdef(X) ≤ n− 3, hence a similar procedure recovers the folklore fact that H2(X,Q) is a
pure Hodge structure of weight 2, using the well-known statement that surfaces with rational
singularities are rational homology manifolds.

In the same vein, when X has rational singularities we also obtain that H1(X,Q) and
H2n−1(X,Q) are Poincaré dual. For klt threefolds, this was shown in [GW18, Theorem 5.13(1)].

9. Weak Lefschetz using condition Dm. Taking a different approach towards Lefschetz-
type results, recall from Corollary 7.5 that if U = X ∖ D satisfies condition Dm, which we
recall means that the canonical map Ωp

U → IΩp
U is an isomorphism for 0 ≤ p ≤ m, then we

have the upper bound

(9.1) lcdef(U) ≤ max {n− 2m− 3, 0} .

Theorem B then says that the Lefschetz hyperplane morphism is an isomorphism for 0 ≤ i ≤
min {n− 2, 2m+ 1} and injective for i = min {n− 1, 2m+ 2}.

The following more precise version of Theorem C in the Introduction gives however better
bounds under this assumption, when n ≥ 2m + 3, using the techniques of Sections 6 and
7. Note first that the restriction map H i(X,Q) → H i(D,Q) is a morphism of mixed Hodge
structures, hence it also induces a restriction map

Hp,q(X) = grF−pH
p+q(X,C) → Hp,q(D) = grF−pH

p+q(D,C).

Theorem 9.2. Let X be an equidimensional projective variety of dimension n, and let D be
an ample effective Cartier divisor on X. Suppose that U = X ∖ D satisfies condition Dm.
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Then the restriction map
Hp,q(X) → Hp,q(D)

is an isomorphism when p + q ≤ n − 2 and min {p, q} ≤ m. Moreover, it is injective when
p+ q ≤ n− 1 and min {p, q − 1} ≤ m.

For example, while Theorem B and Theorem 9.2 are equivalent for threefolds with m = 0,
if X is a fourfold and m = 0 (so for instance a fourfold with rational singularities), then in
addition the spaces H0,3(X), H2,1(X) and H3,0(X) satisfy weak Lefschetz. More and more
spaces like this appear as the dimension goes up.

Proof. As in the proof of Theorem B, we consider the long exact sequence of mixed Q-Hodge
structures

· · · → H i
c(U,Q) → H i(X,Q) → H i(D,Q) → · · ·

Denote Hp,q
c (U) := grF−pH

p+q
c (U,C). We then have the corresponding long exact sequence

· · · → Hp,q
c (U) → Hp,q(X) → Hp,q(D) → Hp,q+1

c (U) → · · ·
Therefore, it suffices to prove the following claim.

Claim. When p+ q ≤ n− 1, we have Hp,q
c (U) = 0 for p ≤ m or q ≤ m+ 1.

Recall that by Saito [Sai00, Corollary 4.3], the classical mixed Hodge structure of H i
c(U,Q)

is the same as the mixed Hodge structure obtained from the theory of mixed Hodge modules.
We consider the distinguished triangle (6.2) for U , shifted by [−n]:

K•
U [−n] → QH

U → ICH
U [−n]

+1−−→ .

Denote by aU : U → pt the constant map to a point. Since aU is an affine morphism and
ICU [−n] ∈ pD≥n

c (X,Q), we have

H i(aU !IC
H
U [−n]) = 0 for i ≤ n− 1

by the Artin vanishing theorem [BBD82, Theorem 4.1.1]. This implies the isomorphisms of
mixed Q-Hodge structures

H i(aU !K•
U [−n]) ≃ H i(aU !QH

U ) ≃ H i
c(U,Q)

for i ≤ n− 1.

The assumption Dm for U is equivalent to grF−pDR(K•
U ) = 0 for all p ≤ m. The dual

statement of [Par23, Lemma 3.4] implies that

grF−pDR(aU !K•
U ) = 0

for all p ≤ m; see also [Par23, Lemma 3.2] for the behavior the graded de Rham functor
grFp DR( · ) upon dualizing. Recall now that the category of mixed Hodge modules on the point

pt is equivalent to the category of mixed Q-Hodge structures, so the functor grF−pDR( · ) is

equivalent to the classical graded functor grF−p( · ). Using the strictness of Hodge filtration (see
e.g. [Sai88, Lemme 5]), we deduce that

grF−pH
p+q(aU !K•

U [−n]) = 0

for all p ≤ m.

On the other hand, by Proposition 6.4, K•
U [−n] is of weight ≤ −1. Consequently by [Sai90,

4.5.2], aU !K•
U [−n] is of weight ≤ −1, and so Hp+q(aU !K•

U [−n]) is of weight ≤ p + q − 1.
Therefore, by Proposition 5.2 (or its mixed Q-Hodge structure version), we have

grF−pH
p+q(aU !K•

U [−n]) = 0

for all p ≥ p+ q − 1−m, or equivalently q ≤ m+ 1.
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In conclusion, when p + q ≤ n − 1, we have grF−pH
p+q
c (U,C) = 0 for p ≤ m or q ≤ m + 1.

This completes the proof. □

Remark 9.3 (m = −1, 0). Theorem 9.2 contains interesting information even for arbitrary
varieties, or for those with rational singularities. For an arbitrary variety X, we can set
m = −1. In this case, it says that the restriction

Hp,0(X) → Hp,0(D)

is injective for p ≤ n− 1. Equivalently, in the language of [HJ14], the restriction map of global
sections of h-differentials

H0(X,Ωp
X,h) → H0(D,Ωp

D,h)

is injective for p ≤ n−1. Furthermore, if X∖D has rational singularities, this restriction map
is an isomorphism for p ≤ n− 2, and for q ≤ n− 2 so is the restriction map

H0,q(X) → H0,q(D).

E. Rational homology manifolds

This chapter is devoted to one of the main applications of the techniques in this paper,
namely the analytic characterization of the rational homology manifold condition, the “obvi-
ous” situation in which one has full symmetry of the Hodge-Du Bois diamond. This also relies
on results in the subsequent Appendix, where we address the closely related question of char-
acterizing lcdef(X) as well, hence the range of applicability of results like the weak Lefschetz
Theorem B.

10. Rational homology manifolds and symmetry. Recall that variety X of dimension n
is a rational homology manifold iff the natural morphism QH

X [n] → ICH
X is an isomorphism. In

particular, QX [n] is a perverse sheaf, and therefore by Theorem 2.3 we have that lcdef(X) = 0.
Moreover, when X is projective, it is clear that X has full symmetry of the Hodge-Du Bois
diamond, as singular cohomology coincides with intersection cohomology.

In preparation for the next section (devoted to characterizing rational homology manifolds),
we show that when X has isolated singularities, or more generally when the rational homology
manifold condition is known to hold away from a finite set, we have the following converse:

Theorem 10.1. Let X be a projective variety, which is a rational homology manifold away
from a finite set of points (e.g. with isolated singularities). Then X is a rational homology
manifold if and only if the Hodge-Du Bois diamond of X has full symmetry.

Proof. We only need to show the “if” implication, so we assume that we have full symmetry.
Since X is a rational homology manifold away from a finite set of points, the RHM-defect
object K•

X is supported on this finite set. In particular, its cohomology Hi(K•
X) is a direct

sum of finitely many mixed Hodge modules associated to mixed Hodge structures V H
x for each

point x ∈ X. Its hypercohomology H0(Hi(K•
X)) is a direct sum of V H

x , and vanishes otherwise:

H̸=0(Hi(K•
X)) = 0. This implies that K•

X is zero if and only if its every hypercohomology
vanishes, which we now aim to prove.

To begin with, we have Hi(K•
X) = 0 for i ≥ 1, since Hi(K•

X) = 0 for i ≥ 1. From the long
exact sequence of hypercohomology associated to the triangle (6.2), we obtain

H i(X,Q) ≃ IH i(X,Q) for all i > n

and the natural surjection

Hn(X,Q) ↠ IH n(X,Q).
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Additionally, from the symmetry hypothesis, H i(X,Q) is a pure Hodge structure of weight i
for all i; see e.g. Lemma 4.2. This implies the natural inclusion

H i(X,Q) ↪→ IH i(X,Q)

for all i, by Weber’s theorem (see Remark 6.5). Again from the symmetry hypothesis, we have
hi(X) = h2n−i(X) = Ih2n−i(X) = Ihi(X) when i < n. We thus have natural isomorphisms

H i(X,Q) ≃ IH i(X,Q) for all i.

Therefore, the hypercohomology Hi(K•
X) vanishes for all i, which completes the proof. □

11. Criteria for surfaces. Theorem 10.1 applies in particular to normal surfaces. This sec-
tion serves as a warm-up, where in addition we characterize the RHM condition among normal
Du Bois surfaces. We will then proceed to characterizing this condition among varieties with
rational singularities in dimension three and higher.

It is well known that surfaces with rational singularities are rational homology manifolds.
Here we prove the following more precise result.

Theorem 11.1. Let X be a normal projective surface. Then the following are equivalent:

(i) X is a rational homology manifold.

(ii) The Hodge-Du Bois diamond of X satisfies full symmetry, i.e.

hp,q(X) = hq,p(X) = h2−p,2−q(X) = h2−q,2−p(X)

for all 0 ≤ p, q ≤ 2.

If in addition X has Du Bois singularities, then they are also equivalent to:

(iii) X has rational singularities.6

The first equivalence in Theorem 11.1 is a special case of Theorem 10.1; indeed, since X is
normal, the singularities are isolated.

As mentioned earlier, surfaces with rational singularities are rational homology manifolds;
this also follows from Corollary 7.5. Assume now that X is Du Bois and has full symmetry of
the Hodge diamond. The fact that X must have rational singularities follows from the Lemma
below, a simple application of the Leray spectral sequence. Note that when X is Du Bois, the
identities in the hypothesis of the Lemma are equivalent to the symmetry

h0,i(X) = hn,n−i(X) for all i ≤ 3,

since Ωn
X ≃ Rf∗ωX̃

(always) and Ω0
X ≃ OX .

Lemma 11.2. Let X be a normal projective variety with isolated singularities, and let f : X̃ →
X be a resolution of singularities such that hi(X,OX) = hi(X̃,O

X̃
) for all i ≤ 3. Then:

(1) If X is a surface, then X has rational singularities, i.e. R1f∗OX̃
= 0.

(2) If X is a threefold with H2(X,OX) = 0, then X has rational singularities, i.e. R1f∗OX̃
=

R2f∗OX̃
= 0.

Proof. In the Leray spectral sequence converging to H1(X̃,O
X̃
) we have two terms to consider.

First, it is immediate that
H1(X,OX) = E1,0

2 = E1,0
∞ .

On the other hand,

E0,1
∞ = E0,1

3 = ker
(
E0,1

2 → E2,0
2

)
= ker

(
φ : H0(X,R1f∗OX̃

) → H2(X,OX)
)
.

6The equivalence between (i) and (iii) holds of course even when X is not projective, for instance by passing
to a compactification which is smooth along the boundary, and applying the theorem.
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Therefore we have
h0,1(X̃) = h1(X,OX) + dimker(φ),

which together with the hypothesis implies ker(φ) = 0.

In the spectral sequence converging to H2(X̃,O
X̃
) we have three terms to consider. First,

E2,0
∞ = E2,0

3 = coker
(
E0,1

2 → E2,0
2

)
= coker

(
φ : H0(X,R1f∗OX̃

) → H2(X,OX)
)
.

Next we have E1,1
2 = 0 since the singularities are isolated.

When X is a surface, we also have E0,2
2 = 0 for dimension reasons. This gives

h2(X,OX) = h2(X̃,O
X̃
) = dim coker(φ) ≤ h2(X,OX),

from which we deduce that φ ≡ 0. Combined with the fact that ker(φ) = 0, we deduce that
R1f∗OX̃

= 0, which proves (1).

When X is a threefold, a straightforward argument in the same vein shows that

E0,2
∞ ≃ H0(X,R2f∗OX̃

),

due to the equality h3(X,OX) = h3(X̃,O
X̃
). Thus we have

h2(X̃,O
X̃
) = dim coker(φ) + h0(X,R2f∗OX̃

).

But the extra assumption H2(X,OX) = 0 implies that φ ≡ 0, hence R1f∗OX̃
= 0 since we

also know that ker(φ) = 0. It also gives that coker(φ) = 0, so finally our assumption implies
that R2f∗OX̃

= 0 as well. □

12. Local Picard groups vs. local analytic Q-factoriality. This section is an interlude,
where we relate local analytic Q-factoriality to the objects considered in this paper. This serves
as preparation for the statements in the subsequent sections. It is also useful for some of the
arguments in the companion paper [PP25].

For a closed point x ∈ X, we consider the local analytic divisor class group Cl(Oan
X,x). We

express this invariant in terms of the intersection complex of X, using a result of Flenner.

Proposition 12.1. Let X be a variety of dimension n, with rational singularities at x ∈ X.
Then, there exists an isomorphism

Cl(Oan
X,x)⊗Z Q ≃ H−n+2(ι∗xICX),

where Cl(Oan
X,x) is the divisor class group of the analytic local ring Oan

X,x and ιx : x → X is the
closed embedding.

Proof. In this setting, Flenner [Fle81, Satz 6.1] establishes the isomorphism

Cl(Oan
X,x) ≃ lim−→

x∈U
H2(U ∖ Sing(X),Z),

where the direct limit is taken over all the analytic open neighborhoods of x under inclusion.
Denote j : X ∖ Sing(X) ↪→ X. Sheaf theoretically, we have

Cl(Oan
X,x) ≃ H2(ι∗xRj∗ZX∖Sing(X)),

and therefore
Cl(Oan

X,x)⊗Z Q ≃ H2(ι∗xRj∗QX∖Sing(X)).

By Corollary 7.5,X is a rational homology manifold away from a subvariety of codimension 3.
Therefore, there exists a Zariski closed subset Z ⊂ Sing(X) satisfying the following conditions:

(a) codimXZ ≥ 3,
(b) Sing(X)∖ Z is a smooth equidimensional variety of dimension n− 2,
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(c) ICX∖Z = QX∖Z [n].

Let jZ : X ∖ Z → X be the open embedding. Using this setup, we prove the result in two
steps.

Step 1. We establish an isomorphism of constructible cohomologies

H2(Rj∗QX∖Sing(X)) ≃ H2(RjZ∗QX∖Z).

Let j′ : X ∖ Sing(X) ↪→ X ∖ Z and i′ : Sing(X) ∖ Z ↪→ X ∖ Z be the open and closed
embeddings. Consider the standard distinguished triangle

(12.2) i′∗i
′!ICX∖Z → ICX∖Z → Rj′∗ICX∖Sing(X)

+1−−→ .

Note that we have

i′
!
ICX∖Z ≃ D(i′

∗
ICX∖Z) ≃ D(QSing(X)∖Z [n]) ≃ QSing(X)∖Z [n− 4].

The first isomorphism comes from the definition of i′! and the self-duality of intersection
complexes, the second is a consequence of condition (c), and the third is a consequence of
condition (b). Therefore, taking the derived pushforward RjZ∗ of (12.2), we get

RjZ∗ ◦ i′∗(QSing(X)∖Z)[n− 4] → RjZ∗QX∖Z [n] → Rj∗QX∖Sing(X)[n]
+1−−→,

which implies that H2(Rj∗QX∖Sing(X)) ≃ H2(RjZ∗QX∖Z) from the long exact sequence of
cohomology.

Step 2. We next establish an isomorphism of constructible cohomologies

H2(RjZ∗QX∖Z) ≃ H−n+2(ICX).

Let i : Z ↪→ X be the closed embedding and consider again the standard distinguished
triangle

i∗i
!ICX → ICX → RjZ∗QX∖Z [n]

+1−−→,

where we use condition (c). By [HTT08, Proposition 8.2.5], we have i!ICX ∈ pD≥1
c (Z,Q), the

bounded derived category of constructible Q-sheaves with perverse cohomologies supported in
degrees ≥ 1. Since dimZ ≤ n− 3, we have the vanishing of constructible cohomologies

Hk(i!ICX) = 0 for k ≤ −n+ 3.

See [HTT08, Proposition 8.1.24]. This implies that

H2(RjZ∗QX∖Z) ≃ H−n+2(ICX),

from the long exact sequence of cohomology.

Combining Step 1 and Step 2, and using the fact that ι∗x is an exact functor on the derived
category of constructible sheaves, we conclude that

Cl(Oan
X,x)⊗Z Q ≃ H2(ι∗xRj∗QX∖Sing(X)) ≃ H−n+2(ι∗xICX).

□

We record an immediate consequence of this proposition.

Corollary 12.3. If X is an RHM with rational singularities, then X is locally analytically
Q-factorial.
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We may also consider the related object Pican−loc(X,x), the local analytic Picard group at
x. For a general discussion, see [Kol13, §1]; when depthxOX ≥ 3, it coincides with the analytic
Picard group of a punctured neighborhood U ∖ {x}, where U is the intersection of X with a
small ball centered at x. Therefore, in this case, we have

Pican−loc(X,x) ≃ H1(U ∖ {x},O∗).

Corollary 12.4. Let X be a normal variety which is an RHM away from finitely many points.
If X has rational singularities, then for every x ∈ X we have

Pican−loc(X,x)⊗Z Q ≃ Cl(Oan
X,x)⊗Z Q.

More generally, this holds when Rif∗OX̃
= 0 for i = 1, 2 with f : X̃ → X a resolution.

Proof. When R1f∗OX̃
= 0, X satisfies S3; see [PP25, Lemma 6.3], which is a result from

[Kol]. Therefore, this follows from Proposition 12.1 combined with Proposition 15.17 in the
Appendix, showing that both sides are isomorphic to H−n+2(ι∗xICX). Note that, as in the
Appendix, Proposition 12.1 works under the assumptions in the final part as well. □

13. A criterion for threefolds. In the case of threefolds, when aiming to characterize ra-
tional homology manifolds, Lemma 11.2 suggests that at least in the world of Du Bois (so
for instance log canonical) singularities, we need to focus on varieties with rational singulari-
ties. However the situation is more complicated than in the case of surfaces, as the first local
cohomological invariant comes into play via Theorem 15.9 in the Appendix.

Proof of Theorem D. When X is projective, the equivalence between (i) and (iv) is a special
case of Theorem 10.1, since X is an RHM away from a finite set of points by Corollary 7.5.

Again since X is an RHM away from finitely many points, the equivalence between (i) and
(ii) is a consequence of the general characterization of RHMs in Theorem 15.9 in the Appendix.

Finally, the equivalence between (ii) and (iii) is a general property of all varieties that are
RHMs away from finitely many points; see Corollary 12.4. □

Remark 13.1. A more refined way of obtaining the equivalence between (ii) and (iv) in the
projective case, by means of concrete formulas for the Q-factoriality defect and local analytic
Q-factoriality defect in terms of the Hodge-Du Bois numbers, is explained in [PP25].

14. Criteria for fourfolds and higher. The pattern started in the previous two sections
continues in higher dimension, in terms of the local cohomological invariants H i

L(X,x) intro-
duced in the Appendix. We first record the following consequence of Theorem D.

Corollary 14.1. A variety X with rational locally analytically Q-factorial singularities is an
RHM away from a closed subset of codimension at least 4.

Proof. We may assume that X is quasi-projective. Note first that a general hyperplane section
Y of X is also locally analytically Q-factorial, with rational singularities. The rational singu-
larities part is well known, while the local analytic Q-factoriality part follows from Proposition
12.1 and the behavior of the intersection complex with respect to taking general hyperplane
sections; see the proof of Lemma 6.6.

The result follows then by cutting with general hyperplanes all the way down to the case of
a threefold Z, which by Theorem D is an RHM. □

Proof of Theorem F. By Corollary 14.1, X is an RHM away from finitely many points. By
Corollary 12.4, local analytic Q-factoriality is then equivalent to torsion local analytic Pi-
card groups. Moreover, the local analytic gerbe groups being torsion, in the language of the
Appendix, is equivalent to X satisfying property L2 along closed points.



HODGE SYMMETRY AND LEFSCHETZ THEOREMS FOR SINGULAR VARIETIES 31

The result then follows from the general Theorem 10.1 and Theorem 15.9. □

In arbitrary dimension, Theorem 15.9 in the Appendix provides a criterion for the RHM
condition in terms of local analytic invariants; the interpretation of the higher such invariants
(for i ≥ 3) is however more mysterious. Combined with Theorem 10.1, we have the following:

Corollary 14.2. If X is a variety with rational singularities which is an RHM away from
finitely many points, then X is an RHM if and only if

H i(U ∖ {x},O∗)⊗Z Q = 0 for all 1 ≤ i ≤ n− 2,

for all x ∈ X, where U is a sufficiently small analytic neighborhood of x. When X is projective,
this is moreover equivalent to the full symmetry of the Hodge-Du Bois diamond of X.

This subsumes the statements in Theorems D and F.

F. Appendix

The appendix is devoted to characterizations of the local cohomological defect of a complex
variety X, and of the RHM condition, in terms of local cohomological invariants. This is
needed in the body of the paper, but is also of independent interest. We translate a topological
characterization of the local cohomological dimension in [RSW23] into a characterization in
terms of the cohomology of O∗ over a punctured neighborhood. In the case of lcdef(X), this
extends the results of Ogus and Dao-Takagi to arbitrary dimension (or depth); see Remark
15.7.

15. Characterizations of lcdef(X) and of RHMs. In this section, X is a complex variety
of dimension n. For all i, we denote:

H i
L(X,x) := lim−→

x∈U
H i

(
U ∖ {x} ,O∗

U∖{x}

)
where the direct limit is taken over all the analytic open neighborhoods of x under inclusion.
(Here the letter L stands for “local”.)

Definition 15.1. We say that X satisfies property Lk along a closed subset Z ⊂ X if there
exists a stratification Z = ⊔SS by locally closed subsets such that, for every stratum S and
every point x ∈ S,

H i
L(X,x)⊗Z Q = 0 for all 1 ≤ i ≤ k + dS ,

where dS := dimS.

Remark 15.2. Note that H1
L(X,x) = Pican−loc(X,x), the local analytic Picard group of X at

x. Property L1 along Z = {x} is equivalent to these groups being torsion.

Analogously, we can interpret H2
L(X,x) as the local analytic gerbe group of X (meaning

gerbes with band O∗
X ; see e.g. [Bry08, Theorem 5.2.8]), and this has the same relationship

with property L2.

Local cohomological defect. We have seen in Theorem B and Theorem 2.3 that lcdef(X) is
one of the main invariants governing the topology of X, the ideal situation being lcdef(X) = 0.
For this to happen, [DT16] tells us that when n ≥ 4 at the very least we need the local Picard
groups of X to be torsion, i.e. property L1. In general, we have:

Theorem 15.3. Let X be an n-dimensional variety. Let Z ⊂ X be a closed subset, satisfying

dimZ ≤ depthx(OX)− k

for every closed point x ∈ Z. Assume that lcdef(X ∖ Z) ≤ n − k. Then X satisfies property
Lk−3 along Z if and only if lcdef(X) ≤ n− k.
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As a special case, when lcdef(X) ≤ n − k and depth(OX) ≥ k, we have the property Lk−3

along {x} for every point x ∈ X:

H i
L(X,x)⊗Z Q = 0 for all 1 ≤ i ≤ k − 3.

When X has isolated singularities, the converse holds as well; we write this down separately,
as it is a particularly clean statement that provided the intuition for the general picture:

Corollary 15.4. If X has isolated singularities and depth(OX) ≥ k, then

lcdef(X) ≤ n− k ⇐⇒ X satisfies Lk−3 along each x ∈ X.

Additionally, we obtain a similar criterion when we have partial vanishing of the higher
direct images of the structure sheaf of a resolution.

Theorem 15.5. Let X be an n-dimensional normal variety, and let s be a positive integer

with the property that for a resolution of singularities f : X̃ → X we have Rif∗OX̃
= 0 for all

1 ≤ i ≤ s. Let Z ⊂ X be a closed subset, and k ≥ 0 an integer, satisfying

dimZ ≤ s− k + 2.

Assume that lcdef(X∖Z) ≤ n−k. If X satisfies property Lk−3 along Z, then lcdef(X) ≤ n−k.

Remark 15.6. 1) For example, when X has rational singularities we can take s = n, Z =
Sing(X), and any k ≤ n+ 1− dimSing(X).7

2) The converse to the statement in Theorem 15.5 is already contained in Theorem 15.3, since
in order to ensure it one needs the depth condition appearing as the hypothesis of that theorem.

Remark 15.7 (Ogus and Dao-Takagi theorems). Theorem 15.3 can be used to inductively
generalize the best-known results on bounding the local cohomological dimension, due to Ogus
and Dao-Takagi:

(1) [Ogu73] If depth(OX) ≥ 2, then lcdef(X) ≤ n− 2.
(2) [DT16] If depth(OX) ≥ 3, then lcdef(X) ≤ n− 3.
(3) [DT16] If depth(OX) ≥ 4, then lcdef(X) ≤ n − 4 ⇐⇒ X has torsion local analytic

Picard groups.

Note that using Theorem 15.3, by induction we obtain (1) ⇒ (2) ⇒ (3). Indeed, we may first
assume X is quasi-projective. If depth(OX) ≥ 3, then depth(OY ) ≥ 2 for a general hyperplane
section Y ⊂ X, and lcdef(Y ) ≤ n − 3 by (1). Consequently, lcdef(X ∖ Z) ≤ n − 3 for some
finite subset Z ⊂ X. Since property L0 along Z is vacuous, Theorem 15.3 yields (1) ⇒ (2).
Likewise, if depth(OX) ≥ 4, then lcdef(X∖Z) ≤ n−4 for some finite subset Z ⊂ X. Therefore,
Theorem 15.3 yields (2) ⇒ (3).

Note that the condition “the local analytic Picard groups are torsion” is not stable under
taking hyperplane sections. By contrast, when the singularities are rational, local analytic
Q-factoriality is stable under taking general hyperplane sections. Thus the same inductive
pattern continues:

Corollary 15.8. Let X be an n-dimensional variety, n ≥ 5, with rational locally analytically
Q-factorial singularities. Then lcdef(X) ≤ n − 5 if and only if X has torsion local analytic
gerbe groups.

In particular, if X is a fivefold, then lcdef(X) = 0 ⇐⇒ X has torsion local analytic gerbe
groups.

7While to apply the theorem one could also take k ≤ n + 2 − dimSing(X), in fact property Ln−1 is never
satisfied, and similarly for Ln−2 except possibly when X has isolated singularities.
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Proof. We may assume that X is quasi-projective. As in the proof of Corollary 14.1, if Y is a
general hyperplane section of X, then Y also has rational locally analytically Q-factorial singu-
larities. In particular, Y has torsion local analytic Picard groups, which implies lcdef(Y ) ≤ n−5
by the Dao-Takagi theorem mentioned above.

Consequently, lcdef(X ∖Z) ≤ n− 5 for some finite subset Z ⊂ X. Therefore, Theorem 15.3
concludes the proof. □

At present, we do not know whether the condition “the local analytic gerbe groups are
torsion” is stable under taking general hyperplane sections, nor how to replace it by a compa-
rably useful assumption known to be stable. This is the main obstruction to continuing this
argument in order to obtain similar “higher” statements inductively.

RHM condition. Along the same lines, we can give a similar criterion for the RHM condition.
The rough guiding principle is that the RHM condition in dimension n− 1 should be the same
as the lcdef(X) = 0 condition in dimension n.

Theorem 15.9. Let X be an n-dimensional variety with rational singularities and Z ⊂ X be
a finite subset of closed points. Assume that X ∖ Z is an RHM. Then X satisfies property
Ln−2 along Z if and only if X is an RHM.

Equivalently, when X has rational singularities and is an RHM away from a point x ∈ X,
then

X is an RHM ⇐⇒ H i
L(X,x)⊗Z Q = 0 for all 1 ≤ i ≤ n− 2.

In particular, if X is an RHM, the above vanishing holds for every x ∈ X.

Proof of Theorems 15.3 and 15.5. Let x ∈ X, and assume that x lies in a stratum S of
dimension dS of a Whitney stratification of X. If Tx is a transversal slice to S at x, we can
look at the link L(Tx, x) of Tx at x; it is well known that its cohomology depends only on the
stratum S. Consider also a small analytic neighborhood U of x in X, which can be taken to
be Stein and of product type, meaning of the form U = V × B, where V is a (contractible)
neighborhood of x in Tx, and B is a ball in S; see e.g. the proof of [Dim04, Theorem 4.1.10 or
5.1.20]. In particular, U is contractible.

Lemma 15.10. For every integer i, we have the following isomorphisms

H̃ i(U ∖ {x};Q) ≃ H̃ i−2dS (L(Tx, x),Q) ≃ H̃ i−2dS (U ∖ S;Q).

Proof. Since U is contractible, we have isomorphisms

H̃ i(U ∖ {x},Q) ≃ H i+1(U,U ∖ {x};Q)

and similarly with S instead of {x}. In this latter form, the statements are standard; the one
for S appears for instance in the course of the proof of [Dim04, Theorem 5.1.20] (with T ∗ in
loc. cit. being homotopy equivalent to our L(Tx, x)), while the one for x appears for instance
in the course of the proof of [Max19, Proposition 6.6.2]. □

We use the following interpretation of the topological characterization of the local cohomo-
logical dimension in Theorem 2.3, in terms of link cohomology:

Theorem 15.11 ([RSW23, Corollary 3]). For every k ≥ 0, the condition lcdef(X) ≤ n− k is
equivalent to the vanishing

H̃ i(L(Tx, x),Q) = 0 for all i ≤ k − dS − 2,

for every stratum S of a Whitney stratification of X, and any x ∈ S, with the notation above.

According to Lemma 15.10, this can be reinterpreted as follows:
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Corollary 15.12. For every k ≥ 0, the condition lcdef(X) ≤ n − k is equivalent to the
vanishing

H̃ i(U ∖ {x},Q) = 0 for all i ≤ k + dS − 2,

for every stratum S of a Whitney stratification of X, and any x ∈ S, with the notation above.

The main distinction between Theorem 15.11 and Corollary 15.12 is that the sign of dS is
reversed. Since every stratification can be refined to a Whitney stratification, this allows one
to check the vanishing condition for an arbitrary stratification, not necessarily Whitney:

Proposition 15.13. Let Z be a closed subset of X with lcdef(X∖Z) ≤ n−k for some k ≥ 0.
Then lcdef(X) ≤ n− k if and only if there exists a stratification Z = ⊔SS such that for every
stratum S and every x ∈ S, and for U a sufficiently small Stein neighborhood of x, one has
the vanishing

H̃ i(U ∖ {x},Q) = 0 for all i ≤ k + dS − 2.

Proof. Suppose lcdef(X) ≤ n− k. Then a Whitney stratification that refines the stratification
X = (X ∖ Z) ⊔ Z induces a stratification Z = ⊔SS with the desired vanishing by Corollary
15.12. Conversely, given a stratification Z = ⊔SS with the vanishing, there exists a finer
Whitney stratification X = ⊔S′S′ of X = (X ∖ Z) ⊔ (⊔SS). Since S′ ⊂ S implies dS′ ≤ dS ,
this finer Whitney stratification satisfies the vanishing in Corollary 15.12. □

Next we compare the topological invariants with the local cohomological invariants. We
use a standard method based on the exponential sequence, as well as the following important
observation due to Flenner, which is a slight rephrasing of [Fle81, Lemma 6.2].

Lemma 15.14. Let X be a normal complex analytic variety, and suppose that for a resolution

of singularities f : X̃ → X we have Rif∗OX̃
= 0 for all 1 ≤ i ≤ s. Let U be a Stein open

subset of X, and Y a closed subset of U . Then the natural map

H i(U ∖ Y,Z) → H i(U ∖ Y,O)

is the zero map, for every 1 ≤ i ≤ s. In particular, if X has rational singularities, then this
holds for all i ≥ 1.

Corollary 15.15. Let x ∈ X be a point in a complex analytic variety X, and let U ⊂ X be a
sufficiently small Stein neighborhood of x.

(i) If 1 ≤ k ≤ depthxOX − 3, then we have an isomorphism

Hk
L(X,x) ≃ Hk+1(U \ {x},Z)

and a natural inclusion

Hk+1
L (X,x) ↪→ Hk+2(U \ {x},Z).

(ii) Suppose X is normal and Rif∗OX̃
= 0 for all 1 ≤ i ≤ s, where f : X̃ → X is a resolution

of singularities. Then for 1 ≤ i ≤ s− 1 there is a short exact sequence

0 → H i(U ∖ {x},O) → H i
L(X,x) → H i+1(U ∖ {x},Z) → 0.

If X has rational singularities, this holds for all i ≥ 1, and in particular

H i
L(X,x) ≃ H i+1(U \ {x},Z) for 1 ≤ i ≤ n− 2.

Proof. We consider the cohomology exact sequence associated to the exponential sequence on
U \ {x}:

· · · → H i(U \ {x},O) → H i(U \ {x},O∗) → H i+1(U \ {x},Z) → H i+1(U \ {x},O) → · · · .
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On the other hand, we have the usual exact sequence for local cohomology:

· · · → H i
{x}(U,O) → H i(U,O) → H i(U \ {x},O) → H i+1

{x} (U,O) → · · · .

By [ST71, Theorem 1.14], the depth condition implies that H i
{x}(U,OU ) = 0 for i ≤ k + 2.

This gives
H i (U ∖ {x} ,O) ≃ H i(U,O),

for 1 ≤ i ≤ k+1, which is zero since U is Stein. Plugging this into the first sequence gives (i).

For (ii) we use in addition Lemma 15.14, with Y = {x}, and the fact that a variety with
rational singularities has maximal depth. □

We now prove Theorems 15.3 and 15.5.

Proof of Theorem 15.3. From the assumption, we have depthx(OX) ≥ dimZ + k for every
point x ∈ Z, and Corollary 15.15 implies that

H i
L(X,x) ≃ H i+1(U \ {x},Z)

for all 1 ≤ i ≤ dimZ + k − 3. Therefore, the vanishing in Proposition 15.13 is equivalent to
the vanishing

H i
L(X,x)⊗Z Q = 0 for all 1 ≤ i ≤ k + dS − 3

and

(15.16) H̃ i(U ∖ {x},Q) = 0 for all i ≤ min{1, k + dS − 2}.
This implies that lcdef(X) ≤ n− k is equivalent to property Lk−3 along Z plus the vanishing
(15.16). It suffices to prove that property Lk−3 along Z implies lcdef(X) ≤ n− k.

When k ≥ 3, we have lcdef(X) ≤ n − 3 by [DT16], and thus, (15.16) always holds. When
k ≤ 2, we always have lcdef(X) ≤ n − k by [Ogu73] and the local Lichtenbaum theorem
([Har68, Theorem 3.1] or [Ogu73, Corollary 2.10]). □

Proof of Theorem 15.5. From the assumption, Corollary 15.15 implies that there is a surjection

H i
L(X,x) ↠ H i+1(U ∖ {x},Z)

for all 1 ≤ i ≤ s− 1. Therefore property Lk−3 implies the vanishing

H̃ i(U ∖ {x},Q) = 0 for all 2 ≤ i ≤ k + dS − 2.

Since R1f∗OX̃
= 0, X satisfies S3; see [PP25, Lemma 6.3], which is a result from [Kol].

Again, by [DT16], we have lcdef(X) ≤ n− 3 and thus the above vanishing holds in fact for all
i ≤ k + dS − 2. Proposition 15.13 then completes the proof. □

Proof of Theorem 15.9. Recall that if n ≤ 2, the statement is vacuous, since a surface with
rational singularities is an RHM. We prove the following proposition, which gives a precise
description of the stalks of the intersection complex in terms of the local cohomological invari-
ants H i

L(X,x). This immediately implies Theorem 15.9 and is also used in Corollary 12.4 in
the body of the paper.

Proposition 15.17. Assume X is normal, and X ∖ {x} is a rational homology manifold. If
there exists an integer 2 ≤ s ≤ depth(OX)− 1 such that

Riµ∗OX̃
= 0 for all 1 ≤ i ≤ s

for a resolution of singularities µ : X̃ → X, then there exists an isomorphism

Hs−1
L (X,x)⊗Z Q ≃ H−n+s(ι∗xICX)

where ιx : {x} ↪→ X is the closed embedding.
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Proof. This is similar to the proof of Proposition 12.1. As in Corollary 15.15, we obtain a short
exact sequence

0 → lim−→
x∈U

Hs−1 (U ∖ {x} ,O) → Hs−1
L (X,x) → lim−→

x∈U
Hs (U ∖ {x} ,Z) → 0.

By [ST71, Theorem 1.14], the depth condition implies that H i
{x}(U,OU ) = 0 for i ≤ s. This

gives
Hs−1 (U ∖ {x} ,O) ≃ Hs−1(U,O),

which is zero if U is Stein. Therefore, we have

Hs−1
L (X,x) ≃ lim−→

x∈U
Hs (U ∖ {x} ,Z) ≃ Hs(ι∗xRj∗ZX∖{x}).

Therefore it suffices to establish an isomorphism

Rij∗QX∖{x} ≃ H−n+i(ICX)

for all i ≤ n − 1, where j : X ∖ {x} → X is the open embedding. Note now that we have a
distinguished triangle

ιx∗ι
!
xICX → ICX → Rj∗QX∖{x}[n]

+1−−→ .

By [HTT08, Proposition 8.2.5], we have ι!xICX ∈ pD≥1
c ({x},Q), hence

Hk(ι!xICX) = 0 for k ≤ 0

by [HTT08, Proposition 8.1.24]. Passing to cohomology in the distinguished triangle then
completes the proof. □
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issue, 70(1-2):133–155, 2025.

[PSV24] Mihnea Popa, Wanchun Shen, and Anh Duc Vo. Injectivity and vanishing for the Du Bois com-
plexes of isolated singularities. preprint arXiv:2409.18019, to appear in Algebra and Number
Theory, 2024.

[RSW23] Thomas Reichelt, Morihiko Saito, and Uli Walther. Topological calculation of local cohomological
dimension. J. Singul., 26:13–22, 2023.

[Sai88] Morihiko Saito. Modules de Hodge polarisables. Publ. Res. Inst. Math. Sci., 24(6):849–995, 1988.
[Sai90] Morihiko Saito. Mixed Hodge modules. Publ. Res. Inst. Math. Sci., 26(2):221–333, 1990.
[Sai00] Morihiko Saito. Mixed Hodge complexes on algebraic varieties.Math. Ann., 316(2):283–331, 2000.
[Sai18] Morihiko Saito. Weight zero part of the first cohomology of complex algebraic varieties. preprint

arXiv:1804.03632, 2018.
[Sch16] Christian Schnell. On Saito’s vanishing theorem. Math. Res. Lett., 23(2):499–527, 2016.
[ST71] Yum-Tong Siu and Günther Trautmann. Gap-sheaves and extension of coherent analytic sub-

sheaves, volume Vol. 172 of Lecture Notes in Mathematics. Springer-Verlag, Berlin-New York,
1971.

[SVV23] Wanchun Shen, Sridhar Venkatesh, and Anh Duc Vo. On k-Du Bois and k-rational singularities.
preprint arXiv:2306.03977, to appear in Ann. Inst. Fourier, 2023.

[TX17] Zhiyu Tian and Chenyang Xu. Finiteness of fundamental groups. Compos. Math., 153(2):257–273,
2017.

[Web04] Andrzej Weber. Pure homology of algebraic varieties. Topology, 43(3):635–644, 2004.

Department of Mathematics, Princeton University, Fine Hall, Washington Road, Princeton,
NJ 08544, USA

Institute for Advanced Study, 1 Einstein Drive, Princeton, NJ 08540, USA

Email address: sp6631@princeton.edu sgpark@ias.edu

Department of Mathematics, Harvard University, 1 Oxford Street, Cambridge, MA 02138,
USA

Email address: mpopa@math.harvard.edu


	A. Introduction
	B. Preliminaries
	1. Du Bois complexes and higher singularities
	2. Local cohomological defect
	3. Intersection complex, rational homology manifolds, condition Dm
	4. Hodge-Du Bois numbers and intersection Hodge numbers
	5. Some generalities on mixed Hodge modules

	C. Hodge-Du Bois symmetry I
	6. The RHM defect object
	7. Hodge symmetry via condition Dm

	D. Hodge-Du Bois symmetry II: Weak Lefschetz theorems
	8. Weak Lefschetz using the local cohomological defect
	9. Weak Lefschetz using condition Dm

	E. Rational homology manifolds
	10. Rational homology manifolds and symmetry
	11. Criteria for surfaces
	12. Local Picard groups vs. local analytic Q-factoriality
	13. A criterion for threefolds
	14. Criteria for fourfolds and higher

	F. Appendix
	15. Characterizations of lcdef(X) and of RHMs

	References

