HODGE IDEALS FOR Q-DIVISORS, V-FILTRATION, AND
MINIMAL EXPONENT

MIRCEA MUSTATA AND MIHNEA POPA

ABSTRACT. We compute the Hodge ideals of Q-divisors in terms of the V-filtration
induced by a local defining equation, inspired by a result of Saito in the reduced
case. We deduce basic properties of Hodge ideals in this generality, and relate them
to Bernstein-Sato polynomials. As a consequence of our study we establish general
properties of the minimal exponent, a refined version of the log canonical threshold,
and bound it in terms of discrepancies on log resolutions, addressing a question of
Lichtin and Kollar.

A. INTRODUCTION

This paper establishes a connection between the Hodge ideals of a Q-divisor, as
defined in [MP19], and the V-filtration along an appropriately chosen hypersurface. It
is inspired by Saito’s [Sail6], which explained such a connection expressed in terms of
the microlocal V-filtration, in the case of the Hodge ideals of reduced divisors studied
in [MP16]. In the Q-divisor case, this relationship turns out to be crucial towards
establishing some of the most basic properties of Hodge ideals, as well as of certain
roots of Bernstein-Sato polynomials.

Let X be a smooth complex variety, and D an effective Q-divisor on X. Such a
divisor can be written locally as D = «aH, where a € Q, and H = div(f) is the
divisor of a regular function, and it is this set-up that we focus on in what follows.
To this data, by a standard construction one associates the left Zx-module

M(fP) := Ox(xH) f?,

a free Ox (xH)-module of rank 1 with generator the symbol f#, where 8 = 1 — a (the
Z-module action is recalled in §1). In [MP19] we observe that it carries a natural
filtration F, M (f?), with p > 0, which makes it a filtered direct summand in a Z-
module underlying a mixed Hodge module. Moreover, we show that this can be
written in the form

FyM(f7) = I,(D) ® Ox(pZ + H) f*,

with Z = H,eq the support of H, where I,(D) are coherent sheaves of ideals on X
called the Hodge ideals of D. Note that here and throughout the paper we make
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a slight abuse of notation, identifying the right-hand side with its image via the
canonical injection into @x (xH)f5.

The ideal Io(D) is identified in loc. cit. with the multiplier ideal Z((1 — €)D)
associated to the Q-divisor (1 — €)D with 0 < ¢ < 1, which measures the failure of
the pair (X, D) to be log canonical. On the other hand, when D is integral Budur
and Saito [BS05] have shown the identification

I((1—e)D) = V'ox,

where V*0O'x denotes the V-filtration induced on Ox. This is defined as V*Ox =
Ve Ox N Ox, where V*u Ox is the Kashiwara-Malgrange V-filtration on the graph
embedding (via a local equation of H) of Ox; see §2. Consequently we have Iy(D) =
V9iox.

When D is a reduced divisor (corresponding in the notation above to f = 0 and
D = H = Z7), Saito showed in [Sail6] that a relationship of this type continues to
hold in a weaker sense even for p > 1, namely

I,(D) = VPHlox  mod f,

or in other words I,(D) 4 (f) = VP*10x + (f), where this time V*@x denotes the
microlocal V -filtration induced on Ox by f, defined in [Sai94]. Examples show that in
general this identification does not hold without modding out by f; even so however,
it is significant for a number of reasons. Most importantly, it establishes a connection
between Hodge ideals and the Bernstein-Sato polynomial of f. Moreover, to establish
the triviality of the ideals on the two sides, it suffices to check it mod f.

In this paper we show that similar statements hold for arbitrary Q-divisors. More
precisely, we fully compute the Hodge ideals in terms of the (usual) V-filtration on
t+O0x. This strengthens Saito’s result above even in the reduced case. In order to
state our results, let us recall first that without loss of generality it suffices to focus
on the case [D] = Z. Indeed, the Q-divisor B = D+ Z — [ D] satisfies this condition,
while according to [MP19, Lemma 4.4], we have

Iy(D) = I,(B) ® 0x(Z — [D]).!

It will also be convenient to express things equivalently in terms of a slightly different
ideal, defined by the formula

FBM(f7) = I)(D) ® Ox (0 + DH) 7,
or in other words satisfying

I)(D) = I,(D) ® Ox(pZ — pH).

1n other words, up to multiplication by locally principal ideals, the Hodge ideals depend only
the coefficients of D modulo integers, just as in the well-known case of multiplier ideals (which
corresponds to p = 0).

2The notation I,(D) is reserved for a different object in [MP19].
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The V-filtration will come into play via the following construction: for each p > 0,
we consider the coherent sheaf of ideals in &y given by

P
I,(D) = {v € Ox | 3vy,...,0p—1,v, =v € Ox with Zviagé € Vab+ﬁx} .

=0
For 0 < a < 1, this is just another way of expressing Saito’s microlocal V-filtration
mentioned above; specifically, one has

I,(D) = VPregx.
It will also be convenient to make use of the polynomials
Qi(X)=X(X+1)--- (X +i—1)eZ[X].
With these definitions and reductions, our main result can be phrased as follows:

Theorem A. In the set-up above, for every positive rational number o such that
D = aH satisfies [D] = Z, and for every p > 0, we have

p p _
I;/(D) = ZQj(a)fpfjvj | Zvﬁid eV, Ox
=0

j=0
In particular, we have N
I (D) + (f) = I,(D) + (/).

Note that in the case where D = a7, with Z a reduced effective divisor, we have
I)(D) = I,(D) for all p > 0. In this case we have the following variant of the theorem
above, where we place no restrictions on the positive rational number a.

Theorem A’. If Z is a reduced, effective divisor on X, defined by the global equation
f € Ox(X), then for every positive rational number o, and every p > 0, if D = aZ
we have

p p
(0.1) 1L(D) = 3 37 Qi) 70y | S vdls € Ve ox
=0 §=0

In particular, we have B
I,(D) + (f) = (D) + ()

The proofs of these theorems, as well as various intermediate results, occupy §3
and §4. Some of the arguments follow [Sail6], and rely on the regular and quasi-
unipotent property of filtered Z-modules underlying mixed Hodge modules. For the
full calculation of Hodge ideals in terms of the V-filtration however, further techniques
need to be developed as well. One technical point, of independent interest, is a
calculation of the V-filtration on the (graph embedding of the) twisted Z-modules
M(fP) in terms of the more tractable V-filtration on ¢, Ox; for the statement see
Proposition 2.6.

Remark. The microlocal V-filtration has been computed explicitly in various cases
by Saito; for instance, it is computed for a large class of quasi-homogeneous isolated
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singularities in [Sail6, Proposition (2.2.4)]. In [Sai09] the Hodge filtration itself is
computed combinatorially for all such singularities, and this is extended to the case
of Q-divisors in [Zhal8]. This leads to an explicit calculation of Hodge ideals for
isolated quasi-homogeneous singularities; see loc. cit. for examples.

In the Q-divisor case, the results above allow us to deduce some basic properties
of Hodge ideals that do not follow from the methods of [MP19]. We collect some of
these, treated individually and discussed in detail in §5, in the following;:

Corollary B. Let D = aZ, where Z is a reduced divisor and o € Qsq. Then the
following hold:

(1) I,(D)+ Ox(—Z2) C I,_1(D) + Ox(—Z) for all p. N

(2) If (X, D) is (p — 1)-log canonical,® then I,+1(D) C I,(D) = I,(D).

(3) Fizing p, there exists a finite set of rational numbers 0 = cp < ¢1 < -+ < ¢5 <
cs+1 = 1 such that for each 0 <i < s and each o € (¢;, ¢i+1] we have

I(aZ) - Oy = I,(cit1Z) - Oz = constant

and such that
Ip(CH.lZ) . ﬁZ g Ip(QZ) . ﬁz.

The last statement gives a picture analogous to that of jumping coefficients of
multiplier ideals [Laz04, Lemma 9.3.21]. If f is a local equation of Z, the set of ¢; is
a subset of the set of jumping numbers for the V-filtration on ¢4 &x associated to f.
An example in §5 shows that the statement fails if we work directly with I,(aZ) as
opposed to I(aZ) - 0.

There are interesting applications, obtained in §6 by combining the above results
with the birational study of Hodge ideals in [MP19], concerning the Bernstein-Sato
polynomial bz(s) of Z. Assuming Z # 0, the polynomial (s + 1) divides bz(s).
Following [Sail6], we denote by & the negative of the largest root of bz(s)/(s + 1)
(with the convention that this is oo if bz(s) = s + 1). This invariant is called the
minimal exponent of Z, and is a refined version of the log canonical threshold of the
pair (X, Z), which is equal to min{ayz,1}; see §6 for a discussion. First, since by
Theorem A’ we have that I,,(D) is trivial if and only if E)(D) is so, results of Saito
on the microlocal V-filtration will allow us to conclude:

Corollary C. If Z # 0 is a reduced effective divisor on the smooth variety X and
a € (0,1] is a rational number, then

Ip(aZ)=0x <= p<az—a.

Now given a log resolution p: Y — X of the pair (X, Z), assumed to be an iso-
morphism over X \ Z, if Fy,..., Fy, are the irreducible components of its exceptional
locus and Z is the strict transform of Z, assumed to be smooth, we write

m m
Wz =27+ ZaiFi and Ky x = Z b F;,
i=1 i=1

3This means that Io(D) = --- = I,_1(D) = Ox. In particular it requires a < 1.
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where Ky x is the relative canonical divisor. Denoting

. {bi +1 }
v := min ,
i=1,....m a;

it is well known that the log canonical threshold of (X, Z) is also equal to min{~, 1}.
Such a precise interpretation in terms of log resolutions is however not known for other
roots of the Bernstein-Sato polynomial, and Lichtin [Lic89, Remark 2, p.303] posed
the natural question whether &z = . As noted by Kolldr [Kol97, Remark 10.8], in
general the answer is negative, since - in fact depends on the choice of log resolution.
Nevertheless:

Corollary D. With the notation above, we always have ay > .

The reason is that the triviality of I,(D) is related on one hand to a7z by Corollary
C, and on the other hand to v by [MP19, Proposition 11.2]. It is worth noting that,
although the statement is about the reduced divisor Z, the proof uses crucially the
theory of Hodge ideals for Q-divisors of the form D = aZ.

Using further properties of Hodge ideals of Q-divisors proved in [MP19], we deduce
some general properties of the minimal exponent ap for any effective divisor D,
extending important features of the log canonical threshold. In order to formulate
the result, it is convenient to use a local version of this refined log canonical threshold,
denoted ap 4, for € D (see §6 for the precise definition).

Theorem E. Let X be a smooth n-dimensional complex variety, and D an effective
divisor on X.

(1) If Y is a smooth subvariety of X such thatY < D, then for every x € DNY,
we have

aD|y,:1: < aD,:z:-
(2) Consider a smooth morphism m: X — T, together with a section s: T — X

such that s(T) C D. If D does not contain any fiber of 7, so that for every
t € T the divisor Dy = D| -1y is defined, then the function

T>t— &Dt,s(t)

is lower semicontinuous.
(3) For every x € X, if m = mult,(D) > 2, then

where r is the dimension of the singular locus of the projectivized tangent cone
P(C.D) of D at x (with the convention that r = —1 if P(CyD) is smooth).

When D has an isolated singularity at x and Y is a general hyperplane section
through z, the inequality in (1) was proved in [Loe84, Théoreme 1] (in fact, in this
case the inequality is strict). The semicontinuity property in (2) was proved when
every D; has an isolated singularity at s(¢) in [Ste85, Theorem 2.11], where it was
deduced from more general semicontinuity properties of the spectrum. We stress that
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in (2) we do not assume that the restriction of the support of D to the fibers of 7 is
reduced, as in the semicontinuity theorem [MP19, Theorem 14.1] (which we do use).

Yet more properties analogous to those of log canonical thresholds follow by com-
bining Theorem E with a Thom-Sebastiani-type theorem due to Saito; see Proposition
6.6 for the concrete statement. We ask in Question 6.9 whether the analogue of the
ACC property for log canonical thresholds holds for minimal exponents as well.

Finally, going back to the general relationship between Hodge ideals and the
Bernstein-Sato polynomial, in Proposition 6.14 we give an extension of the fact that
the negatives of the jumping coefficients of multiplier ideals in the interval (0, 1] are
roots of the Bernstein-Sato polynomial, see [ELSV04, Theorem B]. Namely, under a
suitable log-canonicity hypothesis, the jumping coeflicients of higher Hodge ideals in
the same interval, in the sense of Corollary B (3), lead to further such roots. This
follows quickly from results proved in the final two sections of the paper.

Acknowledgements. We are grateful to Morihiko Saito for comments and sugges-
tions that helped improve a previous version of this paper. We would also like to
thank Nero Budur and Mingyi Zhang for a few useful discussions, and a referee for
several corrections.

B. MAIN RESULTS

1. The set-up. Let X be a smooth complex algebraic variety and H an effective
divisor on X. We assume that H is defined by a global regular function f € Ox(X).
We denote by Ox (xH) the sheaf of rational functions on X with poles along H, that
is,
Ox(xH) = | ] Ox(mH).
m>0

Given a rational number ~, we consider the Zx-module
M(f7) = Ox(xH) f".

This is a free Ox(xH)-module of rank 1, with generator the symbol f7, on which a
derivation D of Ox acts by
-D
D(wfY) = (D(w) + uﬂf(f))ff
We will keep the notation &y (xH) for M(f%). The Zx-modules M(f7) are reg-
ular holonomic, with quasi-unipotent monodromy. In fact, they are filtered direct
summands of Z-modules underlying mixed Hodge modules, see [MP19, §2].

Note that if 1 — 79 = d is an integer, then we have a canonical isomorphism of
D x-modules

M) = M), gf™ = (gf") .

We will be particularly interested in the Z-modules M(f?) as in the Introduction,
which via the isomorphism above can also be identified with M(f~%) with o =1 —f.
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2. The V-filtrations corresponding to Ox(xH) and M(f?). We begin by re-
viewing some basic facts about V-filtrations. Let

1 X X xC, :U»—>(x,f(:z:))

be the closed embedding given by the graph of f. For a Zx-module M, we consider
the Z-module theoretic direct image

1M = M ¢ Cla,

see for instance [HTT08, Example 1.3.5]. This is a Zxxc-module that can be de-
scribed as follows. First, if M = Ox, then

Ly Ox ~ Ox|tly 1/ Ox|t],

with the obvious Zx-module structure. If § denotes the class of ﬁ in 1y Ox, it is
straightforward to see that every element in ¢4 &x can be written uniquely as

> h;ls,
j=0

with h; € Ox, only finitely many of these being nonzero. Note that by definition we
have t§ = f9§.

Given an arbitrary Zx-module M, we have
LM 2 M®@py 14 Ox = @M Doy OxdI0,
Jj=20
which in particular shows the connection with the original definition above. With
this description, multiplication by ¢ is given by
(2.1) tm®dl6) = fm 3]s — jm @ "6
and the action of a derivation D € Derc(€x) is given by
D(m® d/6) = D(m) @ &6 — D(f)m @ & 6.
In particular, every element in ¢, M(f?) can be written uniquely as a finite sum
> hiff®0fs, with hj € Ox(+H).
Jj=0
For a derivation D as above, we have

D(hf® © i) = D(h)f? ®3g5+5D(]{)hfﬂ 006 — D()hS? @ 07415

For a Zx-module M, we call a V-filtration on ;M a rational filtration (V7 =
VY4 M) cq that is exhaustive, decreasing, discrete, and left continuous,® such that
the following conditions are satisfied:

i) Each V7 is a coherent module over Zx|t, Ost].

4More precisely, the filtration has the property that there is a positive integer £ such that V7 takes
constant value in each interval (%, %}, for all i € Z.
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ii) For every v € Q, we have an inclusion
1
t-VYCcvrtl

with equality if v > 0.
iii) For every v € Q, we have

o -V Ccvrh

iv) For every v € Q, if we put V=7 = V7', then Ot — ~ acts nilpotently on

v'>y
Gr{, :==V7/V~7.

It is easy to see that there exists at most one V-filtration (see for example [Sai88,
Lemme 3.1.2]). The existence of the V-filtration for M = Ox and M = Ox(xH)
was proved by Malgrange [Mal83]; the case of an arbitrary holonomic M is due to
Kashiwara [Kas83]. We note that this original V-filtration was indexed by integers;
the indexing by Q (in the case of a regular holonomic M, with quasi-unipotent
monodromy) was introduced by Saito [Sai84].

Remark 2.1. Every element in the cokernel of the inclusion Ox — Ox(xH) is
annihilated by some power of f. This implies that the canonical inclusion ¢4 Ox —
1+ Ox (xH) induces equalities

Vi, Ox =V, Ox(xH) forall >0
(see [Sai88, Lemme 3.1.7]).

In what follows, it will be convenient to also have a different description of ¢4 M
under a minor extra assumption on M. From now on we assume that multiplication
by f is bijective on M (in other words, M has a natural structure of Ox (xH )-module).
Note that this applies, in particular, if M = M(f?).

Remark 2.2. Our hypothesis on M implies that multiplication by ¢ is bijective on
t+ M. Indeed, if we consider on ¢ M the filtration given by

P
Gp = GpipuM = P M @4, Ox0]6,
j=0
then multiplication by t preserves the filtration; moreover, it follows from (2.1) that
for every p > 0, via the obvious isomorphism G,/G,—1 ~ M, multiplication by t gets
identified with multiplication by f. We thus obtain by induction on p the fact that
multiplication by ¢ on G, is an isomorphism.

Remark 2.3. If we assume that M is as above and there is a V-filtration on ¢4 M,
then
t- V=Vl forall «aeQ,

where for simplicity we denote V¢ = V* M. Indeed, the inclusion “C”, as well
as the reverse inclusion for o > 0, follow from general properties of the V-filtration.
Moreover, the induced map

Gr(t): Gy — Grrff+1
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is an isomorphism if § # 0.

Suppose now that o < 0 and v = tw € V¥, Let § < 0 be such that w € V. If
d > a, then we are done. On the other hand, if § < «a, then § # 0 since a < 0; since
tw € V>0t we conclude that w € V>9. After repeating this argument finitely many
times, we obtain w € V<.

Let Z(t, s) be the subsheaf of Zx«c generated by Zx, t, and s = —9;t. Note that
t and s satisfy st = (s — 1) and more generally

(2.2) P(s)t =tP(s—1) forall P e CJs].

We also consider the localization Zx (t,t71,s) = Px(t,t71,0;) of Z(t,s). (This is the
push-forward of the sheaf of differential operators from X x C* to X x C.) Note that
in this ring we have d; = —st ! and from (2.2) we obtain

(2.3) t7'P(s) = P(s—1)t"! forall P < CJs].

A Dx(t,t7!, s)-module is simply a Zxxc-module on which ¢ acts bijectively.

We consider the Zx (t,t~1, s)-module M[s]f* defined as follows. As an &x-module,
we have an isomorphism

M Rg, Ox[s] =~ M[s]f*, u®s — us’ f*.
The symbol f° motivates the Zx-action: a derivation D in Derc(0x) acts by
) D .
D(us’ f*) = (D(u)s’ + ;f)usﬁ'l)fs.
The action of s on M][s]f* is the obvious one, while the action of ¢ is given by the
automorphism “s — s+ 17, that is
us? 5 — fu(s+1)7 f5.

Remark 2.4. In light of Remarks 2.2 and 2.3, if M is a Zx-module on which
multiplication by f is bijective, a V-filtration on ¢4 M can be characterized as an ex-
haustive, decreasing, discrete, left continuous, rational filtration (V7 = V74 M)+ cq,
that satisfies the following conditions:

i’) Each V7 is a coherent module over Zx (t,t71, s).
ii”) For every v € Q, we have

t- VY =yl
iii) For every v € Q, we have
O - VI CVITh

iv) For every v € Q, the operator s + 7 acts nilpotently on Gr'(,.

The next proposition contains the promised description of ¢ M. While the result
is well known (in fact, in the case M = Ox(xH), this has already been noticed
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in [Mal83]), we sketch the proof since we will need the explicit description of the
isomorphism. For every ¢ > 0, we put

. 1—1
“Z.1> =[G +7) e 2l

j=0

Qi(x) =1!- <

7

(with the convention Qp = 1).

Proposition 2.5. If M is a Px-module on which f acts bijectively, then we have an
isomorphism of Px (t,t71, s)-modules

(2.4) Ms|fE =iy M, us? £ — u® (—05t)6.
The inverse isomorphism is given by

. u s
(2.5) u® s — FQj(_S)f .

Proof. Tt is straightforward to check that the map in (2.4) is Zx(t,t~ !, s)-linear. In
order to see that it is an isomorphism, consider on M|s|f® and ¢+ M the filtrations
given by

P P
GpMslf* =P Ms'f* and Gp M =P Mg, Oxds.
i=0 j=0
Note that the map (2.4) preserves the filtrations. Moreover, we have canonical iso-
morphisms

GpMs]f*/Gpa M[s]f* = M ~ Gpop M /G104 M

such that the map induced by (2.4) is given by multiplication with (—1)? fP. Since this
is an isomorphism, we conclude by induction on p that each induced map G, M[s|f* —
Gpt4+M is an isomorphism.

The formula for the inverse isomorphism follows if we show that in t Ox (xH) we
have

Qi(0:t)6 = 7075 forall j>0.

We argue by induction on j, the case j = 0 being obvious. Assuming the formula for
some j, we apply (2.3) and the fact that 9; = —st~! to write

PO = f0,Q(—5)0 = —fst7'Q(—5)0 = f(=5)Qj(—s — 1)t 716 = Qj11(—5)0.
This completes the proof of the proposition. O

We now come to the main result of this section, relating the V-filtrations on
Ly M(fP) and 1y Ox (xH) as follows.

Proposition 2.6. For every B € Q, we have an isomorphism of Px (t,t~!, s)-modules

O: Ly M(f7) = 14 Ox (xH),
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where on the right-hand side Px (t,t™1,s) acts via the automorphism Dx (t,t71,s) —
Dx (t,t 1, s) that maps s to s— B3 and is the identity on Dx and ont. The isomorphism

® is given by
P ‘ P ‘
P (Z hif® ® a;&) => g:®0j5,
i=0 i=0
where
P P g
(2.6) > FQZ-(—S +8) =) FQi(—s) in  Ox(xH)]s).
i=0 i=0
The isomorphism ® translates the V -filtration by —0, in the sense that
(2.7) @(VVLJFM(fﬁ)) =V P Ox(xH) for every ~ € Q.

Proof. The isomorphism is more transparently described via the identifications pro-
vided by Proposition 2.5, which gives isomorphisms

o1 e M) = M1, p(uf’ © 96) = %fﬂQi(*S)fs and
20 L4y Ox (+H) — Ox (+H)[s|f*,  p2(u® 0]0) = %@-(—s)f%

It is then straightforward to check that if we define
' M(fP)[s]f* — Ox(+H)[s)f*,  (uf?)P(s)f* — uP(s = B)f*,

this is an isomorphism of Zy (t,t~!, s)-modules, where the action on the right-hand
side is via the automorphism of Zx (¢,t~!, s) described in the statement of the propo-
sition. If we take ® = <p2_1 o®’ oy, we obtain an isomorphism that satisfies (2.6). The
fact that ® translates the V-filtration by —f is a consequence of the uniqueness of
the V-filtration and of the fact that our automorphism of Zy (t, ¢!, s) is the identity
on Yx and t and maps s to s — . O

Remark 2.7. In a first version of this paper, we showed that the isomorphism &
translates the V-filtration by —f using the description of this filtration in terms of
Bernstein-Sato polynomials due to Sabbah [Sab84] (see Proposition 6.11 below). The
argument above, based on the uniqueness of the V-filtration, was pointed out to us
by M. Saito.

We next give a more explicit description of the transformation .

Proposition 2.8. If ®: 1, M(fP) — 1y Ox(xH) is the map in Proposition 2.6, and
if ®(u) = v, where

P P
u:Zhifﬁ@)aZd and v:Zg,-@@gé,

=0 1=0

(2) - 3 (‘Z)Qm(ﬁ)%-
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Proof. Letting x = —s and y = —f in Lemma 7.1 in the Appendix, and using the
definition of ®, we get

—zpj Z <)Qﬂ —B8) | Qi(=s+ ).

=

0
Since the polynomials Q;(—s + ), with 0 < i < p, are linearly independent over Q,
the equality between the first and the last expressions above gives (2.8). O

Remark 2.9. Proposition 2.8 is used below in the proof of Theorem A. It was noted
more recently in [JKSY19, §2.4] that there is a proof of the theorem along the same
lines as here, which however avoids the use of this precise formula.

3. From the Hodge ideals of D = aH to V., 0x. We now begin the study of
the Hodge filtration on M(f?). Recall that we are considering a Q-divisor D = oH,
with o € Qs9, and H defined by f € Ox(X). We denote Z = H,eq, and assume from
now on that [D] =

Recall from the introduction that for every nonnegative integer p, there is an ideal
sheaf I}(D) such that
EM(fP)=1/(D)® Ox((p+ 1)H) f°.
This ideal is related to the p-th Hodge ideal of D by the formula
1/(D) = L,(D) - Ox(pZ — pH).
In particular, we see that I{j(D) = Iy(D).

Definition 3.1. For every p > 0, we define the subsheaf fp(D) of Ox by

p
Ip(D) = {U € O0x | 3 VQyeves Up—1,Vp =0V € O'x with Zv,@ié € VaL_A,_ﬁx}.
=0

Since V., O is an Ox-module, it follows that I,(D) is a (coherent) ideal in O.
As mentioned in the Introduction, when 0 < o < 1 this is another way of expressing
Saito’s microlocal V-filtration [Sai94] induced on 0.

We note that we have made an abuse of notation here: both ideals I"”(D) and
E,(D) depend on the choice of H, and not just on the Q-divisor D = aoH. However,
in what follows H will be fixed, and we hope that this will not lead to any confusion.
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Proposition 3.2. For every nonnegative integer p and every g € I)(D), there is

P
v = Zvj8§5 e VayOx

7=0
such that
p .
(3.1) 9=">_Q;(a)f" v,
=0

In particular, we have

Before giving the proof, recall that the Hodge filtration on M(f?) induces a Hodge
filtration on ¢ty M(f?), given by

P
Epi  M(fP) = @Fp,j/\/l(fﬁ) ® 0}, foral p>0.°
§=0
This, just as with all the filtered Z-modules we consider here, satisfies the following
special property.
Lemma 3.3 ([Sai88, 3.2.3]). Let t be a nonzero function on the smooth variety Y,
defining a smooth divisor H. If (M, F) is a filtered Py -module with no t-torsion, and

which carries a V -filtration with respect to t that is compatible with the F'-filtration
in the sense of [Sai88, 3.2], such that the induced morphism

Gr(t): (G}, (M), F) — (Grj,(M), F)
1s strict, then
(3.2) F,M =Y 0j(VOM M jj*FyiM)  for all p,
i>0
where j: Y N H — Y s the inclusion.

Remark 3.4. The conclusion of the lemma applies in particular when (M, F) is a
direct summand of a filtered Zy-module (N, F) that underlies a mixed Hodge module
(and hence is regular and quasi-unipotent, so it satisfies [Sai88, 3.2]), and such that
N has no t-torsion and

Gr(t): (Gr?/(N),F) — (Gr%/(N),F)
is a filtered isomorphism. We may therefore apply it to the filtered Zx «c-module
Ly M(fP). Indeed, according to [MP19, Lemma 2.11], M(f?) is a filtered direct
summand in a Z-module on X of the form j;(Q, F'), where j: U < X is the natural
inclusion of U = X \ Z, and (Q, F) is the filtered Z-module underlying a mixed
Hodge module on U; hence (14 M(f#), F) is a summand in (j x id¢)+(w)+(Q, F),
where ( is the graph embedding corresponding to f|y. But filtered Z-modules

®In the literature, the right-hand side is sometimes taken to define F,y1c1 M(f?) rather than F,.
We find it somewhat more convenient notationally to use this convention here.
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such as the latter satisfy the properties above, by the general construction of direct
images of Hodge modules via open embeddings in [Sai90, Proposition 2.8] (cf. also
[Sai93, Proposition 4.2]).

We can now prove the main result of the section.

Proof of Proposition 3.2. The argument is similar to that in [Sail6], which treats the
case when D is reduced (i.e. H is reduced and o = 1). In what follows we may, and
will assume, that X is affine.

Let g € /(D). Tt follows from the definition of I(D) that we have

f§+1fﬂ © 8 € Fyuy M(f).

Using Remark 3.4, we may apply Lemma 3.3 for the Zx»c-module ¢y M(f?), hence
we can write

p
(3.3) fpgﬂ Fes=3 oud,
=0

with u® € VO, M(f5) N juj* Fp_it  M(fP) for all . If we write
p
u©@ =3"uV 5% @ 8l
i=0
then it follows from (3.3) that
g= prU(()O)-
Note now that since u(®) € VO, M(f?), we have
tu® € Vi M(f7),
and by the definition of the action of ¢, we can write

p p
tu® =57 1l 17 0 05 — > i P @ 9i e,
=0 =1

We now use the transformation ® in Proposition 2.6 to deduce that
d(tu) € VO Ox(xH) = V¥, Oy,
where we use the fact that VY Ox(xH) = V71 Ox for every v > 0, by Remark 2.1.

For every 5 > 1, let
J
@jj 1= (i)Qm(—ﬁ)-

It follows from Proposition 2.8 that there are vy, ...,v, € Ox(X) such that

p
. U‘
ful = G4 Dy =Y a5k

j=i
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(0)

p+1 = 0. Therefore we have

with the convention that

/4

g:fp—H (() Z ’L'fp+1 7 (0 (ZJrl)'fp 7 ZZZ'QU-}C

=0 =0 j=1

i j§i<.>QJ i( ZQ

where the last equahty follows from Lemma 7.2. We thus have (3.1). The last assertion
in the statement is clear, since v, € I,(aH) and Qp(a) # 0. O

4. From V% 0x to the Hodge ideals of D = aH. Keeping the notation of §3,
the following is the main result of this section:

Proposition 4.1. For every nonnegative integer p, if v = Z?:o vj(‘)gé e Vo, 0x,
then
Laye '
(4.1) Z <i>Qj_i(a)fp_7vj eI, (D) for 0<i<p.
j=i
In particular, we have
I,(D) C I (D) + (f).

Remark 4.2. We will prove the proposition by induction on p. Note that if we know
it for all ¢ < p, then we know the statements in (4.1) for 1 < i < p. Indeed, since
v € V¥, Ox, we also have

P
VaiOx s (f —tv= Zjvjai_ld

j=1
Iterating this, we conclude that for every 1 < i < p, we have

. P |
Ve Ox 5 (f — v = (jj_l,)!

] =1
Applying the inductive hypothesis for (f —t)*v, we conclude that we have

vjaf_ié.

P |
J: —j

> @) € IL(D),

j=i '

as claimed.

Remark 4.3. Let us explain the significance of the sums on the left-hand side of
(4.1). Suppose that v =" jv;0;6 € V¥ Ox and

p
U:Zuifﬁ(@afée Vi M(FP)

1=0



16 M. MUSTATA AND M. POPA

is such that ®(u) = v. Note that multiplication by ¢ is bijective on Ly M(fP), and let
w be such that u = tw. If we write w = Y7_, w; f® ® 9i4, then

(4.2) w; = i( )Q; i(a )fjviﬂ,

j=i
hence
fp*i+1 w;
are precisely the sums on the left hand side of (4.1).
To check (4.2), if we denote by w) the right hand side of the formula, it is enough
to show that
fwi— (i +Dwj =u; for 0<i<p-—1,

and fw;7 = up. Since wj’o = %vp = %up, the last equality is clear. Note now that

) p vs . Jj—1
=X g (1) -
Jj=t —

It follows that if 0 < i <p — 1, then

fuf— (i Dy = Zﬂxyﬁ@m iﬂxwﬁdjﬁikm

k=1 j=it1 k=t
:Ui+j2j;_1f?ji -:li[:l(k—ﬂ)- <(j—i_5)<g> _(i+1)<ii1>>
j—i—1
];lsz.<>5 H (k—5),

where the last equality follows from the fact that

-o()=a+n(,7)).

Using Proposition 2.8, we thus conclude that

fw—(i+1) 1+1_U'L+Z<)Q]'L )J:;J_Z:uz

Jj=i+1

Remark 4.4. It is shown in [MP19, Proposition 9.1] that, if Z(vH) denotes the
multiplier ideal of the Q-divisor vH, we have

I((a —e)H) = Ip(aH) = I (aH)

for 0 < e < 1. We refer to [Laz04, Chapter 9] for the definition and basic properties
of multiplier ideals. In particular, for every a < 1, we have

(f)=Z(H) CZ((« —€)H) = Ip(aH).
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The following property of the Hodge filtration on ¢, M(f?) is probably well known
to the experts, but we include a proof for the benefit of the reader.

Lemma 4.5. For every p € Z and every v > 0, we have
t-VIFu  M(f%) = VI E, M(F7).

Proof. In order to simplify the notation, we write V7 for V7, M(f?) and F, for
Fpi e M(fP). Note first that since multiplication by f is bijective on M(f?), it follows
that multiplication by ¢ on vy M(f?) is bijective and

t- VY =V"" forall ~veQ.

(See Remarks 2.2 and 2.3.)

The inclusion “C” is clear, and when v > 0 the equality follows from the com-
patibility of the F' and V filtrations, see [Sai88, §3.2]. (We use again the fact that
Ly M(fP) is a filtered direct summand of a mixed Hodge module.) Suppose now that
v = 0. We also know that

Gr(t): (G1¥%, F) — (Cri,, F)

is a filtered isomorphism (see Remark 3.4). The statement follows then from the Five
Lemma applied to the filtered commutative diagram

0—— (V% F) —— (VO F) —— (G}, F) —— 0

lt lt Lcr(t)

0—— (VL F) —— (VL F) —— (G}, F) —— 0.

We can now prove the main result of this section.

Proof of Proposition 4.1. We argue by induction on p. The case p = 0 is known: if
vy ® 6 € V¥4 Ox, then it follows from [BS05] that vg € Z((aw — €)H). On the other
hand, we have

I((a— H) = Io(D) = I{(D)
by Remark 4.4. We thus obtain the statement of the proposition for p = 0.

Suppose now that the statement holds for all ¢ < p, and let us prove it for p + 1.
Let
p+1 A
v = Zvié?;d eV, 0y,
i=0
and let
p+1 '
u= Zuifﬁ ® 00 € Vi M(fP)

1=0
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such that ®(u) = v. We also consider the unique w = ZT-’:& w; f% @ 9}6 such that

(2

tw = u. Note that w € V9 M(f?) by Lemma 4.5. We need to show that

p+1 .
(4.3) Z (Z)jS(a)fp“—jvj €, (D) for 0<i<p+1.
Jj=t

We have seen in Remark 4.2 that for 1 < ¢ < p 4+ 1 the assertion follows from the
induction hypothesis, hence we only need to prove it for ¢ = 0.

On the other hand, it follows from Remark 4.3 that
p+1 .
wi =3 (1) Qi)

j=i

The statement in (4.3) is thus equivalent to
fPrE ;€ Iy (D) for 0<i<p+1,

that is,
(4.4) wif? € Fpy i M(fP) for 0<i<p+1.

Therefore, equivalently, we know the statement in (4.4) for 1 < ¢ < p + 1, and
we need to show it for ¢ = 0. We also record the fact that, due to the way the
F-filtration is defined on ¢ty M(f?), the conditions in (4.4) are equivalent to the
statement w € Fj 1042 M(f5).

Note now that we have
w; = fw; — (i + Dw;y1 for 0<i<p+1
(with the convention wyy2 = 0). Therefore
wif’ € Fpa1—iM(f7) + FpmiM(f7) C Fpra—iM(f7)
for 1 <i < p+ 1. Furthermore, since
ug = fwo —wy
and
wif? € FRM(f7),

we conclude that ug f? € F, 1 M(f?) (which, given what we already know inductively,
is equivalent to u € Fj, 104 M(f?)) if and only if fwof? € F,11M(f?) (which again,
given what we already know, is equivalent to fw € Fj1104 M(f?)). Using Lemma 4.5
we thus conclude that

wof? € FpaM(fP) <= fuof? € FpaM(f).

We can now apply the same argument with v replaced by fv,..., fP*1v to conclude
that

woff € FpriM(f7) <= fPPuwof? € FpaM(f7).
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However, it follows from Remark 4.3 that

p+1

P2, ZQJ O an

is a section of Ox. Now using Remark 4.4 we see that
Ox 1’ C FoM(f7) € FpaM(£7),

and putting everything together we conclude that wqf? € FppaM( f?). As we have
seen, this completes the proof of (4.4), and thus of the proposition. O

Theorem A now follows by combining Propositions 3.2 and 4.1. Let us explain how
we can remove the condition on o when H = Z.

Proof of Theorem A’. Tt is of course enough to prove only the first assertion of the
theorem. For o € (0, 1], this follows from Theorem A. Therefore it suffices to show
that if we know (0.1) for «, then we also know it for a+ 1. Let us temporarily denote
the right-hand side of (0.1) by o(aZ).

Note that I,,((«+1)Z) = f-I(aZ) by [MP19, Lemma 4.4]), hence it is enough to
show that we also have 0((a+ 1)Z) = f-o(aZ). By the definition of the V-filtration,
since a > 0 we have

Vetl ox =t -V, 0Ox.
It follows that, given v = Z?:o Wag& € Votl,, 0, we can find w = Z§:0 wjafé €
V@4 Ox such that v = tw. This means that
vj = fwj = (j + Dwjyr for 0<j <p,

with the convention that wy;1 = 0. Let us denote by h and g the elements of o),(a2)
and Jp((a +1)7 ) corresponding to w and v, respectively. We thus have

p
9= Qjla+1)f"Juv; = ZQJ (a+ 1) P (fw; = (j + Dwjt1)
3=0

7=0

p
=> 7w (Qi(a+1) — j - Qi (a+ 1)) = fh,

=0
where the last equality follows from the fact that
J Jj—1
Qjla+1)—j-Qia(a+1)=]Ja+i)—j [[(e+i) = Q;(a).

i=1 i=1

The equality g = fh implies that o ((a + 1)Z) = f - o(aZ), and thus completes the
proof of the theorem. O

We conclude with a few remarks regarding the statements of the main theorems.
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Remark 4.6. If we write f = f{"'--- f/", where f; correspond to the irreducible

components of H and m; > 1, then Z is given by the equation g = f; --- f,, and so
I;(D) = L,(D) - f{™ gl

Thus when p > 2 and m; > 2 for all 4, we have I})(D) C (f), and so the only content

of the last statement in Theorem A is that fp(D) C(f).

Remark 4.7. The last assertion in Theorem A’ is only interesting for o < 1, since

for a > 1 both sides are equal to (f).

Remark 4.8. Saito introduced and studied in [Sai94] a microlocal V -filtration. This

induces a filtration on 0x denoted (17'7 OUx)~eq- Using the definition of this filtration,
when H is reduced one can reformulate the last assertion in Theorem A as saying
that _
L(aH) - Oy =VPT0x - Oy

for all p > 0. As mentioned in the Introduction, when a = 1, this was proved in
[Sail6].
Remark 4.9. In the setting of Theorem A, the fact that the F, M(f’) = I''(D) ®
ﬁx((p + 1)H) f? give a filtration on M(f?) compatible with the order filtration on
Px is equivalent to the following properties:

i) Each I}/(D) is an Ox-module.

ii) We have f- I,/(D) C I, (D) for every p > 0.

pH
iii) For every D € Derc(0x) and every h € IJ(D), we have

f-Dh)+ (B—(p+1)h-D(f) € I/, 1(D).

One can easily check that these properties can also be deduced from the formula in
Theorem A and the general properties of the V-filtration.

C. CONSEQUENCES

5. Basic properties of Hodge ideals. From now on we consider the case H = Z,
that is D = aZ, with Z a reduced divisor and « a positive rational number. We will
see that Theorem A’ implies a number of fundamental properties of Hodge ideals that
cannot be easily deduced directly from the definition.

Note that in the statements below we do not require that Z be defined by a global
equation; however, the assertions immediately reduce to this case, hence in the proofs
we will tacitly make this assumption, and denote by f the equation defining Z.

Corollary 5.1. For every p > 1 we have
I(D)+ Ox(=Z) C I,-1(D) + Ox (= 2).

Proof. If v = ?:0 vj({),fé € V¥, Ox, then

p
(f—tho=> juol 16 €V Ox.
j=1
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We thus see that .E,(D) C fp,l(D). The assertion now follows from Theorem A’. [

Remark 5.2. In the case o = 1 we have the stronger statement I,,(D) C I,_1(D), see
[MP16, Proposition 13.1]. However, for o« < 1 this seems likely to fail, though at the
moment we do not have an example. It does hold when Z has simple normal crossings
[MP19, Proposition 7.1] and when Z has isolated quasi-homogeneous singularities
[Zhalg].

In what follows we will use of the following triviality criterion for the ideals fp(D):
Lemma 5.3. For every p > 0 we have

(D) = Ox <= 0’6 € V., Ox.

Proof. Tt is clear by definition that if 976 € V*. O, then 1 € fp(D), giving one
implication. On the other hand, the converse is clear for p = 0, and in general we
argue by induction. If I,(D) = Ox, then there is an element

p—1
V= 8,{’6—%21)]855 S Vab+ﬁx.
j=0

By considering (f — t)'v, for 1 < i < p, we see that INI,_Z-(D) = O, hence 8" €
V@4 Ox by induction. Therefore we have

P
Mo =v— va_j(?f_]é eV, Ox.
j=1

O

Recall now from [MP16] and [MP19] the following notion which extends that of a
log canonical pair.

Definition 5.4. The pair (X, D) is k-log canonical if
Io(D) = --- = I(D) = Ox.

Corollary 5.1 implies that this is equivalent to (D) = Ox. Note that for this to
hold, we need o < 1. We make the convention that (X, D) is (—1)-log canonical if
and only if a < 1.

For the first nontrivial ideal we have a statement that is stronger than that of
Corollary 5.1.
Corollary 5.5. If (X, D) is (p — 1)-log canonical, then
1,(D) = I(D)
and also
Ip11(D) € (D).
In particular, we always have 11 (D) C Io(D) when D = aZ with o < 1.
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Proof. The inclusion E(D) C I,(D) follows from the identity

I,(D) + (f) = I,(D) + (f),

combined with the fact that (f) C I,(D) due to (p — 1)-log canonicity; see assertion
ii) in Remark 4.9 (note that the inclusion also holds if p = 0, by Remark 4.4). To

prove the opposite inclusion, it suffices to show that we also have (f) C fp(D). To
this end, the triviality of I, (D) implies that we also have I,_1(D) = Ox, which in
turn is equivalent to

P15 eV, Ox
by Lemma 5.3. On the other hand, we have
fOPS = tdP6 + pd =16 = td; - A6 + pdl s,
and so it follows that
fors eV, Ox
as well, which gives f € E,(D). This proves the first statement.

The second statement follows since by Corollary 5.1 we have

Ip+1(D) € It (D) + (f) € 1(D) + (f) = 1,(D),
the last equality again being due to (p — 1)-log canonicity. O

We also obtain information about the behavior of the Hodge ideals I,,(aeZ) when
a varies. In the case of Iy, via the connection with multiplier ideals (or directly from
the description in terms of V®. Ox), it is well known that they get smaller as «
increases, and that there is a discrete set of values of « (called jumping coefficients)
where the ideal actually changes; see [Laz04, Lemma 9.3.21]. This is not the case for
higher k; for instance, for the cusp Z = (22 4+ y® = 0) and « < 1 and close to 1, we
see in [MP19, Example 10.5] that

L(aZ) = (2, 2%y%, 2y, y* — (20 + 1)2?y),

and thus we obtain incomparable ideals. However, Theorem A’ implies that the
picture does becomes similar to that for multiplier ideals if one considers the images
in 0y.

Corollary 5.6 (Jumping coefficients). Given any p > 0, there exists a finite set of
rational numbers 0 = co < c1 < -+ < ¢g < cs41 = 1 such that for each 0 < i < s and
each a € (¢4, ¢iy1] we have

Ik(OéZ) Oy = Ik(ci+1Z) - Oz = constant
and such that
Ik(ci+1Z) . ﬁZ g Ik(ClZ) . ﬁz.

In fact, if Z is defined by a global equation f, the set of ¢; is a subset of the set of
jumping numbers for the V-filtration on ¢4 &x associated to f.



HODGE IDEALS FOR Q-DIVISORS, V-FILTRATION, AND MINIMAL EXPONENT 23

Remark 5.7. For p = 0, we have
Ox(=2)=1(Z) CI((a — €)Z) = Ip(aZ)

for every o € (0,1], where 0 < ¢ <« 1. It follows that for p = 0, the jumping
coefficients in Corollary 5.6 coincide with those jumping coefficients for the multiplier
ideals of Z, in the sense of [ELSV04], that lie in (0, 1].

Remark 5.8. Note that Theorem A’ implies further facts about elements in the V-
filtration on ¢4 Ox. For example, if v = Z?:o v;0/6 € V¥ Ox, with p > 2 and
a < 1, then

p
(5.1) S G~ DQj1(a) Iy € L(D).

Jj=2

For p = 2, this says that fvs € Io(D), so that f - Iy(D) C Io(D).
Indeed, it follows from Theorem A’ that

p
hi=Y_Qj(e) " Iv; € (D).
=0

Since

p
(f =t =" jvo] 6 € V¥, Ox,
j=1

another application of Theorem A’ gives
p—1
9:=>_ Q)i+ 1)’ v € I, 1 (D).
j=0

Therefore we have fg € I,(D) (see assertion ii) in Remark 4.9). Note also that
we always have (fP*!) C I,(D), by combining Remark 4.4 with the assertion ii) in
Remark 4.9. We thus obtain

(fh— prvo) —afg e Iy(D).

We now compute

(fh— P ) —afg =Y 27 0;(Qi(e) — jQj-1(e))
j=1
=(1—0a)- > (F—DQj1(a)fF Ty,

j=2

Dividing by (1 — «), which is assumed to be nonzero, we obtain (5.1).
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6. Bernstein-Sato polynomials and minimal exponent. In this section we
relate the p-log canonicity of a pair (X, D), with D = aZ, to the Bernstein-Sato
polynomial of Z. We begin by recalling the definition and some basic facts about
Bernstein-Sato polynomials.

Suppose that X is a smooth complex variety and f € Ox(X) is a nonzero regular
function on X. The Bernstein-Sato polynomial bs(s) € C[s] of f is the (nonzero)
monic polynomial of minimal degree such that

(6.1) bf(S)fs S @X[S] . f5+1.

If f is not invertible, by setting s = —1 in (6.1), we see that (s + 1) divides by(s).
We can thus write by(s) = (s + 1) - bs(s), and bs(s) is called the reduced Bernstein-
Sato polynomial of f. This invariant was studied by Saito in [Sai94]. In particular,

he showed that it is related to the microlocal V-filtration mentioned in Remark 4.8;
consequently, bs(s) was also called the microlocal b-function in loc.cit.

The existence of a nonzero polynomial b¢(s) that satisfies (6.1) was proved by
Bernstein [Ber72] when X = A™. For a proof in the case of arbitrary X (or, more
generally, when f is a holomorphic function on a complex manifold), see [Kas76] and
[Bj679]. It follows from the definition that if X = (J,c;U; is a finite open cover,
then by(s) is the least common multiple of the polynomials (b Ui)ie 1. Moreover, one
can show that if g is an invertible function, then by(s) = bs4(s). If E is an effective
divisor on X, we can thus define the Bernstein-Sato polynomial bg(s) such that if
X = U, Ui is a finite open cover and f; € Ox(U;) is an equation of E|y,, then

bg(s) is the least common multiple of the polynomials (by,(s)) If E # 0, then

bg(s) = (s + 1) - bg(s), for a polynomial bg(s).
It is sometimes convenient to consider a local version. It is easy to see that for

every x € X and every effective divisor £ on X, there is an open neighborhood U of
x such that by, (s) divides by, (s) for every other such neighborhood V. We set

bp.a(s) := gy, (s)-

Note that if z € E, then (s + 1) divides bg ;(s); the quotient is denoted gEx(s)

By a result of Kashiwara [Kas76], for every effective divisor E on X, all roots of
br(s) are negative rational numbers. The negative of the largest root of bg(s) is
an important invariant of singularities, the log canonical threshold ag, also denoted
let(X, E) (see [Kol97, Theorem 10.6]). Assuming E # 0, we can also consider a
refined version of the log canonical threshold, denoted ap, which is the negative of
the largest root of bg(s); we call this the minimal exponent of E, following [Sai93] (it is
also called the microlocal log canonical threshold in [Sail6]). We make the convention
that if EE(S) is a constant, then ap = co. Note that we have

iel”

ap — min{l, &E}

If E is defined by f € Ox(X), then we also write ay for ag. We can similarly define
local versions of these invariants: given x € E, the log canonical threshold af , is the
negative of the largest root of bg ,(s) and &, is the negative of the largest root of
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EEw(s) When FE has an isolated singularity at x, the invariant o, is also known as
the complex singularity index of E at x.

Our main result implies that the minimal exponent governs the p-log canonicity of
(X,aZ). Since we have observed in Definition 5.4 that this p-log canonicity condition
is equivalent to Ip(aZ) = Ox, the first statement below is equivalent to Corollary C
in the introduction.

Corollary 6.1. If Z £ 0 is a reduced effective divisor on the smooth variety X and
a € (0,1] is a rational number, then the pair (X, aZ) is p-log canonical if and only if

p<ayz-—a.

Similarly, the pair (X,aZ) is p-log canonical in some neighborhood of x € Z if and
only if p < az, — a.

Proof. For a = 1, this is due to Saito [Sail6]. The proof combines the connection
between Hodge ideals and the microlocal V-filtration in loc. cit. with a result deduced
from [Sai94] relating as to the latter, where f is a local equation defining Z; namely

ay =max {y € Q| Viox = Ox},

see [Sail6, (1.3.8)]. (Note that by Nakayama’s Lemma the triviality of V7 at the
points of Z is equivalent to the triviality of V7 - 0.)

Once we have Theorem A’, the exact same argument applies in the setting of the
above corollary; see also Remark 4.8. ([l

Combining Corollary 6.1 with results derived from the birational study of Hodge
ideals in [MP19], we obtain the estimate for az in terms of a log resolution of (X, Z)
in Corollary D. We fix such a log resolution, i.e. a proper birational morphism p: Y —
X, with Y smooth, such that u*Z has simple normal crossings support. We assume
in addition that p is an isomorphism over X \ Z and that the strict transform Z of
Z is smooth. Let Fi,..., F,, be the irreducible components of the exceptional locus
of p and write

m m
H*Z =7 + ZazFl and KY/X == szFz
=1 =1

. {bi +1 }
v:= min .
i=1,....m a;

The log canonical threshold of (X, Z) is given by az = min{+y, 1}, and we also have
az = min{az,1}. We now show the inequality az > ~; see the Introduction for a
discussion.

Recall that we denote

Proof of Corollary D. Given any rational number a € (0, 1], it follows from [MP19,
Proposition 11.2] that if v > p+«, then I,(aZ) = Ox. We deduce from Corollary 6.1
that we also have az > p + a.
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By taking p = [y] —1 and a = y+1—[v], we have o € (0,1] and p+ «a = , hence
we obtain az > . O

Remark 6.2 (Rational singularities). Saito showed in [Sai93, Theorem 0.4] that an
integral effective divisor D on X has rational singularities if and only if ap > 1. The
“only if” part also follows from Corollary D, since it is known that D has rational
singularities if and only if v > 1 (see [Kol97, Theorems 7.9 and 11.1]). In order to
handle the “if” part via Corollary 6.1, one needs to show that if I;(aD) = Ox for
some o € (0,1], then D has rational singularities. (Note that if ap > 1, then D
is automatically reduced: otherwise the log canonical threshold is < 1/2, and thus
ap = ap < 1/2.) Since a reduced divisor D has rational singularities if and only if
adj(D) = Ox, where adj(D) is the adjoint ideal of D (see [Laz04, Proposition 9.3.48]),
we see that the “if” part of the above assertion would follow from a positive answer
to the following question.

Question 6.3. If Z is a reduced effective divisor on the smooth variety X and « is
a rational number in (0, 1], do we have the inclusion

1(aZ) € adj(2)?
For av = 1, a positive answer is provided by [MP16, Theorem C].

We now turn to the general properties of the minimal exponent stated in the
introduction. We use basic facts about Hodge ideals established in [MP19].

Proof of Theorem E. For the assertion in (1), we may assume that Y is a divisor in X.
Indeed, if » = codimx (Y'), then after possibly replacing X by an open neighborhood
of x, we can find smooth, irreducible subvarieties Yy = X,Y7,...,Y, =Y of X such
that Y; is a divisor in Y;_1 for 1 < i < r. If we know the assertion for » = 1, we obtain

ADl|y < OéD|YT,1,z <. < QD z-
From now on, we assume that Y is a divisor in X.

We may also assume that D|y is reduced in a neighborhood of x. Indeed, other-
wise we have ap), , < %, hence apy, , = apj, », and we use the fact that for log
canonical thresholds the analogue of (1) is known. For example, this follows using the
interpretation of the log canonical threshold in terms of multiplier ideals, combined
with the Restriction Theorem for such ideals, see [Laz04, Theorem 9.5.1]; we thus
have

aD|y7m = Op|y < ap .z < aD,ZIJ'
After replacing X by a suitable neighborhood of x, we may therefore assume that both
D and D|y are reduced divisors. In this case the Restriction Theorem for Hodge ideals
[MP19, Theorem 13.1] gives

1,(aDly) € L(aD) - 6y

for every non-negative integer p and every positive rational number «. By taking
p = [apy 2| —1 and a = ap, , —p € (0,1], it follows from Corollary 6.1 that
I,(aD|y)s = Oy, hence by the inclusion above we also have I,(aD), = Ox ;.
Another application of Corollary 6.1 then gives ap|, , < ap .
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In order to prove the semicontinuity statement in (2), we need to show that for
every t in T there is an open neighborhood U of ¢t such that

(6.2) ap, s(t') = QD s(t) for every t'eU.

If D; is not reduced, then arguing as above we see that ap, ;) = ap, ). The
semicontinuity property of log canonical thresholds (see [Laz04, Example 9.5.41])
implies then that there is an open neighborhood U of ¢ such that

~ /
Qp, s(t) = OD, s(t") = OD, s(t) for every t € U,

which gives (6.2). Suppose now that Dy is reduced. After possibly replacing 7' by an
open neighborhood 77 of ¢, and X by 7~ !(T"), we may assume that D is reduced
for all t € T; in particular, D is reduced as well. In this case, the Semicontinuity
Theorem for Hodge ideals [MP19, Theorem 14.1] applies; it says that for every p > 0
and every positive rational number a, if I(aD)s4) = Ox, s+), then there is an open
neighborhood U of t such that I,(aD)yy) = Ox,, s for every t' € U. Taking
p = [ap, syl —1 and a = ap, 4 —p € (0,1], it follows from Corollary 6.1 that
Ip(aD) gy = Ox, o). Another application of the corollary gives (6.2) on U,

In order to prove (3), we may assume that D is reduced in a neighborhood of x.
Indeed, otherwise as before we have ap , = ap, and also » = n — 2. However, for
the log canonical threshold the bounds

1 n
< apx <
m m

are well known and easy to prove (see e.g. [Kol97, Lemma 8.10]). After passing to
such a neighborhood, we may thus assume that D is reduced.

In this case, it follows from [MP19, Corollary 11.11] that I,(aD), # Ox 5 if (o +
p)m > n. If o < 1, then we conclude from Corollary 6.1 that p > ap, — a. If
ap. > 1=, then by taking p = [ap,| —1>0and a = ap, — p € (0,1], we obtain a
contradiction. This proves the upper bound.

To prove the lower bound, we may also assume that X is affine, and we have an
algebraic system of coordinates x1,...,x, on X, centered at x. If H is defined by a
general linear combination of x1, . .., x,, then H is smooth and irreducible in a suitable
neighborhood of z. Furthermore, H is not contained in D, we have mult,(D|g) = m,
and P(C,(D|g)) is a general hyperplane section of P(C,D); in particular, the singular
locus of P(Cy(D|x)) has dimension r — 1. Since dpj, , < @p. by part (1), we see
that it is enough to prove the lower bound for ap,, ,. After r + 1 such steps, we
reduce to the case when r = —1, that is, P(C, D) is smooth. In this case, if we take
p=[2]—-1and a = —pc (0,1], then it follows from [MP19, Example 11.6] that
I,(aD), = Ox », and we conclude using Corollary 6.1 that

n ~
—=pt+a<apg.
m
This completes the proof of (3). O

Remark 6.4. It is straightforward to see that if x is a smooth point of D, then
bp(s) = s+ 1, hence ap, = co. On the other hand, if x is a singular point of D,
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then it follows from part (3) in Theorem E that ap, < This also follows from

n
2" v
[Sai94, Theorem 0.4], which asserts moreover that the negative of every root of bp ;(s)
lies in the closed interval [ap ;,n — ap 4]

Remark 6.5. Part (2) in Theorem E can also be deduced from (1) using the invari-
ance of the minimal exponent under non-characteristic restriction, which follows from
results in [DMST06]; see [JKSY19, Remark 1.3 (iv)].

In the next proposition we collect further properties of the minimal exponent that
can be deduced with the help of Theorem E. For the corresponding results for log
canonical thresholds, see [Kol97, §8].

Proposition 6.6. Let X be a smooth n-dimensional variety.

(1) If f,g € Ox(X) are such that f, g, and f + g are nonzero, then for every
x € X such that f(x) = g(x) = 0 we have

Oftga < Ofg + Qga.

(2) If f,g € Ox(X) are nonzero and x € X is such that f(x) = g(z) = 0 and
mult,(f — g) =d > 2, then

|Ofa — Qgal < ﬁ-
» ’ d

(3) If f € Ox(X) is nonzero and x € X is such that f(x) = 0, then for every
sequence (fi)i>1 with f; € Ox(X), such that lim;_,o mult,(f; — f) = oo, we
have

Qpe = lm &y, .
The key input for the proof of the proposition is the following special case, due to
Saito.

Example 6.7. Let X and Y be smooth varieties and f € Ox(X), g € Oy(Y)
be nonzero regular functions. Consider the two projections m1: X x Y — X and
me: X xY =Y. Ifx € X and y € Y are such that f(x) =0 and g(y) = 0, then

(63) &feag,(x,y) = &f,x + &g,ya

where f @ g = fom + gome. More precisely, Saito [Sai94, Proposition 0.7] proved
the following version of the Thom-Sebastiani theorem: if we denote by Ry, Ry, and
Rjfayq the sets of roots of by (—s), byy(—5), and by (2,y)(—5) Tespectively, then

(6.4) Rf+ Ry C Rygg+Z>o, and

(6.5) Rigg © Ry + Ry + Z>o.

It is straightforward to see that the inclusion (6.4) gives the inequality “<” in (6.3),
while the inclusion (6.5) gives the opposite inequality.

Proof of Proposition 6.6. The assertion in (1) follows by applying the inequality in
Theorem E (1) to the diagonal embedding X < X x X and to f @ g, and using the
formula for @ gy () in Example 6.7. We deduce the inequality in (2) using (1) and
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the fact that (assuming f # g), we have ay_,, < % by Theorem E (3). Finally, (3)
is an immediate consequence of (2). O

Example 6.8. Recall that if X is smooth and f € 0x(X) is nonzero, a result of Saito
says that the hypersurface defined by f is rational in the neighborhood of some x € X
with f(z) = 0, if and only if oy, > 1 (see Remark 6.2). An amusing consequence
of Proposition 6.6 (3) is that if this is the case, then for every sequence (f;);>1 with
fi € Ox(X), such that lim;_, o mult,(f; — f) = oo, the hypersurface defined by f; has
rational singularities in a neighborhood of z, for ¢ > 0.

In the spirit of the analogy with the behavior of log canonical thresholds, we ask
further questions regarding the behavior of minimal exponents.

Question 6.9. Let n > 1 be fixed and consider the set 7, consisting of all rational
numbers ap, where D is a nonzero effective divisor on a smooth n-dimensional variety.
Does the set 7T, satisfy ACC, that is, does it contain no infinite strictly increasing
sequences?

Note that the set T, = 7~}b N (0, 1] consists precisely of the set of log canonical
thresholds for divisors on smooth n-dimensional varieties. This set is known to satisfy
ACC: this was a conjecture of Shokurov, proved in [dFEM10].

Question 6.10. Suppose that X is a smooth variety, f € Ox(X) is nonzero, and
x € X such that f(z) = 0. Is it true that for every sequence (f;);>1 with f; € Ox(X),
such that lim;_, mult,(f; — f) = oo, we have

afw > &m for all 7> 07

Note that by Proposition 6.6 (3), a positive answer to Question 6.9 implies a positive
answer to this question as well. It is worth noting, however, that when dealing with
log canonical thresholds, the proof of the ACC property in [dFEM10] proceeds by
first proving the analogue of this weaker question.

We conclude by showing that the negatives of the jumping coefficients introduced in
Corollary 5.6 give, under a suitable condition, roots of the Bernstein-Sato polynomial.
We accomplish this with the help of a result of general interest regarding Bernstein-
Sato polynomials of certain elements in ¢y O, Proposition 6.12 below, which we hope
will be useful in other contexts as well. We also make use of Sabbah’s description of
the V-filtration in terms of such polynomials.

We start by recalling these concepts, using the notation in §2. Given an element
u € 14 Ox, the Bernstein-Sato polynomial by(s) is the (nonzero) monic polynomial of
smallest degree such that

bu(—att)u € Dx <8tt,7f> - tu.

Using Proposition 2.5 and the fact that /6 = f7§ for all j > 1, it follows that bs(s)
is the same as b¢(s). The following result, due to Sabbah, gives a description of the
V-filtration on ¢4 Ox in terms of Bernstein-Sato polynomials. We note that in the
case M = Ox, the existence of b, (s) and the rationality of its roots follows easily from
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the existence of the V-filtration on ¢4y M, which in turn was constructed in [Mal83]
starting from the existence of by(s).°

Proposition 6.11 ([Sab84]). For every v € Q, we have
Vi Ox ={u € 140x | by(s) has all roots < —v}.

We use this proposition, as well as the relationship between Zf and the microlocal V-
filtration, to deduce the following relation between by (s) and the polynomials bgms(s).

Proposition 6.12. For every nonnegative integer m, we have the following divisibility
properties of polynomials in Cl[s]:

bors(s)|(s + )br(s —m) and by(s —m)|baps(s).
Proof. We may and will assume that X is affine. We begin by noting that for every
polynomial Q(s), we have
(66) O - Q(@tt) = Q(@tt + 1) -0y and t- Q(@tt) = Q(@tt — 1) - 1.

Indeed, it is enough to check this when Q(s) = s? is a monomial, and in this case
both equalities can be easily verified by induction on gq.

By the definition of the Bernstein-Sato polynomial bf(s) = bs(s), we can find
P € 9x(X)[s] such that

bp(—0it)d = P(—0st)té.

Using (6.6), we obtain
P(—0it)td = tP(—0it —1)d and
bi(—8t) = (1 — 8it)by(—et) = —by(—0st)tdy = —t - by(—dst — 1)0;.
Since the action of t on ¢4 Ox is injective, we deduce
(6.7) bp(—8it — 1)8,6 = R(—0;t)5, where R(s) = —P(s—1).
Using (6.6), we get
bp(—0t — m)A"s = O™ L by (=9t — 1)9,0 = - R(—0it)d
= R(—0t —m + 1) 14,

hence
(1= Ot)by(—0t —m)3"6 = R(—0t —m +1) - (1 — 9)9" 15
=—R(—0it —m+1)-t0"d € Dx[—0t] - tO"9.
By the definition of bgms(s), we thus conclude that

bops()|(s + 1)by(s — m).

6For more general Zx-modules M, one first proves the existence of general Bernstein-Sato poly-
nomials and then uses this to construct the V-filtration on ¢4 M.
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For the proof of the second divisibility relation, we make use of a result of Saito
describing b in terms of the microlocal V-filtration. For this, we consider the local-
ization R := Px (t,0;,0; ") of Dx(t,0;) with respect to d;. Similarly, we consider the
localization By of 14 Ox with respect to 0, so that

By = @ oxals

JEZ
(See [Sai94] for more details about this construction.) It was shown in [Sai94, Propo-
sition 0.3] that by is the monic polynomial of smallest degree such that by(—0;t)d €
VIR - §, where for every p € Z, we put

ViR = @ oxid.

i—=j2p

Note that VPR = 8, ” . VIR = VOR - 9;” for all p € Z.
If b(s) = bams(s), then by assumption there is P € Zx(04t,t) such that
b(—0t)0;"6 = P - to;"0.
Using (6.6), we thus see that
O"b(—0it +m)d € PDx (04t t) - tOF9,

hence b(—dit +m)d € 7 "VORLA™ -6 C VIR 4. Saito’s result mentioned above thus
implies that bs(s) divides b(s +m). O

Remark 6.13. Note that the result above provides another approach to Corollary
6.1. Recall that by Theorem A’ the pair (X, D) is p-log canonical if and only if
E,(D) = Ox. We may assume that Z is defined by f € 0x(X). Now by Lemma 5.3,
we have B
Ip(D) =0Ox <— 8%3(5 S Vab+ﬁx.

On the other hand, by Proposition 6.11 we see that 876 € V., Ox if and only if all
roots of baf(s(s) are < —a. Since a < 1, it follows from Proposition 6.12 that this
condition holds if and only if all roots of gf(s) are < —a — p, which is equivalent to
p<ap—o.

We now come to our goal of relating jumping coefficients for Hodge ideals to roots of
the Bernstein-Sato polynomial. This extends the assertion in [ELSV04, Theorem B],
which is the case p = 0.

Proposition 6.14. Let Z # 0 be a reduced, effective divisor on the smooth variety X
and suppose that o € (0,1) is a rational number and p > 0 is an integer such that the
pair (X, BZ) is (p — 1)-log canonical for some B € (o, 1). If I(aZ) # I,((a+ €)Z)
for 0 < e < 1, then we have bz(—p — ) = 0.

Proof. We may assume that X is affine and Z is defined by f € Ox(X). In order
to simplify the notation, we write V* for V% Ox. Note first that since we assume
that the pair (X, 5Z) is (p — 1)-log canonical, we have Ox(—Z2) C I,(vZ) for every
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v € (0, 3] (see assertion ii) in Remark 4.9), hence our hypothesis on « is equivalent
to the condition that

I(aZ) - Oz # I,((a+€)Z) -0y
for 0 < e < 1. This is further equivalent to the existence of an h € Ox(X) such that

hoYs € V@ \ V> this follows using Corollary 5.5 and the fact that 8? § € VB for
7 <p—1by Lemma 5.3.

By the definition of general Bernstein-Sato polynomials, we have
bors(—0t)OVS € Dx (Ost,t) - tOFS C V7,
where the inclusion follows from the fact that o7 “lse VP In particular, we have
bors(—0t)hdfs € VI C V=
On the other hand, by the definition of the V-filtration, for N > 0 we have
(04t — a)NhoPSs € Vo
If the two polynomials byrs(s) and (s+a)N
V=, which is a contradiction. Thus we deduce that byrs(—a) = 0. Since a # 1, we

were coprime, we would infer that hd!'d €

conclude using Proposition 6.12 that Zf(—p —a)=0. O

Remark 6.15. M. Saito points out that Proposition 6.14 can also be obtained by
combining the proof of Corollary 5.5 with the theory of microlocal Bernstein-Sato
polynomials [Sai94], without appealing to the statement of Proposition 6.12 (which
does use this theory in its proof).

Example 6.16. Let Z C C? be the cusp, defined by f = 22 4+ 3. It is well known

that
by(s) = <s + 2) (s + g) ;

so that az = 5/6 and Iy(SZ) = Ox for every 8 < 5/6. On the other hand, explicit
formulas for weighted homogeneous polynomials show that Iy (%Z ) # 1 ((% +e)Z )
for 0 < € < 1; see [Zhal8, Example 3.5]. Thus the “other” root —7/6 = —1 —1/6 is
accounted for by the jumping number 1/6 of I;, as in Proposition 6.14.

7. Appendix: some combinatorial formulas. In this appendix we derive some
identities involving the polynomials

i—1

> = H(x—i—j) €Z[x], fori>0

J=0

r+1—1
7

Qi(z) =il - <

(with the convention Qo = 1), used in the main body of the paper.

Lemma 7.1. For every j > 0, we have
J .
J .
Qi) =3 (Z.)Qj_xy)@i(x —y) i Zy)

1=0



HODGE IDEALS FOR Q-DIVISORS, V-FILTRATION, AND MINIMAL EXPONENT 33

Proof. 1t is enough to show that
L ()
Qj(k) = Z (Z,)Qj_i(ﬁ)Qi(k — () forevery kte€Z,1</(<k.
i=0
Note that for such £ and ¢, the above formula is equivalent with the binomial identity

(7.1) <’f+§—1>:§<€+§:2—1)'(1f—g?¢_1>.

For every positive integer m, we have
—\m Z i Z
(L—2)m = j

Using the identity
1 1 1

I—z2)F (1-2f Q=20
we obtain (7.1). O

Lemma 7.2. For every j > 0, we have
] .
ot _zz()cz“ ).
1=

Proof. 1t is of course enough to show that the equality holds whenever we evaluate
each side at a positive integer m. The corresponding equality is equivalent with the
following binomial identity

. J . .
m+y> (m—i—j—z—l)
7.2 . = E o .
(r2) < J pa j—i
The right-hand side of (7.2) is the coefficient of #™~! in

j .
Z(t+1)m+p Lty 1'(75+1)J+1_1’
p=0 ¢
hence it is equal to the left-hand side of (7.2). O
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