INJECTIVITY AND VANISHING FOR THE DU BOIS COMPLEXES
OF ISOLATED SINGULARITIES
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ABSTRACT. We prove an injectivity theorem for the cohomology of the Du Bois com-
plexes of varieties with isolated singularities. We use this to deduce vanishing state-
ments for the cohomologies of higher Du Bois complexes of such varieties. Besides
some extensions and conjectures in the non-isolated case, we also provide analogues
for intersection complexes.

A. INTRODUCTION

Let X be a complex algebraic variety of dimension n, and for each k£ > 0 let Ql)“( be
the k-th associated graded term of the filtered de Rham complex Q% with respect to
the Hodge filtration, also called the k-th Du Bois complex of X. Given their growing
importance in the study of singularities via Hodge theory, it has become essential to
understand the finer homological properties of these complexes. This paper addresses
the case of isolated singularities, by focusing on vanishing theorems for the cohomologies
of Du Bois complexes, and injectivity theorems for the cohomologies of their duals.

Vanishing of cohomologies. By definition, the Du Bois complexes Q])“( are supported
in degrees in the range [0,n]. Something better is in fact true; a well-known result of
Steenbrink [St2, (4.1)] says that

HIQ% =0 forall i >n—Fk,
and without further assumptions on k or the singularities, this is optimal.

The vanishing of other higher cohomologies H’Q’;( in the possible non-vanishing
range is one way to measure how good the singularities of X are. One of our main
goals is to describe concrete conditions under which this holds. Previous results in this
direction were obtained in [MOPW] for hypersurfaces, and more generally in [MP1] for
local complete intersections. Here we address this in the case of isolated singularities,
providing some results in the non-isolated case along the way as well.

The appropriate language for studying this problem is that of higher Du Bois sin-
gularities, studied in [MOPW], [JKSY], [MP1], [SVV] among others. At least in the
local complete intersection case, this condition means that Q% can be identified with
the sheaf of Kahler differentials Q% for certain p. Along the way towards a general
definition, the weaker notion of pre-k-Du Bois singularities was introduced in [SVV];
this simply means the vanishing of higher cohomologies, i.e. ’HZQ?( =0 foralli>0
and p < k. Cf. also [Tig], using different terminology.

The authors were partially supported by the NSF grant DMS-2040378, and MP by DMS-2401498
as well.
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For fixed k, the question of whether the cohomology sheaf ’HZQ’;( is zero for some
i > 0 is therefore by definition nontrivial only if X is not pre-k-Du Bois. Our main
vanishing result studies the first degree where this is the case. Note that the answer
is influenced by the algebraic properties of the 0-th cohomology sheaf HOQ]}(, which is
known to always be torsion-free.

Theorem A. Let X be a variety with pre-(k—1)-Du Bois isolated singularities. Then:
HIQE =0 for 0 <i<depthH’Q% — 1.

A reformulation of this theorem in terms of resolution of singularities and higher
direct images of logarithmic forms can be found in Remark 7.3.

When k = 0, when the hypothesis means that there are no assumptions on X, this is
due to Steenbrink [St3, Proposition 1]. Using our method of proof however, combined
with an injectivity result from [KS16], we can extend this case to arbitrary singular
sets.!

Corollary B. If a variety X is (pre-)Du Bois away from a closed subset of dimension
s, then ‘
HIOG =0 for 0<i<depthOx —s—1.

A quick consequence is the fact that a Cohen-Macaulay variety of dimension n, with
isolated singularities, is Du Bois if and only if the natural morphism H™(X,Ox) —
H™(X,0%) is injective (hence an isomorphism); see Corollary 7.6.

The picture of vanishing results for higher cohomology sheaves is completed by the
following “sliding” rule, which is quite simple but seems to not have been noted before;
it holds with no assumption on the singular locus.

Proposition C. Let X be an n-dimensional variety. If k < n and H”_p_lgz)’( =0 for
all p<k—1, then

HROR = 0.
In particular H"QS = 0, and more generally if X is pre-(k — 1)-Du Bois, with k < n,
then H"*Qk = 0.

Further vanishing results and conjectures in the non-isolated case are discussed later
in the Introduction. Note in particular Conjecture H for an extension of Theorem A
to the general case.

Injectivity for the cohomologies of duals. The key technical result of the paper,
used in the proof of Theorem A as well as for other applications, is the following
injectivity theorem for the cohomologies of the dual of the first Du Bois complex that
is not a sheaf.

Theorem D. Let X be a variety with isolated pre-(k — 1)-Du Bois singularities. Then
the morphism
RHomo, (s, wk) = RHomo, (H°Q%, w%)

n Dgoh(X), obtained by dualizing the canonical map HOQ’)“{ — O is injective on

cohomology.?

1We will see that for k = 0 one can safely replace H°Q% by Ox.
2Here w% is the dualizing complex of X.
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In Conjecture G we predict that the statement should hold even without the isolated
singularities hypothesis.

An injectivity theorem of this type first appeared in the inspiring paper [KS16] by
Kovacs-Schwede for k£ = 0. It was then reinterpreted in terms of the Hodge filtration on
local cohomology, and extended to arbitrary & in the case of local complete intersections,
in [MP1] and [MP2]. Fundamentally, such injectivity theorems are degeneration at E;
phenomena for appropriate Hodge-theoretic objects, and are now understood to be one
of the most essential properties of Du Bois complexes.

Note a subtlety: when & = 0, or when X is LCI, Kahler differentials are rather well
behaved under the (k — 1)-Du Bois hypothesis, and therefore the right hand side in the
previously known injectivity theorems is expressed in terms of Ql)“(; see e.g. Theorem
4.6. This is not the case anymore for arbitrary singularities, where we found that the
natural formulation of injectivity is in terms of ’HOQ]}(. Nevertheless, one can deduce
from Theorem D statements about Kéahler differentials as well. Here we only include
a special case that is easier to state, while the general result is Corollary 6.2; the local
cohomological defect ledef(X) is defined in the next subsection, and the definition of
k-Du Bois singularities is recalled in Section 2.

Corollary E. Let X be a variety with isolated (k — 1)-Du Bois singularities, with
dim X > 2 and ledef(X) = 0. Then the map

RHOmOX (QI)CO w;() - RHOTTLOX (Q];Qtfv OJ;()

1s injective on cohomology. Here Q’)“( f denotes the quotient of Qlﬁ( by its torsion sub-

sheaf.

As for the proof of Theorem D, it is immediate to reduce to the case of projective
varieties, in which case we show a more general fact, namely that the statement holds
when X is pre-(k—1)-Du Bois with possibly higher dimensional singular locus, but pre-
k-Du Bois except at finitely many points; see Theorem 5.1. We use the degeneration
at F7 of the Du Bois version of the Hodge-to-de Rham spectral sequence, inspired by
the approach in [KS16] rather than that in [MP2] (as we do not yet have a good theory
of the Hodge filtration on local cohomology in the non-LCI case).

Another application of Theorem D is a very quick proof of the known fact that k-
rational singularities are k-Du Bois, in the case of isolated singularities. We show this
in Section 8, where we also recall what is known in this direction.

More on vanishing. Going back to vanishing statements, our approach also provides
a somewhat weaker statement for non-isolated singularities, which is essentially due to
formal homological algebra.

Proposition F. Let X be a variety that is pre-k-Du Bois away from a closed subset
of dimension s. Then:

’HiQ’)f(:() for O0<i<mp—s—1,
where my, := min {depth H°Q%, n — k — ledef(X) + 1}.

Here ledef(X) denotes the local cohomological defect of X, defined as
ledef(X) =1ed(X,Y) — codimy (X),



4 M. POPA, W. SHEN, AND A. D. VO

where X C Y is an embedding in a smooth variety, with local cohomological dimension
led(X,Y). It does not depend on the embedding, and ledef(X) = 0 for local complete
intersections, but also for other interesting classes of varieties; for more details see
Section 4. One can make sense of the depth of an object in the derived category, and
what is really proven in Proposition F is a consequence of a general fact about arbitrary
such objects, namely the same statement but with m; replaced by the more abstract

m}, := min{depth #°Q%, depth Q% + 1}.
One then uses one of the main results of [MP1], which implies that
depth Q% >n — k — ledef(X),
with equality for some k. To prove Theorem A, we need to combine this abstract

formulation with the main injectivity result, Theorem D.

We also explain in Example 7.4 how this formal statement can be used when X is a
local complete intersection in order to recover [MP1, Corollary 13.9] (see also [MOPW]
for hypersurfaces), stating that if s = dim Xging, then for all £ we have

HIQE =0 for O<i<n—Fk—s—1.

At the end of Section 7 we give examples where certain intermediate cohomologies do
not vanish, showing the failure of some possible extensions of this result to the general
setting.

Conjectures. The main results of this paper are likely to admit natural extensions to
the case of non-isolated singularities. The most important extends Theorem D.

Conjecture G. Let X be a variety with pre-(k — 1)-Du Bois singularities. Then the
map
RHomo, (s, wk) = RHomo, (H°Q%, w%)

1s injective on cohomology.

This is proven in [MP2] in the local complete intersection case, when X has (k —1)-
Du Bois singularities. The proof makes use however of the relationship between the
Hodge filtration and the Ext filtration on local cohomology, shown in [MP1], which is
not available in general.

The natural extension of Theorem A is the statement below. It follows from Con-
jecture G with the same argument that derives Theorem A from Theorem D.

Conjecture H. Let X be a variety that is pre-(k — 1)-Du Bois, and pre-k-Du Bois
away from a closed subset of dimension s. Then

HIQK =0 for 0 <i<depthH’Q% —s—1.

Intersection complex. In Ch.E we establish analogues of the results described above,
where the Du Bois complexes are replaced by intersection Du Bois complexes;® in other
words, from the point of view of Hodge modules and constructible sheaves, we are re-
placing the constant sheaf by the intersection complex. In this case, the higher Du
Bois singularities conditions are replaced by higher rational singularities analogues; for

3These are studied more thoroughly in the upcoming [PP].
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local complete intersections, the link between these types of singularities and intersec-
tion complexes was already observed in [CDM]. Since their shape is rather similar, we
refer to Sections 10 and 11 in the body of the paper for these statements. The main
injectivity result is Corollary 10.4, while the main vanishing result is Corollary 11.3.

What is perhaps more fundamental here is that along the way we establish an in-
jectivity result, Theorem 10.3, that holds unconditionally and relates the duals of Du
Bois complexes and their intersection analogues. This in turn uses a more technical
variant, Theorem 10.5, communicated to us by S. G. Park. Using this theorem, the
main result in the intersection complex setting is a consequence of Theorem D for Du
Bois complexes.

Acknowledgement. We thank Brad Dirks, Mircea Mustata, and especially Sung Gi
Park, for valuable conversations and suggestions.

B. PRELIMINARIES

Throughout this section, X is a complex variety of dimension n.

1. Du Bois complexes. We recall the notion of filtered de Rham complex, meant as a
replacement for the standard de Rham complex on smooth varieties. Denoted (Q%, F),
it is an object in the bounded derived category of filtered differential complexes on X,
introduced by Du Bois in [DB] along the lines suggested by work of Deligne. For each
k > 0, the shifted associated graded quotient

Q% := Gri Q% [k],

is an object in Dgoh(X), called the k-th Du Bois complex of X. For a hyperresolution
€e: Xo — X of X, it can be computed as

Qk ~ Re.*Q’)“(. )

Besides [DB], one can also find a detailed treatment of hyperresolutions and the

construction of Du Bois complexes in [GNPP, Chapter V] or [PS, Chapter 7.3]. We
only recall here a few basic facts that will be used freely throughout the paper:
e For each k > 0, there is a canonical morphism Q’)“( — QF . which is an isomorphism
if X is smooth; here Q’)“( are the sheaves of Kéahler differentials on X; see [DB, Section
4.1] or [PS, Page 175]. In particular, ’HlQ’;( are supported on the singular locus of X,
for all 7 > 0.

e There exists a Hodge-to-de Rham spectral sequence

EP?=HY(X,0%) = H""(X,C),
which degenerates at Ej if X is projective; see [DB, Theorem 4.5(iii)] or [PS, Proposi-
tion 7.24].
e For each k£ > 0, the sheaf ”HOQ’}} embeds in f*Q’}( , where f: X — X is a resolution
of X, so in particular it is torsion-free; see [HJ, Remark 3.8].
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2. Higher singularities. Following [MOPW, JKSY, FL2], if X is a local complete
intersection (lci) subvariety of a smooth variety Y, then it is said to have k-Du Bois
singularities if the canonical morphisms Q% — QF are isomorphisms for all 0 < p < k,
and k-rational singularities if the canonical morphisms Qf — Dx(Q' ) are isomor-
phisms for all 0 < p <k, where Dx(-) := RHom(-,wx).

For non-lci varieties, however, even the condition Q}( = Q& turns out to be quite
restrictive; as explained in [SVV] the definitions above are not suitable anymore. In the
general setting, new definitions of k-Du Bois and k-rational singularities are introduced
in loc. cit.. As it is often sufficient, one can first consider weaker notions obtained by
removing the conditions in cohomological degree 0.

Definition 2.1. We say that X has pre-k-Du Bois singularities if
HIQL =0 forall i>0 and 0<p<k.
We say that X has pre-k-rational singularities if
H' (Dx(Qy ") =0 forall i>0 and 0<p<k.

Several other conditions are imposed in the full definition of general k-Du Bois and
k-rational singularities. They agree with the classical notions of Du Bois and rational
singularities when k£ = 0, and with the definitions mentioned above in the local complete
intersection case. See [SVV, Proposition 5.5, 5.6] for more details.

Definition 2.2. We say that X has k-Du Bois singularities if it is seminormal, and

(1) COdimx(XSing) > 2k + 1;
(2) X has pre-k-Du Bois singularities;
(3) HOQE is reflexive, for all p < k.

Definition 2.3. We say that X has k-rational singularities if it is normal, and

(1) codimx (Xsing) > 2k + 1;
(2) X has pre-k-rational singularities.

3. A new vanishing result. Steenbrink’s vanishing theorem [St2, (4.1)] states that

(3.1) HIQK =0 for p+q > n.

In general, this result is the best possible. Indeed, [MOPW, Example 1.7] shows that

the vanishing does not necessarily hold when p + ¢ = n. However, we have

Proposition 3.2 (Proposition C). If k < n and H”fpflﬁg( =0 forallp <k-—1, then
HPROE = 0.

Proof. Consider the spectral sequence associated to the Hodge filtration on the filtered
de Rham complex

EPT = HIQE — HPTIO%.
Since Q% is quasi-isomorphic to Cy, the spectral sequence converges to Cx, placed in
cohomological degree 0. Note that for any ¢ > 1, the term Effl_k is obtained as the
cohomology of the complex

Egz—ﬁ,n—k—i-ﬂ—l _ Eéc,n—k . Eg:-i—é,n—k—é—i-l,
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and the right hand side is 0 by (3.1), while the left hand side is 0 by assumption.
Therefore
H R = By TE = B R =0
§2 A .

Corollary 3.3. If X is pre-(k — 1)-Du Bois, with k < n, then

HRQK = 0.
In particular, X is pre-k-Du Bois for all k if and only if it is pre-(n — 2)-Du Bois.
Proof. The first part is an immediate consequence of Proposition C. For the second

part, note that we always have Q% ~ H°Q% , while in the previous row, the only term
that needs checking is Hlﬂ}_l, which is covered by the first part. O

When X has isolated singularities, this is [FL1, Lemma 2.5]. When X is a hyper-
surface, a slightly weaker result is contained in [MOPW, Theorem 1.4].

Remark 3.4. Note that the result does not hold for k = n, as for any variety X we
have Q% ~ HOQ% ~ 7w % where m: X — X is a resolution of singularities.

Example 3.5. If X is a pre-0-Du Bois surface, then H’QI;( =0 for all k£ and all 7 > 0.
Hence if X is a surface with rational singularities, then

Q% ~ 1004 ~ ¥ for all k.
The last isomorphism is a consequence of the main result of [KS21].
Example 3.6. Corollary 3.3 cannot be improved, without further assumptions, by
moving to the left in the Du Bois table. For instance, any 3-fold X with an iso-

lated rational (hence Du Bois) hypersurface singularity that is not a double point, has

H'QL # 0; see [NS, Theorem 2.2].

4. Local cohomological dimension and depth. Let X be a complex variety. If Y’
is a smooth variety containing X (locally), the local cohomological dimension of X in
Y is

led(X,Y) := max {q | H% Oy # 0},
where the sheaf in the parenthesis is the g-th local cohomology sheaf of Oy along X.
It is also known that if r = codimy X, then H% Oy = 0 for ¢ < r and H5 Oy # 0; see
e.g. [MP1] for a more details and references.

As in [PSh], we consider the local cohomological defect ledef(X) of X as
ledef(X) :=1led(X,Y) — codimy X.

A reinterpretation of the characterization of local cohomological dimension in [MP1,
Theorem E] can be stated as follows:

Theorem 4.1 ([MP1, Corollary 12.6]). Let X be a subvariety of a smooth variety Y.
For any integer ¢ we have

led(X,Y) <c¢ <— Extg;kﬂ(ﬂlﬁ(,wy) =0 forall j >¢ and k> 0.
or equivalently

ledef(X) < ¢ < Sxtg;kﬂ(ﬂlﬁf,w;() =0 forall j >c—dimX and k>0.
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The second equivalence follows from the first thanks to Grothendieck duality for the
inclusion X < Y.

We recall now that the notion of depth of a module has a natural extension to obejcts
in the derived category. If C' is an element of the bounded derived category of finitely
generated R-modules, where (R, m) be a noetherian local ring endowed with a dualizing
complex w},, then one can define

depth(C) := min {i | Exty"(C,w}) # 0}.

with the convention that the depth is —oo if C'= 0. This notion is studied extensively
in [FY], where it is shown to be equivalent to other natural generalizations of the usual
notion of depth. When X is a variety and C is an element in Dé’oh(X ), then we set

depth(C) := xeéﬂg(@ depth(C,),

where the minimum is taken over the closed points in the support of C. The first
interpretation takes the form:

(4.2) depth(C) = min {i | £zt (C,w) # 0}.
This is of course a standard interpretation of depth when C is a sheaf.

Using this, from Theorem 4.1 we conclude:
Corollary 4.3. We have the identity

ledef(X) = dim X — min {depth k% + k).

This shows in particular that ledef(X) depends only on X, and not on the embedding,
and that dim X > ledef(X) > 0.

Example 4.4 (Varieties with lcdef(X) = 0). The condition ledef(X) = 0 is equiva-
lent to led(X,Y) = codimy X in any embedding, or equivalently to the non-vanishing
of a single local cohomology sheaf H% Oy . This holds of course when X is a local com-
plete intersection. In addition, it is known to hold when X has quotient singularities
[MP1, Corollary 11.22], for affine varieties with Stanley-Reisner coordinate algebras
that are Cohen-Macaulay [MP1, Corollary 11.26], for arbitrary Cohen-Macaulay sur-
faces and threefolds in [Og, Remark p.338-339] and [DT, Corollary 2.8] respectively,
and for Cohen-Macaulay fourfolds whose local analytic Picard groups are torsion [DT,
Theorem 1.3].

Note that, according to Corollary 4.3, for such varieties we have

depth Q% >n —k for all k> 0.

We finish by recalling a well-known vanishing result for Ext sheaves, for later use:
Lemma 4.5. Let F be a coherent sheaf on X. Then

Extly (F,wk) =0 for i< —dimSupp(F).
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C. INJECTIVITY THEOREMS

In this chapter we address natural injectivity theorems for the cohomologies of the
duals of the graded quotients of the Du Bois complex. The first place where such
a result appears is the paper [KS16] by Kovacs-Schwede, who proved that for every
variety X the morphism

RHomo, (Q%,wk) = RHomo, (Ox,wk)

obtained by dualizing the canonical morphism Ox — Qg(, is injective on cohomology;
see [KS16, Theorem 3.3]. Using the Hodge filtration on local cohomology, a slightly
stronger version of this fact was obtained in [MP1, Theorem A], and then extended to
higher Du Bois complexes in [MP2, Theorem A] in the case of local complete intersec-
tions:

Theorem 4.6 ([MP2, Theorem A]). If X is local complete intersection, and k is a
nonnegative integer such that X has (k — 1)-Du Bois singularities, then the morphism

RHomo, (s, wx) = RHomo, (0%, wx)

n Dzoh(X), obtained by dualizing the canonical morphism Q’)“( — Ok . is injective at

the level of cohomology.

Here we prove an injectivity theorem for arbitrary isolated singularities, by going
back to the basic Hodge-theoretic properties of Du Bois complexes, as in [KS16]. Cur-
rently we do not have a sufficiently good understanding of the Hodge filtration on local
cohomology, as a mixed Hodge module, beyond the local complete intersection case
treated in [MP1]. This is something highly desirable, that may clarify the picture in
the general non-isolated case and lead to a proof of Conjecture G.

5. Proof of Theorem D. The statement of the injectivity theorem is local, hence we
may assume first that X is quasi-projective. Since the singular locus S of X is a finite
set, we may choose a compactification X of X such that the singular locus of X is still
S, and prove the statement for X. Hence it suffices to assume that X is projective to
begin with. With this assumption, we prove a stronger statement:

Theorem 5.1. Let X be a projective variety which is pre-(k—1)-Du Bois, and pre-k-Du
Bois away from a finite set. Then the morphism

RHomo, (s, wk) = RHomo, (H°Q%, w%)

n Dlgoh(X), obtained by dualizing the canonical map HOQY — Q% is injective on

cohomology.

The key point in the proof is the following;:

Proposition 5.2. Let X be a projective variety with pre-(k — 1)-Du Bois singularities.
Then for each i, the natural map

HY(X,H'Q%) — HI(X,0%),

obtained by applying cohomology to HOQ’)“( — Q% is surjective.
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Proof. For each p > 0, we denote
Q3 = Q% /FPH0%.
So we have an exact triangle
< <p—1 +1
(5.3) Qxl-p] — QF — O —.
We also denote by Q)S(p 5, the object in the derived category of differential complexes on
X* represented by the complex

HO0% S 100k & - b 1Ok,

placed in cohomological degrees O,...,p. This is not to be confused with HO(Q)S(p ).
Here we have an exact triangle
(5.4) HOQ[-p] — OFF, — o

Note now that, as in [SVV, Proposition 2.3|, there exists a natural map Q)%p = Q)S(p )
When X is projective, the Ej-degeneration of the Hodge-to-de Rham spectral sequence
for the filtered de Rham complex of X implies that the induced composition

H'(X,C) — Hi(X,05,) — H'(X, Q%)
is surjective for each i, hence so is the second map.

Let’s now consider the integer k in the statement. The map Q)%kh — Q)S(k, and its
analogue for k — 1, combined with the two exact triangles described above, gives rise
to a morphism of exact triangles

HOOK[h] —— OFf, —— oF 1

| | J

QK [~H] off — o 5

Since X is pre-(k —1)-Du Bois, the right-most vertical map is an isomorphism. Passing
to hypercohomology, we obtain a morphism of long exact sequences

H(HOQK [—K]) —— H(Q3Y,) —— H(QFS, ") —— HTY(HOQK [-k)
HY Q% [k]) —— H(QFY) —— H(QF!) —— HH Q% [-K])

Since the second vertical map is surjective for all 4, basic homological algebra shows
that so is the first. O

We now consider the exact triangle
1
HOOk — ok — ¢

4The notation is motivated by the fact that H°Q% agrees with the h-differentials Qlﬁ( 5, studied in
[HJ].
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By definition X is pre-k-Du Bois away from a finite set of points if and only if C' is
supported on a finite set. After dualizing, we obtain an exact triangle

K — RHomo, (Q’)f(,w}) — RHomo, (HOQI}(,w;() L1>,

where again K is supported on a finite set. Applying Grothendieck-Serre duality to
the surjections in Proposition 5.2, we obtain that the induced morphisms

H (X, RHomo, (Q%,wk)) — H (X, RHomo, (HOQ];(,wS())
are injective for all integers 1.
Theorem 5.1 is then a consequence of the following general result:

Lemma 5.5. Let X be a projective variety, and let

K—sFoGXh

be an exact triangle in Dgoh(X). Suppose that K has zero-dimensional support, and

that the induced maps on hypercohomology
H'(X,F) —» H(X,G)
are injective for all i. Then the induced maps on cohomology
H'F — H'G
are injective for all i.
Proof. The injectivity on hypercohomology implies that for each 7 we have short exact
sequences:
0 — H'(X,F)— H(X,G) - H"(X,K) — 0.
Now the hypercohomology of G is computed by a spectral sequence
EP = HP(X,H'G) = H'(X,G),
while the similar spectral sequence for K shows that
HFY X, K) ~ HO(X, HTK),

because of the assumption that K is supported in dimension zero. Passing to the first
associated graded term of the filtration on the total object in each of these two cases
leads to a commutative diagram

Hi(X,G) — Hit (X, K)

| |

EY — 5 HY(X,H"'K)

and by the observations above, it follows that the bottom horizontal map is surjective.
On the other hand, note that in fact this map has a factorization

EY < Ey' = HY(X, H'G) -5 H (X, H'M' K),

where ¢ comes from the connecting homomorphism H'G — H"' K induced by the
original triangle. Since the support of H*t!1K is zero-dimensional, it follows immedi-
ately that this connecting homomorphism is surjective for each ¢, which is equivalent
to our assertion. ([l



12 M. POPA, W. SHEN, AND A. D. VO

6. Injectivity results involving Kahler differentials. Recall that for any £ > 0
we have natural maps
0% — 100k — 0%

Since ”HOQ]}( is known to be torsion-free, this arises in fact from a sequence of maps
(6.1) k¢ 5 OOk L 0k,

where Q% o = Ok /tors(Q')f() is the canonical torsion-free quotient of the sheaf of
Kahler differentials, and « is an inclusion which is an isomorphism away from Xgine.
Our main injectivity theorem has the following consequence:

Corollary 6.2. Let X be a variety with isolated pre-(k — 1)-Du Bois singularities.
Then the dual
RHomo, (Qk ,wk) = RHomp, (Q§(7tf,w3()

of the canonical morphism (6.1) is injective on the i-th cohomology for all i # 0.
Moreover, if ledef (X) < dim X — k — 1, then it is injective on all cohomologies.

Proof. Given Theorem D, for the first statement it is enough to have the injectivity on
cohomology of the map
RHomo, (H'Q%, w%) — RHomo, (Qlﬁgtf,w;()

obtained by dualizing «, in the range 7 # 0. But this is clear; if we complete a to a
short exact sequence

0— Q5 — HQ — Q@ —0,
the cokernel @ is supported on Xging, hence Lemma 4.5 and (4.2) imply E2t/(Q, w%) = 0
for ¢ # 0. Dualizing the short exact sequence above then shows that in this range
Eatly, (HOQ,wk) = Eato, (W up, k)
is injective. For the second statement, simply note that Theorem 4.1 implies that
Eaty (Xx,wk) =0 for i>ledef(X) — dim X + &,

so that the assumption takes care of the remaining case ¢ = 0. (]

We compare this with the previous injectivity statements obtained in the literature.

e When k£ = 0, we recall that the injectivity on cohomology of the canonical morphism
RHomo, (%, wk) — RHom(Ox,w)
holds in full generality thanks to [KKS16].

e When k > 1, for isolated singularities we obtain the extension of a result shown in
the local complete intersection case in [MP2]. Note first that by definition, when X is
(k — 1)-Du Bois, rather than just pre-(k — 1)-Du Bois, we have codim Xgn, > 2k — 1;
when X is a local complete intersection, this is not part of the definition, but holds
automatically by [MP1, Theorem F and Corollary 9.26]. In our case this simply means
n—k—12>k— 2, hence as a consequence of Corollary 6.2 we first obtain:

Corollary 6.3. When X has isolated (k — 1)-Du Bois singularities, and ledef(X) <
k — 2, the map in Corollary 6.2 is injective on all cohomologies.

We deduce the promised analogue of the result in [MP2]:
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Corollary 6.4. Let X be a variety with isolated (k — 1)-Du Bois singularities. If
ledef(X) = 0, then the map
R’Hom@X (Ql)c('? w;() - RHOTTL@X (Ql)e(,tfa W;{)

15 ingjective on cohomology.

Proof. Note that for k = 0 the result holds with no assumptions, so we may assume
k > 1. When k > 2, the result is a consequence of Corollary 6.3. When k = 1 and
n > 2, we go back directly to the statement of Corollary 6.2. When k& = n = 1, since
depth #°Q% = depth thf =1, the map

RHomo, (Ql.gﬁ wk) — RHomo, (ng(,tfv wk)

is nontrivial on the i-th cohomology only when ¢ = —1, in which case its injectivity
follows from Corollary 6.2. g

This applies in particular when X is a local complete intersection. When dim X > 2
or k > 2, under our assumptions [MV, Corollary 3.1] implies that Q% is torsion-free,
hence the injectivity on cohomology holds directly for

RHome, (Ql)“(,w%) — RHom@X(Q’)“(,wB().S

However, other interesting classes of varieties satisfy ledef(X) = 0 as well, and Corollary
6.4 also holds for those; see Example 4.4.

Remark 6.5 (Non-isolated singularities). Assuming Conjecture G (or under the
hypothesis of Theorem 5.1), one has analogues of the results in this section for projec-
tive varieties with possibly non-isolated singularities. The conclusion of Corollary 6.2
becomes the fact that injectivity holds on i-th cohomology for:

(1) i > ledef(X) — dim X + k; in this case in fact Extfgx (Q%,w) =0.
(2) i < — dim Xeing.

D. APPLICATIONS OF INJECTIVITY

7. Vanishing of higher cohomology. In this section we prove Theorem A and ex-
plain some related points.

We first state a general homological result about the vanishing of cohomologies of
objects in the derived category of coherent sheaves, in terms of their depth.

Proposition 7.1. Let A® be an object in D, (X) such that

(1) A® has cohomology in non-negative degrees.
(2) The support of all H'A® with i > 0 is contained in a closed subset of X of
dimension s.

Then we have

HIA®* =0 for 0<i<min{depth#°A® depth A®+ 1} —s— 1.

5In fact this can be easily seen to hold when dim X = k£ =1 as well.
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Proof. The first assumption implies that there is a natural morphism H°A® — A®, and
taking its Grothendieck dual leads to

(7.2) RHomo, (A%, w) & RHomo, (HOA®, wk) — C* 15,
where C* is the cone of the morphism ¢. For each g, we obtain exact sequences
Extl, (HVA®,wk) = HIC® — Extly (A%, wk).
Using (4.2), the first term vanishes for ¢ > —depth H’A®, and the third for ¢ >
—depth A®* — 1. We conclude that
HIC®* =0 for ¢ > —m,
where m := min{depth H°A®, depth A*}.
Next, applying RHomo, (—,w%) to (7.2), we obtain an exact triangle
RHomo, (C*,wy) — HOA® — A* 1L
It follows that for ¢ > 0,
HA® ~ Ext (C®, W)
Consider now the spectral sequence
E5? = Extyy (HIC*,wk) = Eat [(C®,w%).
We have:

e HIC*® =0 for ¢ > —m, as noted above;

° Ext%X (H1C*,w%) = 0 for p < —dimsupp HYC*®, by Lemma 4.5. In particular,
this holds for p < —s, since by definition C*® is supported on the locus where
HOA® and A® are not quasi-isomorphic, which has dimension s.

Combining these facts, we see that Extf, (C*,w) =0 fori <m —s. Thus
HIA* =0 for 0<i<m—s—L1.
O

Proof of Proposition F. We simply take A® = Q% in Proposition 7.1. Its higher coho-
mologies are supported on the non-pre-k-Du Bois locus of X, so we obtain

HQ =0 for O<i<m)—s—1,
where

m), := min{depth #°Q%, depth Q% + 1}.
The result then follows from the characterization of the local cohomological defect in
Corollary 4.3. O

Proof of Theorem A. To deduce the stronger vanishing statement in the case of isolated
singularities, the key new ingredient is that, thanks to Theorem D, with the notation
in (1) the long exact sequence on cohomology associated to the triangle (7.2) breaks
into short exact sequences:

0 — Extly (A% wk) = Extly, (HPA®,wk) = H'C* =0

for all 7.
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The inclusion of Ext sheaves gives
depth Q% > depth H°Q%

on any variety with pre-(k —1)-Du Bois singularities. Hence in the proof of Proposition
F we have mj, = depth HOQ%  and s = 0, which gives the desired result. ]

The exact same argument, using the injectivity theorem of Kovacs-Schwede [KS16]
in place of Theorem D, proves Corollary B.

Remark 7.3. Let X be a variety with isolated singular locus .S, and let f: X > X
be a resolution of singularities with simple normal crossings exceptional divisor F =
F71(S)red- The vanishing result for the Du Bois complexes of X in Theorem A can be
reformulated as saying that

R f.Q%(log E)(—~E) =0 for 0<i<depthH’Q% —1,

assuming that X has pre-(k — 1)-Du Bois singularities. Indeed, by [St2, Proposition
3.3] there is an exact triangle

+1
Rf.0%(log E)(—E) = Q% — Q§ — .
Thus, for k£ > 0, it is immediate that
H'QY ~ R f.0% (log E)(~E)

for all . When k£ = 0 and ¢ > 0, this isomorphism still holds: the map ’HOQ% — Qg is
surjective, since the composition Ox — HOQg( — Og is the natural surjection.

Example 7.4 (The LCI case). If X is a local complete intersection with dim Xgng =
s, it is shown in [MP1, Corollary 13.9], using the Hodge filtration on local cohomology,
that

(7.5) HIQE =0 for O<i<n—s—k—1.

We now explain that this fact is a special case of our results here. The statement is
vacuous when codim Xgj,e = n—s < k+2, hence we may assume n—s > k+3, which in
particular implies that X is normal and moreover, by [MV, Corollary 3.1], that the sheaf
of Kihler differentials Q% is reflexive. This in turn implies that H°Q% = Q[)]z] = Qk..
By Lemma 1.8 of [Gre], within this range we then have

depth ”HOQ’;( = depth QI)“( >n—k.
Since ledef(X) = 0, (7.5) then follows from Proposition F.

A criterion for the Du Bois condition. A simple but intriguing consequence of
vanishing in the form of Corollary B is the following:

Corollary 7.6. Let X be a projective seminormal Cohen-Macaulay variety of dimen-
sion n, with isolated singularities, or more generally Du Bois away from a finite set of
points. If H"(X,Ox) =0, then X is Du Bois.

More precisely, we have h*(X,Ox) > h™*(X,Q%), and X is Du Bois <= h™(X,0Ox)
(X, 0%) <= the natural map H"(X,0x) — H"(X, Q%) is injective (hence an iso-
morphism).
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Proof. We consider the cone

Ox = Q% - C* 55,
Note that C*® is supported on a finite set. We clearly have H'C® = 0fori<0 (since
the seminormality condition is equivalent to Ox ~ H°Q%), while H!C® ~ HIQS for

i > 1. In particular, by Proposition C we have ’HiC' = 0 for ¢ > n— 1. Moreover, since
X is Cohen-Macaulay, by Corollary B we have H'C® =0 for i <n — 1.

Note now that we have a short exact sequence
0—H"YX,C* — H"(X,0x) — H"(X,0%) — 0.

The last map is surjective thanks to the degeneration of the Hodge-to-de Rham spectral
sequence, as in Section 5, as it sits in the surjective composition

H™(X,C) - H"(X,0x) — H"(X,Q%).

The hypercohomology group H"~!(X, C*) is computed by a spectral sequence whose
FEs-terms are

ED? = HP(X,HIC®), with p+¢=n—1.
Since H'C® = 0 for i # n — 1, this gives
H'(X,0x) ~H"(X,0%) < H(X,H"'C*) =0.

As the support of C* is finite, this last condition is equivalent to H"~1C® = 0, hence
to C* =0, i.e. to X being Du Bois. O

For instance this applies to any low degree normal complete intersection with isolated
singularities in P".

Remark 7.7. The criterion above has a (rather technical) analogue for higher k: using
Theorem A, the same proof shows that if X is pre-(k — 1)-Du Bois, and pre-k-Du Bois
away from a finite set, and if depth HOQ])“( = n — k, then the cohomology vanishing
H™ *(X,H°0%) = 0 implies that X is pre-k-Du Bois.

Examples of non-vanishing. In [MP1, Question 13.10] it is asked whether the
vanishing result for local complete intersections in Example 7.4, namely

HIQK =0 for O<i<n—s—k—1

with s = codim Xgj,g, continues to hold when X is arbitrary, or at least Cohen-
Macaulay.

The study of Du Bois complexes of cones in [SVV] and [PSh| provides simple coun-
terexamples.

Example 7.8. First a very simple example that is not Cohen-Macaulay. Let X =
C(Y, L) be the abstract affine cone over a smooth projective threefold X endowed with
an ample line bundle L such that H'(Y, L) # 0. Then according to [SVV, Proposition
7.2], we have H1Q% # 0 and H!Q% # 0.

6For example, we can take X = C x C' x C for some smooth projective curve C of genus g > 2, and
L =0c¢(p) X Oc(p) ®Oc(p) for some p € C.
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Example 7.9. In this example X has rational, hence in particular Cohen-Macaulay,
singularities. Let Y be a smooth Fano threefold for which

H'(Y, 0% ® L) 40,

where L = wy . The existence of such Y is shown in [Tot, Section 2].

Let now X = C(Y x Y,L X L) be the abstract cone over Y x Y associated to the
ample line bundle L x L. Since Y x Y is still a Fano variety, we have

HY(Y xY,(LKL)™) =0 forall i>0,m>0,
hence X has rational singularities; see e.g. [SVV, Remark 7.8]. Furthermore, we have
HYY x Y, 0%,y ® (LK L)) #0,
as it contains H*(Y, Q% @ L) # 0 as a direct summand. Using [SVV, Proposition 7.2],
it follows that
H'Q% # 0.

(Note that for a counterexample we needed H'Q3 # 0 for some i < 3.)

In view of these examples, and of the results of this paper, in retrospect the question

on vanishing in [MP1] should have been more restrictive. Namely, is it true that for X
arbitrary we have

(7.10) HIQ%E =0 for 0<i<n—k—1—lcdef(X)— s?

It turns out however that even this statement is false, again already for cones over
special smooth varieties. In this case (or whenever the singularities are isolated) thanks
to Corollary 4.3 the question becomes whether

HIQK =0 for 0<i< rrgg{depthﬂg( +p}—k—1
p>

Example 7.11. Let Y be a smooth projective variety with dim Y > 3 and H'(Y, Oy ) =
0, endowed with a very ample line bundle L such that H'(X, L) # 0. We will show the
existence of such a variety below; for now we draw some conclusions about the abstract
cone X = C(Y,L).

We claim that the modified question in (7.10) has a negative answer when k = 0
and i = 1. First, by [SVV, Proposition 7.2], the hypothesis H'(Y, L) # 0 implies that

199( # 0. On the other hand, the computation of the depth of Du Bois complexes of
cones is addressed in [PSh, Theorem 3.1(2)]. In our example it implies that:

e depth Q% >0
HY Y, @ L™) =0 for m < -1
e depthQ} > 1 «— HY(Y,Oy) = HO(YQl)_
HO(Y, 0y) " H1(v, QL) is injective
HO(Y, L™) =0 for m < —1
(

depth Q% > 2 «— )=
¢ CePIREX { HYY,L™) =0 for m <0
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All of these conditions, other than H'(Y, L) # 0 and H'(Y, Oy) = 0 provided by the
hypothesis, are satisfied by Kodaira-Nakano vanishing and Hard Lefschetz. It follows
that

in{depth 27 —1>1,
min{depth {7 + p}

while #'QY% # 0.

Here is an example of a threefold Y satisfying the required properties: let Y C P? x
P! x P! be a general hypersurface in the linear system |Op2(—d) X Op1 (—1) X Op1 (—1)],
with d > 0, and let L = Oy (1,1,1). Then chasing cohomology through the short exact
sequences

0— OIP’2><IP’1><IP’1(_d7 -1, —1) — OPQXIP’lxIP’l — 0Oy =0

0— Oﬂmxplxpl (—d + 1,0,0) — O]p2><]p1><[p>l(1, 1, 1) —-L—=0
and using the Kiinneth formula easily shows that H!(Y,Oy) = 0 and H'(Y, L) # 0.

Examples of any dimension can be obtaines as follows: take products Y x Z and line
bundles L X M, where Y is the variety above, and Z is such that H'(Z,Oz) = 0 and
has an ample line bundle M with H%(Z, M) # 0.

As a general conclusion to this section, the answer to the question regarding which
higher cohomologies Hlﬂl)‘} vanish is dictated by the depth of HOQ]}(, which can some-
times be smaller than n — k — ledef(X).

8. k-rational implies k-Du Bois. Theorem D leads to a very quick alternative proof
of the fact that normal, pre-k-rational isolated singularities are pre-k-Du Bois, obtained
(even for non-isolated singularities) in [SVV, Theorem B]. As explained in [SVV, Corol-
lary 5.8], it then follows easily that k-rational implies k-Du Bois, in the same setting.
Recall that when k& = 0 this implication was studied in [St1, Proposition 3.7] for iso-
lated singularities, and in [K099], [Sa3] in general. Later, [FL2, Theorem 1.6] and [MP2,
Theorem B] proved that k-rational implies k-Du Bois for local complete intersections.

If X is normal and pre-k-rational, then it has rational singularities. Therefore, using
the main result of [KS21], one has that the composition

HOQ% = Ok - DO
is a quasi-isomorphism; see [SVV, Remark 2.5] for details. Here we denote
Dx (2% %) := RHomo, (% *, wk [-n)).
Dualizing, this gives that the composition
RHomo, (D(Q%F),wk) — RHomo, (s, wk) —+ RHom(H Q% w)

is a quasi-isomorphism as well, which in turn implies that ¢ is surjective on cohomology.
By induction we may assume however that X has pre-(k — 1)-Du Bois singularities,
hence it is also injective on cohomology by Theorem D. It follows that ¢ is a quasi-
isomorphism, and dualizing again we obtain that X is pre-k-Du Bois. Conjecture G
would of course make the same proof work even in the non-isolated case.
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E. ANALOGUES FOR THE INTERSECTION COMPLEX

9. On the relationship between Du Bois and intersection complexes. Let X
be a complex variety of dimension n. Recall from [Sa2, Section 4.5] that we have
an object Q¥[n] = a}(@g in the derived category of mixed Hodge modules on X,
with cohomologies in degrees < 0; moreover, the top degree in the weight filtration on
’HOQ)I? [n] is n. We also have the intersection complex ICx QF, a simple pure Hodge
module of weight n; moreover, there is a composition of quotient morphisms

vx 1 Q¥ [n] = H'Q¥[n] = ICx QY ~ g}V H'Q¥[n).

We first record the following simple fact for later use. Here Dx(—) denotes the
duality functor on the derived category of filtered D-modules underlying mixed Hodge
modules (see [Sal, Section 2.4]), and we abuse the notation by continuing to use the
Hodge module notation for the respective filtered D-modules. Moreover M (¢) denotes
the Tate twist of M, which at the level of filtered D-modules shifts the filtration down
by ¢, i.e. FoM({) = Fo_¢M.

Lemma 9.1. For a fixed integer k, the composition
F,Q¥[n] —» F,ICx Q7 — FDx(Q¥[n])(—n)
is an isomorphism if any only if
FQX[n] — Fi, 10x Q"
and

F,ICx Q" — F.Dx(Q¥[n))(—n)

are both isomorphisms.

Proof. The “if” part is obvious, so we focus on the “only if” part. Moreover, it suffices
to prove that the first map is an isomorphism.

By strictness, the Hodge filtration commutes with taking cohomology, hence we have
that the composition

Fr(H'QX[n]) = Fu(H'1Cx Q") = Fy(H'Dx(QX[n])(—n))
is an isomorphism for all ¢ € Z. Thus for i # 0 we get
Fi(H'Qx[n]) = H'(FQx[n]) = 0.
When ¢ = 0 we obtain an isomorphism
Fr(HQ¥ [n]) = F. 1Cx Q" — Fi(H'Dx (Q¥ [n])(—n)),

which implies that the first map is an injection. On the other hand, the fact that
ICx QF ~ grlV HOQI[n] implies that the morphism H°Q¥[n] — ICx QY is surjective
at the level of filtered D-modules. Putting everything together, we obtain isomorphisms

FLQY ] ~ F,(H°Q[n)) ~ FL1Cx QH

which implies what we want. ]
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For what follows, recall that we use the notation
Dx(—) := RHomo, (—,wk[—n]).

We will make repeated use of the well-known commutation of the two duality functors
via the graded de Rham functor, proved in [Sal, Section 2.4]: if M*® is an object in
DP’MHM(X), and p is any integer, then:

(9.2) Dx (gr) DR(M?®)) =~ gr” DR (Dx (M*))[-n].

It is a consequence of [Sa3, Theorem 4.2] that for each p, we have the identification
Q% ~ g, DR(QX [n])[p — 7.
We introduce the following notation for simplicity:
195 = gr” DR(ICx Q")[p — n).7

Taking the composition of the morphism vyx with its dual, we get the natural morphisms
in the derived category of mixed Hodge modules D’ MHM(X):

Q¥ [n] = ICx Q" — (Dx (QX[n)))(—n)
due to the self-duality Dx (ICy Q) = ICx Q¥ (n); see [Sa2, 4.5.13]. Applying the
functor grf” » DR to this composition, we obtain the natural morphisms
(9.3) Q7 L2 108 — Dx(Q% 7).
in the derived category of coherent sheaves on X.

An important point is that the higher rationality conditions say something about
these maps. When X is a local complete intersection, this is essentially contained in
the proof of [CDM, Theorem 3.1].

Proposition 9.4. Let X be a normal variety with pre-k-rational singularities. Then
@p is an isomorphism for all p < k.

Proof. As discussed in Section 8, if X is normal with pre-k-rational singularities, of
dimension n, then the natural morphisms

QF — Dx(Q% ")
are isomorphisms for p < k. Since
Q% ~ gr’’  DR(Q¥ [n])[p — 7],
and moreover
Dy (2 ") ~ Dx(gr)_, DR(Q¥[n])[—p])
~ grh DR(Dx (Q¥[n]))[p — n]
~ gr’" DR (Dx (Q¥[n])(—n))[p — 7]
we obtain
gr’ DR(Q¥[n)) ~ gr¥, DR (Dx (Q¥ [n])(—n))
for all p < k. After dualizing via (9.2), this is equivalent to

gry DR(Q¥[n]) ~ gr} DR (Dx (Q¥[n])(—n))

"These objects are called intersection Du Bois complezes in [PP], where they are used extensively.
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for all p < k — n. According to the general Lemma 9.6 below, this is equivalent to

F,Qf [dx] ~ F,Dx (QX [n])(—n)
for all p < k —n. Lemma 9.1 implies in turn

F,1Cx Q" ~ F,Dx (Q¥n])(—n)
for all p < k — n, which again by Lemma 9.6 is equivalent to

gr} DR(ICx Q") ~ gr/ DR (Dx (Q¥ [n])(—n))
for p < k —n. Applying (9.2) one more time, we see that
o, ~ 19,

for all p < k. (I

Remark 9.5. Note that consequences of the isomorphisms in Proposition 9.4 regarding
the topology of X are studied in the upcoming [DOR] and [PP]. In particular, it is
shown in these papers that if ¢, is an isomorphism for all p < [(n — 2)/2], then X is
a rational homology manifold.

The following useful lemma is a rather straightforward application of the definitions
and the strictness of the Hodge filtration.

Lemma 9.6. Let M*, N* € DPMHM(X) be objects in the bounded derived category of
mized Hodge modules on X. Then the following are equivalent:

(1) gry DR(M?®) and grf DR(N®) are quasi-isomorphic for all p < k.

(2) F,M® and F,N* are quasi-isomorphic for all p < k.

If X is (locally) embedded into a smooth variety Y of dimension d, we have
grg DR(M?®) = [grf,’ldM° QANTy — - — grﬁll M*®Ty — grfj M'] ,

placed in degrees —d to 0. Here, and in the rest of this paper, we use this notation
to denote the total complex associated to the double complex where the vertical maps
come from the differentials of a representative of M*®, while the horizontal maps are
the usual de Rham maps on each term of that representative. The Lemma then follows
by induction on k.

10. Injectivity results and conjecture for the intersection complex. We start
with an injectivity conjecture which is the intersection complex analogue of the main
Conjecture G.

Conjecture 10.1. If X has normal and pre-(k — 1)-rational singularities, the natural
morphism

RHom(IQ%, wy) — RHom(H° IOk w)
obtained by dualizing the canonical morphism HOIQ’§( — IQ])“( is injective on cohomol-
0gy.
Remark 10.2. It is shown in [KS21, Proposition 8.1] that for all £ we have an iso-
morphism

0 k ~ k

where f: X — X is a resolution of singularities.
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Note that there is a commutative diagram

RHom(IQ%, wy) ———— RHom(Q%,w%)

| |

RHom(HOIQY , ws) —— RHom(H Q% w%).

Moreover, if X has normal pre-(k—1)-rational singularities, then it also has pre-(k—1)-
Du Bois singularities by [SVV, Theorem B|. Therefore Conjecture 10.1 is in fact implied
by Conjecture G, thanks to the following:

Theorem 10.3. If X has normal pre-(k — 1)-rational singularities, the morphism
RHom(I1Q%, w%) — RHom(Q%, w%)
obtained by dualizing @y, is injective on cohomology.

Corollary 10.4. Conjecture 10.1 holds in any of the following cases:

(1) k=0.
(2) X has isolated singularities.
(3) X is a local complete intersection with (k — 1)-rational singularities.

Proof. In each of these cases we have the corresponding injectivity theorem for the Du
Bois complex, answering Conjecture G: for k = 0 by [KS16], for isolated singularities
by Theorem D here, and for local complete intersections by [MP2] (note that (k — 1)-
rational singularities are (k — 1)-Du Bois). O

Theorem 10.3 is in turn a consequence of Proposition 9.4, combined with the follow-
ing injectivity theorem, which is the main technical result of this section. It was first
communicated to us by Sung Gi Park, whom we thank, using the technique of [Pa,
Lemma 3.7]; we follow the method of the previous section.

Theorem 10.5 (Sung Gi Park). Assume that the variety X satisfies the property that
©p: QI)’( — IQ% is an isomorphism for p < k — 1. Then the morphism

RHomo, (1%, w%) — RHome, (2%, w%)
obtained by dualizing ¢y is injective on cohomology. More precisely, it is an isomor-
phism on i-th cohomology fori < k—n—1, injective fori = k—n, and 5xt’(9X(IQk ywg) =
0 fori>k—n.
Proof. By (9.2), we have Dx (IQ%) ~ IQ’}(_’“, S0
Eatly (I, wk) 2 HTIQYF =0 for i >k—n.
Thus we focus on the statements for i < k — n.

As in the proof of Proposition 9.4, the assumption implies that we have isomorphisms
(10.6) F,1Cx Q" ~ E,Dx(Q¥[n])(—n) for p<k—1—n.
Using (9.2), the conclusion is equivalent to the fact that the map
gri_, DR(ICx Q") — gri_, DR (Dx (Q¥[n])(—n))

is an isomorphism on i-th cohomology for i < 0, and injective for i = 0.
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To simplify the notation, we set M® := Dx(Q¥[n])(—n). We also think of X as
being (locally) embedded in a smooth variety Y of dimension d, so that we have

grl’ DR(M®) = [gr,f_n_d M@ NTy = - s gl M ®Ty — gl M'} ,
placed in degrees —d to 0. In other words, we have an exact triangle
grf  M® — grf  DR(M®) — A* 4,
where
A® = [grg_n_d M@ NTy — - gl Mg Ty} ,
placed in degrees —d to —1. Note that (10.6) implies the isomorphism
lerf 10X @ @ ATy = -+ = gl ICx QT @ Ty | =5 4%,

hence we also have a similar exact triangle with M® replaced by ICx Q.

Consider now the exact triangle
grl_ DR(ICx Q) — grf_, DR(M*) — C* 5
where C*® denotes the cone of the morphism on the left. Since grf  DR(ICx Q) is a
complex placed in non-positive degrees, we only need to show that
HC* =0 for i<0.

Given the triangles described above, the octahedral axiom implies that we have an

exact triangle
grf ICx Q7 - gl M — L

as well. Hence the needed statement about H‘C*® follows immediately from the following
facts. On the one hand,

Higrh  M®~gl HM®*=0 for i<0,

since M*® has nontrivial cohomologies only in non-negative degrees (being essentially
the dual of Q4 [n], which has nontrivial cohomologies in non-positive degrees). On the
other hand, H*ICx Qf = 0 for i # 0, and Fj_, ICx Q" — Fy_,H'M* (while at the
level of Fy_,_1 we have equality by (10.6)). Indeed, we have seen in the proof of Lemma
9.1 that the morphism HOQg — ICx QF is surjective at the level of filtered D-modules;
similarly, by duality, we have that the morphism ICx Q¥ — HM* is injective at the
level of filtered D-modules. All of this implies that we have an injection

grf_ 1Cx Q7 — grf  HOM®.
This completes the proof. O
11. Vanishing of higher cohomologies for intersection complexes. We finish

with results about the vanishing of higher cohomologies of IQ’)“(. We start with the
following proposal, analogous to Conjecture H:

Conjecture 11.1. Let X be a normal variety with pre-(k — 1)-rational singularities,
and pre-k-rational away from a closed subset of dimension s. Then

HIQE =0 for 0<i<depthH’IQk —s—1.
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When X is a normal variety with pre-k-rational singularities, it follows from Propo-
sition 9.4 that H'I QF =0foralli >0 and p < k. If it is so only away from a closed
set of dimension s, then an argument completely analogous to that of Proposition F
implies that

(11.2) HIQN =0 for O0<i<mng—s—1,
where ny, := min {depth H°IQ%, depth IQ% + 1}.

If moreover X has normal pre-(k — 1)-rational isolated or (k — 1)-rational local
complete intersection singularities, or if k = 0, then due to Corollary 10.4 we have that

Conjecture 10.1 holds, hence exactly as in the proof of Theorem A we have in addition
that depth I Q]}( > depth HOT Ql}} Therefore we obtain:

Corollary 11.3. Conjecture 11.1 holds when X has isolated, or (k — 1)-rational local
complete intersection singularities, or when k = 0.

We also have the analogue of the vanishing result for the Du Bois complex in [MP1,
Corollary 13.9]; see Example 7.4.

Corollary 11.4. Let X be a local complete intersection with dim Xgne = s. Then
HIQY =0, forall 0<i<n—k—s—1.

Proof. We use (11.2). Note first that for the intersection complex, it is always the case
that depth IQ% > n — k by (4.2). Indeed, we have

&L'thX(IQ];(,w;() =0 for i>k—n

due to the self-duality (up to twist) of the intersection complex, as explained in Theorem
10.5.

Moreover, following precisely the steps in Example 7.4, under the current hypotheses
we also have that depth HOIQ’)“( > n — k; indeed, if f: X — X is a resolution of
singularities, we know that HIQ% ~ f*Q])i( (see Remark 10.2), which in this case is
reflexive, so that we have

k
£0% ~ 0 ~ 0k
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