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INTRODUCTION vii

Introduction

These are notes written for a course I taught at Northwestern during the Winter
and Spring quarters of 2020, as well as for a course I am currently (Spring semester
2021) teaching at Harvard. They cover various topics on Z-modules, Hodge modules,
and especially their connections to birational geometry. At the moment they are limited
to the material I was able to cover during those two quarters. My intention is however to
gradually add more material, especially on various properties and applications of Hodge
modules.

Among the topics to be added: vanishing and positivity package for Hodge mod-
ules; applications of Hodge modules to generic vanishing, holomorphic forms, families of
varieties; Hodge ideals and applications; Hodge filtration on local cohomology.

What these notes are not meant to be is a careful introduction to Z-modules, or to
mixed Hodge modules (or to birational geometry for that matter). For general Z-module
theory there are several excellent references (as well as lots of online lecture notes). Among
these, the main reference that covers essentially all the basic facts needed here is | .
Nevertheless as these notes develop I will include more precise references, and also an
introductory chapter with some background on Z-modules, as well as on constructions in
birational geometry.

As for the theory of mixed Hodge modules, the fundamental references are Saito’s

papers [Sal] and [Sa2]. There are also his more recent improvement [Sa7] and survey
[Sag]. Schnell’s overview of the theory [Sch] is an excellent quick introduction to the
topic, while the developing MHM project | | of Sabbah and Schnell is meant to

gradually become a comprehensive reference.






CHAPTER 1

Background on filtered Z-modules

This chapter contains a very brief review of basic definitions and facts from the
theory of Z-modules. The main source for this material, including proofs and further
details, is the book | ]. For more specialized facts regarding the theory of filtered
Z-modules, the main source is [Sal].

1.1. Generalities on Z-modules

We consider a smooth complex variety X of dimension n. We denote by Zx the sheaf
of differential operators on X; this is the sheaf of C-subalgebras of Endc(Ox) generated
by Ox and T'x, where Ox acts by multiplication by functions, and we think of the tangent
sheaf Ty as being the sheaf of derivations Derc(Ox) C Endc(Ox).

Locally in algebraic coordinates x1,...,x, on an affine neighborhood U around a
point x € X, it can be described as follows. Consider the corresponding local basis
01, ..., 0, of vector fields, dual to dxy,...,dz,. They satisfy [0;,0;] = 0 and [0;, z;] = 0; ;

for all ¢ and j. If we denote a = (ay, ..., ) € N™ and 0% = 07" - - 99, then we have
9x(U) = @ ox(v)o-.
aENn?

Therefore locally we will write sections of Zx as finite sums P = ) a,0%, with a, €
Ox(U). The order of P is the maximal |a| = a3 + - - - 4+ o, appearing in this sum.

REMARK 1.1.1 (Affine space). When X = A™ we can take z1,...,x, to be global
coordinates, and we have Zx(X) = A,, the n-th Weyl algebra. In this case the theory
is essentially equivalent to the theory of modules over A,; an excellent introduction,
including some special features in this case, can be found in [Co].

DEFINITION 1.1.2. The order filtration on Zx is defined (locally) by
Fe9x ={ Zaaaa | lal <k }.

It can be easily checked that this induces a global filtration on X, and Fj,%x is called the
sheaf of differential operators on X of order at most k. It satisfies the following properties:

(1) Fo9x is an increasing, exhaustive filtration by locally free sheaves of finite rank.
(2) Fo_@)( = ﬁX and F1@X ~ ﬁX EBTX

(3) Fk@X : Fg@x g F]H_g.@X for all k£ and /.

(4) If Pe F,9x and Q € F;9x, then [P, Q] € Fk+g_1.@)(.

1



2 1. BACKGROUND ON FILTERED Z-MODULES

We use the notation

grkF Dx = FpDx|F19x and gl 9y = @gr? Dx

keN

for the individual, respectively total, associated graded objects. The natural extension to
differential operators of the assignment

TX(U) HﬁX(U)[ylaayn]a az’_)yz
induces isomorphisms

gri Zx ~ Sym"Tx and gl Py ~ Sym*Tx,

where Sym®Tx is the symmetric algebra of the tangent sheaf of X; see | , 81.1].
In particular, if 7: T*X — X is the cotangent bundle of X, since by the standard
correspondence between vector bundles locally free sheaves (see e.g. [Ha, Ch.Il, Exer.

5.17, 5.18]) we have T* X ~ Spec(Sym*T), it follows that

F
gry Dx ~ m,Op~x.

DEFINITION 1.1.3. A sheaf of Ox-modules M is a left Px-module if for every open
set U C X, M(U) has a left Zx(U)-module structure, compatible with restrictions.
Informally, M admits an action by differentiation. An analogous definition can be made
for right Zx-modules.

It is well known that the data of a Zy-module structure on M is equivalent to the
data of a C-linear map

VM= Mo Q%

satisfying the properties of an integrable connection. Concretely, for every open set U C

X,and f € Ox(U) and s € M(U) we have
(1.1.1) V(fs) = fV(s)+s®df,

and in addition VoV = 0. See for instance | , Lemma 1.2.1]. This interpretation
leads to one of the key objects associated to a Zx-module:

DEFINITION 1.1.4. The de Rham complex of M is the complex
DR(M) = [M = Qk @ M — -+ = O} © M|,

with C-linear differentials induced by iterating V. We consider it to be placed in degrees
-n,...,0.!

We next give a few first examples of Zx-modules of a geometric nature. They will
play an important role throughout.

'We will work with this convention, even though strictly speaking as such it is usually considered to
be the de Rham complex associated to the corresponding right Z-module.
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EXAMPLE 1.1.5. (1) The structure sheaf Oy is a left Zx-module, via the usual
differentiation of functions. It is sometimes called the trivial Yx-module.

(2) More generally, a vector bundle F on X endowed with an integrable (or flat) connection
V:E—E®Q

is an example of a Zy-module according to the discussion above. Example (1) is the
special case corresponding to the standard differential d: &y — QX

It turns out that this is the only way in which a Zx-module can be coherent as an
O x-module; see | , Theorem 1.4.10]:

THEOREM 1.1.6. If M is a Px-module which is coherent as an Ox-module, then
M s locally free, hence an integrable connection.

We now turn to examples that are not coherent as @'x-modules.

(3) Let D be an effective divisor on X, and consider the quasi-coherent &'x-module of
rational functions which are regular away from D and have with poles of arbitrary order
along D, i.e
Ox(+D) = | | 0x(kD).
k>0

This is sometimes called the localization of Ox along D; indeed if U = Spec(R) is an
affine open set in X in which D = Z(f) with f € R, then Ox(xD) = Ry, the localization
of R at f. This has an obvious action of differential operators by the quotient rule, hence
Ox(*D) is a left Zx-module.

(4) Combining the two examples above, the &x-module Q defined by
0 — Ox — Ox(xD) — Q — 0

is again naturally a left Zy-module, as the first inclusion is obviously a morphism of
PDx-modules. Tt is in fact well known that Q ~ HL(Ox), the first local cohomology sheaf
of Ox along D.

More generally, let Z C X be an arbitrary closed subscheme. For an integer ¢ > 0,
we denote by H%(Ox) the g-th local cohomology sheaf of €, with support in Z; see
[LC, §1]. This is a quasi-coherent &'x-module whose sections are annihilated by suitable
powers of the ideal sheaf Z; it depends only on the reduced structure of Z.

For every affine open subset U C X, if R = Ox(U) and I = Z(U), then H%(Ox)(U)
is the local cohomology module H}(R). One of the equivalent descriptions of this module
is as follows (see for instance [LLC, Theorem 2.3] and the discussion thereafter): if I =
(fi,-.., fr) and for a subset J C {1,...,7}, we denote f; := [],., fi, then there is a

Cech-type complex

c*: 0—C" 50— ... —C"—0,

c* =P Ry,

|J|=p

where
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and we have

H}(R) ~ HI(C*®).
The differentials in C*® respect the Z-module structure on each C*, obtained from local-
ization as in (2) above, and consequently H%(0x) is again a left Zx-module.

It is often useful to consider right Zx-modules. Just as with Ox in the case of
left Zx-modules, there is also a “trivial” right Zx-module, namely the canonical bundle
wx = N\" QL. Its natural right Zx-module structure is given as follows: if a1, ..., are
local algebraic coordinates on X, for any f € Ox and any P € Py the action is

(f-dzy A Adan) - P="P(f)-dzy A~ A da.
Here, if P =", go0%, then 'P = 3" _(—1)l4lg*g, is its formal adjoint.

This structure leads to an equivalence of categories between left and right Zx-
modules given by

M= N=wxy®sM and N — M =Homg, (wx,N).
See | , Proposition 1.2.9 and 1.2.12] for details.

A few more words about the classes of Zx-modules we are considering, and their
relationship to good filtrations. First, we will essentially always work with Zx-modules
which are quasi-coherent as @x-modules. The sheaf Zx itself is a first such example, as
a union of locally free &x-modules of finite rank.

Moreover, we will usually restrict to coherent Px-modules. Recall that by definition
M is coherent if, locally, it is finitely generated over Zx, and every submodule is locally
finitely presented. However the following equivalent description is very helpful; see | ,
Proposition 1.4.9]:

PROPOSITION 1.1.7. A Px-module M is coherent if and only if it is quasi-coherent
as an Ox-module and locally finitely generated as a Px-module.

1.2. Filtered Z-modules

We say that a Zx-module M is filtered if there exists an increasing filtration F' =
FoM by coherent 'x-modules, bounded from below and satisfying

P9 - Fy2M C F].H_g./\/l for all k,£ e 7.

We use the notation (M, F') for this data. The filtration is called good if the inclusions
above are equalities for ¢ > 0, which is in turn equivalent to the fact that the total
associated graded object

grf/\/l = @gl‘f;M = @FkM/kalM
k k

is finitely generated over grl’ Zx ~ Sym® Tx; see | , Proposition 2.1.1]. We can
therefore also think of grf” M as a coherent sheaf on T*X; as such we sometimes write
grf M when we forget about the grading.
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A basic point is that working with good filtrations places us in the category of
coherent Zx-modules; see | , Theorem 2.1.3]:

THEOREM 1.2.1. A Px-module is coherent if and only if it admits a (globally defined)
good filtration.

Assume now that M has a good filtration F, M. The compatibility of this filtration
with the standard filtration on Zx, meaning in particular that

D% - F,M C Fyp ;M for all p
implies that this induces a filtration on the de Rham complex of M by the formula

Fy DR(M) = [Fk/\/l SO P M O Fk+nM]

We write DR(M, F') when we take the filtration into account. For any integer k, the
associated graded complex for this filtration is

grf DRIM) = [ grf M — Q% @ grfy, M > -+ > Qk @ gif,, M.

When descending the differentials in F, DR(M) to the associated graded, the sec-
ond term in (1.1.1) disappears, and therefore the differentials in gri DR(M) become
O'x-linear. Hence this is now a complex of coherent &'x-modules in degrees —n, ..., 0,
providing an object in D?(Coh(X)).

EXAMPLE 1.2.2 (The trivial filtered Z-module). Consider M = Oy with the natural
left Zx-module structure, and Fp,O0x = Ox for k > 0, while F},0x = 0 for k < 0. The de
Rham complex of M is

DR(Ox) = |Ox — Q% — -+ — Q% |[n].
For the induced filtration F, DR(0x), note that
gr’, DR(Ox) = Q% [n — k] for all k.

Note that in the holomorphic category we would have that DR(O) is quasi-isomorphic
to C[n| by the holomorphic Poincaré Lemma. In the algebraic category we still have that
the hypercohomology H (X ,DR(O X)), usually called the algebraic de Rham cohomology
H'F"(X), is isomorphic to the singular cohomology H™"(X,C) by the Grothendieck
comparison theorem.

EXAMPLE 1.2.3 (Variations of Hodge structure). This example is again better
phrased in the holomorphic category. Note that the previous example corresponds to

the trivial variation of Hodge structure (VHS) on X; it can be extended to arbitrary such
objects. Recall (see e.g. [Vo, Ch.10]) that a Q-VHS of weight ¢ on X is the data

V=(V,F*Vgq)
where:

e Vq is a Q-local system on X.
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eV = Vq ®q Ox is a vector bundle with integrable connection V, endowed with a
decreasing filtration with subbundles FP = FPV satisfying the following two properties:

o for all z € X, the data V, = (V,, 7, Vq.) is a Hodge structure of weight /.

e Griffiths transversality: for each p, V induces a morphism
V:F? — FFle Q.

Recall now that we can think of M = V as a left Yx-module. We reindex the
filtration as F,, M = F~PV; this is a good filtration on M. It is also well known that

where Vo = Vg ®q C. By construction the graded pieces grk. M are locally free, and
are sometimes known as the Hodge bundles of the VHS.

It is worth pointing out right away a well-known connection with birational geome-
try. The most common geometric example of a VHS is obtained as follows: let f: Y — X
be a smooth projective morphism, of relative dimension k. Then R* f,Qy supports a VHS
on X given by the Hodge structure on the singular cohomology H* of the fibers. Using
the Z-module notation above, it is not hard to see that the lowest non-zero piece in the
Hodge filtration on V is

F_xV = fuwx)y.

A similar interpretation can be given to all R fswx/y. This, as well as its consequences,
will be discussed more later on, and will be extended to arbitrary morphisms.

Here is also a non-example:

EXERCISE 1.2.4. If D is a hypersurface in X, show that unless D is smooth, the
pole order filtration

PyOx(xD) := Ox((k+1)D)
is not a good filtration on Ox (xD).
REMARK 1.2.5 (Left-right rule for filtrations). Recall that the mapping
M= N = wWx ®ﬁx M

establishes an equivalence between the categories of left and right Zx-modules. This can
be extended to filtered Zx-modules, according to the following convention:

Fk./\/l = kan-/\/‘ ®ﬁx w;(l.

For instance, the trivial filtration on the right Zx-module wx, the right analogue of
Example 1.2.2, is given by Frwx = 0 for k < —n and Fywx = wx for k > —n.

Characteristic varieties and holonomic Z-modules. Let M be a Yx-module en-
dowed with a good filtration F, M. Recall that the associated graded object grf M can
be thought of as a coherent sheaf on T*X. The characteristic variety (or singular support)
of M is the support of this sheaf:

Ch(M) := Supp(gr’ M) C T*X.

This invariant satisfies a number of basic properties; see | , §2.2]:
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(1) Ch(M) is independent of the choice of good filtration F, M (and therefore it is
an invariant of any coherent Zx-module).
(2) If m: T*X — X is the projection map, then m(Ch(M)) = Supp(M).
(3) Ch(M) is conical, i.e. in each fiber over X it is a cone over a subvariety in P"1.
(4) If0 - M — N — P — 0 is a short exact sequence of coherent Zx-modules,
then
Ch(N) = Ch(M) U Ch(P).

(5) Ch(M) = T% X, i.e. the zero-section of T*X, if and only if M is an integrable
connection.

The fundamental result about characteristic varieties is a dimension bound; see
[ , §2.3], and also the references therein for its history.

THEOREM 1.2.6 (Bernstein inequality). If 0 # M is a coherent Px-module, then
for each component Z of Ch(M) we have

dim Z > n.

A stronger statement holds true in fact: Ch(M) is involutive with respect to the
standard symplectic structure on 7*X. In any event, imposing equality in this bound
leads to a celebrated class of Z-modules.

DEFINITION 1.2.7. A coherent Zx-module M is holonomic if either M = 0 or
dim Ch(M) = n.

EXAMPLE 1.2.8. An integrable connection M is holonomic, since Ch(M) = Tx X.

It is not hard to see that holonomic Z-modules are generically as in the example
above; see | , Proposition 3.1.6].

PROPOSITION 1.2.9. Let M be a holonomic Dx-module. Then there exists a dense
open set U C X such that My is an integrable connection.

Further examples of holonomic Z-modules are produced once the basic properties
of functors on Z-modules are recorded. One such is:

EXAMPLE 1.2.10. The Z-modules in Example 1.1.5 (3), and therefore (4), are in
fact also holonomic. In other words, the basic statement is that if D is an effective divisor
on X, then the localization Zx-module O (xD) is holonomic. This follows from the fact
that direct images of holonomic Z-modules are holonomic; in this case Ox (D) is the
direct image of Oy via the open embedding U = X \ D < Ox. The holonomicity of
Ox(xD) is closely related to the existence of Bernstein-Sato polynomials.

1.3. Push-forward of Z-modules

A detailed exposition on the material in this section can be found in | , 81.3
and §1.5].
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Let f: Y — X be a morphism of smooth varieties. The transfer module of f is
defined as

Dy x = Oy Q10 f 1Py,

This is simply f*Zx as an Oy-module, and we will use this notation when thinking of it
as such; note in particular that it is filtered by f*F;%x.

However for our purposes it is endowed with the structure of a (Zy, f~'%x)-
bimodule. Indeed, the right f~!%yx-module structure comes simply from the right hand
side of the tensor product. On the other hand, the left Zy-module structure is a general
phenomenon:

REMARK 1.3.1 (Pullback of Z-modules). If M is a left Zx-module, then the Oy-
module f*M has a natural left Zy-module structure coming from the natural morphism
Dy — [*PDx, induced in turn by the natural morphism of vector bundles

Ty — f*Ty
ExXAMPLE 1.3.2. Let i: Y < X be a closed embedding, with X of dimension n
and Y of dimension r. If we choose local algebraic coordinates x1,...,x, on X such that
Y =(zy41 =+ =1z, =0), then

Dyv_x ~ Dy Qc C[&«+1, . ,Gn]

The push-forward of Z-modules is a priori more naturally defined for right Z-
modules; this is similar to the fact that we don’t have a natural push-forward of functions,
but rather of distributions. As a preliminary definition, for a right Zy-module N/, we take
its push-forward to X to be

F+N = [.(N®gy Dy x).

(We will see in a second that we should rather denote this by H°f,A.) It has a right
Px-module structure as follows: we use the natural right f~!%yx-module structure on
Dy _ x to obtain a right f,f 1 %x-module structure on f,N. We then restrict scalars via
the adjunction morphism Zx — f.f 1%x.

Due to the use of the left exact functor f, in combination with the right exact
functor ®, the definition above is not so well behaved, for instance with respect to the
composition of morphism. This is remedied by working with derived functors. Note that
in [ , §1.5] the functor below is denoted by [ P reminiscent of integration by fibers.

DEFINITION 1.3.3. The push-forward functor on right %y modules is defined as

o DYDY — DYDL), N* s RE(N® Sgy Dyoy).

where D(2yF) is the bounded derived category of right Zy-modules, and similarly for
Db( 9;){13)'2

2See the beginning of [ , §1.5] for a discussion of these derived categories.
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Note that with this definition it is not too hard to check that for a composition of
morphisms we have (go f), = g, o fi; see [ , Proposition 1.5.21].

We can of course also define the push-forward functor for left Zy-modules by ap-
plying the left-right rule at both ends of the above construction. This is packaged nicely
by considering an analogue of the transfer module, namely

Dxy = wy Qoy Dyx @10y fﬁlw)}l,

which is a (f~'Px, Py )-bimodule. Push-forward on the bounded derived category of left
9yv-modules is then defined as

L
f+ :D(2y) — D"(Zx), M* = Rf(Dxey Rgy M®).

EXAMPLE 1.3.4 (Open embeddings). Let j: U < X be the embedding of an open
subset of X. Then Zx.y ~ YDy, and so
J+ = Ry«
meaning j, is the same as the usual direct image functor on &y-modules.

In particular, if U = X ~\ D, where D is an effective divisor, then

j+ﬁU ~ ﬁx(*D)
(This contains the statement that H'j, Oy = 0 for i > 0.)

More generally, if Z7 C X is an arbitrary closed subset, this can be expressed in
terms of local cohomology. A standard calculation (exercise!) shows that there is a short
exact sequence

0— ﬁX —>j*ﬁU —>7‘[1Zﬁx — 0,

while
RYj. Oy ~ HEP O for k> 1.

EXAMPLE 1.3.5 (Closed embeddings). Let i: Y < X be the embedding of a closed
subset of X. With the notation of Example 1.3.2 (see also | , Ex. 1.3.5] for more
details) we have

Dxy = Cl0r41,...,00] ®c Dy,

with the obvious bimodule actions.

Let now M be a Zy-module. Since in this case i, is an exact functor, we have
H*¥i M = 0 for k # 0. Moreover, using the description of Zx.y above, we have

HYiy M =~ C[Oyi1, ..., On) ®c M.
The left Zx-module action is given by:
® 0ri1,...,0, act by 0, - (P ®m) = 0;P ® m.

®0i,...,0,act by 0, - (P®m) =P ® 0;m.
o fcUxactsby f-(P®m)=P® (fiy)m.
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The most important result about this functor is Kashiwara’s Theorem, which we
now state. First, let’s introduce some notation:

e Mod..(Zy) stands for the category of Zy-modules that are quasi-coherent as
Oy-modules.

° Modqyc(.@x) stands for the category of Zx-modules that are supported on Y, and
are quasi-coherent as Oy-modules.

THEOREM 1.3.6 (Kashiwara’s Equivalence). The functor i, induces an equivalence
of categories
it Modge(Zy) — Mod.,(Zx).
Its inverse is given by the functor H"~"1*, and moreover on the category Modgc(.@X) we

have H*i* = 0 for k #n —r.

For a proof of this theorem see | , Theorem 1.6.1]. The equivalence also restricts
to the categories of coherent Z-modules on both sides, due to general results described
below.

EXAMPLE 1.3.7 (Projections). Assume that Y = X x Z, with Z another smooth
variety, and let f = p;: Y — X be the projection onto the first factor. In this case f,
can be described as follows; see | , Proposition 1.5.28].

We denote d = dim Z = dimY — dim X, and for each 0 < k < d we consider
Q/Iicf/x = P30
The relative de Rham complex of a left Zy-module M is the complex
DRy,x(M) : 0= M—=QpxOM—=-- =508y @M —0

which we consider placed in degrees —d, . ..,0, and with differentials given by

d
dlw® s) = dw@s—l—Z(dmi@w) ® 0;s,

i=1
where x1,--- , x4 are local coordinates on Z.

Then the following isomorphism holds
L
Dxey @gy, M~ DRy x(M)
and therefore the push-forward can be computed as

REMARK 1.3.8. It is worth noting that each entry DRy, x(M)* = Q?/J/rf( ®Mis a
f~1Px-module thanks to the rule

P (w@s)=w® (P®1)-s)
induced by the mapping f'9x — %y, P -+ P® 1.
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In order to establish various properties of push-forward functors, it often suffices
to consider the concrete descriptions in the examples above. The reason is that every
morphism f: Y — X can be written as the composition of the closed embedding YV —
Y x X given by the graph of f, followed by the second projection.

Using this approach, the following important properties of the push-forward functor
can be established. The derived categories in the statement below are those corresponding
to objects whose entries are quasi-coherent, coherent, or holonomic respectively; they can
be shown to be equivalent to those of objects whose cohomologies are of this kind.

THEOREM 1.3.9. Let f:' Y — X be a morphism of smooth varieties. Then:

(1) fy preserves quasi-coherence (over Ox), in the sense that it induces a functor
f+: DZC(@Y) — D(Z;C(@X)

(2) If f is projective, then f, preserves coherence, in the sense that it induces a
functor
fr:DUPy) — D).

(3) [+ preserves holonomicity, in the sense that it induces a functor

f+: DY(Zy) — D} (Zx).

The proof of (1) can be found in | , Proposition 1.5.29], that of (2) in [ :
Theorem 2.5.1], and that of (3) in | , Theorem 3.2.3].

REMARK 1.3.10. Note in particular that in (3) we are not imposing any conditions
on the morphism f. It is also the case that the derived pullback functor Lf* preserves
holonomicity; see [ , Theorem 3.2.3].

1.4. Induced Z-modules and filtered differential morphisms

In this section we show that complexes of filtered Zx-modules are quasi-isomorphic
to complexes whose entries are special types of Z-modules arising from plain old Ox-
modules. These can be further interpreted as complexes of Ox-modules with a special
type of C-linear differentials. Since we will apply this in the next section to studying
filtered push-forward, which we will do for right Zx-modules, we will work in this setting.

Note once and for all that all types of filtrations appearing below are required to
satisfy the property that F, = 0 for p < 0.

We begin by denoting by FM(Zx) the category of filtered right Zx-modules. A
morphism in this category is a Zx-module morphism f : M — A such that f(FpM) C
FyN for all k. Special objects in this category are those induced by filtered &'x-modules.
Concretely, consider a filtered &x-module (¥, F,%), with respect to the trivial filtration
on Ox given by Fp,0x = 0 for k < 0 and F,0x = Ox for k > 0. We can associate to it
an object in FM(Zx) given by

k
M:=9 @, Px and FM:=) F 4 ®Fx.

=0
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DEFINITION 1.4.1. An object in FM(Zx) is an induced filtered Px-module if it is
isomorphic to one defined as above. We use the notation FM;(Zx) for the full subcategory
of FM(Zx) whose objects are induced filtered Zx-modules.

REMARK 1.4.2. Saito [Sal, §2.2] calls the functor
M =9 R4, PIx — DR(M) := M ®Rgy, Ox € Mod(Cy).
the de Rham functor on induced Z-modules. We have of course a canonical isomorphism
DR(M) ~ 9.
LEMMA 1.4.3. Let % and ¥ be Ox-modules. Then there is a natural homomorphism
Homg, (F ®py Ix,9 R0y Px) — Home(F,9)

given by @ ®q, Ox, and this homomorphism is injective.

PrRoOOF. By adjunction we have an isomorphism
HOHI@X (32 Koy .@)(,g Koy @_}() ~ Homﬁx (ﬁ,g Roy .@)(),

and therefore the homomorphism in the statement corresponds to sending ¢ to v in each
diagram of the form
Y R0 Dx
ey
F— g
where the 0'x-module structure on the top sheaf is obtained by restriction of scalars from
its Zx-module structure (hence in particular ¢ is not Ox-linear), and the vertical arrow
is obtained by sending s ® P — P(1)s, for a section s of ¢4 and a differential operator P.

Assume now that ¢ # 0. Hence there is an open set U with local coordinates
T1,...,%,, and a section s € I'(U, %) such that ¢(s) # 0. We write

(P(S) = Zta ® 0%,

where the sum is finite, over @ = (ay,...,a,) € N and t, € T'(U,¥). We use the
standard notation 9% := 9" --- 0%, and we will also use z% = z{*--- 2", |a] = oy +

n

<+ a, and ol = aq!- - a,!. Let
ko :=min {|a| | to # 0},
and consider € N™ such that |3| = kg and g # 0. We then have

U(s-2”) =Y ta@d"(@’) =Bl t5 £ 0,

hence ¢ # 0. O

DEFINITION 1.4.4. Let .# and ¢4 be Ox-modules. The group of differential mor-
phisms from % to ¢ is defined as the image in Homg(#,¥) of the homomorphism in
the Lemma above, and is denoted by Homp;gz(.-#,¥).
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Note that Homg, (¥ ®¢y Ix,9 Qe Px) admits a filtration whose p-th term is
Homg, (#,9 ®o, F,Px),

and therefore we can define a filtration on differential morphisms where F,Homp;s(.%#,¥)
is (the image of)) this subgroup. We call these differential morphisms of order < p.

We now give a filtered version of this construction.

DEFINITION 1.4.5. Let (%, F) and (¢, F') be filtered &x-modules. The group of
filtered differential morphisms

HomDiﬁ((ﬁ, F), (g, F))

is the subgroup of Homp;g(-%,¥) consisting of morphisms f satisfying, for every p and g,
the fact that the composition

FF>Z5959/F, 9
(which itself is a differential morphism) has order < q.

EXERCISE 1.4.6. Restricting to filtered morphisms, the homomorphism in Lemma
1.4.3 induces an isomorphism

HOIHFM(@X)(? Koy Dx,9 Rex .@)() ~ HomDiﬁc((ﬁz, F), (g, F))

DEFINITION 1.4.7. We denote by FM(Ox, Diff) the additive category whose objects
are filtered @x-modules, and whose morphisms are filtered differential morphisms.

Putting together all of the above, we obtain the following interpretation of the
category of induced filtered Z-modules.

ProprosITION 1.4.8. The functor
DR 9 — 9 R4, Dx
induces an equivalence of categories

DR™': FM(Ox, Diff) — FM;(Zx).

It is not hard to see that this equivalence extends to an equivalence of triangulated
categories

(1.4.1) DR™': D(FM(Ox,Diff)) — D(FM;(Zx)).

However, we need a brief discussion of these and other derived categories that will be used
from now on, which is done in the next remark.

REMARK 1.4.9 (Definition of derived categories). By D(FM(Zx)), D(FM;(Zx))
and all the others, we mean D*, where x can be either absent or any of x = — +,b. How-
ever the definition of these derived categories needs some explanation. I will only do this
for D(FM(Zx)), as all the others are similar. First, note that FM(Zy) is an additive cat-
egory which has (co)kernels and (co)images, but it is not in general an abelian category.”

3Given a morphism ¢: M — A in FM(Zx), it is not necessarily the case that the induced morphism
Coim(yp) — Im(yp) is an isomorphism.
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Hence we are not looking at the derived category associated to an abelian category. We
form C*(FM(Zx)), the category of complexes of objects in FM(Zy), and then the homo-

topy category K* (FM(_@X)), where the homotopies are required to preserve the filtrations.

It is not hard to see that K* (FM(.@X)) has a natural structure of triangulated category.”

Finally, the filtered derived category D*(FM(Zx)) is the localization of K*(FM(Zx)) at
the class of filtered quasi-isomorphisms. As with the derived category of an abelian cat-
egory, one can show that there is a unique triangulated structure on D* (FM(@X)) such

that the canonical localization functor K*(FM(Zy)) — D*(FM(Zy)) is exact.

On the other hand, the derived category D(FM(&x, Diff)) is obtained by inverting
D-quasi-isomorphisms in FM(&x, Diff), meaning those morphisms that are mapped to
(filtered) quasi-isomorphisms via the functor DR™.

We next observe that every object in FM(Zx) admits a finite resolution by induced
filtered Zx-modules, and use this to find a quasi-inverse for the equivalence above. To
this end, recall the Spencer complex

0—).@)(@@)(/\nTx—>"'—>.@X®ﬁXTX—>.@X%O,

placed in degrees —n,...,0. The differentials are such that this complex is isomorphic
in local coordinates 1, ..., x, to the Koszul complex K(%x;0,...,0,)[n| associated to
the (right) action of 0y,...,0, on Zx. We consider this to be a complex of filtered left
Px-modules, where the filtration on Zx ®4, N\’ Tx is given by

F(Dx ®py N'Tx) = FiriDx @0y NTx.

This complex is filtered quasi-isomorphic to the left Zx-module @x with the trivial fil-
tration; see [ , Lemma 1.5.27].

Consider now an arbitrary (M, F') € FM(Zx). Recall that M ®4, Zx has a natural
right Zx-module structure (see e.g. | , Proposition 1.2.9(ii)]). Applying M ®4, e to
the complex above corresponds to the Spencer complex of M ®4, Px:

(1.4.2) 00— M Reox Dy Reox ANTxy — - —> M Reox Dy Koy Ty — M Koy 9x — 0.

PROPOSITION 1.4.10. The complex in (1.4.2) is a complex of filtered induced right
Dx-modules, quasi-isomorphic to (M, F).

PROOF. By the same | , Proposition 1.2.9(ii)], all the terms M ®4, Dx Qg N'Tx
have a natural (filtered) right Zx-module structure, and it is not hard to check that there
is a filtered isomorphism

M @g, Dx oy NTx =~ M R4, N'Tx Rp, Dx,

with the obvious right Zx-module structure on the right hand side (exercise!). This
realizes our complex as a complex of induced Zx-modules, using the natural &x-module
structure on M ®¢, A'Tx.

4Essentially one has to note that the cone of a morphism in FM(Zx) carries a natural filtration, such
that all the morphisms in the associated exact triangle are compatible with the filtrations.



1.4. INDUCED 2-MODULES AND FILTERED DIFFERENTIAL MORPHISMS 15

On the other hand, there is a natural map
M®g, Ix - M, m@P+— P(1)m,”

and this is a surjective filtered right Zx-module morphism. Placing this at the right end
of the complex in (1.4.2), the claim is that it induces a filtered quasi-isomorphism between
this complex and (M, F') (which then finishes the proof). This is of course equivalent to
saying that the complex in (1.4.2) has no cohomology except at the right-most term.

Let’s reinterpret this for convenience in terms of the corresponding complex in
FM(Ox, Diff). Concretely, our complex is obtained by applying DR to the complex
in FM(Ox, Diff)

BVR(M,F): 0 > Mo, N"Tx = -+ > M®g, Tx - M — 0.

(we are using the notation introduced in [Sal, §2]), where the filtration on this complex
obtained by setting

F,(M ®gy NTx) = FpriM @4, N'Tx.
Note that 6]?/{(./\/1,17) is obtained by applying (M, F) ®4, e to the Spencer complex

resolving O, and therefore in local coordinates x1, ..., x, it is isomorphic to the Koszul
complex K(M;0,...,0,)[n] associated to the elements 0, ..., 0, acting on M, hence
the assertion. 0

Restating the last part of the proof of the Proposition above, we have the following:

COROLLARY 1.4.11. For every (M, F) € FM(Zx) there is a natural quasi-isomorphism
of filtered complexes of right Px-modules

DR 'DR(M, F) — (M, F).

Via standard homological algebra, this discussion leads to the following equivalence
of filtered derived categories:

PROPOSITION 1.4.12. The natural functor D(FM;(2x)) — D(FM(Zx)) is an
equivalence of categories.

Moreover, restricted to filtered induced Z-modules, the functor DR provides a quasi-
inverse for the functor DR™" in (1.4.1).

Together with the equivalence in (1.4.1), the Proposition above shows that in order
to study operations on D (FM(@X)) we may restrict to complexes of induced Z-modules,
or to filtered differential complexes. We will take advantage of this below, when defining
the push-forward functor for filtered Z-modules.

Proposition 1.4.10 gives us a canonical approach to finding resolutions by induced
Z-modules. Other explicit resolutions may however be more meaningful and easier to
work with. The following extended example is very important for applications.

SNote that this map is induced by tensoring with M over Ox the natural map Zx — O, taking an
operator P to P(1) (and realizing the quasi-isomorphism between the Spencer complex and Ox).
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ExaMPLE 1.4.13 (Localization along an SNC divisor). Let E be a reduced
simple normal crossing (SNC) divisor on a smooth n-dimensional variety Y.° Recall that
wy (*xF) >~ wx ®g, Ox(*F) stands for the right Z-module version of the localization along
the divisor F, in other words the sheaf of n-forms with arbitrary poles along E.

We endow wy (*F) with what we will call the Hodge filtration, namely
Frwy (xE) == wy(E) - Fy1nPy for k> —n.
For instance, the first two nonzero terms are
F_wy(*FE) =wy(E) and F_,wy(*E) =wy(2F) - Jac(E),

where Jac(F) is the Jacobian ideal of E, i.e. F1%y - Oy(—FE), whose zero locus is the
singular locus of E.

To gain intuition for what comes next, recall that the right Z-module wy has a
standard filtered resolution

0= Dy = Oy Qp, Dy — - = wy Qay Dy — wy — 0

by induced Zy-modules. This is simply the resolution of wy, with the trivial filtration
Fywx = wx for k > —n and 0 otherwise, as in Remark 1.2.5, described by the procedure
in Proposition 1.4.10; see also | , Lemma 1.2.57]. It is a simple check that DR(wx),
i.e. the associated complex in FM(O, Diff), is the standard de Rham complex

d d d
0— Oy —— Qy —— -+ = wy — 0.

A similar type of resolution by right induced Zy-modules can be found for wy (xF),
only this time it will correspond to the de Rham complex with log poles along E.

PROPOSITION 1.4.14. The right Py -module wy (xE) has a filtered resolution by in-
duced Dy -modules, given by

0= Dy — W (logE) Ra, Dy — -+ — wy(E) @ay, Dy — wy(xE) — 0.
Here the morphism
wy (E) ®p, Dy —> wy (*F)
is given by w @ P — w - P (the P-module operation), and for each p the morphism
. (log E) ®p, Dy — B (log E) @4, Dy
is given by w @ P+ dw ® P+ Y1 (dz; Aw) @ O; P, in local coordinates 1, . .., T,.

PrROOF. It is not hard to check that the expression in the statement is indeed a
complex, which we call A*. We consider on QF.(log F') the filtration

P s
F%(log E) = {Qy(logE) iz
0 if i < —p,

6We use this notation since in practice we will consider this setting on a log resolution f: Y — X of
a pair (X, D), with E = f~1(D);eq.



1.4. INDUCED 2-MODULES AND FILTERED DIFFERENTIAL MORPHISMS 17

and on O (log E) ®¢, Py the tensor product filtration. This filters A* by subcomplexes
Fy_,A® given by

e — Q@‘l(log E) ®ﬁy Fk_lgy — wy(E) ®ﬁy Fk@y — kay(*E) — 0
for each k > 0. Note that they can be rewritten as

e — wy(E) & Ty(— IOg E) ®@’Y Fk_l_@y /84 wy(E) ®ﬁy Fk.@}f — kaY<*E) — 0,

where Ty (—log E) is the dual of Qy(log F), and we use the isomorphisms wy(E) ®
NTy(=log E) ~ Q7 (log E).

It is clear directly from the definition that every such complex is exact at the term
Frwy (+E). We now check that they are exact at the term wy (F) ®g, Fr%y. Let us
assume that, in the local coordinates x, ..., z,, the divisor E is given by z1---x, = 0.
Using the notation w = dxy A - -+ A dx,,, we consider an element

u:%éé Zgaaa

1‘ .
1 T o<k

mapping to 0 in Fywy (xF) = wy (F) - F,Zy. This means that

g al!...ar!.ga.:pl—al...l’;ar:0.

la|<k, a;=0 if i>r

We show that w is in the image of the morphism Sy by using a descending induction on |a.
What we need to prove is the following claim: for each « in the sum above, with |a| = k,
there exists some ¢ with «; > 0 such that z; divides g,. If so, an easy calculation shows
that the term uq = —— ®g,0” is in the image of S, and hence it is enough to prove the
statement for u — u,. Repeating this a finite number of times, we can reduce to the case
when all || < k — 1. But the claim is clear: if z; did not divide g, for all ¢ with a; > 0,
then the Laurent monomial z; " -+ -z % would appear in the term g, - x;** -2 %" of

'
the sum above, but in none of the other terms.

To check the rest of the statement, note that after discarding the term on the right,
the associated graded complexes

2
o wr(B)® \Ty(~log E) @, 87Ty —
— wy(B) @ Ty (= log E) ®4, S* Ty — wy(E) ®¢, S*Ty — 0

are acyclic. Indeed, each such complex is, up to a twist, an Eagon-Northcott complex
associated to the inclusion of vector bundles of the same rank

Q: Ty(— IOgE) — Ty.

Concretely, in the notation on [La, p.323], the complex above is (ENy) tensored by wy (E).
According to [La, Theorem B.2.2(iii)], (E'N}) is acyclic provided that

codim D,,_,(¢) > ¢ for all 1 </¢<min{k,n},

where
Dy(p) ={y €Y | 1k(p,) < s}
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are the deneracy loci of ¢. But locally ¢ is given by the diagonal matrix
Diag(z1,..., 2 1,...,1)
so this condition is verified by a simple calculation. 0

REMARK 1.4.15. It is again an immediate check that the associated filtered differ-
ential complex DR(wy (xE)) is precisely the well-known de Rham complex of holomorphic
forms with log poles along F, namely

0— Oy -5 QL(logB) % -+ -5 wy (E) — 0.

1.5. Push-forward of filtered Z-modules

We want to enhance the definition of push-forward of Z-modules to the filtered set-
ting, following a construction due to Saito [Sal, §2.1-2.3]. We do this in the setting of right
Z-modules. The usual left-right transformation allows us to recover the corresponding
construction for left Z-modules.

Let f: Y — X be a morphism of smooth complex varieties. Recall that the associ-
ated transfer module
Dy x = Oy Qp-16, 9y
has the structure of a (%y, f~'Zx)-bimodule, and is used to the define the push-forward
functor at the level of derived categories by the formula

[+ :D(%) — D(Zx), M® = RL(M® Gy Prox).

Here we loosely use the symbol D(Zx) to stand for D, (Zx), where * can be any either

absent, or any of —, 4+ or b for instance; recall that all the Z-modules we work with are
assumed to be quasi-coherent. If f is proper, which is often our focus, this induces a
functor

fi: D (Dy) — DLy (Zx)
between the bounded derived categories of coherent Z-modules.

Note furthermore that %y _,x has a natural filtration given by f*F;.%Zx. More pre-
cisely, the sheaf f=!%x carries a filtration induced by the standard filtration on Zx.

By analogy with the previous section, we considered the categories FM ( f‘l.@X)
and FM; (f ' 9x) of filtered f~'Zy-modules and filtered induced f~'Zx-modules respec-

tively, where the latter are isomorphic to filtered f~!'Zx-modules of the form & ®;-14,
19, with ¢ a filtered f~!@x-module.

We define the functor
DRy/x: FMi(Zy) = FM;(f7'%x), (M,F) = (M,F)®g, Dy_x.

This is indeed well defined, since if M =¥ ®4, Py, with ¢ a filtered Oy-module, then
we have

DRy/X(M) ~Y Q10 f_lgx.
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with filtration given, as for M, by the tensor product filtration

k
FkDRy/X(M) = Z Fk_zg ®f*l/fx f_lﬁ’i@X.

i=0
EXERCISE 1.5.1. Show that DRy, x takes filtered quasi-isomorphisms of complexes
in FM;(%y) to filtered quasi-isomorphisms of complexes in FMi( f _19)().

We next use the definitions and notation on derived categories discussed in Remark
1.4.9. Given the exercise above, we have an induced functor

DRy, x: D(FM;(%2y)) — D(FM;(f'Zx)).

In combination with Proposition 1.4.12 and its obvious analogue, we can in turn see this
as a functor

DRy,x: D(FM(%y)) — D(FM(f'%x)).

We next define a direct image functor
D(FM(f12x)) — D(FM()).
which composed with DRy, x will give rise to our desired filtered direct image functor
f+: D(FM(Zy)) — D(FM(Zy)).

DEFINITION 1.5.2. Let (M, F) be a filtered f~'%x-module. Its topological direct
image is defined as f.(M, F) = (N, F), where

N=JLHEMC fM and FN = f.EM.

keZ

Here on the right hand side we use the standard sheaf-theoretic direct image.

REMARK 1.5.3. This definition can be made in great generality, and usually it is
not necessarily the case that N' = f,M. However this is always true in the case we are
interested in, namely the case of algebraic varieties (since every open set is quasi-compact),
and also in the case of complex analytic varieties if f is proper.

We therefore obtain a functor

fot FM(f7'2x) — FM(Zx).

We would like to extend this functor to the derived category D(FM (fflgx)), in
order to finish our construction.

First recall that to every module M over a sheaf of rings on Y, in particular over
719, we can associate the flasque sheaf of discontinuous sections .#°(M) defined on
every open set U C Y by

L, 7' (M)) = [ M.,
zeU
and we have a functorial inclusion M — #%(M).
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Let’s now consider a filtered version. To (M, F) € FM(f™'9x) we associate
FY(M, F), namely the filtered f~'Zx-module (N, F) given by

N =2 (F M) C 7O (M) and FN = °(FM).

keZ

We have a filtered inclusion (M, F) Ny (M, F), and we define
I M, F) := Coker(i).
Continuing in this fashion, we obtain a complex
0= I M, F)— I (M, F) - --.

in Ct (FM ( f—lgx)) which is filtered quasi-isomorphic to (M, F'), and consequently a
functor

I FM(f'92x) — CT(FM(f'2x)).

Note now that in the context we are considering, basic properties of higher direct
images tell us that there exists an integer N > 0 such that for every sheaf .# of abelian
groups on Y we have R'f,.# = 0 for i > N. (In our setting of algebraic varieties we can
in fact take N = dimY.) We modify our resolution by taking

ﬁ(M,F):fj(M,F) for 7 <N, ﬁ(M,F):O for j>N+1,
and -
INTHM, F) = Coker (I M, F) = V(M. F)).
We thus obtain a finite resolution
T (M,F): 0= I(M,F)= I (M, F) == IVF(M,F) =0

of (M, F) with filtered sheaves having the same properties as those in .#*(M, F). More-
over, all the entries .#7(M, F) are filtered f-acyclic in the sense that

Rf.(Fd(M,F) =0 forall keZ, i>0.
This follows by construction and the assumption on N (exercise!).

We can extend this construction to complexes. If C* = (M*®, F,M*) is an object
in C(FM(fA@X)), we can form the double complex (ﬂp(Mq,F.Mq))pq, and define

jv'(C") to be the total complex of this double complex. We thus have a functor
7 C(FM(f'2x)) = C(EM(f ' 2x))
such that C* is filtered quasi-isomorphic to ﬁ:(C"), with —, 4+ and bounded versions.

Finally, this allows us to define the exact functor of triangulated categories we are
interested in, as

Rf.: D(FM(f'2x)) = D(FM(Zx)), Rf.C*:= f.(7°(C")).
This functor is well defined thanks to the following
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EXERCISE 1.5.4. Show that if A* — B*® is a filtered quasi-isomorphism in the cat-
egory C(FM(f™'%x)), then the induced f,(.#°*(A*%)) — f.(£*(B*)) is a filtered quasi-

isomorphism as well.

The following property is a direct consequence of the definition and of filtered f-
aciclicity:

COROLLARY 1.5.5. If C*® represents an object in D(FM(f‘l.@X)), then
H'FL(Rf.C®) ~ R f,(F,C*).

Note that this allows us to obtain the filtration on each R'f,C* as follows:

FR f.C* = Im[H'Fy(Rf.C*) — H'(Rf.C*)] = Im[R'f.(F,.C*) — R'f.C"].
It is however not necessarily the case that this last map is injective, and therefore the
filtration is in general not simply given by R'f,(F,C*®). That this is actually true for those

filtered Z-modules that underlie Hodge modules is a deep property of Hodge-theoretic
flavor that we will discuss in the next section.

Finally, as mentioned above, composing R f, with DRy,x, we obtain the desired
filtered direct image functor

f+: D(FM(%y)) — D(FM(Zx)).
If f is proper, this induces a functor
f+: DL (FM(Zy)) — DLy (FM(Zy)).

coh coh

REMARK 1.5.6. It is immediate from the definitions that if we forget the filtration,
this functor coincides with the usual direct image functor f, on the derived category of
P x-modules recalled at the beginning of this section.

EXAMPLE 1.5.7. A case when filtered push-forward is quite simple is that of closed
embeddings, where the functor R f, described above is acyclic. Let’s assume for simplicity
that i: Y < X is the embedding of a smooth hypersurface given locally by (¢ = 0),
and let (M, F) € FM(%y). (Similar formulas hold for an arbitrary closed embedding,.)
Analogously to Example 1.3.5 in the left Z-module setting, we have that Zy_,x ~ Yy Q¢
Cl[0], so

i M~ M®c Clo],
while the filtration is simply given by the convolution filtration, which is easily seen to be
expressed as
Fria M = Z F_iM® 0.
i>0
Note that according to the left-right rule for Z-modules, if we start with a filtered left
Py-module (N, F), then the analogous formula should be

Fk’i+N = Z Fk*i*lN ® atl7
>0

as on the left hand side we are shifting the filtration by n = dim X, while on the right
hand side by n — 1 =dim Y.
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1.6. Strictness

A special property that is crucial in the theory of filtered Z-modules underlying
Hodge modules is the strictness of the filtration.

DEFINITION 1.6.1. Let f : (M, F) — (N, F) be a morphism of filtered Zx-modules.
Then f is called strict if

f(FxM) = RN N f(M)  for all k.

Similarly, a complex of filtered Zx-modules (M*, F, M*®) is called strict if all of its dif-
ferentials are strict. Via a standard argument, the notion of strictness makes sense more
generally for objects in the derived category D (FM(Zx)) of filtered Zx-modules.

Note that it is only in the case of a strict complex that the cohomologies of M*® can
also be seen as filtered Zx-modules with the induced filtration. An equivalent interpre-
tation is given by the following:

EXERCISE 1.6.2. The complex (M*, F, M*) is strict if and only if, for every i, k € Z,
the induced morphism
H FM® — H'M®

is injective.

As a preview, a crucial property of the filtered Z-modules underlying Hodge modules
will be the following. If f : Y — X is a proper morphism of smooth varieties, and (M, F)
is one such filtered Zy-module, then f, (M, F) is strict as an object in D(FM(Zx)); here
f1 is the filtered direct image functor discussed in the previous section. By the Exercise
above, this means that

HFfs (M, F) = H fL (M, F)

is injective for all integers ¢ and k. By Corollary 1.5.5 and the discussion right after, this
is equivalent to the injectivity of the natural morphism

. L . L
(161) sz* (Fk(M ®@Y @y_))()) — sz*(./\/l ®@Y @y_»().

Moreover, the image of this morphism, isomorphic to the term on the left hand side, is

the term FyH'f, (M, F).

In conclusion, in the strict case the cohomologies of direct images of filtered Z-
modules are themselves filtered Z-modules with the induced filtration, and it will some-
times be possible to have a reasonably good grasp of the filtration on such direct images.

EXAMPLE 1.6.3 (Absolute case). The absolute case gives a good idea of the meaning
of strictness, and how it is natural in Hodge theory. In this context it can be seen as
a generalization of the degeneration at F; of the classical Hodge-to-de Rham spectral
sequence. Concretely, let Y be a smooth variety, and (M, F) a filtered (say regular,
holonomic) Z-module on Y. The natural inclusion of complexes Fi, DR(M) < DR(M)
induces, after passing to cohomology, a morphism

it H'(Y, FyDR(M)) — H'(Y,DR(M)).
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Now for the constant map f: Y — pt, the definition of pushforward gives
f+M =~ RT(Y,DR(M)),

and by the discussion above, the image of ¢ ; is FyH" (Y, DR(M)). The strictness of
f+(M, F) is therefore equivalent to the injectivity of ¢y ; for all £ and ¢, which is in turn
equivalent to

gry H'(Y,DR(M)) ~ H'(Y, gry DR(M)).
Note that on the right hand side we have the hypercohomology of a complex of coherent

Oy-modules, while on the left hand side the (associated graded of the) cohomology of the
perverse sheaf DR(M).

On the other hand, in our setting the spectral sequence of a filtered complex takes
the form
EP =HP*(Y, gt DR(M)) = H""(Y,DR(M)).
It is then standard to check that the translated strictness condition above is equivalent
to the Ej-degeneration of this spectral sequence.

For instance, when Y is projective and M = Oy, corresponding to the trivial VHS
Qy, then this is the degeneration of the classical Hodge-to-de Rham spectral sequence;
see Example 1.2.2. As mentioned above, this property extends to the filtered Z-modules
associated to (polarized) Hodge modules on Y, and to their push-forwards via proper
morphisms.






CHAPTER 2

The Bernstein-Sato polynomial

The aim of this chapter is to introduce and study the Bernstein-Sato polynomial of
a regular function, and explain its connection to invariants in birational geometry. We
use freely the basics of the theory of Z-modules, for instance as in | ).

2.1. Push-forward via a graph embedding

Let X be a smooth complex variety of dimension n, and f € Ox an arbitrary
nontrivial function. Many Z-module constructions that depend on f and will be studied
below (like the V-filtration along f, or the associated nearby and vanishing cycles) are
much easier to perform when the zero locus of f is smooth. For arbitrary f, one usually
reduces to this case using the following standard construction. Let

1 X 5 X xC, zw (z,f(x))

be the closed embedding given by the graph of f. Denote Y = X x C, and let ¢ be the
coordinate on the second factor C, so that (¢t = 0) is the smooth hypersurface X x {0} in
Y. For a Zx-module M, we consider the Z-module theoretic direct image

L+M = M &c C[@t}

Recall in particular that we think of the structure sheaf Ox as the (trivial) left
P x-module obtained from the standard action of differential operators on functions. Fur-
thermore, to the effective divisor D = (f = 0) on X we can associate the left Zx-module
Ox(xD) of functions with poles of arbitrary order along D; this is of course nothing but
the localization & X[%], with the obvious action of differential operators.

It will be especially important to have a good understanding of the Zy-modules
1+ Ox and 1, Ox (xD), including a useful construction due to Malgrange. We focus on this
next.

EXERCISE 2.1.1. (1) Show that the action of t on ¢, O is injective, so that we have
an embedding

L+ﬁX — <L+ﬁX)t-
(2) Show that (1, Ox)y = 14 Ox(xD). (Hence ¢, Ox naturally embeds in ¢, Ox(xD).)
LEMMA 2.1.2. There is an isomorphism

1 Ox = Oxlt);o/ Ok,

25
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PROOF. Recall that by definition we have 1, Ox ~ Ox ®@c C[0;]. If § denotes the class
of ﬁ in ¢, O, the claim is that every element in Ox|t];_:/Ox|[t] can be written uniquely

as
> hols,

Jj=0
with h; € O, only finitely many of these being nonzero. Then the asserted isomorphism
is clear, as such an element can be identified with > iso i ® 0] €1, 0.

Uniqueness follows from the fact that for any £ > 0 the elements
1 1
f=t T (f =)k
are linearly independent over &'x. On the other hand, for existence note that
1
(f =ty
while every element in Ox|[t];_/Ox][t] is the class of
91 9k
AR =T

for some k> 1, and ¢q,...,g, € Ox. O

L,

o =gl

REMARK 2.1.3. In ¢y Ox we have the useful formula
(2.1.1) fo =to.

EXERCISE 2.1.4. In the interpretation given by Lemma 2.1.2; the Zy-module struc-
ture on ¢, Ox is given by:

(hd]8) = (gh)ds, for g € Ox.

(1) g- (ho; A ,

(2) t- (hdl6) = (fh)DI5 — jhol™'s.

(3) 0, - (hd)6) = hd!t's.

(4) D(hd]s) = D(h)d}6 — (D(f)m)d] 6.

Even when studying constructions on ¢y O, it will be convenient to work in the
larger Z-module ¢ Ox (*D). The advantage it provides is that multiplication by ¢ on it
is bijective.

More generally let’s consider for the next few paragraphs a Zx-module M on which

multiplication by f is bijective; in other words, M has a natural structure of Ox(xD)-
module.

LEMMA 2.1.5. Under this hypothesis, multiplication by t is bijective on v, M.

Proor. We consider on ¢, M the filtration given by

p
Gy = GpiM =P M ®4, Ox00.

J=0
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By Exercise 2.1.4(2), multiplication by t preserves this filtration; moreover, for every
p > 0, via the obvious isomorphism G,/G,-1 ~ M, multiplication by t gets identified
with multiplication by f. We thus obtain by induction on p the fact that multiplication
by t on Gy, is an isomorphism, which gives the conclusion as G is exhaustive. 0

We now give the main construction. Let Z(t, s) be the subsheaf of Zx.c generated
by Zx, t, and s = —0;t. Note that ¢ and s satisfy st = (s — 1) and more generally

(2.1.2) P(s)t =tP(s—1) forall P e Cls].

We also consider the localization Zx(t,t7!,s) = Dx(t,t™*,0;) of 2(t,s). (This is the
push-forward of the sheaf of differential operators from X x C* to X x C.) Note that in
this ring we have 9; = —st~! and from (2.1.2) we obtain

(2.1.3) t1P(s)=P(s—1)t"* forall P e CJs].
A 2(t,t71, s)-module is simply a Zxxc-module on which ¢ acts bijectively.
We consider the Zx (t, ¢!, s)-module M s]f* defined as follows. As an Ox-module,

we have an isomorphism
M R4, Ox[s] ~ M[s]f5, u® s — us’ f*.

The symbol f* is formal, and motivates the Zx-action: a derivation D in Derc(Oy) acts
by

D-us’ f* = @usjﬂfs + D(u)s’ f*.

The action of s on M]s|f*® is the obvious one, while the action of ¢ is given by the
automorphism “s — s+ 17, that is

us’ f* — fu(s +1)7 f*.
Recall that in this language s corresponds to —0;t; note also that f* corresponds to 9.

Next comes the main technical point, observed in [Ma]. To state it, for every i > 0,
we set

Qi(z) = i!- (erz a 1) = E(:{:Jrj) € Z[z]

(with the convention Qo = 1).

PROPOSITION 2.1.6. If M is a Dx-module on which f acts bijectively, then we have
an isomorphism of Dx (t,t™1, s)-modules

0: M[s]f* = 1 M, us’f* = u® (—0t)0.
The inverse isomorphism 1 is given by

u®0{5 = 5Qs(=9)f"
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PROOF. It is straightforward to check that ¢ and ¢ are Zx(t,t™!, s)-linear. In order
to see that they are isomorphisms, consider on M|s|f* and ¢, M the filtrations given by

p p
GoM[s|f* =P Ms'f* and G M =P M®4, Ox000.
=0 j=0
It is clear that ¢ and ¢ preserve the filtrations. Note now that (9;¢)P¢ is equal to fPoro
plus a sum of monomials which have lower degree in 0,. Moreover, we have canonical
isomorphisms
Gy MIs)f* [ Gyr M) f* = M = Gpts M/ Gyor14 M.

and so the corresponding endomorphism of M induced by ¢ is given by multiplication
with (—=1)PfP. Since this is an isomorphism, we conclude by induction on p that each
induced map GpM][s]f* — G,t+M is an isomorphism, and hence so is ¢.

The formula for the inverse isomorphism 1 follows if we show that in ¢, Ox(xD) we
have _
Q;(0)8 = 70§ forall j>0.
We argue by induction on j, the case j = 0 being obvious. Assuming the formula for
some j, we apply (2.1.3) and the fact that 9; = —st™! to write

PO = f0,Q;(—5)0 = —fst7'Q;(—=5)0 = f(—5)Q;(—s — 1)t710 = Q;41(—5)9.
This completes the proof of the proposition. O

2.2. Definition, existence, and examples

In this section X is a smooth variety over C (or more generally over a field of
characteristic 0), and f is a non-invertible regular function on X. The following theorem
was proved by Bernstein when f is a polynomial, and by Bjork and Kashiwara in general.’

THEOREM 2.2.1. There exists a polynomial b(s) € Cls|, and a polynomial P(s) €
Dx|s| whose coefficients are differential operators on X, such that the relation

P(s)f* = b(s) - f*
holds formally in the Px-module ﬁx[%,s] - f5. (Here f5*1 stands for f - f*.)

REMARK 2.2.2. Recall that we have discussed the Z-module in the statement of
the Theorem in §2.1 above; the action of derivations on X on its elements is given by

D(wf?®) = (D(w) + sw#)fs.

It carries an obvious action of s, as part of its Zx(t,t~!, s)-module structure.

In the case of polynomials f € C[X7,..., X,], the proof of this theorem is a simple
application of the fact that Ocn [%](s) - f* is holonomic as a module over the Weyl algebra

A, (C(s)) =~ A,(C)(s) associated to the field C(s). This is proved using the Bernstein
filtration on A, ; see [Co, Ch.10, §3]. In the general case this filtration is not available, but
we follow a similar approach replacing it by general properties of holonomic Z-modules.

IThey also proved it in the case of germs of holomorphic functions on complex manifolds.
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PROOF OF THEOREM 2.2.1. We denote by C(s) the field of rational functions in the
variable s. We also denote by j: U < X the natural inclusion of U = X N\ Z(f). Via base
field extension we can consider X and U as being defined over C(s); we use the notation

X = X Xgpecc SpecC(s) and U := U Xgpecc SpecC(s),
with the corresponding inclusion js: Uy — X,. We then have
.@US ~ @U Xc C(S) and ‘@Xs ~ QX Xc C(S)

Thinking of f* as a formal symbol as before, we now consider the %, -module M :=
Oy, - [°, where the action of a derivation on X is given by

D(s1*) = (Dlg) + 597 )

(Note that f is invertible on Us.) Note that M is a holonomic ;. -module. Indeed, by
analogy with the trivial filtration on 0y, on M we can consider the filtration given by

EM=0y,-f° for k>0 and FM=0 for k<O.
This is a good filtration such that
Ch(M) = Ch(6), = (TU)s,

the scalar extension of the zero section of T*U, hence holonomicity is clear. Now the main
claim is:

Claim. The Zx -submodule
N = -@Xsfs - js+M

is holonomic.

In order to show this, we note that the construction of a maximal holonomic submod-
ule of a finitely generated Z-module works over arbitrary base fields, and is functorial

(GIVE REFERENCE). Hence there exists a maximal holonomic submodule N7 C N,
compatible with restriction to open sets. Note now that

Nuv, EM = 0Oy, - f*.
By the observation above, we conclude that Ay, is holonomic, hence
N, = Nu.-
In other words, in the short exact sequence of Zx_ -modules
0—N — N —Q—0,

the quotient Q is supported on the zero locus of f in X,. Consequently, if we look at the
section f* of A/, there exists an integer ko > 0 such that f*o f* € N”. Hence

9}(5 fkofs g N/
and so Zx, f* f* is holonomic. Finally note that we have an isomorphism of Zx,-modules
Dx.J° == Dx . ff° P(s)f* v P(s + ko) f™ f*

induced by the automorphism s — s+ k of Zx,.
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Having establish the claim, let us conclude the proof of the main statement. Consider
the chain of submodules

- C I P C Dx [ C Dx S

Since Zx, f* is holonomic, hence of finite length, this chain stabilizes. There exists there-
fore an integer m > 0 such that

fmfs c @Xs fm—&—lfs‘

Applying now the similar automorphism s — s —m, we conclude that f* € Zx_ff*, and
so there exists Q(s) € Zx, = Zx ®@c C(s) such that

fP=Q)ff

Clearing denominators, this operator can be rewritten as Q(s) = P(s)/b(s), where P(s) €
Px[s] and b(s) € C(s), so the identity becomes

b(s)- f* = P(s)[f*,

which is what we were after. [l

DEFINITION 2.2.3. The set of all polynomials b(s) satisfying an identity as in Theo-
rem 2.2.1 clearly forms an ideal in the polynomial ring C[s]. The monic generator of this
ideal is called the Bernstein-Sato polynomial of f, and is denoted by(s).

There is also a local version of the Bernstein-Sato polynomial. We discuss this next,
together with its relationship with the global version above.

LEMMA 2.2.4. If x is a point in X, then there exists an open neighborhood U of x
such that for any other open neighborhood V we have

by (s) | by (s).

ProOOF. For simplicity, let’s denote by (s) = byy(s). Start with any open neighbor-
hood = € U, and assume that it does not satisfy the property we want. There exists then
another neighborhood x € U; such that by, does not divide by,. As by,nu, |by, since we
can restrict the Bernstein-Sato identity on U; to Uy N Uy, and similarly for Uy, it follows
that by,nu, 1s a proper factor of by, .

If the neighborhood Uy N U; again does not satisfy the property in the statement,
than by a similar argument there exists a neighborhood z € U, such that by,~v,nu, 1s
a proper factor of by,ny,. Continuing this way, since by, has finitely many factors at
some point the polynomial has to stabilize, and we obtain an open set UyNU; N ... N U,
satisfying the assertion. O

DEFINITION 2.2.5. The local Bernstein-Sato polynomial of f at x is

bya(s) = bsu(s),

where U is an open neighborhood of z as in Lemma 2.2.4.
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PROPOSITION 2.2.6. If X is affine, then the global and local Bernstein-Sato polyno-
mials are related by the formula

by(s) = lem by . (s).
In fact, let {U;}ier be any open cover of X. Then

bs(s) = lem by (s).

PROOF. Denoting as in the previous proof by, = byy,, since clearly by, | by for all i
we have

b(s) = lem by (3) | by(s).
(S
Consider now the Bernstein-Sato identity on each U;, namely

b, () fi, = Pi(s)f‘sUtl with  Pi(s) € Py, (s).

Since Uj; is an open set in the affine variety X, there exist for each ¢ and operator Q;(s) €
Px1s], and g; € Ox(X), such that ¢;P;(s) = Q;(s). We then have the identity

9ibu, () f* = Qi(s) f**
on X, which implies that g;b'(s)f* € Zx[s]f***. Define now
I={g€ Ox(X)|gV(s)f* € Zx[slf}.

This is clearly an ideal in Ox(X), and for each i € I we have that g; € I ~\ m, for every
x € U;. It follows that I = (1), hence bg(s) | b'(s). O

REMARK 2.2.7. On an arbitrary X, the result of Proposition 2.2.6 continues to hold
if we think of the Bernstein-Sato polynomial as being the monic polynomial of minimal
degree such that

b(s)f* € Dx|s]fH
in a sheaf-theoretic sense.
EXERCISE 2.2.8. If g is an invertible function on X, then b,¢(s) = bs(s).

REMARK 2.2.9 (Bernstein-Sato polynomials of divisors). Let D be an arbitrary
effective divisor on X. For any two functions f;, fo defining D on an open set U C X,
there exists g € 0% (U) such that f; = fog. The results and exercise above imply then
that it makes sense to define a Bernstein-Sato polynomial bp(s) associated to D, and

bp(s) = lem by (s),

where f is any locally defining equation for D in a neighborhood of X.

We next list a few basic facts regarding Bernstein-Sato polynomials.

REMARK 2.2.10. (1) For f invertible we could simply take bs(s) = 1. This is why
we restrict to f non-invertible.

(2) If f is arbitrary, then we have
(s +1)[bs(s).
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Indeed, take s = —1 in the identity in Theorem 2.2.1, to obtain

Since f is not constant, this is only possible when bs(—1) = 0.

(3) If f is smooth, by a simple reduction we can assume that f = z; in local algebraic
coordinates 1, ..., x,. It follows that bs(s) = s + 1, due to (2) and the formula

O, 25t = (s + 1)a8.

The converse is also true, meaning that if bs(s) = (s + 1), then f is smooth; see 77.

In the rest of the section we discuss a few standard examples.

EXAMPLE 2.2.11. (1) Let f = 2} + --- + 22, and consider the Laplace operator
A =09+ + 0% A simple calculation gives
Aft =4(s+1)(s + g)fs.
According to the last comment in the Remark above, we obtain that
by(s) = (s +1)(s + g).

We will also obtain this as a special case of the general calculation for all weighted homo-
geneous singularities, Theorem 2.3.4 below.

(2) Let f = 2% +4® be a cusp in the plane. A well-known, though tedious and not easily
motivated, calculation is that

= (s + 1)+ D+ D) f

and in fact

bs(s) = (3+1)(s—l—g)(s~l—g).

This again will be implied by the general result for weighted homogeneous singularities.

(3) Let f = det(x;;) be the determinant of a generic matrix in n x n variables. A formula
attributed to Cayley is

det (9/0x;) f = (s +1)(s +2) - (s +n) f*.

We actually have by(s) = (s+1)(s+2)---(s+n), and this will also be a special case of

the general result below.

(4) The case of a divisor with SNC support can also be computed explicitly. Let
f=a .. .-atr, a; €N

Note that in one variable z, and a > 1, we have the formula

8335“”“—@“(8—1-1)(5—1—1—%)~~~(5+1—a;1

)xas.
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Therefore using the operator

P = N AR

H?:1 a;’

a straightforward calculation gives

n a;—1
P =buycan($)f° bapan(s) =] | (H s+1— §)>

i=1

and so bq,.. 4, | by. We can in fact see that by = b,, .., as follows. Starting with an

expression
1
(3 dpas)ate ) = ) 2,
a,B,j
where we use the notation z¢ = z{* - ... - 2%, etc., by comparing the terms containing
2% on both sides we see that the only contrlbutlon coming from the left hand side is

from terms of the form aaﬁxaﬁﬁ with aaﬁ # 0 and 3; = a; + a;.> We then have that

B; > a; for all i, hence employing the one variable formula above repeatedly we see that
cach 92z20+1) contributes a polynomial (in s) term divisible by ba,....an- 1t follows that

) ”
(5) If f(z1,...,2n) = g(x1, ..., Tm) - M(Tmsa, .- ., Ty), it is immediate to see that
b | by - by.
Whether equality holds seems to be an open problem. Note that for arbitrary f =g - h
it is very easy to produce examples where this divisibility does not hold (and there is no

reason for it to do so). Consider for instance the triple point f = zy(z + y) in C? and
take ¢ = xy and h = x + y. Then

by(s) - bp(s) = (s+1)° while (s+ )|bf()

For the last statement one can for instance use the general formula for weighted homoge-
neous singularities in Theorem 2.3.4, or the fact that the log canonical threshold of f is
2/3 combined with Theorem 2.7.2 below.

(6) Hyperplane arrangements. TO ADD.

2.3. Quasi-homogeneous singularities

In this section we study an extended example, proving a general formula for the
Bernstein-Sato polynomial of a quasi-homogeneous isolated singularity.”

We start by recalling a few basic notions from singularity theory. For a polynomial
f € C[X]=C[Xy,...,X,], inside the ring of convergent power series C{X } we consider

2A priori there may be terms of other type in the differential operator, but after differentiation their
contributions must cancel each other.
31 thank Mingyi Zhang for giving lectures at Northwestern on this topic, which I am following here.
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the associated Jacobian ideal

0 0
Similarly, the Tjurina ideal is
0 0

The Milnor and Tjurina algebras associated to f are
My = C{X}/J(f) and Ty:=C{X}/(f,J(f)),

while the corresponding Milnor and Tjurina numbers are

Hy = dlmc Mf and Ty = dlmc Tf.

If w=(wy,...,w,) € Q% and o = (v, ..., ) € N", we denote
lwl =w; + - +w, and (w,a)=wia;+ -+ w,a, € Q.

DEFINITION 2.3.1. We say that a polynomial f = > _\naeX® € C[X] is quasi-
homogeneous (or weighted homogeneous) of type (wj;p) if for every aw € N™ such that
a, # 0 we have

p(X?) = (w,a) = p.
We simply say that f is quasi-homogeneous or weighted-homogeneous (with respect to
the weights wy, ..., w,) if p = 1.

REMARK 2.3.2. Note that the weights are not invariant under linear change of
coordinates.

In what follows we assume that f(0) = 0, and 0 is an isolated singular point of Z(f).
It is a well-known fact that this condition is equivalent to ;1y < oo, and also to 74 < 00; see
e.g. | , Lemma 2.3]. Under this assumption, a theorem of K. Saito | | states that
a polynomial f is quasi-homogeneous (of any weight) after some biholomorphic change of
coordinates if and only if the following equivalent conditions hold:

feIf) = u=1.

EXAMPLE 2.3.3. (1) The most common examples of quasi-homogeneous polynomials
are the diagonal hypersurfaces

f=X" 4+ X € CIX],
with weights w; = a% fori=1,...,n.
(2) Let f = 2® + zy® € C[X,Y]. This is quasi-homogeneous, with weights w; =

and wy = %. We have 7 = 1y = 7, and a monomial basis of the Milnor algebra seen as
C-vector space is 1, z, 22, y, vy, 2%y, y°.

1
3
a

(3) Let f = a° +y° + 2*y* € C[X,Y]. Then f is not a quasi-homogeneous polynomial.
Indeed, it is not hard to compute that

10 =7 < py = 11.
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Let’s now fix a quasi-homogeneous polynomial f € C[X]| with an isolated singularity,
of weights wy, ..., w,, and denote p = py. We write

7
Mf = @C-ei,
=1

where e; are a monomial basis for the Milnor algebra as a C-vector space. We also consider
the set of rational numbers

Y= {p(el), <. 7p(en)}7

where each number appears without repetitions. With this notation, the main result is
the following theorem obtained in | |; see also | ] for an extension to the case
of polynomials which are non-degenerate with respect to their Newton polygon.

THEOREM 2.3.4. The Bernstein-Sato polynomial of f is

be(s) = (s+1)-H(s+|w|+p).

pEX

REMARK 2.3.5. The statement of the theorem implies that all of the roots of bs(s)
different from —1 are simple, while —1 appears with multiplicity 1 or 2.

Before proving the theorem, we discuss some preliminaries. First, with respect to
this set of weights, we define the Fuler vector field as

n
X = Z Wi ;00 .
i=1
Quasi-homogeneity immediately implies that we have the identity

x(f) =171
LEMMA 2.3.6. For every u € C{X} and every p € Q we have

(s + [w] + pJuf® = sz o (ziu) + pu — x(u)) f°.

ProoF. This is a simple exercise, using the identities:
n
Z w0y, x; = X + |w|  (as operators)

and

X(wf?) = suf® 4+ x(u)f*.

PROOF OF THEOREM 2.3.4. Step 1. In this first step we show that

be(s) | (s+1)-H(s—|—|w|+p).

peEX
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By definition, this follows if we show
(2.3.1) (s+1)- ] (s +wl+ p) € Zenlslf*.
pEX

This in turn follows by setting v = 1 in the following more general:

Claim: For a quasi-homogeneous representative u of an element in My, we have

(s +1) H (s+ Jw] + p)uf® = ZA@M 5 A e A,

PEX,p>p(u)

This can be proven by descending induction on the weight p(u). First, if p(u) is the
maximal value in ¥, then z;u € J(f) for all . Since x(u) = p(u)u, by Lemma 2.3.6 we
have

(s + |w| + p)uf sz s (iU

Modulo A, - J(f) - f*, this last term is equal to

n
E al'z : /Ui Y
i=1

with v; a quasi-homogeneous element in My of weight p(u) + w;.

We now assume that the Claim is true for any u as above with p(u) > v € ¥, and
take a quasi-homogeneous representative u' of an element in My, such that p(u') = v. By
the inductive assumption, for each 1 <7 < n we have

IT (s + lwl + p) @) f* € Au- T(F) - f°.
p=p(ziu’)

Notice that the action of any polynomial in s on A, - J(f) - f* stays in A, - J(f) - f?,
because
f of

=== w)oif f + E)IZ.fS'

We can then multiply the products above by suitable factors of the form (s + |w| + p'),
to get

H (5+’w|+p)($iu’)fs e A, - J(f)f*

pEX,p>V

for all i. Using now Lemma 2.3.6, a straightforward calculation (acting w;d; on these
products and taking the sum) leads to

IT (s+lwl+p)u's = ZA&EZ 7
pEX, p>v
with A; € A,,. Finally, multiplying both sides by (s + 1) and applying the formula
(3 + 1)8%]1‘3 = axifs+17

we obtain the Claim.
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Step 2. According to Step 1, we are left with proving that for every p € ¥ we have
where Zf = bs(s)/(s+ 1) is the reduced Bernstein-Sato polynomial of f.

Note first that for the operator P in the functional equation

P(s)f* =by(s)f*

we have P(—1) -1 =0, hence it is easy to check that we can write

P(s) = (s + 1)Q(s) + Y _ Aif,, with Q(s) € C[s] and A; € Ay[s].
i=1
Consequently, we obtain

by()f* = (Q()f + D Aid,)

Let now u be a monomial representing an element in My, of weight p = p(u) € 3.
Multiplying the identity above on the left by u, we obtain

(2.3.2) bp(s) - uf* = (Q(s)f + > Aidy,) - f*,

i=1
where Q' = u(@), and similarly for A;. On the other hand, we use Lemma 2.3.6 to get
(2.3.3) (s+ |w|+p) uf’= sz (T

Let’s assume now that the conclusion is false, so that the polynomials (s + |w| + p) and
bs(s) are coprime. In this case there exist polynomials p(s), ¢(s) € Cls] such that

p(s)(s + [w| + p) + q(s)bs(s) = 1
Using (2.3.2) and (2.3.3), we then obtain

( sz L (iw)) + (s f—i—ZA' :m) fe.

Recalling that x(f*) = sf* (see the proof of Lemma 2.3.6) and f € J(f), a straightforward
calculation shows that an operator of the form

_U_ZB(%Z Za C;, B, Cye A,

is in the annihilator of f® in A,. However the Lemma below says that R belongs to
Y aen 0°J(f), and so it follows that u € J(f), which is a contradiction. O

LEMMA 2.3.7. For any polynomial f with an isolated singularity at the origin, the
annihilator of f* in the Weil algebra A,, is generated by the operators

of of

ox; 8_%

Oy — Oy, 1<i<j<n.
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PROOF. This is [Ya, Theorem 2.19]; see also [Gr, Appendix BJ. It is a consequence of
the fact that {g—ggz, cee ;—Xl} form a regular sequence in the case of an isolated singularity.
O

2.4. Analytic continuation of the archimedean zeta function

We present here one of the original motivations for the the introduction of Bernstein-
Sato polynomials, namely Bernstein’s approach to Gelfand’s problem on the analytic
continuation of complex powers of polynomials. The original problem was stated in the
context of real polynomials; we will discuss its complex version.

For an introduction to what comes next, we recall the following statement from
complex analysis:

EXERCISE 2.4.1. Let f: R" — R be a continuous function such that f(xz) > 0 for
all z € R", and let ¢ € C°(R™) be a continuous complex C-valued function with compact
support. Then the function

Z,:C—=C, s~ f(x)e(x)dz

Rn

is an analytic function, where the meaning of f(z)* is e®1°8/.

Let now f € Clzy,...,x,] be anonconstant polynomial, and s € C. We will consider
| f|?* as a distribution depending on the complex parameter s, in the sense described below.
Note first that this time f has zeros, and therefore the function |f|* does not satisfy the
strict positivity condition in Exercise 2.4.1 any more.

On the other hand, it is easy to see that the function |f(z)[* is continuous in z if
we restrict to the case when

s € Hy := {s € C | Re(s) > 0}.

For any continuous C-valued function with compact support ¢ € C%(C"), we then still
have a well-defined function

Zy,:Hy — C, s+ |f(z)|*p(z)dz.
Cn

PROPOSITION 2.4.2. Z, is an analytic function on H.

PROOF. First proof. The statement is an immediate application of the complex version
of the theorem on differentiation under the integral sign; see e.g. [?]. Indeed, the function
|f(z)|**¢(z) is integrable for each s € Hy, and is analytic as a function of s, hence with
bounded partial derivatives on the support of ¢. Therefore applying 9/9z commutes with
the integral sign, and the statement follows.

Second proof. Let me also include a slightly more tedious second proof, which has the
potentially useful advantage of providing the coefficients of a power series expansion in a
neighborhood of a point in H.
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Fix a point sy € Hy. We show thart there exists € > 0 such that for all s € H with

|s — 59| < & we have
o0
s) = Zak(s — 50)",
k=0

a convergent power series with a; € C.

For s € Hj close enough to sg, using the usual expansion of the exponential function
we have

o0

(2log| f(x)])*|f (x)]**p(x ).(5—3 )k
k! v

(2.4.1) | f(z)]*

OM

Since ¢ has compact support, we can find C' > 0 such that
Supp(p) C K := [-C, C]".

Claim. There exist real numbers € > 0 and M > 0 such that

(2log| £ () ])*|f () |**°
k!

with the convention that the quantity we are measuring is 0 at « € K such that f(z) =
0. Assuming the Claim, we obtain that the series in (2.4.1) converges absolutely and
uniformly on K x {|s — so| < 0} for any 0 < ¢ < &, hence

Zw(s) — i </n (210g|f2f|f’28090) (S . So)k for ‘S o 80| <e,

k=0

ay 1= sup
zeK

< M/, vk eN,

which concludes the proof.
We are left with proving the Claim. Denoting ro = Re(sg) € R+, we note that

k- ay = §2£|(210g\f(:z:)|)’“\f(x)|230\ = | (2log] f())*| f(x)]"| = i—k|(10g!f(x)!’”°)’“|f(x)!m|-

0
We consider M € R such that |f(x)|™ < M for all x € K, so that
SUDye (9,017 2"| (log )" 5’7| . max{M (logM)*, kFe %}
ag S >~ )
k'TO ]{?'Tlg

where the second inequality uses the easily checked fact that the z(logz)* takes its mini-
mum on (0, 1] at z = e~*. Finally, Stirling’s formula says that

k!~ V2rk - kke™®,

which implies that, choosing a suitable M > 0, any 0 < € < rg will do for the Claim. [

The problem proposed by Gel'fand was whether one can analytically continue Z,
to a meromorphic function on C; he also asked whether its poles lie in a finite number
of arithmetic progressions. The existence of the Bernstein-Sato polynomial leads to a
positive answer.
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THEOREM 2.4.3. With the notation above, for every smooth complex-valued func-
tion with compact support ¢ € C*(C"), Z, admits an analytic continuation to C as
a meromorphic function whose poles are of the form a — m, where o is a root of the
Bernstein-Sato polynomial bg(s) and m € N. In particular all the poles are negative
rational numbers.

Before giving the proof of the theorem, we record a technical point that will be
useful later on as well. We start with the defining Bernstein-Sato formula

b(s)f* = P(s)f*™, with P e A,[s],
where A, is the Weyl algebra, and for simplicity we denote b(s) = by(s). We also consider
the conjugate P(s), where we replace x; by 7; and 0,, by Oz
LEMMA 2.4.4. For every s € C we have

b(s)*|f** = P(s)P(s)| fI*V.

ProOF. Conjugating the Bernstein-Sato formula above gives

b(s)f* = P(s)f**".
(Note that by Kashiwara’s theorem, b(s) has rational coefficients.) Hence multiplying the

two formulas leads to -
b(s)*| 1" = (P(s)f*) - (P(s)f**).
The fact that the coefficients of P(s) are antiholomorphic differential operators implies

that B B B B
P(s)(f™H- ) = 4 (o)
and therefore

P(s)P(s)|[I**D = P(s)P(s) (ST - 1) = (P(s)f**1) - (P(s)*1)
as similarly since P is holomorphic we have P(s)(P(s)f**!) = 0. O

PROOF. (of Theorem 2.4.5). For every m € N, denote
H,, := {s € C | Re(s) > —m}.

We have seen that all such Z, are holomorphic on Hy, and we show by induction on m
that they can be extended to meromorphic functions on H,, with poles as stated.

Going back to the identity
b(s) - f* = P(s) [,

P

P(s)=Y Qi-s', Qi€A,

=0

we write

We then have )
D
P(s)P(s) = ZR" -8
i=0

4Apply one 0/0%; at a time, and use the product rule.
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for operators R; = R;. For s € Hj we can then write

s [ 1) Z RIS )

Now a simple application of integration by parts (see Exercise 2.4.5 below) shows that

| Rl o) = [ @PD - (Rep)a).
As a consequence, for s € Hy we obtain

?20 SiZRw(S +1)

Z@(S> = b(8)2

But we are assuming by induction that Zg,,(s) can be extended to a meromorphic function
with poles as prescribed on H,,. Therefore the identity shows that Z,(s) can be extended
to a meromorphic function H,, 1, whose poles are among the roots of b(s) and the poles
of the extension of Zg,,(s+ 1) to H,,41, again of the prescribed form. The last statement
follows from Kashiwara’s result, Theorem 2.5.1. 0

EXERCISE 2.4.5. Let Q € A,, and define @’ to be its image under the (anti-
Jautomorphism of A, sending z; to z; and 0; to —3;. For every complex-valued ¢ €
C>(C") we have

| @@Ee) o) = [ 1@ @)

and similarly for Q. (Hint: apply the change of variables formula when Q = 0;, for each
i, and then use induction on the degree of @).)

REMARK 2.4.6 (The distribution |f]**). Usually the quantity |f|** is thought of as
a distribution, which on any ¢ € C2°(C") is defined by

170 = [ I @)Pela).

This depends holomorphically on s for Re(s) > 0, and the theorem above says that it can
be continued meromorphically to C, with poles of the form o — m, where « is a root of
the Bernstein-Sato polynomial b¢(s) and m € N. Here if P(-) denotes the set of poles, by
definition we have

P(If*) - U P(Z

Note. Bernstein-Gel'fand and Atyiah originally answered Gel’fand’s question making
use of resolution of singularities. The proof presented here, making use instead of the
existence of the Bernstein-Sato polynomial, was given later by Bernstein in [Be]. The
exposition draws also on the lecture notes [Ay], [Gr].



42 2. THE BERNSTEIN-SATO POLYNOMIAL

2.5. Kashiwara’s rationality theorem

In this section we prove the main theorem in | |. Tt is worth noting that Kashi-
wara’s proof also works when f is the germ of an analytic function on a complex manifold.

THEOREM 2.5.1. For every non-invertible reqular function f on a smooth complex
variety X, the roots of bg(s) are negative rational numbers.

The module N;. We start by enhancing the constructions described in §2.1. We denote
as always by D the effective divisor on X corresponding to f.

We consider the Yx-submodule

N; = Dx[s]f° C O [%,s}f‘s ~ 1, Ox (D).

Since Otd € 11 Ox, we have in fact Ny C 1, Ox.

LEMMA 2.5.2. Multiplication by t leaves Ny invariant, so we have an endomorphism

t:./\/} —)Nf.

PROOF. Recall that the action of ¢t on O [%,s} f? is given by the automorphism
“s = s+ 1”. Hence if Q(s)f* € Ny, using (2.1.2) we have

t-Qs)f* = (Q(s+1)-f) f* €N}
U

Observe that the image tN of the endomorphism in the Lemma is Zx[s|f - f* =
Dx|0pt]td. Another remark is that the action of s clearly leaves Ny invariant as well, so
using the notation above N7 is a Zx (¢, s)-module.

PROPOSITION 2.5.3. The action of s induces an endomorphism
S: Nf/th —>Nf/th,

which has a minimal polynomial equal to the Bernstein-Sato polynomial bs(s).

PROOF. For the first assertion we only need to check that s(tNy) C tN;. But this is
clear since by (2.1.2) we have

S't'Nf:t'(S—l)'Nf.

For the second assertion, we first show that bs(s) is identically zero on Ny /tN;. Let
Q(s)f* € Ny. Then, since bs(s) has constant coefficients, we have

br(s)Q(s)f* = Q(s)bs(s)f* = Q(s)P(s)f - [* € tN.
On the other hand, say that h(s) € C[s] is identically zero on N;/tN;. This means in
particular that

h(S)fs S t/\[f,
which means that there exists P(s) € Zx]|s] such that h(s)f® = P(s)f - f*. By the
definition of the Bernstein-Sato polynomial we then have that bs(s )] (s). O
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REMARK 2.5.4. The previous result implies in particular that N;/tN} is finitely
generated over Zx. More precisely, if deg bs(s) = d, then it is generated by the classes
of 4,56, ...,5%15. Kashiwara showed in fact the stronger statement that N} /tN7 is holo-
nomic; more below.

We record one more basic fact about N, f

LEMMA 2.5.5. We have
(Np)e = (14 0x) = 14.Ox (xD).

PRrROOF. We need to show that for every w € ¢, O, there exists m € N such that
t"w € Ny. Write

p
w=>Y s, h;e O,
j=0

and note that t(h;d/8) = h;(td]5). Hence it suffices to show that
t0]6 € Ny = Dx[0it)6.
But this follows from the next Exercise, applied with ¢ = j. 0

EXERCISE 2.5.6. For all integers ¢ > j > 0, we have the operator identity

J
ro] = [ (ot — (i —k+1)) -t

k=1

Main construction. We now describe the main technical construction of Kashiwara.
We consider a log resolution p: Y — X of D, which is an isomorphism away from D, see
§2.6, and we denote f' = f o pu.

As in the discussion above, we denote
Ny = 9x[s|- f° and Ny := Dx[s]- f”.
We also define
N = HOM+Nf/.

We will see below that we can attach to A a Bernstein-Sato polynomial by(s), and
that ba(s) | by (s). Hence one of the key points in the proof of Kashiwara’s theorem will
be to compare by(s) = by, (s) with by(s). This is however not immediate; it turns out
that N7 is a special type of sub-quotient of A/, but this requires a bit of work.

To this end, we construct a distinguished section u € T'(X,N). First, since p
is birational, there is a natural nontrivial (hence injective) map p*wyxy — wy, hence a
natural section s: 0y — wy/x. On the other hand, recall that by definition

L
N - RO,U* (9X<—Y ®_@y Nf/)a
where
Dxey =1 ' Dx Qu-1ox Wy/x
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is the transfer (u=!'%2x, 2y )-bimodule. Note that 1 € Zx and s give rise to a homomor-
phism

Oy — Dxcy

of (W= '0x, Oy)-bimodules. On the other hand the section f’* of N} gives rise to a Oy~
module homomorphism &y — Ny. Taking the tensor product of these two we obtain a
morphism

L
Oy = Dxey @gy Ny

in the derived category of p~!'@x-modules, and applying R°u, to this we obtain our

desired section u € T'(X, N'). We define

N = Dx[s] - uCN,
a Px/|s]-submodule of N.
LEMMA 2.5.7. The module N satisfies the following properties:
(1) 1t sits in a digram of PDx(s,t)-modules
N —5 N
lg
N

where i is the inclusion map, and g is surjective.
(2) It is a coherent Px-module.

PROOF. To see that N is a Zx (s, t)-module, we only need to check that it is preserved
by the action of . Denoting by 1x. y the section of Zx. y considered above, we have
t(Lxey @ f°) = Lyey @t = Ixey @ ff° = f(lxey @ ),
which indeed shows that ¢ - N7 C N
To complete the proof of (1), it suffices to check that the mapping
Dx|s]-u— Dx[s]- f°, P(s)u— P(s)f*

is well defined. But assuming that P(s)u = 0, and recalling that « and f* coincide on the
open set U, it follows that P(s)f® is zero on U and therefore annihilated by a power of
f. This means that in fact P(s)f* = 0, since Zx|[s| - f* is torsion-free as an Ox-module;
indeed, it is a submodule of & X[%, s]f*, which is isomorphic to & X[%, s] as an Ox-module,
and therefore torsion-free.

The assertion in (2) follows immediately from (1), since N is a coherent Zx-module
by the behavior of direct images under projective morphisms. 0

Bernstein-sato polynomials of special Z-modules. We will make use of the following
general theorem; see | , Theorem 4.45].

THEOREM 2.5.8. Let M and N be holonomic Dx-modules. Then Homag, (M, N),
1s a finite dimensional C-vector space for every x € X.
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This allows us to deduce:

PROPOSITION 2.5.9. Let M be a PDx|[s|-module, which is holonomic as Dx-module.
Then there ezists a polynomial b(s) € C|s] such that b(s) - M = 0. (Therefore the action
of s on M has a minimal polynomial.)

PROOF. By Theorem 2.5.8, we know that &ndg, (M), is a finite dimensional C-
vector space for all x € X. It follows that there exists a polynomial b,(s) such that
b.(s) - M, = 0, and this continues to hold on a neighborhood of z. We can now cover X
with finitely many such neighborhoods, and take b(s) to be the least common multiple of
the respective b, (s). O

LEMMA 2.5.10. Let N be a Px(s,t)-module which is holonomic as a Dx-module.
Then there exists an integer N > 0 such that tN - N = 0.

PROOF. Let b(s) be a polynomial as in Proposition 2.5.9, so that b(s) - N = 0. If
b(s) = [ [ (s + )™,
i=1
then every A, has a decomposition into subspaces on which some s + «; acts nilpotently.
Therefore for N > 0, the action of b(s + N) on N is bijective. Recalling that P(s)t =
tP(s — 1) for every P € C|[s], we have

b(s+ N) -tV - N =t -b(s) - N =0,
hence tY - N = 0. O

Let now N be a module Py (s,t)-module, assumed moreover to be coherent over
Py, and such that A//tA is holonomic. By Proposition 2.5.9, the action of s on N/t
has a minimal polynomial, which we denote byr(s). In other words, this is the monic
polynomial of minimal degree such that

ba(s) N CHN.
EXAMPLE 2.5.11. We have then seen in Proposition 2.5.3 that b(s) = by, (s). In
fact Kashiwara shows in | ], in the general setting of germs of holomorphic functions,

that N /tN is holonomic, which by the discussion above leads to another proof of the
existence of the Bernstein-Sato polynomial.

LEMMA 2.5.12. Let N be as above, and N' a Dx(s,t)-submodule of N'. Assume
that N'JN" is a holonomic Zx-module. Then there exists an integer N > 0 such that

bar(s) | bar(8)bar(s +1) -+ ba(s + N).
PROOF. Note that by (s) makes sense, as N’ /tN” is holonomic as well; see the Exercise
below.

Now since N'/N” is holonomic, Lemma 2.5.10 implies that there exists N > 0 such
that tV - (N/N”) = 0, or equivalently

tN N C N
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As above, for every j > 0 we have
ba(s + )t - N = tbp(s) - N C TN
Applying this repeatedly, we obtain
bar(s+ N)---ba(s) - N Chy(s+N)--bp(s) - NCTN N Ct- N,
which implies the conclusion by the definition of by (s). U

EXERCISE 2.5.13. Show that in the situation above, i.e. N7 is a Zx (s, t)-submodule
of a module N having the property that A//tN is holonomic, we have that N'/tN” is
holonomic as well.

Proof of the Theorem. We go back to the main construction at the beginning of the
section. A crucial technical result of Kashiwara, see | , Lemma 5.7] or | , p-113], is
the following. Strictly speaking, in the theorem below one needs to assume that the zero
locus of the Jacobian ideal Jac(f) (generated locally by 0f/0xy,...,0f/0,,) is contained
in the zero locus of f. This however can be accomplished after passing to an open
neighborhood of the zero locus of f, which is of course all we care about if we want to
study by(s). Recall that N' = Hu Ny

THEOREM 2.5.14. The Zx-module N is subholonomic. More precisely we have
Ch(N) = Wy UA,
where A is a Lagrangian subvariety of T*X, and Wy is the closure of the subset
{(z,sdlogf(z) | f(z) #0, se€ C} C T*X,
which is involutive and (n + 1)-dimensional.

COROLLARY 2.5.15. The Zx-module N /tN is holonomic.

PROOF. This is true for an arbitrary subholonomic Z-module preserved by the action
of t. Indeed, consider the short exact sequence

0— N -5 N — NN — 0.
It implies that the characteristic variety of N'/tN satisfies
Char(N/tN') C Char(N),

but also that its multiplicity along each irreducible component of Char(N) is equal to
zero. Hence its dimension is strictly smaller than that of Char(A/), so it can only be equal
to n = dim X. U

By the discussion above, the Corollary implies that there exists a Bernstein-Sato
polynomial bxr(s); it satisfies the following:

LEMMA 2.5.16. We have the divisibility
bar(s) | bye(s).
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PROOF. By definition we have b (s) - N C tN}, so there exists a Zx-module endo-

morphism ¢: Ny — Ny such that
bf/(S) = th
We can apply the functor H%u, to this identity; since the push-forward is in the sense of
Py-modules, it commutes with the s and ¢ action, hence we obtain an induced endomor-
phism
bf/(S)Z N — N, bf/(S) = t1),

where ¢ = H%u (¢). This immediately gives the conclusion. O

We can now address the main result of the section.

PROOF OF THEOREM 2.5.1. With the notation above, by Example 2.2.11(4) the
statement holds for by(s). The result follows from the following stronger statement:
there exists an integer N > 0 such that

(2.5.1) bf(S) ‘ bf/(S)bf/(S+1)"'bf/(8+N).

To show (2.5.1), we start by considering the Zx (s, t)-module
M:=N/N".

This is a coherent Zx-module, and we claim that it is holonomic. Indeed, on one hand
we have

Ch(M) C Ch(N) = W, UA,
using Theorem 2.5.14. On the other hand, by construction Supp(M) C D = (f = 0),
since by construction N and N coincide away from D. Hence in fact
Ch(M) C (Wynay' (D)) UA.
It remains to note that by definition Wy dominates X , and therefore the right hand side

has dimension n.

We can therefore apply Lemma 2.5.12, since by Corollary 2.5.15 we know that N/t
is holonomic. We conclude that there exists an integer N > 0 such that
bar(s) | bar(s)bar(s +1) -+ - ba(s + N).

By Lemma 2.5.16 we also know that bar(s) | b/(s). It suffices then to show that bs(s) | ba(s).
But this is clear, since Ny is a quotient of N7, so by (s) - Ny C tN;. O

2.6. Log resolutions, log canonical thresholds, multiplier ideals

In this section we review a few basic concepts from birational geometry. Most of the
material below is covered in great detail in [La, Ch.9]. For general singularities of pairs,
a great introduction is [KM].

We start by recalling a few notions and facts related to resolution of singularities.
We always consider X to be a smooth complex variety of dimension n.
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DEFINITION 2.6.1. Let D be an effective Q-divisor on X. A log resolution of the
pair (X, D) is a proper birational morphism p: Y — X, where Y is a smooth variety and
the divisor p*D + Exc(u) has simple normal crossing (SNC) support.

Log resolutions are known to exist in characteristic 0 by Hironaka’s theorem. More-
over, one can always obtain such a resolution as a sequence of blow-ups along smooth
centers contained in the locus where D does not have SNC support. Hence we will of-
ten assume that g is an isomorphism away from this locus, so in particular away from

U = X ~ Supp(D).

REMARK 2.6.2. For concrete calculations, the existence of such a resolution can be
rephrased locally as saying that for any regular function f on X, there exists a proper
birational map as above, and around each point y € Y a system of algebraic coordinates
Y1, - - -, Yn such that in this neighborhood

wif=h-yt-.ooynn,

with k; > 0 and h an invertible function.

We will write
(2.6.1) f'D=> a;-E,
i=1

where a; > 0 are rational numbers, and F; are either components of the proper transform
D or exceptional divisors. Another standard point to note is that while we cannot talk
about canonically defined divisors Ky and Ky, there is a canonically defined relative
canonical divisor Ky, x, namely the zero locus of the Jacobian

Jac(p) = det (a,ui/ayj)m

of the map p. This supported on the exceptional locus of . We will also write
(2.6.2) Ky)x = div(Jac()) = > bi - E;.
i=1

with b; > 0. When p is an isomorphism away from U = X ~ Supp(D), all exceptional
divisors appear nontrivially in both sums.

EXAMPLE 2.6.3. Let’s review a few well-known examples; all the statements are left
as exercises.

(1) If u: Y = Blyy X — X is the blow-up of X along a smooth subvariety of codimension
¢, and F' is the exceptional divisor over W, then

Ky/X = (C - 1)F
In particular, if W = {z} is a point, then Ky ,x = (n —1)F.

(2) If D = (22 4+ y> = 0) C C? is a cusp, then a log resolution pu: Y — X = C? of (X, D)
can be obtained as the composition of three succesive blow-ups at points; see the picture
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in [La, Example 9.1.13]. If we denote by Fj, F» and F3 the exceptional divisors arising
from the three blow-ups (in this order), then an easy calculation gives

(2.6.3) @D =D +2F +3F+6F; and Kyx = F +2F, + 4F;.

(3) Let D = (f = 0) and assume for simplicity that f(0) = 0. Write f = fi, + fng1 + -,
with f; homogeneous of degree i for all ¢, and f,, # 0, so that multoD = m. Recall that
the tangent cone of D at 0 is

TC,D = (f, =0) C A",

while the projectivized tangent cone is P(T'CyD) C P"~!. We say that D has an ordinary
singularity at 0 if P(TCyD) is smooth.

The main example is when D is the cone in A" over a smooth hypersurface in P*~ .
For instance one can take f = 21" 4+ --- 4+ 27", the Fermat hypersurface of degree m.

If x € D is an ordinary singularity of multiplicity m, then it is an isolated singularity,
and a log resolution is given by p: Y = Bl, X — X. We then have

w'D = D+mF and Ky/;x = (n—1)F.

DEFINITION 2.6.4. (1) Let u: Y — X be a log resolution of (X, D), and fix a prime
divisor £ on Y. The discrepancy of E (with respect to D) is

a(E) =a(E; X, D) == ordg(Ky,;x —p*D) € Q.
Consequently we have
Ky — " (Kx + D) Za

where the sum is taken over all prime divisors F in X, or equivalently

Ky+D—-p(KEx+D)= > a(E)-E.

E exceptional

With the notation introduced above, we of course have a(E;) = b; — a;.

(2) The pair (X, D) is called log-canonical if a(E) > —1 for all exceptional divisors E on
any log resolution. It is called klt (Kawamata log terminal) if a(E) > —1 for all prime
divisors E on any log resolution.

(3) The log canonical threshold of D is
let(D) :=inf{c € Q | (X, ¢D) is not log canonical}.

In particular, if D is an integral divisor, then (X, D) is log canonical if and only if
let(D) = 1. There is also a more refined local invariant, defined for any = € X to be

let, (D) :=inf{c € Q | (X, D) is not log canonical around x}.
EXERCISE 2.6.5. We have lct(D) = min,exlct, (D).

LEMMA 2.6.6. We have Ict,(D) € Q, and the infimum in the definition is in fact a
minimum that can be computed on any resolution of singularities.
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PRrROOF. We fix a log resolution p: Y — X, and use the notation introduced in (2.6.1)
and (2.6.2). We then have, for ¢ € Q,

m

KY — M*(KX + CD) = Z(bl — C(IZ')Ei7

i=1
and so with respect to the pair (X, cD) we get, for every exceptional divisor F;, that
b +1
Q;

a(B;) > -1 < b —ca; > —1 < >c

Hence we obtain that

b+ 1
(2.6.4) let,(D) = min 20,

1<i<m @

where the minimum is taken over all E; such that x € u(E;), at least after showing that
this quantity is independent of the choice of log resolution. This is left as an exercise, but
note that it will also follow from the analytic interpretation given below. 0

EXERCISE 2.6.7. Show that the function x +— lct, (D) is lower semicontinuous on
X.

REMARK 2.6.8. When D is a reduced integral divisor, the proof above shows that
b +1
let(D) = min{l,  min + }.

FE,; exceptional a;
EXAMPLE 2.6.9. Going back to Example 2.6.3, we see that:

(1) The log canonical threshold of the cusp (2 + y3 = 0) is 5/6.
(2) If D has an ordinary singularity of multiplicity m at z, then let, (D) = min{1, }.

We now come to a concept of great importance in modern birational geometry.
DEFINITION 2.6.10. The multiplier ideal of the Q-divisor D on X is defined as
J (D) := p, Oy (Ky)x — [u* D)) C O,

where p: Y — X is any log resolution of (X, D). The fact that it is an ideal sheaf follows
since clearly J (D) C puwy/x ~ Ox.

It is well known, and originally due to Esnault-Viehweg, that this definition is inde-
pendent of the choice of resolution of singularities. By dominating any two log resolutions
by a third, this reduces to the following statement, which can be found in [La, Lemma
9.2.19].

LEMMA 2.6.11. Let D be an effective Q-divisor on X with SNC support, and p: Y —
X a log resolution of (X, D). Then

11Oy (Ky x — [ D)) ~ Ox(~[D]).

The behavior of multiplier ideals under birational maps is not hard to describe:
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EXERCISE 2.6.12 (Birational transformation rule). Show that if p: Y — X is a
proper birational map of smooth varieties, and D an effective Q-divisor on X, then

J(D) ®py wx =~ pOy (j(#*D) Ry wY)~
(Hint: take a log resolution of the pair (Y, u* D+ Exc(i)), and use the projection formula.)

EXERCISE 2.6.13. The notions of singularities of pairs defined above can be inter-
preted in terms of multiplier ideals as follows:

(X,D)isklt < J(D) = 0x
and
(X, D) is log canonical <= J((1 —¢)D) =0, forall 0<e<1.
In fact we have
let(D) =inf{c € Q | J(cD) # Ox}
and more precisely

let, (D) = inf{c € Q| J(cD), C m,}.

EXAMPLE 2.6.14. (1) Using the definition and the projection formula, if D is an
integral effective divisor we have J(D) = Ox(—D). For the same reason, if D is an
arbitrary effective Q-divisor and F is an integral divisor, then

J(D+E)=J(D)® Ox(-E).

2) If D has SNC support, then J(D) = Ox(—[D]).

(3) If D = (2% +y> = 0) is a cusp in C?, using the resolution and calculations in Example
2.6.3(2) we have

J(eD) = p.Oy (Ky)x — e D]) =
1.0y (1 = [2¢)) By + (2 — [3¢)) By + (4 — [6¢]) B — [] D).

We can focus on the case 0 < ¢ < 1 (see (1)), and so we obtain JcD) = Ox as long as
all the coefficients in the parenthesis are nonnegative, i.e.

J(D)=0x <= 0<c<5/6

and
j(CD) = M*ﬁy(—Eg) =my <— 5/6 <c<l1.

(4) A more general example that will be discussed later in the analytic setting is that of
a general D = (2% + y® = 0) C C?, with a,b > 2. We will see in Example 2.6.25 that

1

1
J(D) =0x <~ c<5+5,

so in particular let(D) = 1/a + 1/b.

The log canonical threshold is the first in a sequence of rational numbers describing
the “jumps” of the multiplier ideals associated to multiples of a fixed divisor.
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PROPOSITION 2.6.15. If D is an effective Q-diwvisor and x € X s a point, then there
exists an increasing sequence of rational numbers

O=c<a<c<---

such that:
e 7(cD), = J(¢;D), for c € [¢;, ¢iy1).
e J(cit1D), # J (D), for alli.
(Here by convention J(0- D) = Ox.) In particular ¢; = lct, (D).

PROOF. Just as in the proof of Lemma 2.6.6, we can write

m

J(cD) = M*ﬁY(Z(bi — [CaiDEi)v

i=1
and clearly the coefficients b; — [ca;| are constant on intervals as indicated. Moreover, the
endpoints of these intervals belong to the set

bi—i-m
{

| some i and some m > 1} C Q.

)

O

DEFINITION 2.6.16. The numbers ¢; in Proposition 2.6.15 are called the jumping
numbers (or jumping coefficients) of D at .

EXAMPLE 2.6.17. (1) If D is an integral divisor, we have noted earlier that 7 ((c+
1)D) = J(¢D) ® Ox(—D), and therefore ¢ is a jumping number for D if and only if ¢+ 1
is one. So all the jumping numbers are determined by those in the interval [0, 1], which
form a finite set according to the formula at the end of the proof of Proposition 2.6.15.

(2) We will see later that if f = 2% 4+ ... + 2% then the jumping numbers of f are all
the rational numbers of the form
e + 1 €n + 1
dl _|_ e _|_ dn

, forall e;...,e, € N.

We record the following for later use:
LEMMA 2.6.18. The jumping numbers of D at x satisfy the inequalities
Cit1 < 1+ ¢
ProoOF. This is a consequence of the Subadditivity Theorem for multiplier ideals, for

which T refer to [La, Theorem 9.5.20]. It says that for any Q-divisors D; and Dy on X
we have

j(Dl + Dz) C j(DZ) . j<D2)-
In our case, we then have

J((ci+c1)D), C T(eiD)y - T(e1D)y C T(¢iD)a,
and therefore by definition ¢;11 < ¢; + ¢;. O
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Analytic interpretation. An excellent source for this material is [De, §5.B].

Let D = Zle a; D; be an effective divisor on X, with D; prime divisors and a; € Q.
We fix an open set U on which we have D; = (f; = 0) for a regular function f;. We next
view X as a complex manifold.

DEFINITION 2.6.19. The analytic multiplier ideal of D (on U) is

2
Jan(D) :={g € Ox(U) | k‘g—‘z is locally integrable’}.
[Tz il
In particular, if D is an integral divisor given by f € Ox(U), then for every ¢ € Qs¢ we

have
| 2

Jan(eD) == {g € Ox(U) | |’fg‘2c

It is not hard to see that the local definitions glue to give a global sheaf of ideals on X?".

is locally integrable}.

REMARK 2.6.20 (Plurisubharmonic functions). The multiplier ideal of D defined
above is a special example of a more general analytic notion. To this end, note that

k

op = _ajlog|fi

=1

is a plurisubharmonic function® (since log|z| is so). Now for any plurisubharmonic function
w on X, one defines its multiplier ideal J(¢) via

T()(U) :={g € Ox(U) | |g|* - e % is locally integrable}.

It can be shown that this is a coherent sheaf of ideals; see [De, Proposition 5.7].

It turns out that analytic multiplier ideals satisfy the same birational transformation
formula as the algebraic ones:

LEMMA 2.6.21. Let p: Y — X be a proper bimeromorphic holomorphic map, and
any plurisubharmonic function on X. Then

\7(90) oy Wx ,u*ﬁY (\7((,0 o ,U) Koy (A}Y).

ProOF. Using the definition of J(y), we can interprete the sheaf J(¢) ®¢, wx as
the subsheaf of wx consisting, for each open set U, of n-forms w such that

WAT-e * is locally integrable on U.

®Recall that this means that its integral with respect to the Lebesgue measure is finite on every
compact subset of U.

6This means a function p: X — [—00,00) that is upper semicontinuous, locally integrable, and
satisfies the mean-value inequality

(po)(0) < 1/A<goov>du

™

for any holomorphic map v: A — X from the open unit disk A C C. See [De, §1B] for basic properties.
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It is in fact enough to restrict to forms defined on the open set V' C U over which pu is
a biholomorphism, as they automatically extend over the complement of V' by virtue of
being locally L?. Thus the change of variables formula gives

/ WAD-e 2 = / pwrw A pw - 6_2(“’0“),
U pwH(O)
and therefore

we (U, J(p) ®oy wx) <= pwel(n(U),T(popn) Qs wy).

PROPOSITION 2.6.22. For every effective Q-divisor D on X we have
Jan(D) = T (D)™

PROOF. Since by Exercise 2.6.12 and Lemma 2.6.21 the two types of multiplier ideals
satisfy the same birational transformation formula, by passing to a log resolution it is
enough to check the statement when D is assumed to have SNC support.

Let’s assume then that D = Zle a;D;, where a; € Q~q and > D; is SNC. We need
to show that

jan(D) = ﬁX(_[D])an'
Choosing local coordinates x; such that D; = (x; = 0), this can be reinterpreted as saying
that for a holomorphic function g on such a neighborhood we have

[a1]

- is locally integrable <= z\™ ... .zl | g,

A standard reduction allows us to assume that ¢ is a monomial in the x;, in which case
by Fubini’s theorem we can separate the variables and reduce the statement to the fact
that for a single variable z, on a a ball B around the origin, say of radius ¢, we have

1
— <00 < c< 1.
JoP

In polar coordinates z = re' the integral on the left is 27 [, #'72°dr, and this is easily
checked. U

COROLLARY 2.6.23. If D is as in Definition 2.6.19, then

let(D) = sup{c > 0 | is locally integrable around x}.

b
Hf:l | fi[ e
ProOF. We have seen that
let, (D) =sup{c e Q | J(cD), = Ox}.
Thanks to Proposition 2.6.22 we then have
let, (D) =sup{c € Q| 1 € Jan(cD),},

which is equivalent by definition to the assertion in the Corollary. 0
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REMARK 2.6.24. Note that Corollary 2.6.23 (and the calculation in Proposition
2.6.22) shows that the invariant defined in terms of discrepancies in (2.6.4) is indeed
independent of the choice of log resolution.

EXAMPLE 2.6.25. Let D = (2 + y* = 0) C C2. We check using the interpretation
in Corollary 2.6.23 that
1 1
let(D) = — + —.
ct(D)=~++
According to its statement, we have

let(D) = sup{c >0 | / 2% + y°| 7% < o}
B

on any ball B in the neighborhood of the origin. Consider now the unit ball B = B(0;1) C
C?, and the transformation

z Y
T:B— B, (. (—, —> .

Denote ") =T o ...o T, the r-fold composition, and set
Q, =T Y(B)~T"(B).
We clearly have

o =B~ {o}.

r>1
Denoting I, = [, |2* +3°|7%, and using the change of variables z — 27z, y = 27%
(hence dzdy +— 27 dxdy), we have

17"-1—1 _ / 22abc|ma + yb|—202—(a+b) _ 22(abc—(a+b)) . Ir'
Qr

Hence
/ |xa+yb|’2‘3:ZIrzll~(1+u+u2+~-~),
B~{0}

r>1
where u = 22(@¢=(a+b)) "and so this is finite if and only if abc < a + b.

2.7. Log canonical threshold and jumping numbers as roots

We go back to the discussion of the archimedean zeta function. Let f be a regular
function on X. It turns out that the greatest pole of the distribution |f|** is the well-
known invariant of the singularities of f discussed in the previous section.

PROPOSITION 2.7.1. The greatest pole of | f|** is —lct(f).

PrOOF. We use the analytic interpretation of the log-canonical threshold discussed
in Corollary 2.6.23, namely

co = let(f) = sup{c > 0 | |f|7* is locally integrable}.

By the same argument as in Proposition 2.4.2, we have that Z,(s) = [, | f|**¢ is analytic
at s = —c for any ¢ < ¢g and any ¢ € C°(C"™). Therefore we need to show that there
exists a ¢ such that the continuation of Z,(s) does have a pole at s = —cq.
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Let B be a ball in the neighborhood of a point x in the zero locus of f such that

/ 172 = o0,
B

and let ¢ be a bump function in a neighborhood of = such that ¢ is identically 1 on B. If
we assumed that the continuation of Z,(s) were analytic at s = —¢g, and so the limit of
|Z,(—c)| would be finite as ¢ — ¢ from the left. On the other hand, by Fatou’s Lemma

we have that
lim inf e, / 0 > / 200 > / 172 = oo,
Ccn Ccn B

which is a contradiction. O

According to Theorem 2.4.3 and Proposition 2.7.1, the log canonical threshold of
f should then be an integral shift of a root of bs(s). The best possible scenario does in
fact happen, according to the following theorem appearing in works of Yano, Lichtin, and
Kollar. We follow Kollar’s approach in | |, similar to the methods discussed above.

THEOREM 2.7.2. Let f € C[Xy,...,X,] be a nontrivial polynomial (or germ of
analytic function), and let ay be the negative of the greatest root of the Bernstein-Sato
polynomial bg(s). Then

ap = let(f).

PROOF. Step 1. In this step we only show that —lct(f) is a root of b(s) = bs(s). We
use the analytic interpretation of the log canonical threshold, namely

1
co = let(f) = sup{c >0 | T is locally L'}.

Therefore for some point z in the zero locus of f and some small ball B around z, the

function # with ¢ = ¢y — ¢ for 0 < € < 1 is integrable on B, but m+m is not integrable

on some compact ball B’ strictly contained in B.
Let us now take s = —c in Lemma 2.4.4, so that
b(—c)?|f17% = (P(=c) P(=c)) | f]+Y.

We can think of this as being an equality of distributions, since both sides are integrable
on B. Therefore, for any smooth positive test function ¢ supported on B, we have

2.7.1) /B b(—c)?|f| 7 = / (P(—¢)P(~)) |-,

We can in fact take ¢ to be a bump function with support in B, identically equal to 1 on
B’, in which case we obtain that the left-hand side of (2.7.1) is at least

e [ 1

Using integration by parts in a way similar to Exercise 2.4.5, we see that the right-hand
side of (2.7.1) is equal to

/B RCD (P(—e)P(~e)),
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and therefore if € is in a fixed interval (0, 4], then it is bounded above by some M > 0
depending only on ¢ (as ¢ — 1 belongs to a closed interval of values for which the integral
is finite and depends continuously on ¢). We deduce that

b(—c)* . [fI7* < M < o0

for every such c¢. On the other hand, |f|+0 is not integrable on B’, hence by Fatou’s
Lemma we have

IfI7%* =00 as c— .
B/
The only way this can happen is if b(—cy) = 0.

Step 2. To show in addition that —cy is the greatest root of b(s), we need to use in

addition Lichtin’s refinement of Kashiwara’s result on the rationality of the roots of b(s),
Theorem 3.5.1 below. If f: Y — C™ is log resolution of D = (f = 0) with the property

that it is an isomorphism away from D and D smooth (which can always be achieved by
a few extra blow-ups), then writing

f*D = ialEl and Ky/X B i szu
i=1

i=1
Lichtin’s theorem tells us that all the roots of b(s) are of the form
bi+1+/¢

a;

with 1 <17 <m,

where ¢ > 0 is an integer. Since on the other hand we know by the proof of Lemma 2.6.6
that

. b+ 1
o= min ,
E; exceptional @
and ¢y < 1, it is then clear that no root can exceed —cy. ]
In | ], Theorem 2.7.2 was extended along similar lines to the following state-
ment:

THEOREM 2.7.3. With the same hypothesis as in Theorem 2.7.2, let £ be a jumping
coefficient of f in the interval (0,1]. Then —& is a root of bs(s).

PROOF. Let ¢ be the previous jumping coefficient (taken by convention to be equal
to 0 if £ is the first jumping coefficient, i.e. the log canonical threshold). Recall that this
means that for every ¢ € [/, £) we have

T f)=Ic-f),
but there exists x € Z(f) such that
(& [la &I fa

Recall now that the analytic interpretation of multiplier ideals gives

_ lg1”
t%(Cf) _{ge ﬁc" | ‘f|20

is locally L'}.
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Therefore for any ¢ € [, ), there exists a function g and a small ball B around x such
that

lg/* lg1”
< oo but =00
B I fI* B |fI%
The argument then goes through exactly as in the proof of Theorem 2.7.2; after multi-
plying the two integrands in (2.7.1) by |gl|?. O

REMARK 2.7.4. The converse of the Theorem above is not true. For instance, Saito
[Sa3, Example 3.5] shows that if f(z,y) = 2° + y* + 2®y? then by(—s) has roots in (0, 1]
that are not jumping numbers for f; cf. also | , Example 2.5]. Despite this, we
nevertheless have the following behavior, similar to that of jumping numbers:

COROLLARY 2.7.5. Let
—l=a,<ap1<---<a; <0
be the distinct roots of by,(s) in the interval [—1,0), for some x € X. Then

a;+a; <aqq, forall 1<i<m.

PROOF. Set f3; = —q;, so that the inequality to be shown is

Biv1 < Bi + b
Denote by c¢; and ¢;1 the two consecutive jumping numbers of f at x such that ¢; < 38; <

¢j+1. Note also that the first nontrivial jumping number is ¢; = lct,(f) = f, according
to Theorem 2.7.2. Now according to Lemma 2.6.18, we have

civ1 < ¢+ < B+ P

On the other hand, clearly ¢; < 1, hence cj;; < 1. Therefore by Theorem 2.7.3 there
exists some k > 4 such that ¢;11 = B > Bi11, and the result follows. ]

Note. A detailed account of the developments leading to Theorems 2.7.2 and 2.7.3
can be found in | ]. These theorems are also consequences of the stronger Budur-
Saito theorem [BS], comparing multiplier ideals with the V-filtration, explained in §3.6.
Another generalization, giving a criterion for jumping numbers of higher Hodge ideals to
be roots of the Bernstein-Sato polynomial, is proved in [ , Proposition 6.14].



CHAPTER 3

The V-filtration, and more on Bernstein-Sato polynomials

The aim of this chapter is to introduce and study the V-filtration on Z-modules
along hypersurfaces, according to Kashiwara, Malgrange, and Saito. Based on this notion,
we introduce in passing nearby and vanishing cycles for Z-modules, which will be needed
in later chapters. We then look at generalized Bernstein-Sato polynomials for arbitrary
elements in certain Z-modules, and connect both the roots of these polynomials and the
V-filtration to objects in birational geometry.

3.1. V-filtration: the smooth case

Let Y be a smooth complex variety, of dimension n. We consider a hypersurface X
in Y which we assume to be defined globally by a function f € Oy. In this section X is
always assumed to be smooth.

DEFINITION 3.1.1. For any k € Z we define
Vidy ={P €y | P-(f)' € (f)"},
with the convention that (f)" = Oy for i < 0.

Since X is smooth, we can consider local algebraic coordinates x1,...,z,_1,t = f
on Y. The following exercise summarizes the main properties of this filtration on %y,
some of them described in these local coordinates.

EXERCISE 3.1.2. The filtration V, %y satisfies the following properties:
(1) ngy = {P € .@y | P = ka’e aa7k7l(az)8§t@f, o € anl’ k> E} = @y[t,tat].
(2) For all k € N, we have
PeV_ 9y <— P:th, Q € VoYDy.
(3) For all k € N, we have

k
PeEVi%y < P=> Q; -0, Q; €%y forallj.

J=0

(4) VaDy is increasing and exhaustive.
(5) For all k,¢ € Z we have

Viildy - Vi%y C Vi Dy,
with equality if £,/ < 0 or k,¢ > 0.
(6) Miez ViZy = {0}.

59
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(7) gry Dy ~ Dy[toy].
(8) The class of td; in gry Py does not depend on the choice of local coordinates.

Fix now a coherent left Z-module M on Y.

DEFINITION 3.1.3. A V-filtration on M along X is a rational filtration (V7 =
VIM),cq that is exhaustive, decreasing, discrete, and left continuous,' such that the
following conditions are satisfied:

(1) Each V7 is a coherent module over Vo %y = PDx|t, Oyt].
(2) For every v € Q, we have an inclusion

t-V7C V%Ll7

with equality if v > 0.
(3) For every v € Q, we have

O - VY C VI
(4) For every v € Q, if we set V=7 =[],
gri, == V7V,

EXAMPLE 3.1.4. (1) Let M = Oy and X = (t = 0). We can then consider the
t-adic filtration, more precisely

V7', then 0;t — 7 acts nilpotently on

VOy = ()", VmeZ
(with the convention that ()7 = @y for j < 0) and V*Oy = VI®1 0y for a € Q. This is
easily seen to be a V-filtration. For instance, since
ot(t™ ) = mt™
we have that 0,t — m is identically zero on gr{} Oy-.

(2) More generally, let E be a vector bundle with flat connection on Y. We can then
consider the filtration on £ where V™E is the subsheaf generated by t™~! - E for m € Z,
with the same convention as above, and VOE = VI®lE for o € Q. Again, this is easily
seen to be a V-filtration. For instance, for every local section s of £/ we have

Ot sy =(m -t s+t O €t™ 2B,
which verifies (3), and
(Ot —m) (™ - 5) = t™0;s,
which shows that 0t —m is identically zero on gr{? E' and hence verifies (4).
(3) Let M be an arbitrary coherent Zy-module supported on X. In this case an explicit

V-filtration on M is provided by the proof of Kashiwara’s theorem. Indeed, for every
J € Z consider the eigenspace

M ={sec M| (0t —j)-s=0}

More precisely, the filtration has the property that there is a positive integer £ such that V7 takes
constant value in each interval (%,*5], for all i € Z.
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for the operator d;t. In the course of the proof of Kashiwara’s theorem we showed that
M=EP M.
J<0
We define
VM =M, VmeZ
j>m
and VoM = VIeIM for a € Q. This is a V-filtration; all the required properties

were shown in the course of the proof of Kashiwara’s theorem. Note that (4) follows by
definition, since grjy M = M™. Note also that VM = 0 for all o > 0.

Also as part of the proof of Kashiwara’s theorem we have seen that
MM ®cC[0] and MF=09F. M°
Hence we have the alternative interpretation
VM = PM © .
=0
(4) By analogy with (1), we can also describe the V-filtration on the localization

M = Oy (xX), where X = (t = 0). We now consider the t-adic filtration in the generalized
sense that we also allow negative powers, namely

VmOy(xX) = ()", VmcZ

and again V*0y = VI*l @y for a € Q. It is again straightforward to check that this is a
V-filtration along X.

PRroPOSITION 3.1.5. If it exists, a V -filtration on M along X is unique.

Proor. Let W* = W*M be another filtration satisfying all the properties in Defini-
tion 3.1.3. It suffices to show
Ve CWe, VaeQ,

since then the process can be reversed. We first claim that for all rational numbers « # 3
we have

(3.1.1) Veaws =vrenwl 1 venwh.
Indeed, consider the quotient module
venw?
V>anWh 4 Venw>#
It is clear that U, g is a sub-quotient of both gr{; and gr?/, and hence both operators 9yt — o

and Jit — 8 act nilpotently on it by property (4) in the definition of the V-filtration. It
follows that so does multiplication by a — 3, hence U, 3 = 0.

Ua,g =

We next claim that for every a € Q we have

(3.1.2) Ve C Ve we
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To this end, fix v € V. Since W* is decreasing and exhaustive, there exists 5 < «a such
that v € W#. From (3.1.1) we deduce that we can write
v=u +uvy, v €V w,e VNP
We can therefore replace v by vy; note that
U =10y € gy,

but for vy can choose a larger 5. We can now repeat this process as long as § < a. Since
W* is discrete, with bounded denominators, after finitely many jumps we can then reach
the situation where 3 > a. Therefore W# C W, and the claim is proved.

The next claim is that in fact
(3.1.3) VECVA4+We, VB> a.
Indeed, let By > a such that V> = V5. Then by (3.1.2) we have
VeCVR 4w cvrRh e W 4 W = VR W

We can then repeat the process, and again since V'* is discrete with bounded denominators,
after finitely many steps we reach (3.1.3).

Finally from (3.1.3) and property (2) in the definition of the V-filtration we deduce
that for > 0 we have
(3.1.4) VeCt- VP4 We, Vg >0.

On the other hand, V* is finitely generated over Zx|t, td;], and W* is exhaustive, so there
exists v € Q such that V# C W?. Choosing ¢ such that ¢+~ > a, using (3.1.4) we obtain
VOCH WY+ W C W W =W,

O

REMARK 3.1.6. What we have in fact shown above is the more general fact that if
the filtration W* satisfies properties (2) and (4) in Definition 3.1.3, without being assumed
to be finitely generated, then V* C W for all o € Q.

Before stating the existence theorem, we list a few other basic properties of the
V- filtration.

EXERCISE 3.1.7. Let u: M — N be a morphism of Zy-modules endowed with a
V-filtration along X. Then w is compatible with the V-filtration, and in fact strictly
compatible, in the sense that

u(VM) = u(M)NVN
for all a. In particular, the category of Zx-modules endowed with V-filtration is abelian,
and its morphisms are strict.

LEMMA 3.1.8. Let u: M — N be a morphism of Dy-modules such that uy 1S an
1somorphism, where U =Y ~ X. Then the induced morphisms

uw: VM — VN

are isomorphisms for all o > 0. In particular V> M depends only on the restriction of

M toU.
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PROOF. Denoting by K and Q the kernel and cokernel of u, by Exercise 3.1.7 we
obtain, for each «, an exact sequence

00— VK —VM—VN —V*Q —0.

But since K and Q are supported on D, we have VK = V*Q = 0 for all « > 0 by
Example 3.1.4(3). O

The main existence theorem for the V-filtration is the following:

THEOREM 3.1.9 (Malgrange, Kashiwara). Let M be a regular, holonomic, coherent
Dy -module, with quasi-unipotent monodromy around X. Then M admits a V -filtration
along X.

REMARK 3.1.10. (1) The quasi-unipotence hypothesis is necessary in order to obtain
a rationally indexed V-filtration. It is a condition that is automatically satisfied in Hodge
theory, in particular for all Hodge Z-modules. It can be removed if one is willing to work
with a C-indexed filtration instead.

(2) The more precise condition that implies the existence of the V-filtration is that M is a
holonomic Z-module such that every element u € M admits a Bernstein-Sato polynomial
whose roots are rational numbers. We will use this approach in the next section to prove
Theorem 3.1.9 for our main Z-modules of interest, following Malgrange.

3.2. V-filtration: the general case

Let now X be a smooth complex variety of dimension n, and f € Ox an arbitrary
nontrivial function. One reduces to the smooth case using the graph embedding

t: X = X xC, x»—>(x,f(x))

described in §2.1. Denote Y = X x C, and let ¢ be the coordinate on the second factor C.
For a left Zx-module M, according to the previous section we can consider the notion
of a V-filtration on ¢, M along the hypersurface (t = 0). We recall its definition for
convenience.

DEFINITION 3.2.1. A V-filtration on 14 M is a rational filtration (V7 = V7 y M),eq
that is exhaustive, decreasing, discrete, and left continuous such that the following con-
ditions are satisfied:

(1) Each V7 is a coherent module over Zx|t, O;t].
(2) For every v € Q, we have an inclusion
t-VrCcyrth
with equality if v > 0.
(3) For every v € Q, we have
O - VYV
(4) For every v € Q, if we set V=7 = |
grl, = V7/V>7.

oy V7', then d;t — v acts nilpotently on
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EXERCISE 3.2.2. Show that the definition depends only on the hypersurface D =
(f = 0) and not on the particular f chosen. Hence it can be extended to the global
setting.

REMARK 3.2.3. If a V-filtration on ¢, M exists, then it induces a filtration on M
as well, by indentifying it with M ® 1 C ¢, M. In other words

VM =VIA4 MN(M®1), VYaeQ.

In the case M = O, this is intimately linked to important objects in birational geometry.

The main point we want to study here is the existence of the V-filtration on the
Py-module 1, Ox. To this end, it will be convenient to work in the larger Z-module
L+ Ox (D), where D is the hypersurface (f = 0) in X. We will use the description of
these two Z-modules in §2.1. More generally, we will consider any Zx—module M on
which multiplication by f is bijective, as it is the case with Ox (xD).

REMARK 3.2.4. If we assume that M is such a Zx-module and there is a V-filtration
on (4 M, then

t-Ve=vertl forall ae€Q,

where for simplicity we denote V* = V%, M. Indeed, the inclusion “C”  as well as the
reverse inclusion for a > 0, follow from general properties of the V-filtration. Moreover,

the induced map

gr(t): gry — grot

is an isomorphism if § # 0. (EXPLAIN; we are only using injectivity below, which is
clear.)

Suppose now that o < 0 and u = tw € V. Let § < 0 be such that w € V°. If
0 > a, then we are done. On the other hand, if 6 < «, then § # 0 since o < 0; since
tw € V> we conclude that w € V>°. After repeating this argument finitely many
times, we obtain w € V<.

REMARK 3.2.5. In light of Remarks 2.1.5 and 3.2.4, if M is a Zx-module on which
multiplication by f is bijective, a V-filtration on 1, M can be characterized as an ex-
haustive, decreasing, discrete, left continuous, rational filtration (V7 = V7, M), cq, that
satisfies the following conditions:

(1) Each V7 is a coherent module over Zx (t,t71, s).

(2) For every v € Q, we have ¢ - V7 = V7L,

(3) For every v € Q, we have 9, - V7 C V771,

(4) For every v € Q, the operator s + v acts nilpotently on Gry..

We now address the main result of this section. The proof makes use of the ra-
tionality of the roots of the Bernstein-Sato polynomial b¢(s), and of the Zx|[s] module
N; = Dx|[s]f* studied in §2.5.

THEOREM 3.2.6. There exists a V -filtration on 1+ Ox and 1, Ox (D).
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PrROOF. The proof will be divided into a few steps:

Step 1. In this step we construct a Zx|[s]-submodule N’ of 1, Ox(*D) with the following
two properties:

(1) t*N} C N C t"N; for some k,m € Z.
(2) tN" C N, and the action of —s = 9t on N'/tN’ has a minimal polynomial
whose roots belong to Q N (0, 1].

We start by noting that since the action of ¢ on 1y Ox(xD) is bijective, for every
k € Z we have an induced isomorphism of Zx-modules

tki Nf/th — tka/tk+1Nf.
There is an induced action of —s on t"N;/t*" A/}, and note that its minimal polynomial
is equal to b;(—s + k). This follows from the identities
b(s+k)-tF-fo =" by(s)- f*=tF-P(s)- f- f* €t"TIN,
where the first equality uses (2.1.2), and from the fact that we can also go in reverse.
Let now
ap < -0 < Qp
be the distinct roots of the polynomial bf(—s). By Kashiwara’s Theorem 2.5.1 we know
that they are positive rational numbers. We also choose k, m € Z such that
k4+a;>1 and m+a, <1.

In particular we have k > m. Using the observation in the previous paragraph, we deduce
that the action of —s on t™N}/t* N} has a minimal polynomial whose roots are of the
form

Niji=o;+37, for i=1,...,r and j=m,....k—1.
In what follows we will denote any of the A;; by A.

We now write

tme/tka = @Pz\u
A

where P, is the submodule on which s+ A acts nilpotently. Note that since the action of
—s is Dx-linear, each P\ is a Yx-submodule. We now consider the submodule

tka CN' Ct"N;
satisfying

N'[tN; = P P

A>0
We first claim that
(3.2.1) t-N'"CN.
To this end, note that if u € Py, then (s+ A)°-u = 0 for some e > 1. Hence using (2.1.2)
we have
t-(s+ AN u=(s+A+1)° tu=0,

so the action of ¢ on t"N}/t* N} maps Py to Pyy1, which gives the claim.
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The next claim is that the operator

o= H (s +A)

0<A<1

acts nilpotently on N’ /t N/, which would finish the construction described at the beginning
of this step. To check this, let v € N’. By definition, there exists a positive integer N,
depending only on b(s), such that if w = o™ (v), then
e @ P CN'/tENG.
A>1

We next show that w € tA”; this means that o” (v) = 0, which proves the claim. Recall
that the minimal polynomial of the action of —s on t™N;/t™ N} is equal to by (—s+m),
hence by definition bf(—s + m) divides a power of

H (s — (aj +m)).

j=1
On the other hand we have a; +m < 1 for all j, hence the projection of (the preimage
of) Py to t™N}/t"™ Ny is 0 if A > 1. Hence we have

w € tm+1Nf.

The proof of the claim will then be finished by showing that there exists an integer N; > 0
such that

(3.2.2) [T+ 0N -t w e thAG.
A>0

Indeed, we would then have that t~'w € N, or equivalently w € tN”. Before proving
this, let’s also record the fact that, again using (2.1.2), we have

(3.2.3) [[e+0 - ttw=t"T[(s+ A+ DNw

A>0 A>0

To see (3.2.2), first we know that by definition there exists an integer Ny > 0 such
that
w' = H(s + M)W € PN,
A>0
Now the minimal polynomial of the action of —s on t*A/;/t"™ N is bs(—s + k), hence
there also exists an integer N3 > 0 such that

H(s + a; + k)M’ € TN

i=1
Recall that all A are of the form «; 4+ j where j =m, ..., k—1, and soif A > 1, then A —1
is also of this form. Thus all the factors in the product in (3.2.2) appear also on the right
hand side in (3.2.3). Similarly, all the factors (s 4+ «; + k) appear on the right hand side
in (3.2.3). Hence it simply suffices to take

N1 2 HlaX{NQ,Ng}.
This concludes the first step.
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Step 2. In this step we define a filtration W on ¢, Ox (D), with o € Q, and show that
it is a V- filtration.

Recall from the previous step that —s acts on N’/tN’ with a minimal polynomial
with roots in Q N (0, 1]. Let’s denote these roots

Br << B

We also denote by P; C N’/tN” the submodule on which s + 3; acts nilpotently. For
i=1,...,¢, we consider the submodule tN" C W5 C A" such that

W HN' = @D P;.
J=i
In particular, W5 = N’. For every q € Z and every i, we also define
WhTe .= 1. Wh C 1, Ox(xD).

Finally, for an arbitrary a € Q, we can write v; < a < 5, where ; and =, are consecutive
numbers in the set {f; +¢q | i=1,...,0;q € Z}, and define

We .= W,

The claim is that this gives a V-filtration on ¢y Ox(*D). It is clear that W is finitely
generated, decreasing, discrete and left continuous, and also that ¢ - W = Wo*! for all
a.

To check that 9, - W C We=! for all a, note first that by construction we have
Ot - Wh C Wh for all i. On the other hand, for all ¢ we have 9,4 = t4= (9t +q — 1).
We obtain
D7 - Wﬁi C a1, Wﬁi’
which gives the assertion.

To check that W* is exhaustive, let v € 1, Ox(¥D). Then by Lemma 2.5.5 there
exists > 0 such that t"v € Ny, so

Ty e PN CNT = WP
which implies that v € W#H1—4,

Finally, we check that s+« is nilpotent on gr{j,. Take 2 = 3;+¢ as in the definition
of W%, so that a < v and W* = W2, If a < 9, then gr{, = 0 and there is nothing to
prove. Hence we can assume o = 3; + ¢, and so we are looking at the action of s + [3; + ¢
on gr’%ﬁq =t9- grﬁj. But

(s+ B+t =t(s + i),

and we know that s + (3; is nilpotent on (the lift of) P;, which is precisely gr{f{/. This
concludes the proof.

Step 3. In this final step we define a filtration V¢ on 1, Ox, with a € Q, and show that
it is a V-filtration. This is in fact straightforward: taking into account Exercise 2.1.1, we
simply define it as

VO, Ox =W, Ox N, Ox, Vae Q.
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The fact that V'* is a V-filtration follows immediately from the properties of W* studied
in the previous step.

We record further basic properties of this V-filtration. For the first, we need the
following;:

LEMMA 3.2.7. In the language of Step 1, we have N' C 1, 0.

ProoF. Using Exercise 2.1.1, it is enough to show that for every u € N/ and m € N
such that t™u € 1y Ox, we have u € 1, Ox. By induction on m, it is also enough to assume
m = 1. By the definition of N, there exist Ai,..., A, > 0 (perhaps non-distinct) such

that
¢

H(s +Ni)-u €PN C oy Ox.
i=1
Note also that s -1, O0x C 1. Ox, and applying this inductively to the formula above, we

obtain
¢

!
H(s+)\i)-u:w+(—1)zn)\i-u€L+ﬁx,
i=1 =1
with w € 1, Ox. But all \; > 0, so u € 1, Ox. 0

Having this lemma at our disposal we observe that
(3.2.4) Ve =W* Va>0.

Indeed, this amounts to checking that W* C 1, Ox for all @ > 0. But by definition, for
such o we have W = t4. W5 for some i and some ¢ > 0. Now by construction W4 c A,
and so using (3.2.1) and Lemma 3.2.7 we have

W CN' C 0.

Another thing to note is that
(3.2.5) (Vve=o.
aceQ

To see this, note that if v is in this intersection, then since -V = V4 for o > 0 and
q > 0, we have

vE mtq-urﬁx.

qeN

But if w = Z?:o gjﬁg(F € 1, Ox, then

p
7w = Z h]dfé
=0
with h, = f9- g,, and from this it follows easily that v = 0. U

The proof of Theorem 3.2.6 also leads to the following statement regarding the
nontrivial jumps in the V-filtration.
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COROLLARY 3.2.8. Let a > 0 be a rational number such that the V -filtration on
L+ Ox gumps at o, i.e. VOt C Ve for alle > 0. Then there exists a root X of b(s) and
k € Z such that o« = A\ + k.

PROOF. We have seen that each eigenvalue of the action of —s on N’ /t N is one of the
B, which is in turn congruent to some A modulo Z. One the other hand, by construction
V@ jumps at rational numbers of the form g; + Z for all i. O

3.3. Nearby and vanishing cycles

The standard reference for the material in this section is [Sal], especially Sections
3.1 and 5.1.

First take. Let first M be a Zx module endowed with a V-filtration along a smooth
hypersurface defined by a function t. Note that by definition, for each a € Q we have
induced operators

tr gy M — grd M
and
Op: eIy M — gr& ' M.
The defining properties of the V-filtration imply the following;:

EXERCISE 3.3.1. The operator t is an isomorphism for all o # 0, while the operator
0 is an isomorphism for all a # 1.

This leaves us with two interesting homomorphisms, which are crucial in what fol-
lows, namely

(3.3.1) (var :=) t: gry M — gri, M
and
(3.3.2) (can :=) 0;: gry M — grl, M.

The names of these morphisms are motivated by analogous maps in the theory of
perverse sheaves. This theory (and results of Kashiwara and Malgrange on the Riemann-
Hilbert correspondence) also motivates the following:

DEFINITION 3.3.2. The unipotent nearby cycles Z-module of M along t is defined

as
Y M = gri, M.

The vanishing cycles -module of M along ¢ is
oM = gr) M.

Note that these objects are supported on the hypersurface D = (¢ = 0), and in fact by
the definition of the V-filtration they are Zp-modules.



70 3. THE V-FILTRATION, AND MORE ON BERNSTEIN-SATO POLYNOMIALS

In the general case we consider a left Zx-module M on the smooth variety X, and
a nontrivial function f € Ox(X). We denote as always by

X Y =XxC, z~ (2, f(z))

the closed embedding given by the graph of f, and by t be the coordinate on the second
factor C, so that (¢ = 0) is the smooth hypersurface X x {0} in Y. We assume that
there exists a rational V-filtration on ¢, M along ¢, for instance as in Theorem 3.1.9 and
Remark 3.1.10. We define the unipotent nearby cycles and the vanishing cycles as

YriaM =gri iy M and  @p M = gt 1, M.

Relationship with strict support decomposition. One of the uses of the nearby and
vanishing cycle is to provide a criterion for when the Z-module M endowed with a V-
filtration along a hypersurface has no nontrivial sub-objects or quotient objects supported
on that hypersurface.

PROPOSITION 3.3.3. Assume that D is a smooth hypersurface defined by a function
t, and let M" C M be the smallest submodule such that MTU = My, where U = X \ D.
Denote by 1: D — X the inclusion map. Then:

(1) M' = Dx - (VM) = Zx - (VM) for any a > 0.

(2) M/M' =i Coker(d,: gri, M — g1, M).

(3) HHM = iy Ker(t: gy M — grl, M), where HHM s the sub-object of M
generated by sections whose support is contained in D. (The notation is meant
to suggest local cohomology.)

PRrOOF. (1) Since M’ and M coincide on U, we have
VM =VEM  forall a>0
by Lemma 3.1.8. Thus
Dx - (VM) C M forall a>0.

Note also that
(Dx - (Voc/\/l))‘U =My forall a>0,

since the V-filtration is trivial outside of D. By the definition of M’ this gives the
opposite inclusion

M C Dx - (VIM).
(2) Denote Q@ = M /M'’. According to Lemma 3.1.7, we have
gr), Q@ = Coker( gry, M’ — grl, M).
The claim is that we also have
(3.3.3) gr), Q = Coker( gry, M N gr)y M).

Let’s grant this for the moment. Now obviously Q has support contained in D, and
therefore by Example 3.1.4(3) we have Q = Q° ®¢ C[d] = i, Q" and V>°Q = 0. We
therefore obtain gr), @ = V°Q = @Q°, and so

Q=14 gr(‘)/ Q.
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We are left with proving (3.3.3). To this end, note that gr{, M’ C gr% M, and so it
suffices to show that

0, - VIM+V>M

gy M =Tm 0, = S0

Now o / o
VM M NVIM
0 Aql _
ev M= T v
where we used Exercise 3.1.7 and Lemma 3.1.8. We conclude that it is enough to show
the identity

MOVIM=0,-VIM+ VM.

This follows in turn from the inclusion
(3.3.4) MAVIMCO - VIM+VIM.
Indeed, the right hand side is contained in 0, - VM + V>° M, which in turn is contained
in M’ NVOM by part (1).

To establish (3.3.4), we need the following two claims:
(i) M' =300 - VIM.
(i) 0: VOM/VIM = VMV =HIM.

Claim (i) is clear, since we’ve seen in (1) that

M = Dx - (VIM),

and the action of functions and other 0,, leaves all VM fixed. Claim (ii) follows from
Exercise 3.3.1.

Let’s finally deduce (3.3.4) from the two claims. Using (i), we see that it is enough
to show that for all 7 > 2 we have

O - VIMNVMCo ™ VIM+VIM,

since then, continuing inductively, we eventually get that the left hand side is contained
in 9; - VIM (which is contained in V°M). But now

- VIMNVIMCOH - VIMNVIMCVTHIM,

If we pick an element 2 € 9} - VM NVOM, via these inclusions we can write z = 9} ' -y
for some y € VOM. If y € VIM, we are done. Otherwise we have 0 # y € VOM/VIM,
and so by (ii) we obtain that d; -z = 9! -y € V""" M. But 9; - x € V' M, which gives a
contradiction since ¢ > 2.

(3) It is straightforward to check that
HHM =i Ker(t: M — M),
and we will produce an isomorphism between this kernel, denoted by K, and
K':=XKer(t: gr}, M — grj, M).
We first show that
KCV'M.
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Indeed, consider u € K, so that tu = 0, and say u € VM. If a > 0, then we are done,
so let’s assume o < 0. We then have

(Ot — a)u = —au € VOM,

and we take its image in gr{; M, where the action of 0, — « is nilpotent. It follows
that there exists p > 0 such that a’u = 0, i.e. v = 0 in gr& M, and so u € VM
for some 8 > «. Repeating this process, since the V-filtration is discrete, with bounded
denominators, we eventually obtain that v € VM.

With this in mind, note that we have a commutative diagram

0— V"M — VM — g} M —0

lt- lt- lt.
0— V"M — VIM — grif M —— 0,
Recalling that t acts bijectively on V> M, the Snake Lemma then implies K ~ K’. O

COROLLARY 3.3.4. Let f be a nonconstant function on X, and M a Dx-module
endowed with a V -filtration along f. Then

(1) M has no nonzero sub-object supported on D = f~1(0) < var: ¢;10. M —
Yyt M is injective.

(2) M no nonzero quotient object supported on D = f~1(0) <= can: 10, M —
w1t M is surjective.

Proor. This follows from Proposition 3.3.3 applied to ¢y M along ¢, noting that
the sub-objects or quotient objects of M supported on D correspond via Kashiwara’s
equivalence to those of 1, M supported on t~1(0). O

We have in fact the following more precise statement:

PROPOSITION 3.3.5. Under the same hypotheses, the following are equivalent:

(1) o1t M = Ker(var: oriteM — wmu./\/l)@lm(can: Vit M — (,0f71L+M).
(2) There is a decomposition M = M’ & M”, with Supp M' C D = (f =0), and
M with no nontrivial sub-objects or quotient objects supported on D.
PROOF. Assume first that there is a decomposition as in (2). We then have
ity M =@M @ o M

Moreover, in the case of M” by Corollary 3.3.4, we have that var is injective and can is
surjective. On the other hand, by the discussion in the proof of Proposition 3.3.3, in the
case of M’ the action of var and can is trivial, as it is supported on D. This implies that

Ker(var) = ¢p10.:M' and  Im(can) = py104 M,

and so gives (1).
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We now assume (1). We define
M = Dxwc- V%M
and -
M" = Ker(var: @104 M — ¥p104 M),

so that as in Proposition 3.3.3, (. M/ M’ and M” are the largest quotient object, re-
spectively sub-object, of ¢, M with support in t71(0) (so in fact in t=1(0) N ¢(X) = D).
Property (1) implies that we have a direct sum decomposition

L+M:.//\\/l—//@.//—\;l7/

and we obtain (2) by Kashiwara’s equivalence. O

DEFINITION 3.3.6. Let Z C X be an irreducible closed subset. A Yx-module M
has strict support Z if M is supported on Z and has no nontrivial quotients or sub-objects
supported on a proper subset of Z.2

In the following two important corollaries of the results above, M is a Zx-module
admitting a rational V-filtration along any hypersurface, for instance a regular holonomic
P x-module with quasi-unipotent monodromy; see Theorem 3.1.9 and Remark 3.1.10.

COROLLARY 3.3.7. M has strict support X if and only if var: pr1.4 M — Y104 M
is injective and can: ¢ 11 M — 104 M is surjective for all nonconstant f € Ox(X).

COROLLARY 3.3.8. M has a strict support decomposition M = GzcxMyz (i.e. a
direct sum over a finite collection of irreducible closed subsets Z such that each My is a
Dx-module with strict support Z) if and only if the decomposition

@1t M = Ker(var) @ Im(can)
in Proposition 5.5.5 holds for all f € Ox.

REMARK 3.3.9. Note that a direct sum decomposition as the Corollary above is
necessarily unique, since there can be no nontrivial morphisms between Z-modules with
different strict support.

3.4. Sabbah’s description of the V-filtration

Keeping the notation of the previous sections, here we extend the notion of Bernstein-
Sato polynomial to arbitrary elements of 1, Oy, and use it in order to give an alternative
description of the V-filtration.

PROPOSITION 3.4.1. Let w € 14 Ox. Then there exists a non-zero polynomial b(s) €
Cls| and P € Px|s| such that

b(s) -w =P -tw.

2These should be thought of as the analogues of the simple objects (intersection complexes) in the
theory of perverse sheaves.
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PROOF. Let us consider, by analogy with the Zx[s]-module Ny = Zx][s|f* which
played a key role earlier, the submodule

Ny = Dx|s] - w C 1, Ox.
We need to show that there exists b(s) € Cls] such that
b(=0it) - w € tN,, = Dx[0it] - tw.
Fix now o € Q such that w € V%O, and consider any 5 € Q.

Claim. There exists a polynomial b(s) € C[s], all of whose roots are rational and < —a,
such that

b(s)-we VP Ox.

To see this, let o € Q such that V>* = V. Hence we have
(s+a)¥ -weVY forsome N'>1.

If < a, then V¥ C VP and we are done. If 3 > o/, then we consider o’ > o’ and
N" > 1 such that

/

(s—l—a)N”(s—i—a)N/~w cve —y>e

We can continue in this fashion, and since V* is discrete with bounded denominators,
after a finite number of steps we reach an index which is greater than .

Continuing with the proof of the Propostion, due to the Claim above it suffices to
show that there exists § € Q such that

VPN, CtN,,.

To this end, first note that there exists By > 0 such that V% C N}, and so for every
q € N we have

4. VP — y/Pota 44 ‘Nf-
It therefore suffices in turn to show that there exists ¢ € N such that
(3.4.1) t1- Ny NN, CtN,,.

Note also that by definition N, = tN,, hence we can replace w by tPw with p > 0. Thus
by Lemma 2.5.5, finally we can assume in (3.4.1) that w € Ny. In particular N, C N5.

We now proceed to proving (3.4.1) under this assumption. We consider the sheaf of
rings
R = .@)([8] = gx[att] g gy.
Exercise 2.5.6 implies that for all p > 0 we have
tR=R-t'= P Ix-t'0].
1—j=p
Using this and (2.1.2), we deduce that
S =P 7x-1'0]

2]
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is a subring of %y, with a decreasing filtration
FpS = @ QX . tz@g
i—j=p
for p > 0. Denoting tJ; by uw and ¢ by v, they satisfy the relation uv = v(u + 1), and we
obtain
gy S ~ Dx[u,v]/ (uv — v(u+1)).

This ring is Noetherian; see Exercise 3.4.2 below.

Consider now on N the decreasing filtration
Gpr ::tp~Nf, p > 0.

It is easily checked that G4 is compatible with the filtration F, on S, and that the total
associated graded grf N is generated over grl’ S by the class of §. Since N,, € N}, we
can consider on N, the filtration

Gpr = Gp./\/f ﬂNw, pZO

As grl N} is finitely generated over the (locally) Noetherian grf” S, we deduce that gré N,
is also finitely generated. It follows that for ¢ > 0 we have (3.4.1), which concludes the
proof. ([l

EXERCISE 3.4.2. Show that Px[u,v]/(uv — v(u+1)) is a sheaf of Noetherian rings.
(Hint: define on it locally an analogue of the Bernstein filtration, and check that its
associated graded is a polynomial ring in 2n variables.)

DEFINITION 3.4.3. The set of all polynomials satisfying the conclusion of Proposi-
tion 3.4.1 forms an ideal in C[s]. The unique monic generator b, (s) of this ideal is called
the Bernstein-Sato polynomial of w. (Note that the usual Bernstein-Sato polynomial of
f is the special case bs(s) = bs(s) of this construction.)

REMARK 3.4.4. The proof of Proposition 3.4.1 shows that for every w € 1, O, the
roots of b, (s) are rational numbers. Moreover, if w € V then they are all < —a.”

The result above leads to a useful alternative description of the V-filtration due to
Sabbah [Sab]:

THEOREM 3.4.5. For every a € Q we have
V9, Ox = {w € 1,0 | all the roots of b,(s) are < —a}.
PRrOOF. The inclusion from left to right follows from the Remark above. In order to
prove the opposite inclusion, it suffices to show that if w € V* . V=% then b,(—a) = 0.

Recall that s + « is nilpotent on gr{;, and therefore for every 8 # o we have that
s + [ is invertible on gr{;. On the other hand, we know that

bu(8) - w € Dx[o4t] - tw € V2.
Since W # 0 in gr{y, this would be impossible if —a were not among the roots of b, (s). O

3Note however that this does not recover Kashiwara’s theorem on the rationality of the roots of b 7(s),
since this theorem was used in the proof of the existence of the V-filtration.
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An important consequence regards the greatest root of the Bernstein-Sato polyno-
mial of f. Consider in fact
oy = —(greatest root of by(s)).

Recall also that we can define a decreasing V-filtration on Ox, by considering it embedded
in ., Ox as Ox ® 1, and taking

VeOx =V, 0x N Ox.
For every a € Q, V*Ox is a coherent ideal sheaf in 0.
COROLLARY 3.4.6. We have the following equivalences:
VeOx = Ox < 0 € V¥ 0x <= all the roots of bs(s) are < —a.

In particular,

af=max { € Q| V’0Ox = Ox}.

We will see later that o coincides with the log canonical threshold of f. We also
have another interesting consequence about the jumps of V*Ox in the interval (0,1).

COROLLARY 3.4.7. Ifa € (0,1)NQ corresponds to a jump in V*Ox, i.e. VOT<Ox C
VeOx for all e >0, then —a is a root of bs(s).

ProoOF. We continue to denote V¢ = V%, Ox. Let’s first note that for every g €
(0,1) N Q we have f6 € VP. Indeed, we know that § € Ve so f§ = t6 € VL. But
since ay > 0, we have V1 C VP,

We know that
bf(S)(S € .@)([S]f(s - V>a,
where the inclusion follows from the discussion above. Hence we also have
br(s)hd € V=2
On the other hand, the condition on « is equivalent to the existence of an h € Ox such
that ho € V* V=2 By the definition of the V-filtration, for N > 0 we also have
(s +a)Vho € V>

If the two polynomials bs(s) and (s 4+ «)" were coprime, we would infer that hd € V=2,
which is a contradiction. Thus we deduce that bs(—a) = 0. O

It is worth noting that the obvious possible improvements of Corollary 3.4.7 do not
hold, as shown by the examples below.

EXAMPLE 3.4.8. (1) The converse of the statement in Corollary 3.4.7 does not nec-
essarily hold, even for isolated singularities. For instance, Saito shows in | , Example
3.5] that if f = z° + y* + 23y? € C[z,y], then bs(s) has roots in (—1,0) that do not
correspond to jumps of the filtration V*Oy.

(2) In Corollary 3.4.7 one cannot replace the set of jumping exponents of the V-filtration
on Ox by the analogous (but often larger) set for 1, Ox. For example, let f = 22 + 3> €
Clz,y| be a cusp. Then the V-filtration on ¢, Ox is known to jump at a = 1/6; see for
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instance the combinatorial calculation of the microlocal V-filtration for isolated quasi-
homogeneous singularities in [Sa6, (4.1.2)], combined with the fact that for o < 1 it
coincides with V*i4 Ox. On the other hand, the only negative of a root of bs(s) that is
less than 1 is 5/6; see Example 2.2.11(2).

Going back to the statement of Corollary 3.4.6, we will later see that the condition
Ny eV, Ox

for p > 1 is also significant; it is equivalent to the triviality the Hodge ideal 1,(D), where
D is the Q-divisor D = « - div(f) (when div(f) is reduced).

ExAMPLE 3.4.9. In view of the paragraph above, it is interesting to have some
understanding of byrs(s) for p > 1, at least in terms of the standard bs(s) = bs(s).
Recall that for all nontrivial f, (s + 1) divides bs(s), so we can also consider the reduced
Bernstein-Sato polynomial

7 by (s)
b = .
s(5) s+1
We claim that we have the divisibility relation

baps(5)| (s + 1)bys(s — p).

We begin by noting that for every polynomial Q(s), we have

Indeed, it is enough to check this when @Q(s) = s? is a monomial, and in this case both
equalities can be easily verified by induction on ¢; the second relation is simply (2.1.2).

By the definition of b(s), there exists P € Zx|[s| such that
bp(—0it)o = P(—0yt)to.
Using (3.4.2), we obtain
P(—0t)téd =tP(—0it —1)d and
bp(—04t) = (1 — 8it)by(—04t) = —bp(—0,t)tdy = —t - by(—0yt — 1)0,.
Since the action of ¢ on ¢y Ox is injective, we deduce that
(3.4.3) bp(—0t — 1)0,6 = R(—,t)5, where R(s) = —P(s —1).
Again using (3.4.2), we also obtain
bp(—8t — p)OP6 = A" - bp(—0yt — 1)8,6 = " - R(—8,t)d
= R(=0t —p+ 1)a s,
hence _
(1 — 0t)bs(—0st — p)OPs = R(—Oit —p+1)- (1 — i)l "o
= —R(—=0it —p+1) -t € Dx[—0yt] - t}9.
By the definition of bgms(s), we thus conclude that

bors(s)|(s + 1)bs(s — p).
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It is also the case that
by(s — p)|ba§'5(3),
but this requires further background; see | , Proposition 6.12].

3.5. Lichtin’s theorem and generalizations

In this section we discuss a refinement of Kashiwara’s theorem on the rationality
of the roots of the Bernstein-Sato polynomial. This is due to Lichtin [Li], and relates
the roots of Bernstein-Sato polynomials with invariants appearing on resolutions of sin-
gularities. We will in fact prove a more general recent theorem of Dirks-Mustata | ],
extending Lichtin’s theorem to the Bernstein-Sato polynomials of certain elements in the
Z-module 1, Ox as in Proposition 3.4.1.

We start by stating Lichtin’s theorem. We fix a nonzero regular function f on X,
and set D = (f = 0). We fix a log log resolution p: Y — X, with the property that it
is an isomorphism away from Supp(D), and that the proper transform D is smooth. We
write Ky,x and p*D as in (2.6.1) and (2.6.2), and we have that all a; # 0. The following
is [Li, Theorem 5].*

THEOREM 3.5.1. With the notation above, all the roots of the Bernstein-Sato poly-
nomial bs(s) are of the form
bi +1+4+1¢
e
for some 1 <1 < m and some integer £ > 0.

The proof is a refinement of Kashiwara’s arguments described in the previous section.
A recent result of Dirks-Mustata uses arguments similar to Lichtin’s (and Kashiwara’s)
to extend this further to other Bernstein-Sato polynomials related to f. The following is
[ , Theorem 1.2].

THEOREM 3.5.2. Let g € Ox(X), and let u = gdlf5 € 1, Ox. With the same
notation as in Theorem 3.5.1, we set k; = ordg,(g). Then the following hold:

(1) The greatest oot of b, is at most max{—1,p — min

bi+1+k‘i}
1<i<m %

(2) If p =0, then the greatest root of b, is at most —11<ni<n %
(3) If g = 1, then every root of b, is either a negative integer or of the form
b; +1-+¢ . )
p— —— for some integers 1 <i<m and ¢ > 0.
Q;

If we assume in addition that D = (f = 0) is reduced and the proper transform D is
smooth, then we may consider only those i such that E; is exceptional.

4Note that the proof of Kashiwara’s result, Theorem 2.5.1, only shows that the roots of b¢(s) are all
of the form —%E for some 1 <7 < m and some integer £ > 0.



3.5. LICHTIN’S THEOREM AND GENERALIZATIONS 79

Lichtin’s theorem above is then the special case g = 1 and p = 0 of this result. (Note
that in this case all negative integers are also of the second type described in (3).) The
extra ingredient introduced by Lichtin compared to the proof of Kashiwara’s theorem is
to pass from left to right Z-modules, and work with a slightly modified Z-module on the
resolution in order to absorb the relative canonical divisor Ky, in the calculations.

We now introduce the necessary ingredients for the proof. We use the notation
introduced in §2.5 and §3.4.

Generalities of Bernstein-Sato polynomials. A useful point for later is the following;:

LEMMA 3.5.3. Let u be a section of 1. Ox, and h € Ox. Then the greatest root of
bru(8) is at most equal to the greatest root of b,(s).

PROOF. Let —a be the greatest root of u. By Sabbah’s description of the V-filtration,
Theorem 3.4.5, we then have u € V7, O0x. But V7 is an Ox-module, and therefore
hu € V71, Ox as well. Applying Sabbah’s result again, we obtain that the greatest root
of bpy(s) is at most —a. O

The following lemma is a generalization of Exercise 2.2.8:

LEMMA 3.5.4. Let p and q be invertible functions on X, and let u = gd¥ f* for some
reqular functions f and g. If v = (qg)0F (pf)*, then b,(s) = b,(s).

PRrRoOOF. We consider the sheaf

1 Ox(xD) ~ Ox]s, %]fs

as an Ox-module; it already has the standard Zx (t, d;)-action, but we endow it with a
new one, denoted x and given by:

e Dxw = Dw+ swD(p)p~!, for all D € Derc(Ox).
o txw = (pt)w.
o O, xw= (p~lopw.

We denote this Zx(t, d;)-module by ¢, Ox(*D)*. Note that the new action of s = —d;t
coincides with the old one.

A simple calculation shows that the map
v:i,Ox(xD) — 1, Ox(xD)*, P(s)(pf)’ — P(s)f*

is an isomorphism of Zx (t, 0;)-modules, mapping v to gp~"gd f*. Recalling that b,(s) is
the monic polynomial of minimal degree such that b,(s)v € Zx(t, s)tv, it follows that it
is also the monic polynomial of minimal degree satisfying

bu(s)ap™ " 90 f* € Dx(t, s)t x qp~ " g0} f*.
On the other hand, for every section w of 1, Ox (xD) and every invertible function ¢ € Ox
we have
Dx(t,s)txw = Dx(t,s)tw and Dx(t,s)pw = Dx(t,s)w.
Hence we deduce that b,(s) = by(s). O
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REMARK 3.5.5. If g € Oy is such that g/f is not a regular function, then
(s+1) | byys(s).
Indeed, we have that
bers(8)gf* = P(s)gf*™ with P € Zx]s],

and taking s = —1 we obtain that b,ss(—1) - (¢/f) is a regular function, which cannot
happen unless byss(—1) = 0.

LEMMA 3.5.6. In local algebraic coordinates x1, ..., x,, let u= gof f* be the section
of 1y Ox given by f = ---28 and g = xih x| for some non-negative integers c;, d;

and p. Then the following hold:

(1) bu(s) divides (s + 1) .2, T35, (s —p+ %) (Here the second product is taken to
be 1 ifc; =0.)

(2) If p= 0, then b,(s) divides [];_, 1., <s + dzcj)

(8) If c1 = 1 and dy = 0, then by(s) divides (s + 1) [[1_, 152, (s —p+ M)

Cq

PROOF. We use the notation

n n

; ; H 1)+d;

gff ==t = | | &t and gt = gt = | | g
i1 i=1

Note that we can rewrite u = 9y 25+,

Consider now the polynomial

n ¢

c(s) == HH (ci(s —p) +di + 7).

i=1 j=1

Using the identity 0, P(s) = P(s — 1)0, for all P € Cls|, we derive

(3.5.1) 9% ... 0L Pt = P H H(Cis +d; + 7))zt = c(s)oPr T = c(s)u.
i=1 j=1

This immediately implies (2), since for p = 0 it gives

c(s)u € Ix|[s] - tu.

By repeatedly applying the formula 0t = t0; + 1, and noting that s = —0;t, we
obtain
Nt=—(s—p+ 1),
and therefore we have
(s+1)0t = (s—p+ 1)to).
We obtain
(s 4+ )Pzt = (5 —p 4 1)tu.
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Hence for arbitrary p > 1, going back to (3.5.1), this gives
(s+De(s)u= (s —p+1)05 --- O tu,
which implies (1).

For (3), note first that under the assumption ¢; = 1 and d; = 0, ¢g/f cannot be a
regular function. By Remark 3.5.5 we then know that (s+ 1) divides b, s, so we can talk

about the reduced version Eg #s. Moreover, exactly as in Example 3.4.9, we have that

)

bu(s) | (s+ 1)bgss(s — p).
It therefore suffices to show that
But by the assumption on ¢; and dy, this is the same as what we saw in (2). O

bor(s) | TTTI <s+ ;J

i=2 j=1

Left to right correspondence. Recall that there is an equivalence of categories between
left and right Zx-modules, taking a left Zx-module M to the right Zx-module wx® 4, M.
In local coordinates z, ..., x,, this is given by an involution

.@)(%.@)(, Pi—>P*,

where P* is the adjoint of P, determined uniquely by the rules: (PQ)* = Q*P*, f* = f
for f € Ox, and J;, = —0,,. For a section u of M, we define the section

u=dr®u
of wx ®g, M, where dz :=dxy N\ --- Ad,,. We then have
(Pu)* =u*P* forall Pe 9y.

We now extend this to Zx (s, t)-modules. The same rule
M= wx ®ﬁX M

takes a left Zx(s,t)-module to a right one as follows. The involution of Zx we just
described extends to one of Zx(t,d;) by mapping ¢t — t and 0; — —0J;, hence mapping

s=—0t —>tdh=—-0t —1=—-s—1.
We again have (Pu)* = u*P* for all sections u of M and P of Zx(s,t).

Just as with ¢, Ox (D), we can also consider Bernstein-Sato polynomials for sec-
tions of the right Zx(s,t)-module wy ®g, 1+ Ox(xD). More precisely, for a section u of
1+ Ox (D), a Bernstein-Sato relation b,(s)u = P(tu) becomes, after passing to adjoints,

Uhy(—s —1) = (u"t)P*,
hence we have

by (s) = by(—s — 1).

Main construction, and proof of the theorem. Fix g € Ox(X) and p > 0, and
consider the Zx (t, s)-module

Niplg) = Dx(t,s) - gl f* C 1, O.
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where ¢: X < Y = X x C is the graph embedding induced by f. Note that when g =1
and p = 0 we have

Nf,()(l) :Nf7

the Z-module used in the proof of Kashiwara’s theorem. Just as in that case, we have:

EXERCISE 3.5.7. The action of ¢ preserves Ny ,(g), so that tNy,(g) is a Dx(t, s)-
submodule of Ny ,(g). Furthermore, if u = gd? f*, then the Bernstein-Sato polynomial
bu(s) is the minimal polynomial of the action of s on the quotient Ny ,(g)/tNy,(g).

As in the proof of Theorem 2.5.1, by restricting to an open neighborhood of the zero
locus Z(f) we can make the harmless extra assumption that

(3.5.2) Z(Jac()) C Z(f),

where Jac(f) is the Jacobian ideal of f. Recall that we denote by W} the closure of the
subset

{(z,sdf (z)) | f(z) #0, s€ C} CT"X.

This is an irreducible subvariety of 7% X, of dimension n+ 1, which dominates X. A result
that Kashiwara proves at the same time as Theorem 2.5.14 is the following:

THEOREM 3.5.8 ([KKal, Theorem 5.3]). The Px-module N is coherent, and Ch(Ny) =
Wy. In particular Ny is subholonomic.

Based on this, one can show the following:

PROPOSITION 3.5.9. If f defines a divisor with SNC' support and satisfies (3.5.2),
denoting Ny, = Nt ,(1), for every p > 0 we have:

(1) As a Dx-module, N, is generated by 8} f*, with 0 < j < p.
(2) Ch(Nyp) = Wy

PROOF. Recall that for every 7 > 0 we have
tol f* = fOl f* — joI ' f°,
from which descending induction on j shows that & f* € N, 7.p for 0 < j <p. The formula
also shows that

p
foi= 3 9x -0l
j=0

is a Zx|t]-submodule of N},. Thus by the definition of N ,, to deduce (1) it suffices to
show that

sd! f* EN}’p, forall 0<j<p.
Recall now that d;s = (s — 1), and so
sOLf* = Of (s + J)f*.
It suffices thus to show that sf* € Zx f*, which is left as Exercise 3.5.10 below.
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We show (2) by induction on p; the base case p = 0 is Theorem 3.5.8. Assuming that
p > 1, part (1) implies that Ny, C N, s, and the quotient N ,/N;, 1 is generated over
9x by the class of 97 f*. In particular, there is a surjective Zx-module homomorphism

Nio=Dxf° = Nip/Nip-1, Pf° = PO;fs,
which implies that Ch(Ny,/Ny,—1) € Wy. The fact that Ch(Ny,) = W, follows then
from the chain of inclusions
Wf = Ch(Nf,pfl) - Ch(Nf,p) - Ch(Nf,pfl) U Ch(Nﬁp/Nf,pfl) C Wf'

O

EXERCISE 3.5.10. Show that if f defines a divisor with SNC support and satisfies
(3.5.2), then sf® € Zx f*.

PrRoOOF OF THEOREM 3.5.2. Step 1. Using Proposition 2.2.6 and Remark 2.2.7, we
see that the statement of the theorem is local on X. We may therefore assume that X
is affine, with algebraic coordinates x,...,z,. We may also assume that f is not an
invertible function on X, hence after passing to an open neighborhood of the zero locus
of f, that condition (3.5.2) is satisfied.

For each u as in the statement, we consider the section
uv=dr®u

of the right Zx(s,t)-module N, := wx Qg Nip(g). The right Z-module version of
Exercise 3.5.7 tells us that b, (s) is equal to by, (s), the minimal polynomial of the action
of s on NV, /N,t. By the discussion above we also know that b, (s) = b,(—s — 1).

Recalling that p: Y — X is the fixed log resolution, we denote
fli=fop and ¢ =goupu.
By analogy with the construction on X, on Y we consider the %y (s, t)-module
Nu = wy ®oy Nf’,p<g,)>
where v = ¢'0y f'* € 1, Oy and Ny ,(¢9') = Py (s,t) - u'. We also consider its submodule
N, i=v-Dy(s,t), with v:=p'dr@u’>

We fix an open set V' C Y on which we have algebraic coordinates v, ...,y, in

which
fr=hayt oy, prde = hoyy - -yyrdy, and g’ = hypt -y

according to our usual notation (the only a; which are non-zero correspond to 1 < i < m),
where h; and hy are invertible functions on V', and h is a regular function on V. Note that
b,(s) (in the sense of right Z-modules) is the same as by, (s), the minimal polynomial of
the action of s on N, /N,t. According to the right Z-module version of Lemma 3.5.4, we
then have that

b, (8) = bur=(s) = buw(—s — 1),

SNote that this is where things diverge from (the analogue of) Kashiwara’s argument, which would
proceed using N/, while here this is replaced by N,,.
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where w' = hw, with

a a S 1
wi= gy O y)” € Oy [)
Using Lemma 3.5.3, we see that the greatest root of b,/ (s) is at most equal to the
greatest root of b,(s). On the other hand, w is an element to which we can apply Lemma
3.5.6. Using it, and recalling that we have a; # 0 only for 1 < i < m, we obtain the
following:

e The greatest root of b,(s) is at most max{—1,p — min

bit+1+k; }
1<i<m %

e If p =0, then the greatest root of b,/(s) is at most —1r<ni<n »
e If g =1 (so that h = 1 and we don’t need to use Lemma 3.5.3) every root of b,(s) is
either equal to —1 or to some p — %, with1 <i<mand1l </ <gq; Ifin addition D is

reduced and its proper transform D is smooth, then we may assume that the divisor given
by (y; = 0) on Y is exceptional. Indeed, note that in this case at most one y; satisfies
b; = 0, i.e. it is not exceptional, and a; > 0; in this case in fact a; = 1.

Covering Y by open sets V' on which we have such local coordinates, the global
polynomial by, (s) is the least common multiple of the respective polynomials on each V,
described above. Hence to conclude the proof, it suffices to show that each root of by« (s)
is of the form « + ¢, where « is a root of by, (s) and ¢ is a non-negative integer.

Step 2. According to the paragraph above, it suffices to show that there exists an integer
N > 0 such that

(3.5.3) by (8) | bar, (8)bar, (s — 1) -+ by, (s — N).
This is now very similar to the proof of Kashiwara’s theorem, only in the setting of right
P-modules, and with N, playing the role of Ny there. We define

L
N = Hu N, = ROp(N, @ay Dy x).

Exactly as in Lemma 2.5.16, we have the divisibility

(3.5.4) ba(s) | b, ().

We now perform Kashiwara’s main construction (see §2.5) in this setting, by con-
structing a distinguished section r € T'(X, N'). Note first that on Y we have a morphism
of 9y-modules

.@y — ./\/;,, 1.

Taking the derived tensor product with %y, x, we obtain a homomorphism

L
Dyx = Ny Qg Dy x.

On the other hand, the section 1 € Zx induces an Oy-module homomorphism 0y —
Dy x, since Dy _,x ~ *Px as an Oy-module. By composition we obtain a section

L
Oy = N, Qg Dy x,
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and applying R°yu, we finally obtain a global section r € I'(X, N). It is immediate from
the construction that » = u* on U, the complement of the zero locus of f. We define

N'i=r-Dx(s,t) CN,
a right Zx (s, t)-submodule of N'. We can also define a Zx (s,t)-module homomorphism
N = N, r=u’,

and precisely as in the proof of Lemma 2.5.7, this is well defined, and obviously surjective.
In conclusion, we have a digram of Zx (s, t)-modules

N N
ls
N,

where 7 is the inclusion map, and g is surjective.

As in the proof of Theorem 2.5.1, we see that the Zx (s, t)-module M := N /N" is
holonomic as a Zx-module. Indeed, as in the paragraph after (2.5.1), it suffices to have
the analogue of Theorem 2.5.14, namely

Ch(N) = W; U A,

where A is a Lagrangian subvariety of T*X. As N, C Ny ,(¢), this in turn follows by
using Proposition 3.5.9(2) and the obvious fact that Ny ,(¢') € Ny, (together with a
standard results on the characteristic variety of a direct image, that I have not explained
yet; this is also used for proving Theorem 2.5.14, and it will be added eventually).

The right Z-module analogue of Lemma 2.5.12 then implies that
bar(s) | bar(s)bar(s —1)---ba(s = N).
for some integer N > 0. (Indeed the signs change, since now we are using the identity
b(s)t = tb(s — 1) multiplying from the right.) In view of (3.5.4), it suffices then to show
that
bu=(s) | by (s)-
But this follows immediately from the surjection N7 — N, since b, (s) = by, (s). O

3.6. Multiplier ideals vs. V-filtration on O

We fix a non-invertible function f on X, and denote D = (f = 0). We have seen
in §2.6 and §3.2 that certain aspects of the behavior of the multiplier ideals J(aD) and
the filtration V*Ox induced on Ox by the V-filtration V*. Ox are very similar. For
instance the threshold where they both become trivial is lct(f), and more generally they
both change at the jumping coefficients of the pair (X, D) in the interval [0,1] (as by
Theorem 2.7.3 these are roots of bs(s)), though with different semicontinuity behavior.

Budur and Saito [BS, Theorem 0.1] have noted that this is not an accident, en-
hancing these numerical properties to the following statement, proved using the theory of
mixed Hodge modules:
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THEOREM 3.6.1. For every a € Qq, we have
VeOx =J((a—¢e)D) for 0<e< 1.

In this section, following [ | we give a different proof of this result, which does
not make use of the Hodge filtration, but only of more elementary statements discussed
up to now.

Recall that in analytic terms we have, for every ¢ > 0, that
2

T(eD)y™ = {g € Ox | |'J€|Qc

For a function g € Ox(X), by analogy with the usual definition we denote
let,(f) :==sup{c>0|ge J(cD)}.

Fixing a log resolution p: Y — X which is an isomorphism away from the support of D,
recall that we write

is locally integrable}.

M*D = iazEZ and Ky/X = i szz
i=1

=1

For each i, we also denote k; = ordg, (g). By analogy with (2.6.4), we have:
EXERCISE 3.6.2. The threshold lcty(f) is computed on Y by the formula

41+ K
lety(f) = min u

On the other hand, as in §3.4 we denote
u=gf° €1 0x,
and according to Sabbah’s description of the V-filtration we have
geV0Ox < ueV* Ox < c¢< —a forall ¢such that b,(c) =0.

Therefore Theorem 3.6.1 is equivalent to the following analogue of Theorem 2.7.2:
THEOREM 3.6.3. The greatest root of b,(s) is —lcty(f).

PRrROOF. Just as with Theorem 2.7.2, first we show that —lcty(f) is a root of b,(s).
Let us first recall that by definition we have

bu(s) - gf* = P(s)t(gf*), P(s) € Ix[s].
Now the action of ¢ on this element is t(gf*) = g f*™! (recall that we are identifying f* with
§, and see Exercise B.3 in the notes on the V-filtration), where as always f**!:= f. f.
Hence this can be rewritten as

bu(s) - gf* = P(s)gf**".

We now proceed precisely as in the proof of Theorem 2.7.2; we repeat the argument
for convenience. We denote ¢y = Ict,(f). Therefore for some point x in the zero locus of

f and some small ball B around z, the function ”J;"";C with c = ¢cpg—efor0 < e < 1is
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integrable on B, but l}‘f(—rﬁo is not integrable on some compact ball B’ strictly contained in
B.
Arguing as in Lemma 2.4.4, and taking s = —c¢, we obtain the identity

bu(=PlgfL117 = (P=c) P(=0) gL 7=+

Both sides are integrable on B, and so for any smooth positive test function ¢ supported
on B we have

(361 [ bu=ePlaP 1170 = [ (PaPe)laPLE e,

We can in fact take ¢ to be a bump function with support in B, identically equal to 1 on
B’, in which case we obtain that the left-hand side of (3.6.1) is at least

bo(=e? [ Lol

Using integration by parts in a way similar to Exercise 2.4.5, we see that the right-hand
side of (3.6.1) is equal to

/B P FPCD (P(—0) P(—0)),

and therefore if € is in a fixed interval (0, ], then it is bounded above by some M > 0
depending only on ¢ (as ¢ — 1 belongs to a closed interval of values for which the integral
is finite and depends continuously on ¢). We deduce that

b= [ IgPLa < M < o
B/

for every such c¢. On the other hand, |f|72|jo is not integrable on B’, hence by Fatou’s

Lemma we have
/ |g|2|f|_2‘3 — 00 as ¢ —cp.
B/

The only way this can happen is if b,(—cy) = 0.

Having established that —lct,(f) is a root of b,(s), the full statement now follows
from Theorem 3.5.2(2), which thanks to Exercise 3.6.2 can be rephrased as saying that
the greatest root of b,(s) is at most equal to —lct,(f). O

It makes sense to wonder whether —lIct,(f) is also related to the poles of an archimedean
zeta function as in §2.4, and this is indeed the case. Concretely, this time we can consider
the distribution |g|?|f|?*, which on any ¢ € C>°(C") is defined by

(9PLI.0) = [ IaPlr@P (o) = 2305)

Arguments completely analogous to those in Proposition 2.4.2, Theorem 2.4.3, and
Proposition 2.7.1 show the following:
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THEOREM 3.6.4. With the notation above, for every smooth complex-valued func-
tion with compact support p € C2(C"), Z% admits an analytic continuation to C as
a meromorphic function whose poles are of the form a — m, where « is a root of the
Bernstein-Sato polynomial b,(s) and m € N. Moreover, the greatest pole of the distribu-
tion |g|?|f|** (meaning the mazimum over the poles of Z9 for all @) is equal to —lct,(f),
hence to the greatest root of by(s).

3.7. Minimal exponent

Let X be a smooth variety of dimension n, and f € @x(X) a non-invertible function.
We have seen that —1 is always a root of b¢(s). We can therefore consider the polynomial

by(s) = iffi,

called the reduced Bernstein-Sato polynomial of f.

DEFINITION 3.7.1. The negative oy of the greatest root of the reduced of gf(s) is
called the minimal exponent of f.°

According to Theorem 2.7.2, the log canonical threshold lct(f) is equal to ay, the
greatest root of bs(s). Therefore if ay < 1, then it coincides with let(f); more precisely

ay = min{l, &f}
Thus ay is a refinement of the log canonical threshold, and it provides a new interesting

invariant precisely when the pair (X, D) is log canonical.

REMARK 3.7.2 (Local version). Recall that we also have a local version by, of
he Bernstein-Sato polynomial, around a point x € X; see Definition 2.2.5. If f is not
invertible around z, then (s + 1) | bs.(s), and we define ay, to be the negative of the

greatest root of gf,x(s) =br.(s)/(s+1).
REMARK 3.7.3 (Global version). We can also define a global version of the minimal

exponent. For each non-trivial effective divisor D on X, there is an associated Bernstein-
Sato polynomial bp(s) such that (s+ 1) | bp(s); see Remark 2.2.9. We have

bp(s) = lﬂcerg bp . (9),
where bp ,(s) := by, for any locally defining equation f for D in a neighborhood of x.

(Hence we can also write ap, := &y, for any such f.) As above, the minimal exponent

ap is the negative of the greatest root of bp(s) = bp(s)/(s + 1). The description above
implies that
&D = min &Dw.
reD

EXAMPLE 3.7.4 (Quasi-homogeneous isolated singularities). Let f € C[X7, ..., X,)]
be a quasi-homogeneous polynomial, with weights wy, ..., w, (see §2.3), having an isolated
singularity. Since in the notation of that section p(1) = 0, Theorem 2.3.4 implies that

ap = |w| ==wy + - + w,.

OThis is also called the microlocal log canonical threshold of f in [Sa9].
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In particular, for a diagonal hypesurface f = X{* +--- + X2 we have the celebrated

Just like oy, the minimal exponent it is known to be related to standard types of
singularities due the following results of Saito:

THEOREM 3.7.5. Assume that D is reduced around a point x. Then

(1) [Sa3, Theorem 0.4] D has rational singularities at x if and only if ap, > 1.
(2) [Sa6, Theorem 0.5] D has Du Bois singularities at x if and only if ap, > 1.

Note that this implies that rational hypersurface singularities are du Bois; this is in
fact known to be true for arbitrary varieties, by work of Kovécs | ] and Saito [Sa5].
For a first look at du Bois singularities, see for instance [I<S].

The proof of Theorem 3.7.5 requires the Hodge filtration, and therefore will be given
later. For (2) we may alternatively not worry right now about what du Bois means; clearly
ap > 1 is equivalent to the pair (X, D) having log canonical singularities, while on the
other hand using birational geometry arguments it is shown in [IKXS, Corollary 6.6] that

PROPOSITION 3.7.6. The pair (X, D) has log canonical singularities if and only if
the divisor D has du Bois singularities.

Let now D be a reduced effective divisor. One of the main questions about the
minimal exponent of D is whether we can express it explicitly in terms of discrepancies
on a log resolution, like in the case of the log canonical threshold as in Remark 2.6.8. We
use again the notation introduced in §3.5, and denote

) b +1
v:= _ min .
E; exceptional a;

We have noted in Remark 2.6.8 that ap = min{1, v}, while on the other hand by definition
ap =min{l,ap}.

It is natural then to ask whether ap = ~, and Lichtin [Li, Remark 2, p.303] did
indeed pose this question. This would provide a very simple description, but as noted by
Kollar | , Remark 10.8] in general the answer is negative, since v usually depends on
the choice of log resolution. Nevertheless, at least if we assume that the proper transform
D is smooth,” one inequality does hold:

THEOREM 3.7.7 (] , Corollary DJ). We always have ap > 7.

It is worth noting that the inequality follows easily from Lichtin’s result, Theorem
3.5.1, if ap is not an integer; however, it is not clear how to use it otherwise. The original
proof of the theorem in | | relies on the theory of Hodge ideals. However a more
elementary proof due to Dirks-Mustata can be given using Theorem 3.5.2 discussed in
this chapter, and we present this next.

"This can always be achieved by performing a few more blow-ups, if needed.
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PrROOF OF THEOREM 3.7.7. Let’s assume for simplicity that D is defined globally by
a function f. We write v = p+«, where p is a non-negative integer, and o € (0, 1]. Recall
now from Example 0.33 in the notes on the V-filtration (see also | , Proposition 6.12])
that

bory+(s) | (s + D)bs(s —p) and by(s — p) | bopys(s).
We deduce that all roots of Ef(s) are < —v (which is what we want) if and only if all
roots of byrss(s) are < —a.

On the other hand, by Theorem 3.5.2(3) we know that for every root 3 of bgrss(s)
we either have that 3 is a negative integer, in which case we clearly have g < —1 < —a,
or we have

bi+1+/¢
B=p—
a;
for some exceptional divisor F; and some non-negative integer £. Now by definition
bi+1+/¢
————>7y=p+a,
Q;
and therefore g < —a. O

Mustata and I expect a substantially stronger statement to hold; we have formulated
the following:®

CONJECTURE 3.7.8. On every log resolution of (X, D), there ezists an exceptional
divisor E; for which ap = bail

The log canonical threshold is well known to satisfy a few fundamental semiconti-
nuity and restriction properties, as well as numerical bounds in terms of the multiplicity;
see for instance | , §8]. It turns out that the same can be said about the minimal
exponent; however the proofs are more complicated, and go beyond what we have studied
up to this point (they depend on the theory of Hodge ideals). I am nevertheless including
some statements below for completeness.

THEOREM 3.7.9 (] , Theorem E]). Let X be a smooth n-dimensional complex
variety, and D an effective divisor on X.

(1) If Y is a smooth subvariety of X such thatY € D, then for every x € DNY, we
have

ADly S ap -

(2) Consider a smooth morphism w: X — T, together with a section s: T — X such
that s(T) C D. If D does not contain any fiber of 7, so that for every t € T the
divisor D, = D|7r71(t) s defined, then the function

T>t— QDy,s(t)
18 lower semicontinuous.

8This conjecture is also heuristically motivated by what is called Igusa’s Strong Monodromy Conjec-
ture for the local zeta function associated to polynomials f € Z[Xy,..., X,].
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(3) For every x € X, if m = mult, (D) > 2, then
n—r—1 __ n
—— < apx < —,
m m

where r is the dimension of the singular locus of the projectivized tangent cone
P(C.D) of D at x (with the convention that r = —1 if P(C.D) is smooth).
ExAMPLE 3.7.10 (Ordinary singularities). In the case of a Fermat hypersurface
f= X X
Example 3.7.4 gives oy = n/m. This is however also an example of an ordinary singular
point of multiplicity m (see Example 2.6.3(3)), and for these we always have
- n
ap = —.
T~ m
This is the highest one can go: it turns out that for any f and any singular point x of
multiplicity m we have &y, < ; see Theorem 3.7.9(3). The equality above follows from
work of Saito. Alternatively, one can again use Theorem 3.7.9(3), noting that ordinary
singularities are precisely the case r = —1. Note that the inequality a; > = follows also
from Theorem 3.7.7, since for an ordinary singularity v = n/m (just take the resolution
given by blowing up the singular point).

REMARK 3.7.11. Another general fact worth mentioning is the following result due
to Saito [Sa4, Theorem 0.4]: the negative of every root of by is in the interval [ay, n—ay].”

9This gives another way of seeing that we always have & r<mn/2.






CHAPTER 4

Filtered Z-modules and Hodge Z-modules

The aim of this chapter is to introduce some basic notions in the study of filtered
Z-modules, focus on the interaction between the F-filtration and the V-filtration, and
provide a first definition of Hodge modules. To get to this notion as quickly as possible,
at first I will not develop things in the most systematic possible way. Later on I will
rearrange the notes in a better order.

4.1. F-filtration and V-filtration

Let X be a smooth complex variety of dimension n, and let (M, F') be a coherent
P x-module endowed with a good filtration. We will see here that the nearby and vanishing
cycles constructed in §3.3, and so implicitly the V-filtration, are useful for imposing
restrictions on the filtration F. The material here follows closely [Sal, §3.2].

Assume first that D is a smooth divisor on X, given by ¢ = 0, and consider the V-
filtration on M induced by t. Assume that M has strict support Z which is not contained
in D.

For every p € Z and o € Q we define
FVM = FMN VM

and

EMNVeM
F,gr& M := =2 .
rerv M ELMNV>aM
Recall that in the proof of Proposition 3.3.3 we saw that
M=) "0 (V"M
i>0
On the other hand, we know that V=M is determined by My by Lemma 3.1.8. A

situation in which we can also recover F,V>°M from its restriction to U is provided by
the following:

LEMMA 4.1.1. Denoting by j: U = X ~ D — X the inclusion map, we have the
identity
EV2M =V MnNj. 5" F,M
if and only if
t: F,V°M — F,V**' M
18 surjective for all o > 0.

93
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PROOF. First assume the identity. Consider y € F,V*' M, for @ > 0. In particular
we have y € F,V"YM, and so by hypothesis y € V"' M N j,j*F, M. We conclude the
surjectivity of ¢ due to the fact that t: VM — V™M is an isomorphism, combined
with the fact that the action of ¢ on j,j*F, M is bijective.

Assume now that t acts surjectively on F,V*M for every @ > 0. Note that the
inclusion from left to right in the identity is clear. Consider now

e VMN G FpM={z e VM| zy € F,My},

with a > 0. Thus locally there exists ¢ > 0 such that t‘z € F,M. Since z € VM, we
have t'z € VoMM, so t'z € F,V*"" M. By hypothesis and the injectivity of the action
of t, we then have that z € F,V*M C F,V>°M. O

REMARK 4.1.2. Note that since t: V¥M — VoM is an isomorphism for a > 0,
we have that in this range

t: B,V°M — F,V*"'M

is in any case injective, so the condition in the Lemma is that it is in fact an isomorphism.

Lemma 4.1.1 can be combined with the following result in order to obtain a criterion
for recovering the full £, M from its restriction to U. Note first that we always have

>0k (FeiV'M) C B M.
>0

LEMMA 4.1.3. Assume that 0;: gri, M — gr% M is surjective.’ Then the following
are equivalent:

(1) FpM = ZiZO 3? ) (Fp—iv>0M)'
(2) 0;: F,gr& M — F, 1 gt M is surjective for all a < 1.

PRrROOF. We define a new filtration F, M by
FEIM =0, (F,uiV7'M).
i>0
We consider the following two claims:
Claim 1. For all 7 > 0 we have
FV>HIM= )"0 (FuiV'M).
0<i<j
Claim 2. For all a < 0 we have
EVM= 3" 0 (FuiVM) + 0] (B g VOretmy,

0<i<[~a]

1By Proposition 3.3.3, this is equivalent to M = Zx - V=M, so to the fact that there are no proper
submodules of M that agree with M on U = X \ D.
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Let’s first conclude the argument assuming these two claims. Note that the first
implies
EVIIM=FEV>'M,
while the second implies
o —al+1 a+|—al+1
Fygry M= 0 - (B gy M),
We clearly have F)M C F, M. Descending gradually through the values of o for which
the V-filtration jumps, we therefore conclude that F; M = F, M if and only if
Fyars M = 8 (B, g gy M),
which is equivalent to the condition in (2).

It remains to prove the two claims. Note first that Claim 2 reduces to Claim 1.
Note that the mapping

d: gry M — gt M
is always an isomorphism for a + j < 1, and is surjective by assumption for a 4+ j = 1.
We obtain that

O (B VIOMY A VEM = 07 T (B o VT M),
for a < 0.
Finally, let’s prove Claim 1. Note that the inclusion from right to left is clear by
definition. For the opposite inclusion, it suffices to show that
O (Bl VIM)NVZIMC ] - (B VM),
Let u € F, ; 1V>°M such that 8]*'u € V>=/ M. Since
&V MIVIOM = VI MV M

in injective, it follows that d,u € V>° M. This in turn implies 8g+1u IS ag (E,_;VZOM),
which is what we want. ]

LEMMA 4.1.4. If Supp M C D, define M° = Ker(t: M — M); recall that by
Kashiwara’s theorem we have M = 1y, My ~ M° @c C[0;], where v: D < X. Define also
F,MP = E,L M MO, for all p € Z. Then the following are equivalent:

(1) F,M =3 FpeiM® @ 0] (In other words (M, F) =~ 1, (M°, F); see Ezample
1.5.7.)
(2) Oy: F, gt M — F,q g3 M is surjective for all a < 1.

PROOF. As in Example 3.1.4(3), based on Kashiwara’s equivalence, we know that for
all & <0 we have

VoM = Y M w4,
0<i<[—0]

and moreover V*M = 0 for o > 0. In particular it suffices to focus on integral a.
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We define a new filtration F, M by
M=) F,_ M@0,
i>0
Note that we clearly have F];./\/l C F, M, and moreover by definition
EVIM=FV°M (= F,M° and F,gry M =20, (F,_;gry, M)
for all p € Z and ¢ > 0. This implies (proceeding inductively on i) that we have F; M =
F,M if and only if
Fygry' M =0, - (Fpoigry M)
for all such p and ¢. This is easily seen to be equivalent to the condition in (2). O

We now move to the case of hypersurfaces defined by arbitrary functions f € Ox(X).
We are led to collecting the conditions in the lemmas above into the following definition
proposed by Saito [Sal, 3.2.1]. To simplify the notation, we write

M= 1M,
where ¢ stands as always for the graph embedding of X along f.

DEFINITION 4.1.5 (Regular and quasi-unipotent condition). We say that (M, F)
is quasi-unipotent along f if My admits a rational V-filtration along the coordinate ¢ on
X x C, and the following conditions are satisfied:

(1) t- (vaa/\/lf) = vaa+1./\/lf for a > 0.
(2) 0 - (Fperg My) = Fpgrl ' My for a< 1.

Moreover, (M, F') is called regular along f if in addition the filtration F, gryy M, is a
good filtration for 0 < o < 1.

REMARK 4.1.6. (1) Given the properties of the V-filtration discussed before, we
have in fact that the actions of ¢ and 0y, in the ranges in (1) and (2) respectively, will in
fact be bijective.

(2) By contrast to Lemma 4.1.3, we do not include « = 1 in (2) in order to have more
flexibility for this notion. This condition will however be satisfied for Hodge modules with
strict support not contained in (¢ = 0), and consequently the lemma will apply; see also
the Conclusion at the end of this section.

It is not so hard, but it is very useful in practice, to recognize when a filtered Z-
module with support contained in D is regular and quasi-unipotent with respect to a
defining equation:

PROPOSITION 4.1.7. Let (M, F) be a filtered coherent 2-module with support con-
tained in D = (f = 0), such that My admits a rational V -filtration along t. Denote by
t: X < X x C the graph embedding of X along f, and by 1p: X = X x {0} = X x C
the natural embedding. Then the following are equivalent:

(1) M is regular and quasi-unipotent along f.
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(2) FM C f-FoaM  for all k.
(3) There is a canonical isomorphism (Mg, F) = 1. (M, F) >~ 1y, (M, F).

Proor. Will include later. O

Conclusion. The main point of this section can roughly be summarized as follows.
Assume that (M, F') is a filtered Zx-module with strict support Z, admitting a rational
V-filtration along a hypersurface D = (f = 0) such that f|; is not constant. If it is regular
and quasi-unipotent along D, then most of the conditions in Lemmas 4.1.1 and 4.1.3 are
satisfied. If we assume that the last needed condition holds as well, namely that

01 Fygryy My — Fpyy gy My

is surjective, then we conclude that
(4.1.1) F My =0 (VO My 0 g FyiMy),
i=0

so in particular (M, F) is uniquely determined by its restriction to Z ~\ (Z N D).

REMARK 4.1.8. (1) A similar argument to that of the proof of Lemma 4.1.3 shows
that if we assume by contrast that ¢: (gr), My, F) — (gri, My, F) is injective and strict,

then we have the alternative formula (see [Sal, 3.2.3]):
(4.1.2) F,My =Y "0, (VoM N joj* FmiMy).
i=0

This happens for instance when M = Ox(xD), in which case
t: (gry My, F) — (gryy My, F)

is a filtered isomorphism. (This follows thanks to the fact that the F filtration on Oy (xD)
is constructed as a filtered direct image via an open embedding; explanation later.)

(2) When D is a smooth hypersurface, the results in (1) hold of course when working
directly with M and the V-filtration along D, without needing to pass to the graph
embedding.

4.2. Y-modules with Q-structure

The following definition underlies the notion of a Hodge module, which will be
introduced in the next section. I will therefore start with the following:

Note. The definition that follows refers to two notions that we have not focused on in
this course, namely that of a reqular holonomic Z-module, and that of a perverse sheaf. If
you are unfamiliar with them, the ideal thing to do would be to acquire some familiarity,
by reading for example parts of Chapters 6-8 in | ]. In the meanwhile however, for
temporarily following the theory, such familiarity is not really crucial. Specifically, on
one hand we will not deal concretely with the theory of perverse sheaves almost at all,
except for quoting a cohomology vanishing result at some point; on the other hand, in
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these notes regularity is only used to ensure the existence of a V-filtration (due to the
Kashiwara-Malgrange theorem), and as an input for the Riemann-Hilbert correspondence.

DEFINITION 4.2.1. (1) A filtered Px-module with Q-structure is a triple M =
(M, F, P) consisting of:

e A perverse sheaf P of Q-vector spaces on X.
e A regular holonomic Zx-module M such that DR(M) ~ P ®q C.
e A good filtration Fy M by coherent &'x-modules.

(2) Given such a triple, for any k € Z, its k-th Tate twist is defined as
M(k) :== (M, Fo_y, P(k)),
where P(k) = P ®q Q(k), with Q(k) = (2mi)* - Q c C.

(3) Given a filtered Zx-module with Q-structure M = (M, F, P) and a function f € Oy,
and denoting \ = e~ 2™ for a € Q,* we define

[ '(ﬁf’lM = (gr%/./\/lf,F._l gr%/./\/lf,pwfylp).
o M = (gr?/./\/lf,F.gr?/ ./\/lf,pgomP).

to be the unipotent nearby cycles and the unipotent vanishing cycles of M along f, re-
spectively. Here the last term in the parenthesis denotes the corresponding topological
construction on the perverse sheaf P. Note that all of these objects have support con-
tained in f7!(0). One can also define similarly the total nearby and vanishing cycles
as

hd ¢fM = ®O<a§1 (gr?/ Mfa Fofl gr?/ Mf’ pwf:)‘P)
o oM = oy (819 My, Fagrt My, 71 aP).

Note that the summands for 0 < o < 1 coincide (and it can be checked that they do not
carry a rational structure individually, which is the reason they are grouped together); in
any case, our focus will be the unipotent versions above.

It is not hard to see that the criterion regarding decomposition by strict support in
terms of nearby and vanishing cycles, Corollary 3.3.8, has an enhancement to the setting
of filtered Z-modules with Q-structure:

PROPOSITION 4.2.2. Let M = (M, F, P) be a filtered Px-module with Q-structure,
and suppose that (M, F) is reqular and quasi-unipotent along (f = 0) for all locally defined
functions f € Ox(U) on all open sets U C X. Then there exists a decomposition

M ~ @Mz7

with each My = (Mg, F, Pz) a filtered Px-module with Q-structure and strict support Z,
if and only if

@M = Ker(var: oM — ¢y M(—1)) @ Im(can: vy M — @1 M),

2Note that this is the convention for left Z-modules; for right Z-modules it would be A = e~ 27,
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where the filtration on Im(can) is induced by that on g M.

Monodromy weight filtration. Before defining pure Hodge modules, we need a brief
discussion of the monodromy weight filtration.

A general linear algebra result (see e.g. [ , Lemma 6.4]) says that any nilpo-
tent endomorphism N: M — M in an abelian category whose objects have finite length
(e.g. finite dimensional vector spaces, holonomic Z-modules, perverse sheaves), induces
a filtration called the monodromy weight filtration.> This is a finite increasing filtration
W, = W,M, going from Wy = 0 to Wy, if N¥*1 = 0; it is uniquely determined by the
properties

(1) N(W,) € Wiy
(2) the induced morphism N*: gr} — gr"V, is an isomorphism

for every ¢ and k. Specifically, the filtration is defined by the formula

We = Im(N*) N Ker(N*").

Moreover, if we denote P, = Ker(N***1) C grlV M for ¢ > k, and P, = 0 for ¢ < k, then
we have a Lefschetz type decomposition gr)¥ M = &;N(Ppo;).

Assume now in addition that our object M carries a finite increasing filtration FyM,
and N: M — M is a filtered endomorphism, besides being nilpotent. Then there exists
again a unique filtration W, = W, M satisfying the alternative conditions

(1) N(W,) € Wiy
(2) the induced morphism N*: gr!¥, grf M — grlV, grf M is an isomorphism

for every ¢, 7 and k.

We now apply this to our situation. For completeness, I will first review a number
of facts regarding nearby and vanishing cycles on perverse sheaves.” Let P be a perverse
sheaf on X, and f: X — C a holomorphic function. We have associated perverse nearby
and vanishing cycles Py P = ¢ ;P[—1] and Pp;P := @yP[—1], together with natural
morphisms

can: PP — P, P and var: Po;P — Py P(—1),
and an action
T: p¢fp — pwfp

of the monodromy operator.

3This is due to the fact that in applications it usually arises from a monodromy operator, as we will
see next.

t’s ok to skip if you are not familiar with this story. For more details and further references you
can consult for instance D. Massey’s notes arXiv:math/9908107; see also [Sch, §8].
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Perverse sheaves form an abelian category; therefore there is a generalized eigenspace
decomposition

PP = @D PibyaP
AeC*
under the action of 7', and similarly for ¢ ¢P. Concretely, we have

PP = Ker(T' — X -1d)™, for m > 0.
The unipotent nearby cycles are Pip;1 P = Ker(Id — 7)™, with m > 0.

Consider now the nilpotent operator

1
N =—"logT,,
2mi
where T, is the unipotent part of the monodromy 7. (Recall from linear algebra that
there is always a decomposition 7" =T, - T, = Ty - T,,, where T, is unipotent and T is

semisimple.) It turns out that we have
N =varocan: Py P — Pipr1 P(—1),

which is a nilpotent operator (up to Tate twist), and therefore gives rise to a monodromy
weight filtration W, P1;, P as above.

Going back to our main object of study, filtered Z-modules (M, F’) with V-filtration
along f, an important result is that the two notions of nearby and vanishing cycles we have
seen are related by the Riemann-Hilbert correspondence. (This is of course the reason
for adopting this terminology in the world of Z-modules.) The following is a result of
Kashiwara and Malgrange, enhanced by Saito to the case of the rational V-filtration.

THEOREM 4.2.3 ([Sal, Proposition 3.4.12]). If M is holonomic, and is reqular and
quasi-unipotent along f, then we have

Pp;ADR(M) for 0<a<1

D v &~
R(gry My) {p¢f7ADR(M) for 0<a<1

where \ = e~2™_ Moreover, via this identification the operators can and var at the level

of perverse sheaves are identified with 0y and t at the level of P-modules.

It is therefore natural that for any a € Q we focus on the nilpotent operator
N =0t — o gry, My — gryy M.

Another calculation due to Saito [Sal] says that (M, F) is regular and quasi-unipotent
along f if and only if the following properties are satisfied for every a € Q:

e The induced filtration F, gr{, M is finite.

e There exists a monodromy weight filtration W, gr{; M induced by the operator
N, as above.

e For every integer i, the gr’” Zx-module gr’ gr!” gr® M; is coherent.
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In particular, on 11 M = gr{, M, the nilpotent operator N = varocan is precisely
the operator t0; = O;t — 1 that we have been looking at all along. This respects the
filtration F, and if M = (M, F, P) is a filtered Zx-module with Q-structure therefore we
have a nilpotent endomorphism

N: @Z)f,lM — ’gbf’lM(—l),

in this category. If moreover (M, F') is regular and quasi-unipotent along f, we have a
monodromy weight filtration W on nearby cycles, and we can wonder again about the
properties of the filtered Zx-modules with Q-structure given by the associated graded
objects gr}y 1; M. This will be crucial in the definition of pure Hodge modules, coming
next.

4.3. Pure Hodge modules

We can now define the category HM(X, w) of pure Hodge modules of weight w on
a smooth complex variety X. The definition is inductive on the dimension of the support
of the Hodge module, so it makes sense to successively define the categories HM <4 (X, w)
of pure Hodge modules on X of weight w and support of dimension at most d.

In any case, the objects of HM(X,w) are filtered Zx-modules with Q-structure
M = (M, F, P) which are subject to certain conditions; namely:

(1) (M, F) is regular and quasi-unipotent along every locally defined f € Ox(U), with
U C X open.

(2) M admits a strict support decomposition in the category of filtered Zx-modules with
Q-structure. (Thus the formula in Theorem 4.2.2 holds.)

Pausing for a second from imposing conditions, note that (2) implies that it is enough
to define pure Hodge modules with strict support. Therefore it is enough to define for
each irreducible closed subset Z C X the category HM (X, w) of pure Hodge modules on
X of weight w and strict support Z.

Moreover, because of (1) and the discussion in the previous section, for every f €
Ox (U) the nearby and vanishing cycles ¢y, M, and ;1M do make sense as filtered Zx-
modules with Q-structure, this time with support contained in f = 0. They will be used
for the inductive definition.

Continuing with the definition, for the base case we impose the following:

(3) If Z = {x}, where x € X is a point, embedded via i: {z} — X, then

Hi (X, w) = {i.H | H is a Q—Hodge structure of weight w}.

(4) For arbitrary Z of dimension d, we say that M belongs to HM z <4(X, w) if the following
is satisfied: for every function f € Ox(U) which does not vanish identically on Z N U, we
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require for all k that
gl"?/ @ZJfJM - HMgd—l(Xa w—1+ k)), o
where W is the monodromy weight filtration as in the previous section. Note that The-

orem 4.2.2, which can be applied as discussed above, implies then that grl ¢, M €
HMc41 (X, w+ k) as well.

This completes inductively the definition of HM(X, w) as |J o HM<4(X, w), where
the morphisms are morphisms of filtered Zx-modules with Q-structure. One can show
that these are by default strictly compatible with the filtration F', so that in particular
HM(X,w) is an abelian category.

REMARK 4.3.1. Strictly speaking the definition above is a definition for analytic
pure Hodge modules, that can be given on any complex manifold. To have a category
of algebraic Hodge modules on a smooth complex variety, one can use a compactification
and take advantage of GAGA-type theorems in order to check the properties above with
respect to regular functions. We blur this distinction for the moment, for simplicity.
Furthermore, in the algebraic setting one usually works with polarizable Hodge structures,
and take into account in the definition of the notion of a polarization on a Hodge module.
See for instance [Sa8, §2.2] for a discussion. See also the discussion around Theorem 4.4.8
below.

REMARK 4.3.2. It is worth noting that the use of nearby cycles in the inductive
definition of Hodge modules is rather natural, due to an important result in Hodge theory
due to W. Schmid, called the SLsy-orbit theorem. A consequence of this result is that the
nearby cycles of a polarizable VHS on the punctured disk carry a mixed Hodge structure
whose Hodge filtration is the limit Hodge filtration of the variation, and whose weight
filtration is the monodromy weight filtration of N (up to a shift).

ExAaMPLE 4.3.3 (Variations of Hodge structure). Going back to Example 1.2.3, a
VHS is the most basic type of a pure Hodge module, namely what is considered to be the
“smooth” case. To a Q-VHS V = (V, F*, Vq) of weight ¢ on X one associates the pure
Hodge module M = (M, F, P) of weight n + ¢, where:

e M=V
° FpMZFfpV
o P:VQ[TL]

Given the complicated inductive definition that depends on looking at all (locally defined)
functions on X, it is not at all obious that this indeed defines a pure Hodge module. This
goes through several fundamental theorems in Hodge theory, as suggested in the Remark
above, or alternatively (and somewhat hiding what lies behind it) follows from functorial
properties of Hodge modules established later on.

This applies even to the most basic example of this construction, namely the trivial
Hodge module on X, i.e. the object

QX[n] == (O, F,Qx[n])

SFor instance, when Z = X is a curve, then ¢ M is locally supported on a point, and this data
corresponds to a mixed Hodge structure.
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associated to the trivial variation of Hodge structure Q on X, where the filtration F' is
the trivial filtration on &y defined in Example 1.2.2.

We will see other examples later on, but first we need to understand some basic
properties of pure Hodge modules. To begin with, just as with holonomic Z-modules
every pure Hodge with strict support is generically “smooth”.

PROPOSITION 4.3.4. Let X be a smooth complex variety, and Z C X an irreducible
closed subset of dimension m. If M is a pure Hodge module of weight w on X, with strict
support Z, then there exists a Zariski open subset U C Z such that M|y is a Q-VHS of
weight w —m on U, and M is uniquely determined by this VHS.

PROOF. Let M = (M, F, P) € HMz(X,w). Then M is holonomic, hence by Propo-
sition 1.2.9 there exists an open set V' C X intersecting Z nontrivially, such that if
V =ZnNU, then M|y is an integrable connection. Similarly, a well-known fact from the
theory of perverse sheaves says that we can also take V' such that P|y = L[m], where L
is a local system on V' (more precisely P is the intersection complex of L). Restricting
the filtration to V' as well gives us the data of a Q-VHS; this needs a little argument, see
[Sal, Lemma 3.2.7].

On the other hand, this VHS uniquely determines M (meaning an element in
HM(X,w) which restricts to it on V). By possibly shrinking U, we can asume that
its complement in X is a hypersurface. The assertion then follows from the property
of (M, F) of being regular and quasi-unipotent along this hypersurface, as explained in
the Conclusion of §4.1. (Again, the perverse sheaf P is determined as the intersection
complex of the local system underlying the VHS.) 0

One of the main results of Saito’s theory is that under the extra assumption that
the VHS is polarizable (which is satisfied by all those of algebro-geometric origin), the
converse of this statement is true.

THEOREM 4.3.5 ([Sa2]). Every polarizable Q-VHS of weight w —m on a Zariski
open set V- C Z extends uniquely to a (polarizable) pure Hodge module in HMz (X, w).

REMARK 4.3.6. Include something on polarizable Hodge modules.

The other main result of Saito’s theory for pure Hodge modules is a theorem on the
behavior of direct images of polarizable Hodge modules via projective morphisms, only a
part of which is stated below.

THEOREM 4.3.7 (Stability and Decomposition Theorem, [Sal, Théoreme
5.3.1]). Let f: Y — X be a projective morphism of smooth complex varieties, and M €
HM(Y, ¢) a polarizable pure Hodge module on'Y with underlying filtered Py -module (M, F').
Then:

(1) The filtered direct image f.(M,F) is strict, and H'f. M underlies a polarizable
Hodge module M; € HM(X, ¢ +1).
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(2) There is an isomorphism
Fr M F) =~ @ H [ (M, F)[—i]
€L
in the derived category of filtered Px-modules.

The second statement extends in particular (via the Riemann-Hilbert correspon-
dence) the celebrated Decomposition Theorem of Beilinson-Bernstein-Deligne-Gabber.

A nice survey of the proof of these two important theorems is given in | , §16-18].

The strictness of the filtration on the direct image in the theorem is one of the
most crucial inputs for the applications of Hodge modules to algebraic geometry, often by
means of the following consequences:

(i) (Laumon’s formula, see e.g. | , §2.2, Theorem 9] for a proof.) If Ax := Sym Tx ~
grl’ 9Py, and Ay is defined similarly on Y, then

gty fr(M,F) = Rf.(gr] M@a, f*Ay),
Note that this statement is for a right Z-module (M, F'), where the formula is simpler.

(i) (Saito’s formula, see [Sal, 2.3.7].) The associated graded of the filtered de Rham
complex satisfies

R'f. grj, DR(M, F) = gr} DR(H f+(M, F))

We are sometimes particularly interested in the lowest non-zero graded piece of a
filtered Z-module. For one such left Zx-module (M, F') define

(4.3.1) p(M) :==min {p | LM #0} and S(M) := F,yM.
For the associated right Zx-module we then have
pN)=pM) —n and S(N)=SM)R@uwx.
It is useful to note that
(4.3.2) S(N) =~ gryay_n DR(M, F).

ExXAMPLE 4.3.8 (Direct images). Let f: X — Y be a projective morphism of
smooth complex varieties of dimensions n and m respectively, and let V be a polarizable
variation of Q-Hodge structure of weight k£ on an open dense subset U C X, inducing a
pure Hodge module M of weight n + k with strict support X. Here it is convenient to
use right Z-modules: if (N, F) is filtered right Zx-module underlying M, Theorem 4.3.7
gives a decomposition

f+NF) = DN, F)[-i]
in the derived category of filtered Zy-modules, and each (N, F') underlies a pure Hodge
module M; = H'f,M on Y, of weight n+ k +14. Using Saito’s formula (ii) above, together
with (4.3.2), we obtain the isomorphism

(4.3.3) Rf.S(N) =~ Fy) (f+N) = @
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in the bounded derived category of coherent sheaves on Y.

For example, when V is the constant variation of Hodge structure Qx, by Example
4.3.3 we have p(N) = —n and S(N) = wy. This implies for all ¢ that

p(N;)=m—n and F,_,N; = R'fwx.

Consequently, formula (4.3.3) specializes to

Rf*WX = @ Rif*wX [_2]7

which is the well-known Kollar decomposition theorem | .9 In fact R'f,S(N) sat-
isfy other important properties known from | ] in the case of canonical bundles; for
instance, answering a conjecture of Kollar, Saito proved the following:

THEOREM 4.3.9 (Saito, | ). Let f: X — Y be a surjective projective
morphism, with X smooth, and let (M, F) be the filtered Z-module underlying a pure
Hodge module with strict support X that is generically a polarized variation of Hodge
structure V. For each © > 0, one has

RI£.S(M) = S(Y, V7).
the lowest Hodge piece of the variation of Hodge structure V' on the intersection coho-
mology of V along the fibers of f. Consequently, R'f.S(M) are torsion-free, and in

particular '
R f,S(M)=0 for i>dimX —dimY.

REMARK 4.3.10. WILL EXPAND THIS.

4.4. Mixed Hodge modules

In this section we will record a few facts from the theory of mixed Hodge modules,
to at least be able to place some of the objects we’ve been looking at, like the localization
Ox(xD) along a hypersurface, in the proper context. The relevant reference is [Sa2],
while [ , §20-22] provides a quick overview emphasizing useful details that I will skip
here.

Again, the initial definition is an analytic one, that works on an arbitrary complex
manifold X.

DEFINITION 4.4.1. The category MHW (X)) of weakly mized Hodge modules consists
of objects (M, W,), where M = (M, F, P) is a filtered Zx-module with Q-structure,
and W, is a finite increasing filtration on M by filtered Zx-modules with Q-structure,
compatible with the isomorphism DR(M) ~ P ®q C, such that for all £ € Z we have

gry’ M € HM(X, /).

The morphisms in this category are morphisms of filtered Z-modules with Q-structure
that are compatible with this extra data; it turns out that they are strict with respect

6To recover the full statement of Kollar’s theorem note that we should allow Y to be singular, and
we can indeed do this. One can work with Hodge modules on singular varieties using local embeddings
into smooth varieties and Kashiwara’s theorem; for details see [Sa2, §2.1] or | , 87).
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to both the filtration F, and the filtration W,. A weak mixed Hodge module M is called
graded-polarizable if each gr)¥ M is polarizable. These form a subcategory of MHW (X))
denoted MHW?(X).

REMARK 4.4.2. It is not hard to see that the category MHW(X) is abelian; see
[Sa2, Proposition 5.1.14].

Mixed Hodge modules form a subcategory of MHW (X). The reason for imposing
further restrictions is an issue that already appears in the theory of mixed Hodge struc-
tures, which can roughly be expressed as the fact that variations of Hodge structure can
have bad singularities at the boundary, that do not allow for extensions in the category
of regular Z-modules.

DEFINITION 4.4.3. Let (M, W,) € MHW(X), and let f: X — C be a non-constant
holomorphic function on X. We say that (M, W,) is admissible along f if the following
hold:

(1) (M, F) is regular and quasi-unipotent along f.
(2) The three filtrations FeMy, VM , and W, M are compatible, i.e. the order
does not matter when we compute the associated graded.
(3) Consider the naive limit filtrations
Li(paM) = pp1(WiaM) and  Li(ppiM) = @1 (WiM),
preserved by the nilpotent endomorphism N = (277)~!log T;,. Then, the relative
monodromy filtrations
We(raM) = We(N, Lo(¢y1M)) and  Wa(pyiM) = W(N, Lo(p71M))
for the action of N exist; see [Sa2, 1.1.3-4].

REMARK 4.4.4. It is not hard to see that condition (1) above holds in fact auto-
matically, since it holds for each of the pure Hodge modules gr}” M.

With this preparation, one can define mixed Hodge modules; the definition is again
inductive on dimension.

DEFINITION 4.4.5. A weak mixed Hodge module (M, W,) € MHW(X) is a mized
Hodge module if for every locally defined holomorphic function f: U — C we have:

(1) The pair (M, W,) is admissible along f.
(2) Both (71 M, W,) and (1M, W,) are mixed Hodge modules, whenever f~*(0)
does not contain any irreducible components of U N Supp(M).

We denote by MHM(X') and MHMP (X)) the full subcategories of MHW (X') and MHW?(X)
the full subcategories of mixed Hodge modules and graded-polarizable mixed Hodge mod-
ules, respectively. Morphisms are given by morphisms of filtered Zx-modules with Q-
structure that are compatible with W,.

The following theorem summarizes some important properties and functors associ-
ated with mixed Hodge modules.
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THEOREM 4.4.6. [Sa2] (1) The categories MHM(X) and MHMP (X)) are abelian.

(2) The categories MHM(X) and MHMP(X) are stable under applying the nearby and
vanishing cycles functors.

(8) If f: X =Y is a projective morphism, then there exist direct image functors

Hf.M: MHMP(X) — MHM?(Y).

(4) If f: X — Y s an arbitrary morphism, then there exist inverse image functors

H M, H M MHMP(Y) — MHMP(X).

There is also an important analogue of Theorem 4.3.5 :

THEOREM 4.4.7 ([Sa2, Theorem 3.27]). Let Z be an irreducible close subset of X.
Then a graded-polarizable variation of mized Hodge structure on an open subset of Z can
be extended to an object in MHM(X) supported on Z if and only if it is admissible relative
to Z.

Regarding the two theorems above, note that for an open embedding j: U — X
we cannot hope to have a general functor j, on MHMP(U), as the admissibility condition
does not necessarily hold.

Our main interest however is to work on a smooth algebraic variety X, and con-
sider subcategory MHM,j,(X) € MHMP(X ") of algebraic mixed Hodge modules. (Note
that these are automatically polarizable.) These were originally defined in [Sa2] using a
compactification of X, and taking advantage of GAGA-type theorems. However in [Sa7]
Saito found an alternative intrinsic definition which can be summarized as follows:

THEOREM 4.4.8. A weakly mized Hodge module (M, W,) belongs to the category
MHM,,(X) if and only if X can be covered by Zariski open subsets U such that:

(1) There exists f € Ox(U) such that U ~. f~1(0) is smooth and dense in U.

(2) The restriction of (M, W,) to the open subset U™\ f~1(0) is a graded-polarizable
admissible variation of mixed Hodge structure.

(3) The pair (M, W,) is admissible along f.

(4) The pair (Y M, We(sM)) belongs to MHM,, (f71(0)).

Unlike the story in the analytic setting, for an open embedding j: U < X of smooth
algebraic varieties the functors j, and j are defined on MHM,),(U), and this allows one
to define functors f, and f, for an arbitrary morphism of algebraic varieties.

EXAMPLE 4.4.9 (Localization). TO INCLUDE.

For practical purposes, besides the existence of these functors, what we need to know
concretely at this stage is the construction of the direct image via the open embedding
from the complement of an SNC divisor. The full construction of direct image via an
open embedding combines this with resolution of singularities; see | , Theorem 3.27].
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Extension of a VHS accross an SNNC divisor. Let D be an SNC divisor in a smooth
variety X, and denote j: U = X . D — X. We consider a polarizable VHS

V=V, F,Vq)

over U, with quasi-unipotent local monodromies along the components D; of D. In
particular the eigenvalues of all residues are rational numbers. We call M the associated
pure Hodge module on U.

For o € Z, we denote by V=% (resp. V”%) the Deligne extension with eigenvalues of
residues along the D; in [a, a + 1) (resp. (a, a + 1]).” Recall that V= is filtered by

(4.4.1) EYVZ% =V2%N 4 F,V,

while the filtration on V> is defined similarly. The terms in the filtration are locally free
by Schmid’s nilpotent orbit theorem (which can be extended to the quasi-unipotent case).

The mixed Hodge module 7, M on X is then defined as follows:
j«M = (V(xD), F., j.\Vq).

Here V(xD) is Deligne’s meromorphic connection extending V. It has a lattice defined by
V29 for any a € Q, i.e. V(xD) = V=% ® Ox(xD), and its filtration is given by

F V(D) =Y F9x-F, V="

For the weight filtration see [Sa2, Proposition 2.8].
EXAMPLE 4.4.10 (Localization). When M = Q#[n] is the trivial Hodge module,

then M = O, whose Deligne canonical extension is &'x. In this case

j+Oy = (Ox(+D), F., j.Q).
Thus Ox (*D) underlies a mixed Hodge module, and the Hodge filtration can be described
as follows. First, it is well known that 07" = Ox (D), and its filtration is

Fr.Ox (D)= Ox(D)Nj.F,Oy = Ox(D)N j.0y = Ox(D)
for all £ > 0, and 0 otherwise. The formula above gives
F,0x(xD) = F,Zx - Ox(D)
for p > 0, and 0 otherwise.

Since we have introduced this terminology, it is worth noting that the pure Hodge
module extension of M with strict support X (see Theorem 4.3.5) is given by the minimal
extension functor, which we looked at briefly earlier in this course. More precisely, as
shown in [Sa2, §3.b], it is

(-@X . V>717 Fo,jl*VQ)a
where the filtration is defined as

F(Zx V") =) F9x F,_ V"

7Unfortunautely we haven’t discussed yet this important construction in this course; see for instance
[ , Theorem 5.2.17].
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4.5. Saito’s vanishing theorem

Mixed Hodge modules satisfy a vast generalization of Kodaira Vanishing, shown in
[ , 82.g]. Together with strictness, this is one of the most important tools towards
applications to algebraic geometry.

THEOREM 4.5.1 (Kodaira-Saito Vanishing). Let X be a complex projective variety,
and L an ample line bundle on X. Consider an integer m > 0 such that L®™ is very
ample and gives an embedding X C PN. Let (M, F) be the filtered 2-module underlying
a mized Hodge module M on PN with support contained in X. Then:

(1) gri DRpn (M) is an object in DP(X) for each k, independent of the embedding of X

in PN.®
(2) We have the hypercohomology vanishing
H'(X, gry, DRp~ (M) ® L) =0 for all i > 0.

and
H'(X,gry DRpyn(M)® L™') =0 for all i < 0.

Before giving the proof, let’s see how Saito’s vanishing theorem can be used to
deduce many of the standard vanishing theorems.

Kodaira-Nakano vanishing. Let X be a smooth projective complex variety of di-
mension n. We consider the trivial Hodge module M = Q¥[n]. According to Example
4.3.3, the corresponding right Z-module is wx, with filtration Fwx = wx if p > —n and
Fywx = 0if p < —n, so that

gr’ DR (wx) = Q% [n — p] for all p.

Theorem 4.5.1 gives
HI(X, Q% ®@L)=0 forp+qg>n
and the dual statement, for any L ample, i.e. Kodaira-Nakano vanishing.

If we restrict to the Kodaira vanishing theorem, which corresponds to the lowest
non-zero piece of the filtration on wy, then we can see it as an example of the following
more easily stated special case of Theorem 4.5.1; it is useful to record this for applications.

COROLLARY 4.5.2. If (M, F) is a filtered 2-module underlying a mized Hodge mod-
ule M on a projective variety X, and L is an ample line bundle on X, then

Hi(X,S(M)®L) =0 for all i > 0.

Kollar vanishing. The following theorem of Kollar is a natural generalization of Kodaira
vanishing to higher direct images of canonical bundles.

8In fact it can be shown that each grf’ DRp~ (M) is independent of the embedding of X into any
smooth complex variety.
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THEOREM 4.5.3 (| , Theorem 2.1(iii)]). Let f : X — Y be a morphism between
complex projective varieties, with X smooth, and let L be an ample line bundle on Y .
Then

H (X,R fwux ® L) =0 for all i >0 and all j.

To deduce the statement from Theorem 4.5.1, we consider the push-forward M =
1. Q% [n] of the trivial Hodge module on X, with n = dim X. According to Example 4.3.8,
for the underlying Z-modules we have

fi(wx, F) = @G, F)[=i]
in the derived category of filtered Zy-modules (so compatible with inclusions into smooth
varieties), and for each ¢ we have S(N;) = R'f.wx. Theorem 4.5.3 then follows from
Corollary 4.5.2. More generally, the same argument shows the following vanishing theorem
due to Saito: the statement of Theorem 4.5.3 holds for R’ f,S(M), where M corresponds

to the unique pure Hodge module with strict support X extending a polarized variation
of Hodge structure on an open set U C X.

Nadel vanishing. Let X be a smooth projective variety, and D an effective Cartier
divisor on X. Recall that Ox(xD) is equipped with a natural Hodge filtration F, as the
left Z-module associated to the mixed Hodge module j,Q#[n], where j : U = XD — X
is the inclusion; see Example 4.4.9 and the whole of the next chapter. Looking at the first
step in this filtration, one can recognize multiplier ideals from the formula

(4.5.1) FyOx(xD) ~ Ox(D) @ J((1—¢)D),

where 0 < € < 1 is a rational number, and in general J(B) stands for the multiplier ideal
of a Q-divisor B; see Proposition 6.1.18 below.

This allows us to deduce the following special case of the Nadel vanishing theorem
(see e.g. [La, Theorem 9.4.8]).

THEOREM 4.5.4. With the notation above, if L is a line bundle on X such that
L — D s ample, then

H'(X,wx®L®J((1-¢)D)) =0 forall i > 0.
Indeed note that since Fy@x (xD) is the lowest nonzero term in the Hodge filtration,
for the associated right Z-module M = wx (xD) we have
S(M) =wx ® Ox(D) @ J((1 —¢€)D),
to which we can apply Corollary 4.5.2.

REMARK 4.5.5. The general form of Nadel vanishing is as follows: if B is an effective
Q-divisor on X and L is a line bundle such that L — B is ample, then

H' (X,wx ® L® J(B)) =0 for all i > 0.

This can also be seen as a consequence of Saito Vanishing, but requires working with some
twisted versions of the localization Z-module Ox (xD); see | ]-
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Proof of Saito’s vanishing theorem. TO BE ADDED.

Vanishing on abelian varieties. On abelian varieties, following | , §2.3] Saito’s
vanishing theorem can be upgraded to the associated graded pieces of the Z-module
itself. We denote by (M, F') be the filtered Z-module underlying a mixed Hodge module
on an abelian variety A of dimension g.

PROPOSITION 4.5.6. Let (M, F) be the filtered 2-module underlying a mized Hodge
module on an abelian variety A, and let L be an ample line bundle. Then for each k € Z,
we have

H'(Agry M®L) =0 forall i>0.

PROOF. Recall that for each k£ € Z we have
grf, DRIM) = |grf_, M = Qy @il o) M = - = Q@ grf M,

supported in degrees —g,...,0. According to Theorem 4.5.1, this complex has the prop-
erty that, for ¢ > 0,

H'(A, gry_,DR(M) ® L) = 0.
Using the fact that QF, ~ ©0&4 for each p, one can deduce the asserted vanishing theorem
for the individual sheaves grf’ M by induction on k. Indeed, we have gri M = 0 for
k < 0, while for each k there is a distinguished triangle

Ey, — gri, M — gr_  DR(M) — Ei[1],

with Ej, an object supported in degrees —g+1, - - - , 0, and hence satisfying H (A, B, QL) =
0 because each of its individual entries does so by induction. 0

This statement also leads to a generic vanishing theorem for the terms gri” M; see
[ |. For the moment though, let’s record some interesting consequences noted by C.
Schnell and C. Wei | |, useful for applications as we will see later.

LEMMA 4.5.7. Let & be the coherent sheaf on T*A = A X V' corresponding to the
associated graded object 9, = grf’ M, where V.= H°(A,QY). Denote by p, and p, the
two projections of A XV onto A and V' respectively. Then for every ample line bundle L
on A, the object

Rpo, (9 @ piL)

is in fact a sheaf (supported in degree Q).

PROOF. Since the projection p; is an affine morphism, we have
H(AXV,9@piL)~H(Apn,9®L)=0 for i>0,

where the vanishing on the right follows from Proposition 4.5.6. (Note that by definition
we have 9, = p1,9.)

On the other hand, since V' is affine, we have
H°(V,R'p2,(9 @ piL)) ~ H'(Ax V,9 @ piL),
and so this is 0 as well for 7 > 0, or equivalently R'p,, (4 @ piL) = 0. O
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COROLLARY 4.5.8. With the same notation as in Lemma 4.5.7, we have that
P2 (9 @piL7")

s a torsion-free coherent sheaf on V.

PRroOOF. Coherence is clear, since ps is a proper morphism. We now apply Grothendieck
duality in the following form (note that the relative dualizing complex of the morphism
P2 i Oaxv|g], as the canonical bundles of A and V' are both trivial):

RHom(Rp2,(4 @ piL™"), Ov) ~ Rpa, RHom (4 @ piL ™", Oaxvlg]).
Let’s denote for simplicity
4" .= RHom (9, Oaxvlg),
so that the isomorphism above becomes
RHom (Rps, (4 @ piL™"), Ov) ~ Rpo, (¥’ @ piL).
Now by general duality theory for mixed Hodge modules’ we know that
G ~ grf’ M’
for another Hodge module (M’, F') (the dual of (M, F')). Lemma 4.5.7 then applies to

show that the right hand side of this last isomorphism is a coherent sheaf H. Applying
RHom(-, Oy) to both sides, we then obtain

Rpy, (9 @ piL™") ~ RHom(H, Oy).
In particular py, (4 @ piL™1) ~ H", and the dual of any coherent sheaf is torsion-free. [

9To be discussed; see e.g. [Sch, Sen.29] for a brief overview.



CHAPTER 5

Applications to holomorphic forms and families of varieties

This chapter focuses on applications of Hodge modules to problems in complex
geometry regarding the behavior of zero loci of holomorphic 1-forms on projective mani-
folds, or the properties of parameter spaces for families of varieties. The main input from
the rest of the notes is the vanishing and positivity package for the de Rham complexes
associated to pure Hodge modules.

5.1. Singular loci of morphisms

Let f: X — Y be a surjective morphism of smooth projective varieties. A standard
measure of the behavior of f is its singular locus Dy C Y, i.e. the closed subset over
which f fails to be smooth. Here we discuss a more refined measure of the singularities
of f, namely the locus of singular cotangent vectors , and its relationship with Z-module
theory. This circle of ideas will be very useful when analyzing the geometric problems
treated in the next sections.

We use the following notation for the induced morphisms between the cotangent
bundles:

X P X xy Ty -4 ex

(5.1.1) y kg

Y 2 — Ty
where df is defined by
df (z, (y,€)) = (z, f*€), with f(z)=y.

DEFINITION 5.1.1. The set of singular cotangent vectors of f is
Sy =p2(df~'(0)) C T*Y.

A cotangent vector (y,&) € T*Y belongs to Sy if and only if f*¢ vanishes at some
point # € f~!(y), or equivalently, if ¢ annihilates the image of T,X inside the tangent
space T, Y. If this happens and £ # 0, then f is not submersive at x, which means that y
belongs to the singular locus Dy C Y. Consequently, Sy is the union of the zero-section
TyY and a closed conical subset of T*Y whose image via p is equal to Dy, the singular
locus of f.

In what follows we will use the following estimate for the behavior of the charac-
teristic variety of a coherent Z-module under push-forward, due to Kashiwara; see e.g.
[ , Theorem 4.27].

113
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THEOREM 5.1.2 (Kashiwara’s estimate). If f: X — Y s a proper morphism of
smooth varieties, if M is a coherent Px-module, then using the notation above we have

Ch(f M) C pa(df~(Ch(M))),

with equality if f is a closed immersion.

We will next use the language of right Z-modules, which is slightly more convenient
for the material below. Let’s also denote d = dim X and n = dimY'.

EXAMPLE 5.1.3. For the trivial Zx-module wx we have Ch(wx) = T% X. Using the
discussion above, it follows that for every j we have

Ch(fywx) = JCh(H frwx) C Sy
J
Recall now that the complex of induced right Z-modules
0= Dx — Q% Rpy Dx — - = W R, Dx — wx Ry Dx — 0,
placed in degrees —d, ..., 0, is filtered quasi-isomorphic to wx with the trivial filtration;
see [ , Lemma 1.5.27]." If we denote
Ax :=Sym Tx ~ grf Dx,

passing to the associated graded in the complex above, and keeping track of the grading,
provides a resolution of grf’ wy (which is nontrivial and isomorphic to wx only in degree
—d), by the following complex of graded free Ax-modules:

1 d—1
Bxe:  Axe = Qx Qo Axer1 = 2 Q5 Qoy Axera—1 = Wx Qo Axesd.

Using the morphism f, and tensoring By . over Ay with Ay (via the module structure
induced by the canonical morphism Tx — f*Ty ), we obtain a new complex of graded free

f* Ay-modules:

Cxe: ffAve = D Qoy [fAvers = - = Q% ' Qoy [T Ay era1 — Wx Dpy [T Ay era.
Therefore we have a quasi-isomorphism
(512) CX,. ~ grf wWx ®AX f*Ay

Forgetting about the grading, we can think of C'x as being a complex of coherent
sheaves on X xy T*Y, and we have the following description of its support:

LEMMA 5.1.4. We have Supp(Cx) = df ~*(0).

PROOF. More precisely, we have by definition that Cx ~ df* By, where analogously
once we forget the grading we can think of By as a complex of sheaves on 7*X. On the
other hand, by construction By is the Koszul complex of free modules on T*X resolving
the zero-section T% X; therefore Supp(Bx) = T%X, which implies the statement of the
lemma. U

IWe have seen the left Z-module version, the Spencer resolution of @y, in §1.4.
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To establish a connection with the locus of singular contangent vectors Sy, at this
stage it is useful to recall from §4.3 Laumon’s formula for the associated graded object of
the direct image of a filtered Z-module underlying a mixed Hodge module; if (M, F) is
a right such filtered Z-module, then

gre f+(M, F) = Rf.(grd M @a, fFAy)
for each i. Putting everything together for M = wy, we conclude:

COROLLARY 5.1.5. In the derived category of graded Ax-modules, we have an iso-
morphism
erl fi(wx, F) = Rf.Cx..

Moreover, from either Example 5.1.3 or Lemma 5.1.4, we deduce:
COROLLARY 5.1.6. We have an inclusion
Supp(Rf.Cx.) C Sy.
ExAMPLE 5.1.7. Let’s spell out a couple of special instances of the isomorphism in
Corollary 5.1.5. We have Cx =0 for k < —d, Cx _q = wx, while
Ox a1 = [Q% ' = wx ® fTy] ~wx @ [Tx — f*Ty],
a complex supported in degrees —1 and 0. Consequently, grf fi(wy, F) = 0 for k < —d,

grfd fi(wx, F) ~ R fuwx,

the lowest potentially non-zero graded piece (see also ??), while

gty f+(wx, F) ~ Rf.(wx @ [Tx — f*Ty]).

5.2. Zeros of holomorphic 1-forms

The main result, and some special cases. One of the most geometric applications of
the theory to date is the following theorem on the zero of holomorphic 1-forms proved by
the author and Ch. Schnell [PS2] as the solution to a conjecture by Hacon-Kovacs [HIK]
about varieties of general type and, in the general form stated here, by Luo-Zhang [L.Z].

THEOREM 5.2.1. Let X be a smooth complex projective variety, and let W C
HO(X,QY) be a linear subspace such that Z(w) is empty for every nonzero one-form
we W. Then

dimW < dim X — k(X).

The Hacon-Kovécs conjecture mentioned above is the case when dim X = x(X), i.e.

COROLLARY 5.2.2. If X 1s a smooth complex projective variety of general type, then
the zero locus of every global holomorphic one-form w € H°(X, QL) is nonempty.

ExamMpLE 5.2.3. If X = (C is a smooth projective curve of genus g > 2, then
degwe = 29 — 2 > 0, hence every non-trivial 1-form has precisely 2g — 2 zeros, counted
with multiplicities.
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ExXAMPLE 5.2.4. The result can be obtained quite quickly in dimension 2 as well.
Let X = S be a smooth projective surface of general type. It is not hard to see that
in order to have a nowhere vanishing 1-form, S has to be minimal; indeed, otherwise it
would be the blow-up of another smooth surface at a point, and any 1-form would have
to vanish somewhere along the exceptional locus. Now minimal surfaces of general type
satisfy the Bogomolov-Miyaoka-Yau inequality, which says that

362(5) > C1(S)2 > 0.

In particular, xiop(S) = c2(S) > 0. On the other hand, the general Lemma below says
that if any smooth projective variety X has a nowhere vanishing global 1-form, then

Xtop(X) = O

LEMMA 5.2.5. Let X be a smooth projective variety (or even compact Kdihler man-
ifold) such that there exists a nowhere vanishing w € H°(X,QL). Then xiop(X) = 0.

PROOF. The fact that w is a nowhere vanishing section of Q% implies that the corre-
sponding Koszul complex

Aw 1 Aw 2 Aw Aw,
0 —O0x —Qxy — Q% — - —wxy —0

is exact. Therefore we have

0= D (1) = S(~1" X, D) = 3 (<1)R(X, ©) = xian(X),

where n = dim X, and for the second and third equality we rearranged the terms involving
the individual cohomologies of the bundles of holomorphic forms, and used the Hodge
decomposition. O

EXAMPLE 5.2.6. It turns out that, assuming the existence of a a nowhere vanishing
1-form, much more is true: in fact x(2%) = 0 for all 7. Even better, for general a €
Pic’(X) we have

H(X, Q% ®a)=0 forall i,j.
(The first statement follows since the Euler characteristic is a deformation invariant.)
This is a special case of a generic vanishing theorem due to Green-Lazarsfeld, see | ,
Theorem 3.1]. This observation leads to an alternative way of deducing the result for
a surface S: it ensures that in the presence of a nowhere vanishing 1-form we have
X(Os) = 0, while on the other hand Castelnuovo’s theorem (see [Be, Theorem X.4]) says
that if S is of general type, then x(&s) > 0.

ExXAMPLE 5.2.7. The proof in the case wyx is ample.

Applications to families of varieties over abelian varieties. We extract some
hyperbolicity-type consequence of the main result, following | |. First, an immediate
consequence of Theorem 5.2.1 is the following;:

COROLLARY 5.2.8. If f: X — A is a smooth morphism from a smooth complex
projective variety onto an abelian variety, then

dim A < dim X — x(X).
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In particular, there are no nontrivial smooth morphisms from a variety of general type to
an abelian variety.

PROOF. Since f is smooth, Z(f*w) is empty for every nonzero w € H'(A,QY). The
inequality then follows from Theorem 5.2.1, since f* is injective. 0

REMARK 5.2.9. The last statement in the Corollary was proved by Viehweg and
Zuo | | when the base is an elliptic curve, and is implicit in Hacon and Kovéacs [HK]
in general.

Combined with the strong subadditivity of Kodaira dimension, Corollary 5.2.8 pro-
vides an interesting application to families parametrized by abelian varieties. This should
be compared to the well-known fact that there do not exist smooth non-isotrivial families
of curves of genus at least 2 parametrized by elliptic curves.

COROLLARY 5.2.10. If f: X — A is a smooth morphism onto an abelian variety,
and if all fibers of f are of general type, then f is birationally isotrivial.

PRrROOF. We have to show that X becomes birational to a product after a generically
finite base-change; it suffices to prove that Var(f) = 0, in Viehweg’s terminology. Since
the fibers of f are of general type, we know from the main result of | | (the proof of
Viehweg’s C,f conjecture when the fibers are of general type) that

K(F) + Var(f) < k(X).
On the other hand, x(X) < dim F' by Corollary 5.2.8, and so we are done. O

REMARK 5.2.11. Earlier versions of this result go back to Migliorini [Mi] (for smooth
families of minimal surfaces of general type over an elliptic curve), Kovécs | | (for
smooth families of minimal varieties of general type over an elliptic curve), and Viehweg-
Zuo | ] (for smooth families of varieties of general type over an elliptic curve). Over
a base of arbitrary dimension, Kovécs | | and Zhang [Zh] showed that if the fibers
have ample canonical bundle, then the morphism f must actually be isotrivial.

A more general version, and the proof. We finally focus on the proof of the main
result. Every holomorphic 1-form on X is the pullback of a holomorphic 1-form from
the Albanese variety Alb(X), so it is natural to consider more generally an arbitrary
morphism from X to an abelian variety, and to ask under what conditions the pullback
of a holomorphic 1-form must have a zero at some point of X. The following result in
this direction implies Theorem 5.2.1.

THEOREM 5.2.12. Let X be a smooth complex projective variety, and let f: X — A
be a morphism to an abelian variety. If H° (X, wg™ ®f*L_1) # 0 for some integer m > 1
and some ample line bundle L on A, then Z(w) is nonempty for every w in the image of
f* H°(A,QY) — HY(X, Q).

REMARK 5.2.13. The condition in the theorem is equivalent to asking that, up to
birational equivalence, the morphism f should factor through the Iitaka fibration of X.
(See e.g. [Mo, Proposition 1.14].)
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We first show how Theorem 5.2.12 implies the main result at the beginning of this
section.

PRrROOF OF “THEOREM 5.2.12 = THEOREM 5.2.1”7. The statement of Theorem
5.2.1 is vacuous when x(X) = —oo, and so we shall assume from now on that x(X) > 0.

Let u: X’ — X be a birational modification of X, such that g: X’ — Z is a smooth
model for the litaka fibration. The general fiber of g is then a smooth projective variety
of dimension 6(X) = dim X — k(X) and Kodaira dimension zero, and therefore maps
surjectively to its own Albanese variety | , Theorem 1]. By a standard argument
[ , Proof of Theorem 13], the image in Alb(X) of every fiber of g must be a translate
of a single abelian variety. Letting A denote the quotient of Alb(X') by this abelian variety,
we obtain dim A > dim H°(X, Q%) — §(X), and the following commutative diagram:

) (L'

-

By construction, Z dominates f(X), and so we conclude from Theorem 5.2.12 that all
holomorphic 1-forms in the image of f*: H°(A, QL) — H°(X, QL) have a nonempty zero
locus. Since this subspace has codimension at most §(X) in the space of all holomorphic
1-forms, we see that Theorem 5.2.1 holds. 0

We are left with proving the main technical result. The proof goes along the general
lines of the original proof in | ], but with a simplification due to C. Schnell and C.
Wei that appears in [Wei].?

PROOF OF THEOREM 5.2.12. Let’s first translate what we want to prove into the
terminology of §5.1. Since the cotangent bundle of A is trivial, i.e. T*A = A x V| with
V = H°(A,QY), diagram (5.1.1) becomes

X« xxVv -2 X
(5.2.1) lf lfxid
A AxV 2oV

By definition a pair (z,w) € X x V belongs to df ~1(0) if and only if f*w vanishes at z.
It follows that the conclusion of our theorem is equivalent to the fact that the locus of
singular cotangent vectors Sy = (f xid)(df~'(0)) € A x V projects onto the whole of V.
In other words, our final goal is to show that

p2(Sy) = V.
To this end, we begin by performing the following reduction:

2Roughly speaking, the use of generic vanishing theory for mixed Hodge modules on abelian varieties
is replaced by an application of the standard Saito vanishing theorem, in the guise of Corollary 4.5.8.
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Claim: We can assume that there is an ample line bundle L and an integer m > 1 such
that

HY(X, (wx @ fFL7H)*™) £ 0.
Recall that the original assumption is that
HY (X, W ® f*L7') #0
for a choice of such data. Consider now the fiber product

X Yy x

s

Ay A
where g, A — A is multiplication by 2m. It is well known (see [?]) that

Pyl = L
for some ample line bundle L’ on A. On the other hand, since 1 is étale as well, we have
P *wyx ~ wxs, and therefore we obtain the isomorphism
VR ® FLT = (wx @ LT

Using the projection formula, this implies that the line bundle on the right hand side has
nontrivial sections as well. Moreover, it suffices to prove the conclusion of the theorem

for the morphism f’: X’ — A, since we have the formula Z(¢*w) = ¢~(Z(w)) for any
global 1-form w on X, as 1 is étale. This concludes the proof of the Claim.

From now on we can therefore assume that there is a nontrivial section
0#seH (X, (wy® fFL7H™),

and we take m to be the smallest positive integer for which such a section exists. We now
consider the cyclic cover w: X, — X of degree m, branched along the divisor D = Z(s);
see [V, 8§3], [La, §4.1.B] for details. Since m is minimal, X,, is irreducible. We also
consider a resolution of singularities u: Y — X,,,, which can be taken to be an isomorphism
over the complement of preimage of D. We define ¢ = m o and h = f o ¢, so that we
have the following commutative diagram:

Y—>X 75 X

(5.2.2) \% l

The reason for this construction is that the pullback ¢*(wx ® f*L~') now has a non-trivial
section (corresponding to taking the “m-th root” of 7*D on X,,). In other words, we have
a non-trivial (injective) morphism

(5.2.3) L — p*wx.

Note that we tautologically also have morphisms

(5.2.4) 0k — QF
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for every k > 0.

After these preliminaries, we are ready to introduce the main construction. We
consider the pushforward of the trivial Hodge module Q#[d] via h. The underlying filtered
right Z-module is (wy, F'); by Saito’s stability and decomposition result, Theorem 4.3.7,
we have

hi(wy, F) ~ @(Hther, F)[—1]
and each (H'h,wy, F') underlies a pure Hodge module on A. We define
<M7F) = (H0h+wY>F)7
with the associated graded A4-module ¥, = grf” M, corresponding to the coherent sheaf
G =gr Mon AxV.

From Example 5.1.3 we know that Supp(¥¢) C Sj,. Note however that our goal is
to prove something about S, and in general S;, may be much larger than Sy due to the
singularities of the original section s. In order to remedy this, the plan for the rest of the
proof is as follows: we will construct a graded submodule

FeCY L
with the following two properties for the corresponding sheaf . % on A x V.
(1) Supp(#) C S.
Let’s first assume that this has been accomplished, and see how it finishes the proof
of the Theorem. The inclusion .# C 4 ® p;*L~! leads via pushforward to the inclusion
P2 F C po (4 @p"L7Y).

We are aiming to show that p,(Sy) = V; if this were not the case, then by (1) and (2)
above po,.# would be a nontrivial torsion sheaf on V. On the other hand, py, (9 ®@p;*L 1)
is a torsion-free sheaf by Corollary 4.5.8, which leads to a contradiction.

We are left with constructing a graded submodule .%, as above. The complex
Cya: WAge = Qx @ Apers = = Q' @R Apera1 = wx @ W Asesra

defined as in section §5.1 (with respect to the morphism h: Y — A) corresponds after
forgetting the grading to a complex of sheaves C'xy on Y x V. There is also a similar
complex C'x on X x V defined with respect to the morphism f: X — A. Using the
mappings in (5.2.4) we see that on Y x V there is a natural morphism of complexes

(QD X ld)*CX — Oy.

On the other hand, the (dual of the) nontrivial map in (5.2.3) induces by tensoring with
(p x id)*Cx a morphism

(¢ x id)*Cx @ p*pr*wy’ — (¢ x id)*Cx @ h*p "L,
which composed with the one above gives a morphism of complexes

@*pl*w;(l ® (¢ xid)*Cx — Cy @ h*p* L™
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After applying R°(f x id), this finally leads to a morphism
®: RU(f xid).(pifwy' @ Cx) — G @ pi L,
where on the right hand side we used Corollary 5.1.5. We define
F :=Im(P)
and accordingly %, = p1, %
We need to check that the required properties (1) and (2) above are satisfied. Note
first that we have a surjection
R(f xid).(pr'wy' @ Cx) —»
and we know that Supp(Cx) = df ~*(0); see Lemma 5.1.4. Therefore
Supp(F) € (f x id) (df ' (0)) =
which proves (1).
For (2) it suffices to show that
HO(V,py, F) ~ HY A X V,.7) ~ H (A, p,,.F @HO T

is non-zero. We focus on the lowest possible non-zero graded term, which is .%_; since
4. = 0 for k < —d by Example 5.1.7. We have seen in the same example that CX,,d = wx
and 4_; = h,wy, and therefore

9—d =Im [f*ﬁx — h*wy & L_l} .

Now the composition of the morphism in the parenthesis with the inclusion &4 — f.0x
is a nontrivial morphism, since it corresponds via adjunction (and tensoring with h*L to
the nontrivial composition

h'L — p*'wx — wy
arising from (5.2.3) and (5.2.4). This shows that H°(A, #_4) # 0, showing (2), and thus
concluding the proof of the theorem. O

5.3. Families of varieties of general type

TO BE ADDED.






CHAPTER 6

Localization and Hodge ideals

This chapter focuses on what is in some sense an extended example, namely the
Z-module Ox(xD) obtained by localizing along a hypersurface D, where many of the
definitions and techniques in the previous sections can be seen in action. What is currently
written is based mainly on material from | |; more material will be added.

6.1. Definition and basic properties

Throughout this section X is a smooth complex variety of dimension n and D is
a reduced effective divisor on X. Recall that to this data we can associate the left Px-
module of functions with poles along D,

Ox(+D) = | J x(kD),

k>0

i.e. the localization of Oy along D. If f is a local defining equation for D, then this is
o X[%], with the obvious action of differential operators. The associated right Zx-module

is denoted wyx (xD).

This Zx-module underlies the mixed Hodge module 5,QH [n], where U = X \ D
and j : U < X is the inclusion map. It therefore comes with an attached Hodge filtration
F,Ox(+D), where k > 0. Hence (ﬂx(*D), F') is aregular and quasi-unipotent filtered Zx-
module extending the trivial filtered Zy-module (O, F). We will analyze this filtration
by using a combination of Z-module theory and birational geometry techniques.

EXAMPLE 6.1.1 (Simple normal crossings case). Let’s first note that the filtration
F.Ox(xD) is well-understood when D is a simple normal crossing divisor. Indeed, we
saw in Example 4.4.10, as part of the general construction of push-forward via an open
embedding, that

Note that the quotient rule for differentiation shows that Fj,0x (D) C Ox ((k+1)D) for
all £ > 0, and it is not hard to see that this is an equality when D is smooth.

The fact that the filtration F' has to look like this is a consequence of the property
of being regular and quasi-unipotent along D. Indeed, in the case of Ox (xD) the formula
in Remark 4.1.8 applies in order to recover F' from its restriction to U using the V-
filtration. Let’s verify this in the case when D is smooth, where we have written down
the V-filtration along D in Example 3.1.4(4), hence we know that V'O (xD) = Ox (D).

123
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Thus by (4.1.2) we have

FyOx(+D) =Y " 0;- (0x(D) N j.FieiOy) = > 0; - Ox(D) = Ox((k+1)D),

120

confirming the discussion above.

For arbitrary D, note first that there is a more obvious filtration on Ox (xD), namely
the pole order filtration, whose nonzero terms are taken by convention to be

This filtration is in general too coarse to be of much use; it is not even a good filtration
when D is not smooth. We will see however that it is very useful to measure the Hodge
filtration against it, and indeed what we saw in Example 6.1.1 holds in general, as was
first noted in [Sa3, Proposition 0.9]:

LEMMA 6.1.2. For every k > 0, we have an inclusion

PRrROOF. Denote by V' C X the open subset in which D is smooth; since D is reduced,
the complement X ~ V' has codimension at least 2 in X. By the discussion above, we

have
FOx(+D)y ~ Ox ((k + 1)D)|V,

and therefore
FyOx(xD) C j.(ExOx(xD)v) ~ j.(Ox ((k + 1)D)|v) ~ Ox((k+1)D).

Indeed, because of the high codimension of X ~ V, the last isomorphism holds since
Ox((k+ 1)D) is a line bundle, while the first inclusion holds since F},0x (D) is torsion-
free (being a subsheaf of Ox(xD), which is clearly a torsion-free &'x-module). O

We will also see an alternative proof of this Lemma that uses resolution of singular-
ities below.

DEFINITION 6.1.3 (Hodge ideals). Given the inclusion in Lemma 6.1.2, for each
k > 0 we define the coherent ideal sheaf I;(D) on X by the formula

E,Ox(xD) = Ox((k+1)D) ® I;(D).
We call Ii(D) the k-th Hodge ideal of D.

In what follows we will analyze these ideals by making use of log resolutions and
filtered push-forward for Z-modules underlying Hodge modules.



6.1. DEFINITION AND BASIC PROPERTIES 125

Simple normal crossings case. Example 6.1.1 tells us that when D is a simple normal
crossing divisor, the ideals I},(D) are given by the following expression:'

(6.1.1) Ii(D) = (Fr9x - Ox(D)) @ Ox(—(k+1)D) for all k> 0.
Note that in particular Io(D) = Ox. We can in fact completely describe a set of
generators for all of these ideals in local coordinates.

PROPOSITION 6.1.4. Suppose that around a point p € X we have coordinates x4, . .., T,
such that D is defined by (z1---x. = 0). Then, for every k > 0, the ideal I(D) is gen-
erated around p by

{m(lll..'x?T|0§ai§k72ai:k<7’—1)}.

In particular, if r = 1 (that is, when D is smooth), we have I;,(D) = Ox and if r = 2,
then Iy (D) = (z1,z9)".

PROOF. It is clear that FyPx - Ox(D) is generated as an &x-module by

bi>1, ) bi=r+k}

{ajl_bl e :L‘;b”'

According to (6.1.1), the expression for I}(D) now follows by multiplying these generators
by (21 ---x,)*. The assertions in the special cases r = 1 and r = 2 are clear. U

For convenience, let’s record separately the case r = 1 in the Proposition above.
COROLLARY 6.1.5. If D is a smooth divisor, then I;,(D) = Ox for all k > 0.

REMARK 6.1.6. This is of course another way of saying what we already know: if
D is smooth, the Hodge filtration coincides with the pole order filtration. It turns out
that the converse of this statement holds as well, but this requires some serious work; see
[ , Theorem A].

The general case. When D is arbitrary, we consider a log resolution f: Y — X of the
pair (X, D) which is an isomorphism over U = X \ D, and let E = (f*D);eq, an SNC
divisor.

LEMMA 6.1.7. There is a natural isomorphism
frwy(*E) ~ HOf wy (*E) ~ wx (xD).
PROOF. Let V =Y \ E = f~}(U), and denote by jy and jy the inclusions of U and

V into X and Y respectively. Note that jy,wy ~ wx(xD) and jy wy ~ wy(*£). The
result then follows from the fact that j; = f o jy. U

We will see below that one can also define Hodge ideals directly using log resolutions, without
appealing to the theory of Hodge modules, in which case we would need to take this as the definition.
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This isomorphism continues to hold at the level of the filtered Z-modules underlying
the respective Hodge modules, i.e.

(6.1.2) fi(wy (xE), F) ~ (wx(xD), F),

where the filtered push-forward on the left hand side is given by the construction described
in Section 1.5. Since

Jrwy (*E) ~ Rf, (wy (+E) @%% Dy x),

L
the first step is to consider a convenient (filtered) representative for wy (*E) ®g, Py x.

It turns out that this last object is supported only in degree zero; even though
not entirely necessarily, let’s go one step further and provide a precise description. First,
recall that since Zy_, x is a left Zy-module, we have a canonical morphism of (%y, f~'O)
bimodules

©: Dy —> f*.@X
that maps 1 to 1, and is clearly an isomorphism over V =Y \ E. Since %y is torsion-free,
we conclude that ¢ is injective, with cokernel supported on E. For each k, we also have
induced inclusions Fy %y — f*F,Yx.

ProPOSITION 6.1.8. The canonical morphism

L
wy(*E) — u}y<*E) 7 Dy _x

induced by @ in the derived category of right f~1O0x-modules is an isomorphism.

The proof we give below is inspired in part by arguments in [ , §5.2].
LEMMA 6.1.9. The induced morphism
Id® ¢: Oy (xE) ®g, Dy — Oy(*xE) Qg [*Dx

18 an isomorphism.

PRrOOF. It suffices to show that the induced mappings
ﬁy(*E) ®ﬁy Fkgy — ﬁy(*E) ®ﬁy f*Fk@X

are all isomorphisms for £ > 0. But this follows immediately from Lemma 6.1.10 below
(note that since Oy (xE) is flat over Oy, these maps are injective). O

In the proof above we used the following well-known observation; see | , Lemma
5.2.7].

LEMMA 6.1.10. If .7 is a coherent Ox (xD)-module supported on D, then . = 0.

Let us now use the notation
@y(*E) = ﬁy(*E) ®ﬁy gy.

This is a sheaf of rings, and one can identify it with the subalgebra of Endc(ﬁy(*E))
generated by %y and Oy (xE). Note that since Oy (xF) is a flat Oy-module, we have

L
Dy (xE) ~ Oy (*E) ®g, Py. A basic fact is the following:
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LEMMA 6.1.11. The canonical morphism

L
.@y(*E) — gy(*E) ®_@y .@yHX

induced by ¢ is an isomorphism.

L
PROOF. Via the isomorphism %y (xE) ~ Oy (xE) ®g, Py, the morphism in the state-
ment gets identified to the morphism
L L L L
(6.1.3) Oy (*E) ®p, Dy — Oy (xE) @py, Dy Qay Dvx = Oy(xE) ®o, [*Dx

induced by ¢. Moreover, since Oy (xF) is a flat Oy-module, the morphism (6.1.3) gets
identified with the isomorphism in Lemma 6.1.9. U

PROOF OF PROPOSITION 6.1.8. Via the right Z-module structure on wy, we have
that wy (xE) has a natural right %y (xF)-module structure. The morphism in the propo-
sition gets identified with the morphism

L L L
wy (*E) @gy x5y Dy (xE) — wy (*E) gy (+5) Dy (xE) @ay Dy x

L
induced by . In turn, this is obtained by applying wy (xE) @4, gy — to the isomorphism
in Lemma 6.1.11, hence it is an isomorphism. 0

Propositions 1.4.14 and 6.1.8 then have the following immediate consequence:
COROLLARY 6.1.12. On'Y there is a filtered complex of right f=*Px-modules
0— f*Dx — Oy (log E) @p, [*Dx — -
o= QT log BE) @4, f*Px — wy(E) Qay [*Dx — wy(xE) @gy Dy x — 0

which is exact (though not necessarily filtered exact).

ProOF. It follows from Proposition 1.4.14 that the complex
0= f*Dx = W (ogE)®g, f*Dx — - — wy(E) ®g, f[*Px =0

L
represents the object wy (xF) ®g, Py _,x in the derived category, hence Proposition 6.1.8
implies the exactness of the entire complex in the statement. 0

REMARK 6.1.13. It may be helpful to make some first comments on the filtration
on the resolved object as well. On the tensor product wy (xE) ® ¢, Py_,x we consider the
tensor product filtration, that is,

F}, (wy(*E) Xy gyﬁx) =

= Im @ Ewy(*E) Koy f*Fk—i@X — wy(*E) 7 @y_»( ,
i>—-n
where the map in the parenthesis is the natural map between the tensor product over Oy
and that over %y .
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LEMMA 6.1.14. The definition above simplifies to
F, (wy(*E) g7 9}/_))() =Im [wy(E) Koy f*Fk+n-@X — OJy(*E) g7 .@Y—)X}.

PRrROOF. Fix i > —n and recall that Fjwy (xE) = wy (E) - F;1,%y. The factor F,,, %y
can be moved over the tensor product once we pass to the image in the tensor product
over %y, and moreover we have an inclusion

FiinDy - f Fy_i9x C [ FrnDx.

Therefore inside wy (xF) ®g, Py, x, the image of Fiwy (xE) ®g, f*Fr_;Px is contained
in the image of wy (E) ®g, f*Frin%x. dJ

With these preparations in place, let’s go back to understanding Hodge ideals via
the isomorphism 6.1.2. We denote by A® the complex of induced f~!%Zx-modules

0= f*Zx = W(ogE)®p, [*Dx — - — wy(E) g, [*Px =0

appearing in Corollary 6.1.12, placed in degrees —n, ...,0. Just as in Proposition 1.4.14,
it is filtered by the subcomplexes of A® given by

Crn=FinA®: 0= ffE_nPx = W (log E) ®p, [*Foop1Px — -+
R Q?l(log E) ®ﬁy f*Fk,1@X — wy(E) ®ﬁy f*Fk.@X — 0
for £ > 0. (This time however these subcomplexes are not necessarily exact.)

In the language of Section 1.5, we have found a representative for

L
wy (*E) @9y Dyx 2wy (xE) @9y Dy x

in the derived category of induced right f~!'%x-modules, with filtration induced from
the corresponding filtration on the complex of induced right Zy-modules representing
wy (*F). In other words, we have

DRy, x ((wy (*E), F)) = (A*, F).
To obtain f,(wy(xE), F), it now suffices to apply the functor
Rf.: D(FM(f'%x)) — D(FM(%x)),

also defined in Section 1.5. Moreover, since this comes underlies a push-forward in the
category of mixed Hodge modules, we have that f,(wy(xFE), F) is strict. This finally
provides the following birational interpretation of Hodge ideals:

PRrROPOSITION 6.1.15. With the notation above, for each k > 0, we have
wx ((k+1)D) @ I;(D) = R°f.Cr_,.

PRroOF. The discussion above, plus Lemma 6.1.7 combined with Corollary 1.5.5 and
the subsequent discussion then, gives

(6.1.4) Fynwx (*D) = F_yH’ frwy (+E) ~ Im [R°f.Cy_, — R f.A%],

where the map of Ox-modules in the parenthesis is induced by the inclusion Cy_, — A°.
On the other hand, the strictness of f, (wy (*F), F') means that the map in the parenthesis
is injective; see §1.6. O
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REMARK 6.1.16. The formula in Proposition 6.1.15, more precisely (6.1.4), can be
alternatively taken as a definition of the Hodge ideals I(D) using log resolutions, without
appealing to the theory of mixed Hodge modules. In this approach however, one has to
prove that the definition is independent of the choice of log resolution, which can be done
using a Nakano-type local vanishing theorem; see | , Theorem 11.1]. We also need to
have the analogue of Lemma 6.1.2, namely

R°f.Cr_, Cwx((k+1)D),

and this is seen in a similar fashion as follows: since D is reduced, we can find an open
subset V' C X with the property that codim(X ~\ V,;X) > 2 the induced morphism
f~YV) — V is an isomorphism, and D]y is a smooth (possibly disconnected) divisor.
Let j: V < X be the inclusion. By assumption, on f~}(V) we have Zy_,x = Zy. From
Proposition 1.4.14, on V' we obtain

R f.Ch_, =wx((k+1)D).

Now RUf,Cs_ is torsion-free, being a subsheaf of wx (xD), and so the following canonical
map is injective:

Rf.Ch_, = (R F.Co_lv) = ju(wx ((k+1)D)|v) = wx ((k +1)D).

Chain of inclusions. From the filtration property

Fr 10x(xD) C F.Ox(xD)
it follows immediately that

Ir1(D) - Ox(=D) € It(D)

for each k > 1. However, the Hodge ideals also satisfy another natural but more subtle
sequence of inclusions.

PROPOSITION 6.1.17. For every reduced effective divisor D on the smooth variety
X, and for every k > 1, we have

I(D) C I_1(D).

PROOF. Consider the canonical inclusion
L: Ox — Ox(xD)

of filtered left Zx-modules that underlie mixed Hodge modules. Since the category
MHM(X) of mixed Hodge modules on X is abelian, the cokernel M of ¢ underlies a
mixed Hodge module on X too, and it is clear that M has support D. Since morphisms
between Hodge Z-modules preserve the filtrations and are strict, for each k£ > 0 we have
a short exact sequence

0 — F,Ox — F,Ox(xD) — F;M — 0.

Recall now that F,0x = Ox for all k > 0. On the other hand, if f is a local equation of
D, then by Proposition 4.1.7 we have

f . Fk./\/l Q Fk_l./\/l.



130 6. LOCALIZATION AND HODGE IDEALS
It then follows that f - FpOx(xD) C F,_10x(xD) as well, which implies the assertion by
the definition of Hodge ideals. 0

Computations for k£ = 0,1. The first in the sequence of Hodge ideals can be identified
with a multiplier ideal; for the general theory of multiplier ideals see [La, Ch.9] or §2.6
above.

PROPOSITION 6.1.18. We have
I(D) = J(X,(1 - 2)D),
the multiplier ideal associated to the Q-divisor (1 —e)D on X, for any 0 < ¢ < 1.

PROOF. Note that C*, = wy (F), hence
F_wx (D) = fuwy(E) ~ fiO0y(Ky)x + E — f*D) @ wx(D).
Therefore the statement to be proved is that
[0y (Ky)x + E— [*D) = j(X, (1-— €>D).
On the other hand, the right-hand side is by definition
[0y (Ky;x = [(1—2)f*D]) = f.Oy (Ky;x + (f*D)rea — [*D),
which implies the desired equality. U

The following is an immediate consequence of this interpretation; see Exercise 2.6.13.

COROLLARY 6.1.19. We have Iy(D) = Ox if and only if the pair (X, D) is log-
canonical.

We now move to a description of the case k = 1. We begin by noting the following
fact about the complex C}_,,.

LEMMA 6.1.20. The morphism
Q?,_l(log E) — wy(F) ®e, [fTF19x
18 1njective.
PrOOF. Note that we have a commutative diagram

Q1 (log B) . wy (E) g, F1 Dy

v b

Qv log B) —*— wy (F) Qe [*F1Px,

in which ~y is the canonical inclusion. Since ( is injective by (the proof of) Proposition
1.4.14, it follows that « is injective, too. 0
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Denoting by .#; the cokernel of the map in the Lemma above, we therefore have a
short exact sequence
(6.1.5) 0— Q' (logE) = wy(E)® ffF9x — %1 — 0,
hence in particular .#; is quasi-isomorphic to the complex C7_, , and we have
wx(2D) ® I1(D) ~ f.Z.
COROLLARY 6.1.21. There is a four-term exact sequence

0= £.0L(log E) = wx(D) ® Io(D) ® F1 Zx 5 wx(2D) ® L,(D) — R*£.0 (log E) — 0,

where the image of the map 1 corresponds to the image of the natural filtered Px-module
map
F,an(*D) . Fl-@X - Flfan(*D).

PRrROOF. The exact sequence is obtained by pushing forward the short exact sequence
(6.1.5). The zero on the right comes from applying the projection formula, and using the
fact that

R'fuwy(E) =0 forall i> 0.

This follows from the Local Vanishing theorem for multiplier ideals; see also Corollary
6.1.28(2) below and the Remark thereafter. O

The Corollary above shows the main obstruction to a having an easy calculation
of I;(D) once we have good understanding of the multiplier ideal Iy(D), namely the
appearance of the higher direct image R'f,Q} '(log E). In general this sheaf does not
vanish, and is not straightforward to compute. (Similar phenomena occur for the higher
Hodge ideals I(D).) Let’s analyze this a little bit better, in order to give some examples.

DEFINITION 6.1.22. We define the ideal sheaf J;(D) C Ox by the formula
(wx(D) @ Iy(D)) - F19x = wx(2D) ® Ji(D).

The left hand side in the formula is the image of the morphism ¢ in Corollary 6.1.21, and
therefore we have J;(D) C I,(D).

The discussion above leads therefore to

LEMMA 6.1.23. We have J,(D) = I,(D) if and only if R*f.Q% *(log E) = 0.

It turns out that everything is fine in dimension two:

PROPOSITION 6.1.24. Assuming that X is a surface, we have
R'f.Qy(log E) =0
for every reduced divisor D on X, and therefore J,(D) = I;(D).

PROOF. We write E = D + F, where D is the strict transform of D and F is the
reduced exceptional divisor. We consider the residue short exact sequence for forms with
log poles (reference):

0 — Qy(log F) — Q3 (log E) — O5(F|5) — 0.
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Now on one hand all fibers of D — D have dimension 0, and therefore
R'f.05(F|5) = 0.
On the other hand, we also have R!f,Q} (log F) = 0, and therefore we are done; indeed,
this is a special case of a general result (see | , Theorem 31.1(ii)]) stating that in
arbitrary dimension n if f: Y — X is a birational morphism with exceptional divisor F,
then
R .05 (log F) = 0.
O
EXERCISE 6.1.25. Show directly the vanishing R!'f,Q) (log F') = 0 in the proof

above, in the case of a surface. (Hint: consider a resolution obtained as a composition of
blow-ups of points, and use the residue exact sequence.)

The Proposition above implies that on surfaces we can always compute I;(D) once
Iy(D) is understood. Here are some concrete calculations:

EXAMPLE 6.1.26. o If D = (xy = 0) C C? is a node, then I}(D) = (z,y)"* for all
k> 0.

o If D= (22 +y>=0) C C?is a cusp, then Iy(D) = (z,y) and I,(D) = (22, zy, y*).
o If D = (zy(x+y) = 0) C C?is a triple point, then Iy(D) = (z,y), while I;(D) = (z,y)>.

Note how I, distinguishes between singularities for which [ is the same. This is
one of the ways in which Hodge ideals become important in applications.

In higher dimension the vanishing of R' £, '(log E) = 0 does not necessarily hold
any more, and therefore I;(D) (and the higher Hodge ideals) are usually much harder to
compute.

EXAMPLE 6.1.27. Let D be the cone in X = A3 over a smooth plane curve of degree
d, and let f: Y — X be the log resolution obtained by blowing up the origin. The claim
is that if d > 3 = dim X, then

R'£.Q%(log E) # 0.

Indeed, we have E = D+ F , where F is the exceptional divisor of f, and so on Y there
is a residue-type short exact sequence

0 — Q5 (log F) — Q3 (log E) — Q5 (log F) — 0.
If we had
(6.1.6) H?*(Y, Q5 (log F)) =0,
it would follow from the long exact sequence associated to the above sequence that it is
enough to show that _
H'(D,Q5(log Fj)) # 0.
Consider however the residue short exact sequence on D:

0— Qy — Qi(log F) — O, — 0.
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Since the fibers of f|z are at most one-dimensional, we have R? f*Qlﬁ = 0, and so it suffices
to check that

R'f.Or, ~ H'(F5,0r,) #0.
But F'5 is isomorphic to the original plane curve of degree d > 3, so this is clear. Therefore
it is enough to prove (6.1.6).

The short exact sequence
0 — Op(—F) — Oy |p — Qp — 0
induces for every m > 0 a short exact sequence
0= 0@ 0p(—(m+1DF) = B |r® Op(—mF) = wp @ Op(—mF) — 0.
Since F' ~ P? and Op(—F) ~ Op2(1), it follows from the Euler exact sequence that
H*(F,Qp @ Op(—(m+1)F)) =0 forall m > 0.
We conclude that
H*(F,Q}|r) ~C and H*(F,Q5|r ® Op(—mF)) =0 for m > 1.

We now deduce from the exact sequence
0= 0 (—~(m+1)F) = Q3 (—mF) = QY |r ® Op(—mF) — 0
that for every m > 1 the map
H? (Y, Q3 (—(m + 1)F)) — H? (Y, Q%,(—mF))
is surjective. Since Oy (—F) is ample over X, we have
H*(Y, Q3 (—mF)) =0 forall m >0,
and therefore
H*(Y, Q5 (—mF)) =0 forall m> 1.
In particular, the long exact sequence in cohomology corresponding to
0= 0 (—F)— Q3 = O3 |p =0
gives an isomorphism
HA(Y, 02) = HA(Y, 9% |r) = C.
Finally, consider the exact sequence
0— 0 — Q3 (log F) — Qp — 0,
which induces
HY(F, Q) = HX (Y, Q%) — H*(Y, Q) (log F)) — H*(F,Qp) = 0.
The composition
C~ H'(F QL) — H*Y,Q0%) — H*(F, Q%) ~C

is given by cup-product with ¢;(OFr(F)), hence it is nonzero. Therefore « is surjective,
which implies (6.1.6).
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Strictness and local vanishing. We should also note that the strictness of f (wy (xE), F)
has an interesting and useful consequence beyond the injectivity of the map

Rf.Cr_ — RYf,A® = wx(xD),
used above.

COROLLARY 6.1.28 (Local vanishing for Hodge ideals). For every k > 0 and
1 # 0 we have

R'f.Cy  =0.

PROOF. Since A® represents wy (*F) ®g, Py _x, we have R'f,A* = 0 for all i # 0
by Lemma 6.1.7. On the other hand, the strictness property (1.6.1) of the filtration on
frwy (xE) implies that R'f,Cp_ injects in R'f,A®. O

The case k = 0 of the Corollary is a special case of the well-known Local Vanishing
for multiplier ideals (see [La, Theorem 9.4.1]), a consequence of the Kawamata-Viehweg
vanishing theorem; in this case C*,, = wy(F), and the result says that R'f.wy(F) = 0
for all 7+ > 0, which according to the proof of Proposition 6.1.18 can be reinterpreted as

R f.0y(Ky;x — |(1—¢)f*D]) =0 for i> 0.
The interesting fact is that the result of the Corollary for arbitrary k£ leads to a
natural Nakano-type extension of this local vanishing theorem:

THEOREM 6.1.29. Let X be a smooth variety of dimension n, and D an effective

divisor on X. If f:Y — X is a log resolution of (X, D) which is an isomorphism over
XN D, and E = (f*D)yeq, then

RPfQ(logE)=0 if p+q>n=dmX.
PROOF. We proceed by descending induction on p; the case p > n is trivial. Suppose
now that p < n and ¢ > n —p. We may thus apply Corollary 6.1.28 to deduce that if
C*=C*, [p—n
(so that here k = n — p), then
(6.1.7) RIf,C*=0 for j>n—p.
Note that by definition, we have
C'= Q" (log E) ®¢, f*F;Px for 0<i<n-—p.

Consider the spectral sequence

EY = RIf,C" = R f,C°.
It follows from (6.1.7) that E%4 = 0. Now by the projection formula we have
(6.1.8) EY = RIf.O0% (log E) ®¢, F;Px.
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In particular, it follows from the inductive hypothesis that for every » > 1 we have
E7T =0, hence EX4~"+! = 0 as well. On the other hand, we clearly have ™9t~ =
0, since this is a first-quadrant spectral sequence. We thus conclude that

EY = EX forall r>1,
hence E? = E% = 0. Using (6.1.8) again, we conclude that
Rf.Q0 (log E) = 0.

O
This result was first proved by Saito [Sa6, Theorem |, along similar lines. A different
proof, more in line with those of standard vanishing theorems, was given in | , The-

orem 32.1].

6.2. Local properties

Will include proofs of the following results:

THEOREM 6.2.1. Let D be a reduced effective divisor on a smooth variety X, and
let W be an irreducible closed subset of codimension r, defined by the ideal sheaf Iy . If
m = multy (D), then for every k we have

I(D) C 153), where ¢ =min{m — 1, (k+ 1)m — r}.
Here ]I(,g) is the ¢ symbolic power of Iy, and 153) =0Ox if ¢ < 0.

EXAMPLE 6.2.2. We spell out what this criterion says when & =1 and W = {z} is
a single point. If m = mult, (D), then

n—+q
2

m2max{q+1, } = L(D) Cml.

Taking m > 2 and ensuring that ¢ > 1 in Theorem 6.2.1 gives:

COROLLARY 6.2.3. Let D be a reduced effective divisor on the smooth variety X. If
W is an irreducible closed subset of X of codimension v such that m = multy (D) > 2,

then
r+1—m

m

I.(D) C Iy, for all k>

In particular, if W C Dging, then

1
I.(D)C Iy for all k> TT

THEOREM 6.2.4. Let D be a reduced effective divisor on a smooth variety X of
dimension n, and let x € D be an ordinary singular point of multiplicity m > 2. Then

I(D), = Ox, = k< [ﬁ} ~ 1

m



136 6. LOCALIZATION AND HODGE IDEALS

REMARK 6.2.5. Corollary 6.2.3 implies that the nontriviality part of Theorem 6.2.4
holds for arbitrary singular points. Indeed, if x € D is a point of multiplicity m, the
corollary implies that I(D) becomes nontrivial at x when k > ”HT_’”, or equivalently

I(D), Cm, for k> [%] .

The last statement in Corollary 6.2.3 immediately implies the fact that the smooth-
ness of D is precisely characterized by the triviality of all Hodge ideals, or equivalently
by the equality between the Hodge and pole order filtrations.

COROLLARY 6.2.6. Let X be a smooth complex variety of dimension n, and D a
reduced effective divisor on X. Then the following are equivalent:

(1) D is smooth.

(2) the Hodge filtration and pole order filtration on Ox(xD) coincide.
(8) In(D) = Ox for all k > 0.

(4) I(D) = Ox for some k > 51

PrOOF. We know that if D is smooth, then Ix(D) = Ox for all k. On the other hand,
it follows from Corollary 6.2.3 that if D is singular, then I,,(D) # Ox for all k > 2. [0

6.3. Topological vanishing

In this section D continues to be a reduced effective divisor in the smooth n-
dimensional variety X, but we assume in addition that X is projective. It is often of
interest to understand the Hodge theory of the complement U = X ~ D, in particular to
study the Hodge filtration on H*(U, C). Saito showed that there is a close relationship
between this Hodge filtration and FpO0x(xD), or equivalently the ideals I(D); see for
instance [Sa3].

LEMMA 6.3.1 ([Sa3, 4.6(ii)]). For every integer i there is a natural morphism
pi: H'(X,DR(Ox(xD))) — H"*"(U,C),

which is a filtered isomorphism. Here the right hand side is endowed with Deligne’s
Hodge filtration, and the left hand side with Saito’s filtration given by the image of
Hi(X,F.DR(ﬁX(*D))).

The left-hand side in the isomorphism above is the cohomology

H'ax.(Ox(+D),F)

of the filtered direct image, where ay: X — pt. This filtration is strict, and we saw in
Example 1.6.3 that this is equivalent to the degeneration at E; of the Hodge-to-de Rham
spectral sequence

EP =HP*(X, grf DR(Ox(+D))) = H""(X,DR(COx(xD))).

As a consequence one obtains



6.4. VANISHING THEOREM FOR HODGE IDEALS 137

COROLLARY 6.3.2. For every integer k, the hypercohomology H (X, grfq DR(@’X(*D)))
is a subquotient of the singular cohomology H (U, C).

If we now assume in addition that D is an ample divisor, then U is an affine variety,
hence by the Andreotti-Frenkel theorem (see e.g. [La, Theorem 3.1.1]) we have that

H)(U,Z)=0 forall j>n.
We deduce:
COROLLARY 6.3.3. If D is ample, for every k € Z we have
H'(X,grj DR(Ox(xD))) =0 for all > 0.

For example, we have
grfn DR(ﬁx(*D)) ~wx ® FoﬁX<*D) = CUX(D) ® Io(D),

hence when D is ample this recovers a special case of the Nadel Vanishing, Theorem 4.5.4,
namely

(6.3.1) H'(X,wx(D)®Iy(D)) =0 forall i> 0.

6.4. Vanishing theorem for Hodge ideals

Multiplier ideals on smooth projective varieties satisfy the celebrated Nadel vanish-
ing theorem; see [La, Theorem 9.4.8]. Recall from Theorem 4.5.4, together with Propo-
sition 6.1.18, that for the ideal (D) this says that given any ample line bundle L, one
has

H'(X,wx(D)®L® (D)) =0 forall i>1.

General vanishing. We next obtain an analogous result for the entire sequence of
Hodge ideals I;(D). Things however necessarily get more complicated; in brief, in order
to have full vanishing, higher log-canonicity conditions and borderline Nakano vanishing
type properties need to be satisfied.

THEOREM 6.4.1. Let X be a smooth projective variety of dimension n, D a reduced
effective divisor, and L a line bundle on X. Fiz k > 1, and assume that the pair (X, D)
is (k — 1)-log-canonical, i.e. Iy_1(D) = Ox.> Then we have:

(1) If k < %, and L is a line bundle such that L(pD) is ample for all 0 < p < k, then
H'(X,wx((k+1)D) ® L ® I(D)) = 0
for all 1 > 2. Moreover,
H' (X, wx((k+1)D)® L® It(D)) =0
holds if HI (X, Q% @ L((k — j +1)D)) =0 for all 1 < j < k.

2Note that by Proposition 6.1.17 this is equivalent to Io(D) = I;(D) = --- = I;_1(D) = Ox.
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(2) If k > ™51 then D is smooth by Corollary 6.2.6, and so Iy(D) = Ox. In this
case, if L is a line bundle such that L(kD) is ample, then

H' (X, wx((k+1)D)® L) =0 for all i> 0.
(3) If D is ample, then (1) and (2) also hold with L = Ox.
PROOF. The statement for k > =1 i.e. part (2), is simply an application of Kodaira
vanishing. Indeed, D is smooth, and we have a short exact sequence
0 — wx ® L(kD) — wx @ L((k+ 1)D) — wp ® L(kD);p — 0.

Passing to cohomology, by assumption Kodaira vanishing applies to the two extremes,
which implies vanishing for the term in the middle.

We thus concentrate on the case k < 7, i.e. part (1). Note first that since I;,_;(D) =
O'x, we have a short exact sequence

0= wx @ L(kD) = wx ® L((k+1)D) ® I4(D) = wx ® L ® gry Ox(*D) — 0.

Passing to cohomology and using Kodaira vanishing, this implies immediately that the
vanishing statements we are aiming for are equivalent to the same vanishing statements
for

H'(X,wx ® L ®gry, Ox(xD)).

We now consider the complex
C* = (g’ . DR(Ox (D)) ® L)[—k].

Given the hypothesis on the ideals [,(D), this can be identified with a complex of the
form

Q% * @ L(D) — Q¥ "' ® L® 6p(2D) — - -
= '@ L® Op(kD) — wy ® L@ gry Ox(xD)]
concentrated in degrees 0 up to k. Theorem 4.5.1 implies that
(6.4.1) H/(X,C*)=0 forallj>k+1.
We use the spectral sequence
EY = HY(X,CP) = H'YY(X,C*).

The vanishing statements we are interested in are for the terms Ef " with i > 1. Note to
begin with that EX = 0 since C**! = 0. On the other hand,

BV = H(X, Qv ' ® L® 0p(kD)),
and so we have an exact sequence
H'(X,Q% ' ® L(kD)) — E{™"" — H™ (X, Q% ' ® L((k - 1)D)).
Now there are two cases:

(1) If i > 2, we deduce that Ef " = 0 by Nakano vanishing, and so Ef" = E}'.
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(2) If i = 1, using Nakano vanishing we obtain a surjective morphism
H'Y(X, Q%' @ L(kD)) — Ey "%
If the extra vanishing hypothesis on the term on the left holds, then we draw the

same conclusion as in (1).

We need to analyze in a similar way the terms E* with » > 2. On one hand, we always
have EFF7i=m+1 = () because of the length of the complex. On the other hand, we will show
that under our hypothesis we have Ef "1 = 0, from which we infer that E5—i+r=1 =
as well. Granting this, we obtain

Ef’ = Er—i—l'
Repeating this argument for each r, we finally obtain
Ey' = EY =0,
where the vanishing follows from (6.4.1), as i > 1.

We are thus left with proving that EX """ = 0. If r > k this is clear, since the
complex C'* starts in degree 0. If £ = r, we have

B = gL (X QR @ L(D)).

If i+ > 2 this is 0 by Nakano vanishing, while if 7+ = 1 it is 0 because of our hypothesis.
Finally, if £ > r + 1, we have

By = HYH(X, Q8T © L@ Op((k—r+1)D)),
which sits in an exact sequence
HY X, Q%" @ L((k —r +1)D)) — By 74—
— H™T (X, QY " @ L((k — T)D)).
We again have two cases:

(1) If i > 2, we deduce that Ef""*""! = 0 by Nakano vanishing.
(2) If i = 1, using Nakano vanishing we obtain a surjective morphism

H (X, Q%" ® L((k —r +1)D)) — By
and if the extra hypothesis on the term on the left holds, then we draw the same

conclusion as in (1).

The proof of (3) is identical, replacing the application of Theorem 4.5.1 by that of
Corollary 6.3.3. O

Vanishing on P" and toric varieties. Theorem 6.4.1 takes a nice form on toric
varieties, due to the fact that the extra condition on bundles of holomorphic forms is
automatically satisfied by the Bott-Danilov-Steenbrink vanishing theorem; this says that
for any ample line bundle A on a smooth projective toric variety X one has

H(X, % ®A)=0 forall j>0andi>0.
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COROLLARY 6.4.2. Let D be a reduced effective (k — 1)-log-canonical divisor on a
smooth projective toric variety X, and let L be a line bundle on X such that L(pD) is
ample for all0 < p < k. Then

Hi(X, wx((k+1)D)® L® [k(D)) =0 forall ¢>0.
If D is ample, the same holds with L = Ox.

REMARK 6.4.3. An even stronger vanishing theorem on toric varieties has been
recently proved by Y. Dutta. Will include.

On P™ however the situation is even better, since one can eliminate the log-canonicity
assumption as well. This is due to the existence, for any j > 1, of the Koszul resolution

(642) 0= @D Op(—n—1) = P Opr(—n) = -+ = @ Opn(—j — 1) = U — 0.

THEOREM 6.4.4. Let D be a reduced hypersurface of degree d in P™. If { > (k +
1)d —n —1, then '
H'(P", Opn(0) ® I(D)) =0 for all i> 1.

ProOOF. If D is (k—1)-log canonical, then this is a special example of Corollary 6.4.2.
To see that this condition is not needed, we have to return to the proof of Theorem 6.4.1,
and see what happens if we do not assume the triviality of the Hodge ideals up to I _1(D).

First, for each k > 1 we have a short exact sequence
0 — wpn @ Opn(kd) ®@ Ij—1(D) — wpn @ Opn((k+ 1)d) ® I(D) —
— wpn ® grt Opn(xD) — 0.
We can then proceed by induction: after twisting by any L = Op«(a) with a > 0, assuming
the vanishing in the statement for the term on the left, if we also have it for the term

on the right, we obtain it for the term in the middle. The process can indeed be started,
since for k = 1 vanishing for the term on the left is simply Nadel vanishing.

We therefore need to prove vanishing of the type
H'(P",wp» ® Opn(a) ® gry Opn(xD)) =0
for i > 0 and @ > 0. Note first that Saito vanishing applies in the exact same way as
in Theorem 6.4.1, in the form of vanishing for H’(P™, C*®) for j > k + 1. Without any
assumptions on the Hodge ideals however, the complex C*® now looks as follows:
[QpF @ Opn(d) @ In(D) — Q. @ gry Opn(xD) — -

s — O @ gry g Opn (D) — wpn ® gty Ox (xD)] ® Opn(a)
concentrated in degrees 0 up to k. We use the spectral sequence in the proof of Theorem
6.4.1, and recall that we are interes‘ged in the vanishing of the terms Ef . With 1 > 1.
Again, this term is isomorphic to E5" if we have vanishing for the term EF~ which by
definition sits in an exact sequence

H' (P", Q5. ® Opn(kd + a) ® I,_1(D)) — By —

— HTH (P, Q" ® Ope((k — 1)d +a) @ 2(D)).
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We claim that, using the inductive hypothesis, both extremal terms are equal to 0, which
gives what we want. For this we use the short exact sequence

0— &P Opr(—n—1) = P Opn(—n) — Q' — 0

given by the Koszul complex. It shows that to have the vanishing of the term on the left,
it is enough to have

H'(P", Opn(0) ® Iy_1(D)) =0 for all i>1,

with ¢ > kd —n — 1, i.e. exactly the inductive hypothesis for £ — 1. Similarly, it shows
that for the vanishing of the term on the right, it is enough to have

H'(P", Opn(0) ® Iy_2(D)) =0 for all i>1,
with £ > (k — 1)d —n — 1, i.e. the inductive hypothesis for k& — 2.

Now one needs to analyze the terms E®¢ with r > 2. Just as in the proof of Theorem
6.4.1, to show that they are all isomorphic to each other, which leads to the statement of
the theorem, it is enough to show that Ef “rHTE = 0 for all such 7. When 7 > k this is
clear, while when r = k£ we have

EOHE-L _ itk (X, Q% * ® Opn(d+a) ® Iy(D)).

We again use the Koszul complex (6.4.2) for j = n— k. This gives by a simple calculation
that it suffices to have

H(P", Opn(0) ® Io(D)) =0 forall i >0

and all £ > d —n — 1, which is Nadel vanishing. When r < k, just as before we have an
exact sequence

H P, Q" @ Opn((k — 7+ 1)d + a) ® Iy, (D)) — By "7+ —
— H*(P™, Q" @ Opn((k —r)d + a) @ Iy_,_1(D)).

A completely similar use of the Koszul complex (6.4.2), this time for 7 = n — r, together
with the inductive hypothesis, implies that Ef —rimrrl ), O

Vanishing on abelian varieties. On abelian varieties we can obtain stronger vanishing
statements than those in the previous sections. In this paragraph X will always be a
complex abelian variety of dimension g, and D a reduced effective ample divisor on X.

LEMMA 6.4.5. We have
H'(X,DR(Ox(xD)) ® C,) =0 for all i>0,

where C, denotes the rank one local system associated to any p € Char(X).

PROOF. Denote as always by j: U — X the inclusion, where U = X ~ D. If we
denote by P the perverse sheaf DR(Ox (xD)), then

P~ j.5"P.
The projection formula then gives
H'(X, DR(6x(xD)) © C,) ~ H'(U*(P © C,)) = 0
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for all ¢ > 0, where the last equality follows by Artin vanishing (see e.g. [Di, Corollary
5.2.18]) since U is affine. O

THEOREM 6.4.6. For all k > 0 the following are true, and equivalent:

(1) H(X,Ox((k+1)D) @ I(D) ® a) = 0 for all i > 0 and all a € Pic"(X).
(2) H'(X,grf Ox(*D) ®@ ) =0 for all i > 0 and all o € Pic’(X).

ProOF. We proceed by induction on k. In the case k = 0, the equivalence is obvious.
On the other hand, the result is true by Nadel vanishing, Theorem 4.5.4.

Now for any k& we have a short exact sequence
0 — Ox(kD)® I;_1(D)®@a — Ox((k+1)D)® [;(D) ® « —»
— grt Ox(xD) ® a — 0.

Assuming that the result holds for £ — 1, passing to cohomology gives the equivalence
between (1) and (2) for k.

We denote by C, the unitary rank one local system associated to a. Considering
the spectral sequence

EP =H*(X, gr” DR(Ox(xD)) ® o) = H"*(X,DR(0x(xD)) ® C,),
precisely as in the proof of Corollary 6.3.3 we obtain
H'(X, gr; DR(Ox (D)) ® a) =0
for all i > 0, all £, and all a € Pic’(X), by virtue of Lemma 6.4.5.
We use this with ¢ = —g + k. More precisely, we look at the complex
C* = (gr’, s DR(Ox (D)) ® o) [—k].
Given that Q% is trivial, this can be identified with a complex of the form
[@grg Ox(xD) @ a — @grf Ox(xD) @ o — -+ — gry. Ox(xD) @ o
concentrated in degrees 0 up to k. The vanishing above says that
H/(X,C*)=0 forallj>Fk+1.
We use the spectral sequence
EV = HY(X,CP) = HYY(X,C*).

Note that for ¢ > 1, Ef™"" = 0 since C**! = 0, while Ef"" = 0 by the inductive
hypothesis. It follows that ‘ .

EV o~ E5
Continuing this way, for any r > 2, we have that for E®' the outgoing term is 0 because
of the length of the complex, while the incoming term is 0 by induction. The conclusion
is that ' ‘

Bt~ BY
Since H*™(X,C*) = 0, we obtain that

EY' = H'(X,grf Ox(*D) ® @) = 0.



6.5. APPLICATIONS TO HYPERSURFACES IN P" 143

O

REMARK 6.4.7. A similar inductive argument as in Theorem 6.4.6 shows that when
D is arbitrary and L is an ample line bundle, one has

H'(X,0x((k+1)D) ® L® I;(D)) = 0,
and that this is equivalent to the statement
H'(X,grj Ox(xD)® L) =0,

both for all « > 0 and all k. However this last statement is already a special case of
[7PS, §2.3, Lemma 1].

6.5. Applications to hypersurfaces in P"

We use Theorem 6.4.4 to give a numerical criterion for the triviality of the ideals
I(D) when D is a hypersurface in projective space, or to impose restrictions on the
corresponding closed subschemes 7, C P". To put things in context, recall that the
log-canonical threshold of a hypersurface D of degree d with isolated singularities in P"
satisfies

let(D) > min {%, 1}

(see, for example, | , Corollary 3.6]). Consequently In(D) = Oy, i.e. the pair (X, D)
is log-canonical, when n + 1 > d. More generally, for an arbitrary hypersurface D C P,

a standard application of Nadel vanishing implies that if (X, D) is not log-canonical, then
dim Sing(D) > n —d + 1.

The next result generalizes this to I (D) with £ > 1. It also extends a result of
Deligne, see the remarks after | , Theorem 0.11], which gives a numerical criterion for
the triviality of Ix(D) for hypersurfaces with isolated singularities.

THEOREM 6.5.1. Let D be a reduced hypersurface of degree d in P™, and for each k
denote by Zy, the subscheme associated to the ideal I,(D), and by zy, its dimension. Then:

(1) If z;, <n— (k+1)d+ 1, then in fact Z), =0, i.e. (X, D) is k-log-canonical. The
converse is of course true if n — (k+1)d +1 > 0.
(2) If z > n— (k+1)d+ 1, then

tes 7, < ((k +1)d— 1)

n— =z

with the convention that dim () and deg () are —1.
(8) The dimension 0 part of Zy imposes independent conditions on hypersurfaces of
degree at least (k+1)d —n — 1.

ProoF. If Z; is non-empty, then by intersecting D with a general linear subspace L
of P™ of dimension n — 2, we obtain a reduced hypersurface Dy, C L = P"* such that
subscheme associated to I(Dp) is non-empty and 0-dimensional. Indeed, by the generic
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restriction theorem for Hodge ideals,® Theorem ??, we have that I.(Dy) = I.(D) - Oy.
Denoting by B the line bundle w;, ® ﬁL((k‘ + l)DL), there is a short exact sequence

00— B®I[(D,) — B—B® ﬁZ(Ik(DL)> — 0.
For (1), the condition z; < n — (k + 1)d + 1 is precisely equivalent to

HY(L,B) = 0.
On the other hand, we have
Hl(L, B ® Ik(DL)) = 0.

as a special case of Theorem 6.4.4, and so by passing to cohomology in the exact sequence
above we deduce that Z(I;(Dy)) = 0, a contradiction.

For (2), the statement is trivial if Z, = (), so we can assume that this is not the
case. We then have that Z ([ k(DL)) is a 0-dimensional scheme of length deg Z;. The same
argument shows that we have a surjection

0
H (L, B) — B® ﬁZ(Ik(DL)
(k:-s—l)d—l).

n—zk

)—>0,

and this time the space on the left has dimension (

Part (3) follows from the fact that, due to the same vanishing theorem, if 7, is the
O-dimensional part of Zj, then for every ¢ > (k+ 1)d — n — 1, there is a surjection

H°(P", Opn(()) = Oy .
O

REMARK 6.5.2. Part (1) in the theorem says in particular that if D has isolated
singularities, then I;(D) = Ox whenever n — (k + 1)d 4+ 1 > 0; this is a result of Deligne,
see [Sa3, 4.6(iii)], that was originally phrased in terms of the equality F,H'(U,C) =
P.H(U,C), where U = P" ~ D. A related local result was proved by Saito [Sa3,
Theorem 0.11] in terms of the roots of the Bernstein-Sato polynomial of D; in the case
of hypersurfaces in P" whose singularities are isolated and non-degenerate with respect
to the corresponding Newton polyhedra, Saito’s result discussed in Remark 77 implies
Deligne’s theorem mentioned above.

We now exploit part (3) in Theorem 6.5.1, i.e. the fact that the isolated points of
7, impose independent conditions on hypersurfaces of degree at least (k+1)d —n — 1 in
P", in conjunction with the nontriviality criteria in §6.2. We assume that n > 3, when
some singularities are naturally detected by appropriate Hodge ideals Ij,(D) with k > 1;
the method applies in P? as well, but in this case it is known that the type of results we
are aiming for can already be obtained by considering the multiplier ideal (D) or the
adjoint ideal adj(D).

As motivation, recall that when X C P? is a reduced surface of degree d whose only
singularities are nodes, i.e ordinary double points, a classical result of Severi says that

3In class we looked only at the case of isolated singularities, i.e. z; < 0, in which there is no need to
appeal to this theorem.
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the set of nodes on X imposes independent conditions on hypersurfaces of degree at least
2d — 5 in P3. Park and Woo [?PW] showed that in fact this holds replacing the set of
nodes by that of all singular points, and gave similar bounds for isolated singular points
on hypersurfaces in arbitrary P". The use of the Hodge ideals I (D) for suitable k& leads
to further results in any dimension.

COROLLARY 6.5.3. Let D be a reduced hypersurface of degree d in P™, with n > 3,
and denote by S,, the set of isolated singular points on D of multiplicity m > 2. Then
S imposes independent conditions on hypersurfaces of degree at least ([*=] +1)d —n —1.

ProOOF. We know from Corollary 6.2.3 (see also Remark 6.2.5) that
Ik<D) - IS'?

where k = [%] Since S is a set of isolated points, the result then follows from Theorem
6.5.1 (3), which says that there is a surjection

H(P", Opr((k+1)d—n—1)) = Oz — 0,

where Z;, is the 0-dimensional part of Zj. O

When n = 3 and m = 2 for instance, the bound is one worse than the Severi bound,
but at least when n > 5 and m > 3, in many instances this seems to lead to the best
known bounds.

6.6. Applications to singularities of theta divisors

A well-known result of Kollar [ , Theorem 17.3|, revisited by Ein-Lazarsfeld
[E1L], states that if (A, ©) is a principally polarized abelian variety (ppav) of dimension
g, then the pair (A, ©) is log-canonical, and in particular mult,(0) < g for any = € ©.
By a result of Smith-Varley, it is also known that when the multiplicity is equal to g, the
ppav must be reducible; for this and related results, it is useful to consult [XL] and the
references therein.

For irreducible ppav’s it is believed however that the situation should be substan-
tially better. One has the following folklore:

CONJECTURE 6.6.1. Let (A, ©) be an irreducible ppav of dimension g. Then

1
mult, (0) < %, for all z € ©.

Following | , Theorem 29.2|, as an application of the study of Hodge ideals we
show that the conjecture holds for theta divisors with isolated singularities. One thing to
note is that while the result of | |, and the main tool in [FIL], is the triviality of the
multiplier ideal I5(0), here we rely in turn on the non-triviality of I,(0).

THEOREM 6.6.2. Let (X, 0) be an irreducible ppav of dimension g, such that © has
1solated singularities. Then:

(1) For every x € © we have mult,(©) < £
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(2) Moreover, there can be at most one x € © such that mult,(0) = <.

PROOF. Note in passing that for ¢ > 3 irreducibility follows automatically from the
assumption on isolated singularities. Indeed, if (A, ©) splits as a product of ppav’s, then
we have dim Sing(©) = g — 2. For g = 2 it is necessary to assume it, as the bound fails
for a product of elliptic curves.

Assuming that mult,(©) > 22 by Theorem 6.2.1 (see also Example 6.2.2) we
obtain that

Consider the short exact sequence
0 — Ox(20) ® I1(0) — Ox(20) @ m? — Ox(20) @ m?/1,(0) — 0.

For every a € Pic’(X), by tensoring the exact sequence with o and using (1) in Theorem
6.4.6 and the fact that I1(©) has finite co-support, we obtain

H'(X,0x(20) ®@m2 @ a) =0 for all i > 0.

In particular, as Ox(20) is globally generated, the vanishing of H* implies that the linear
system |20| separates tangent vectors at each point of X. To see this, note that the
collection of line bundles Oy (20) ® a is, as « varies in Pic’(X), the same as the collection
of line bundles t*0x(20) as a varies in X, where ¢, denotes translation by a. But this
is a contradiction; indeed, it is well known that when © is irreducible this linear system
provides a 2 : 1 map which is ramified at the 2-torsion points (and more precisely factors
through the Kummer variety of X'). This proves (1).

g+1

For (2), assume that there are two distinct points x,y € © having multiplicity £-.

According again to Example 6.2.2, it follows that
L(©) Cm, ®m,.
Using the same argument as in (1), we obtain
H'(X,0x(20) @m, ®m, ®a) =0 for all i >0,

and therefore conclude that the linear system |20| separates all points of the form = — a
and y — a with a € A. Note however that the equation

r—a=a—1y

does have solutions, which contradicts the fact that [20| does not separate nonzero points
of the form z and —z (both mapping to the same point on the Kummer variety). O

REMARK 6.6.3. (1) The conjecture is fully known in dimension up to five, and more
generally for Prym varieties associated to double covers of irreducible stable curves; see
[Ca, Theorem 3].

(2) Mumford [ ] showed, developing ideas of Andreotti-Mayer, that the locus Ny of
ppav’s such that Sing(©) # () is a divisor in the moduli space of ppav’s, and moreover that
for the general point in every irreducible component of Ny, © has isolated singularities.
Thus Theorem 6.6.2 applies on a dense open set of each component of Ny. These open
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sets are in fact large: Ciliberto-van der Geer | ] have shown that their complements
have codimension at least two in Ny.

(3) Equality in Conjecture 6.6.1 is known to be achieved for certain points on Jacobians
of hyperelliptic curves and on the intermediate Jacobian of the cubic threefold. The latter
example also shows optimality in Theorem 6.6.2: the theta divisor on the intermediate
Jacobian of a smooth cubic threefold (a ppav of dimension 5) has a unique singular point,
the origin, which is of multiplicity 3. Note also that in this case we have

L(©)y=my C Oxy

according to Example 77, as the projectivized tangent cone to © at 0 is isomorphic to the
original cubic threefold.

A similar argument involving the higher ideals I;(D) can be used to give bounds on
multiplicity in terms of effective jet separation. In particular, it leads to an asymptotic
bound in terms of the Seshadri constant. Given z € X, we denote by s(¢, x) the largest
integer s such that the linear system |(O| separates s-jets at z, i.e. such that the restriction
map

HO(X, ﬁx<£@)) — ]—‘[0()(7 ﬁx(g@) ® ﬁx/mi+1)
is surjective. It is a fundamental property of the Seshadri constant of © at x that

(6.6.1) s, z)

<e(0,),

and that in fact £(0, ) is the limit of these quotients as ¢ — oo; see [La, Theorem 5.1.17]
and its proof. Due to the homogeneity of X, £(©,x) does not in fact depend on z, so we
denote it €(0). We denote also

s¢:=min {s({,x) | x € X}.

THEOREM 6.6.4. Let (X,0) be ppav of dimension g, such that © has isolated sin-
gularities. Then for every x € © and every k > 1 we have

S
k+1+ g

multm(@)<2+k+1 T

In particular, for every x € © we have
mult, (0) < £(0) +2 < {/g! + 2.
Hence, if g > 0, then mult,(©) is at most roughly < + 2.

PRrRoOOF. We assume that

mult,(0) > 2+ Ot J

Kl Ehal

and aim for a contradiction. Under this assumption, according to Corollary ?? it follows
that

Ik(D) C mi+3k+1'

An argument identical to that in Theorem 6.6.2 then shows that for all a € Pic’(X) one
has
H'(X,0x((k+1)0) @mZ™+ @ a) =0 forall i >0,
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and so the linear system |(k 4+ 1)0O| separates (1 + sx11)-jets at all points of X, a contra-
diction.

The statement mult,(0©) < £(©)+2 now follows using (6.6.1) and letting & — co. On
the other hand, the definition of the Seshadri constant automatically implies £(0) < ¢/¢';
see [La, Proposition 5.1.9]. The last assertion follows from the well-known fact that

Yg! 1

hmg_mo T pp ]

REMARK 6.6.5. (1) The last assertion in Theorem 6.6.4 becomes better than that
given by Theorem 6.6.2 for g very large. Codogni-Grushevsky-Sernesi | | have shown
a similar, but slightly stronger statement, using methods from intersection theory. In
[ | it is shown that if m is the multiplicity of an isolated point on O, then

m(m— 1)1 < g! — 4.

(2) There is more recent related work of Lozovanu [LLo], including some improvements.

Will add.

(3) Theorem 6.6.4 holds, with the same proof, for any ample divisor D with isolated
singularities on an abelian variety, replacing g! with DY.
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