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CHAPTER 1

Background

In this chapter we will review a number of fundamental facts regarding the topology
and Hodge theory of smooth complex projective varieties, as well as some standard classes
of singularities in birational geometry.

1.1. Review of the Hodge theory of smooth projective varieties

All the varieties we consider in this section are over the complex numbers. Many of
the results in this section work in the more general setting of compact Kéahler manifolds.

Hodge decomposition and Hodge filtration. The most fundamental result in this
area is the Hodge decomposition of the singular cohomology with complex coefficients.
Most of [GH, Ch.0], for instance, is devoted to the proof of this theorem.

THEOREM 1.1.1. If X is a compact Kdhler manifold, then there exists a decompo-
sition
H'(X,C)~ @ H"(X)
ptq=i
with:
e HP(X) = HoP(X)

o HPI(X) =~ HUX,O%).

_ As HP?(X) usually denotes the cohomology group obtained from (p, ¢)-forms via the
0 operator, the second bullet is in fact the independent Dolbeaut Theorem. In particular,
the H*°(X) spaces can be seen as the global sections of the various bundles of holomorphic
forms on X, or after conjugation as the cohomology groups of the structure sheaf. As
such, they are birational invariants.

We use the standard notation

bi(X) = dime H'(X,C),
the i-th Betti number of X, and
P X) = dimg HP(X) = dime HY(X, Q%),

the (p,q)-Hodge number of X. We obviously have h?4(X) = h??(X), and the Hodge
decomposition theorem implies the identity

bi(X)= ) hPI(X).
ptq=i

1



2 1. BACKGROUND

As a first example of application, this gives an immediate obstruction to a complex man-
ifold being Kéhler:

COROLLARY 1.1.2. If X is compact Kahler and i is an odd integer, then b;(X) is
even.

The Serre Duality theorem applied to the vector bundle E = Q¥ gives the isomor-
phism (note that Q% ” ~ wy @ (Q%)Y):

HY(X,0%) ~ H" (X, Q% 7)Y,
for every p and ¢, or equivalently H?4(X) ~ H"P" (X )Y, In particular, we have
RPA(X) = h" P X).
Putting everything together, we obtain the identities
(1.1.1) P4 X) = hTP(X) = B"PPI(X) = hVTP(X)
for all p and q.

DEFINITION 1.1.3 (Hodge diamond). We usually collect the Hodge numbers of a
compact Kahler manifold X in a Hodge diamond, as represented below.

Rrn

hn,n—l hn—l,n

hn,O hnfl,l hl,nfl hO,n

hl,O h(),l
h0,0

This diamond has a few symmetries, thanks to (1.1.1): it is invariant under reflection
across the middle column, it is also invariant reflection across the middle row, and it has
diagonal symmetry (in other words it is left invariant under rotation by 180°).

When X is projective, it contains closed subvarieties of any dimension; for such a
subvariety Z of codimension p, it is a standard fact that the Poincaré dual of [Z] gives a
class

0#mny, € H¥(X,Z)N H(X) C H*(X,C).
Therefore HPP(X) # 0 for all p, hence we have
bop(X) > hPP > 0.

No other Hodge spaces need be non-trivial; for instance the Hodge diamond of P™ has
1’s in the middle column, and 0’s everywhere else (it is “minimal” among all algebraic
varieties). (Exercise.)
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Moreover, when X is projective, Hy, := H*(X,7) is (the main') example of a polar-
1zed pure Hodge structure of weight k, meaning that:

e Hy is a finitely generated free abelian group, together with a decomposition
Hc = Hy, @, C= @ H
pt+q=k
with H?? = H%P. (This is the definition of a pure Hodge structure of weight k.) This is
equivalent to the data of the Hodge filtration
F'He= & H',
ptq=k,p>t

together with the properties F'* N F*~+1 = {0} and F* @ Fk—+1 = H¢ for all /.
e There is a bilinear form (the polarization)

Q :Hy x Hp — Z
satisfying the following properties (the “Hodge-Riemann bilinear relations”):

(1) @ is symmetric when i is even, and skew-symmetric when 7 is odd.
(2) The decomposition is orthogonal with respect to i* - S(a, B) (extended to Hc),

where S(a, 8) == Q(a, B).
(3) We have =77 . (—=1)k(k=1)/2. §(q ) > 0 for all 0 # o € HP.

The polarization is in fact naturally obtained on primitive cohomology, and then
assembled on H'(X,Z) by means of the Lefschetz decomposition, which splits it into the
direct sum of (images of) various primitive spaces.

Going back to the Hodge decomposition, a somewhat weaker but still useful state-
ment is the degeneration of the Hodge-to-de Rham spectral sequence. Consider the de
Rham complex of X:

Q% 0=-0x =0 = =0 =0

placed in degrees 0, - - -, n, with the usual differential d on forms. It has a “stupid filtra-
tion” by truncation, a decreasing filtration given by the complexes

FPQY =0 =0 = Q% — - = Q% — 0]
so that
grh. Q% = FPQS /FPHQ% ~ Q% [—p].
The usual spectral sequence associated to a filtered complex is, in this case, called the
Hodge-to-de Rham spectral sequence, as looks as follows:

B! = HPY(X, grfp Q%) = HPTI(X, Q%)
Using the description above and the de Rham theorem, this becomes

EM = HY(X, Q%) — H"™(X,C).

IStrictly speaking, the main example is primitive cohomology.
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The main result is that this spectral sequence degenerates at Ey; this follows from the
Hodge decomposition, but can also be proved algebraically.?

The Lefschetz theorems. The key result about the topology of projective manifolds is
the following, sometimes also called the Weak Lefschetz theorem:

THEOREM 1.1.4 (Lefschetz hyperplane theorem). Let X be a smooth complex
projective variety of dimension n, and let D be an effective ample divisor on X. Then the
restriction map A ’

ri: H(X,Z) — H'(D,Z)
s an isomorphism for i < n — 2, and injective for i =n — 1.

A conceptual approach is via the following theorem essentially saying that complex
affine manifolds have only half as much topology as one might expect:?

THEOREM 1.1.5 (Andreotti-Frankel). Let Y C C" be a closed n-dimensional
complex submanifold. Then'Y has the homotopy type of a CW complex of real dimension
<n. As a consequence

H'(Y,Z) =0 and H;(Y,Z) =0 for i > n.

Let’s sketch how this leads to the proof of the theorem on hyperplane sections. Since
D is ample, for some m > 0 we have that mD is very ample, and therefore there exists
an embedding X C PV and a hyperplane H in P" such that mD = X N H. This implies
that Y = X N\ D = X ~\xmD is a smooth affine complex variety of dimension n. The
Andreotti-Frankel theorem implies then that H;(Y,Z) = 0 for j > n. On the other hand,
for all j one has by Alexander-Lefschetz duality®

H;(Y,Z) ~ H* (X, D;Z)

and therefore H(X, D;Z) = 0 for i < n. This is equivalent to the desired conclusion, by
the long exact sequence of (relative) cohomology

o — HY(X,D;Z) — HY(X,Z) — H(D,Z) — H"(X,D;Z) — ---

The proof of Theorem 1.1.5 is a very nice application of basic Morse theory; see e.g.
[La, §3.1.A].

Given the Hodge decomposition, there is a holomorphic version of the Lefschetz
Hyperplane Theorem 1.1.4. Note that when D is smooth, the restriction maps in that
theorem are morphisms of pure Hodge structures.

COROLLARY 1.1.6. Let X be a smooth complex projective variety of dimension n,
and let D be a smooth effective ample divisor on X. Then the restriction maps

Tpg s HI(X, Q%) — HY(D, Q)

2t is not known however how to go from here to a splitting as in the Hodge decomposition, without
the choice of a Kéhler metric and the notion of harmonic forms.

3Note that every C> manifold of real dimension 2n has the homotopy type of a CW complex of real
dimension < 2n.

4See e.g. [Hat] §3.3; note that Poincaré duality is the special case D = 0.
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are isomorphisms for p+q < n — 2, and injective for p+q =n — 1.

One Hodge space that has a special interpretation is H%'(X). Every integral class
here is known to be analytic, in other words it comes from a divisor on X. For a proof of
the theorem below see e.g. [GH] p.163.

THEOREM 1.1.7 (Lefschetz theorem on (1,1)-classes). Let X be a smooth pro-
jective complex variety of dimension n. Then every class in H"'(X) N H*(X,Z) (i.e.
integral (1,1)-class) is the first Chern class of a line bundle on X, or equivalently the
Poincaré dual of [D] € Ha,—o(X,Z) for some divisor D on X.

Further results on Hodge numbers. We record a few more basic facts regarding the
Hodge numbers of smooth projective varieties.

THEOREM 1.1.8. Let m : X — B be a smooth projective morphism of complex
varieties (or a proper submersion of compact Kdhler manifolds). Then the Hodge numbers
hP1(Xy) are constant for b € B.

This is an immediate consequence of two fundamental facts: one is Ehresmann’s
theorem, stating that m is a C'*° locally trivial fibration (so in particular the fibers have
the same topology), and the other is the upper semicontinuity of Hodge numbers in smooth
families. See [Vo, §9.1].

Another point is that the Hodge numbers h?? are well behaved under birational
equivalence:

ProproSITION 1.1.9. If X and Y are birational smooth projective varieties over an
algebraically closed field, then

hPO(X) = hPO(Y) for all p.

PROOF. Exercise. (Hint: use Hartogs’ theorem, or an algebraic analogue.) O

REMARK 1.1.10. Another way to think about the equality above is in the conjugate
form h%P(X) = hOP(Y), i.e.
hP(X,Ox) = hP(Y, Oy).
This can also be shown using the Leray spectral sequence and the following fundamental
(and nontrivial) fact about birational morphisms:

EXERCISE 1.1.11. Let f : X — Y be a birational morphism between smooth vari-
eties. Then

f.O0x ~ Oy and R'f.Ox =0 for i > 0.

(Hint: try first the case of a blow-up in a smooth center.)

ExXAMPLE 1.1.12. Tt is not true in general that all Hodge numbers are birational
invariants. The simplest example is that of blow-ups. Let X be a smooth projective
variety (or more generally complex manifold) of dimension n, and let X = Bl (X) be the
blow-up of X at an arbitrary point z. Denote by E ~ P"~! the exceptional divisor. This
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divisor introduces its own new cycles (including E itself) to H;(X,Z). More precisely, for
each ¢ > 0 one has
H{(X,7)~ H;(X,Z) & H,(E,Z).
This reflects in the Hodge decomposition. Since all analytic cycles are in HPP for various
p, we obtain
HPP(X) ~ HPP(X) & C
for all 0 < p < n, so the non-extremal Hodge numbers on the middle column go up by 1.

EXERCISE 1.1.13. Verify carefully all the statements made in the Example above.

2. Rational singularities

DEFINITION 1.2.1. A simple normal crossing (SNC') divisor on a smooth variety X
of dimension n is an effective divisor £ = > F; such that each component F; is a smooth
codimension 1 subvariety of X, and in local coordinates in the neighborhood of each point
in z € E we can write E = (21 - ... 2, = 0) with m <n. (If only the second condition
is satisfied, we say that F is a normal crossing (NC) divisor.

DEFINITION 1.2.2. A resolution (of singularities) of a variety X is a proper birational

morphism f: X — X with X smooth. A log resolution of X is a resolution such that the
exceptional locus Exc(f) (i.e. the union of the hypersurfaces contracted by f) is a divisor

on X with SNC support.

More generally, if D be an effective Q-divisor on X, a log resolution of the pair
(X, D) is a proper birational morphism f: X = X, where X is a smooth variety and the
divisor f~'D + Exc(f) has simple normal crossing (SNC) support.

By Hironaka’s famous theorem, log resolutions exist in characteristic 0. Moreover,
his result shows that they can be chosen with the following properties:

e f is an isomorphism away from Sing(X) (or Sing(X) U Supp(D)); such an f is called a
strong log resolution.

e f is a composition of blow-ups with smooth centers.

ExAMPLE 1.2.3. Pictures at the board.

Assumption: From now on we restrict to complex (or more generally characteristic 0)
varieties.

DEFINITION 1.2.4. A variety X has rational singularities if for every resolution of
singularities f: X — X we have

fiO5g~0Ox and R'f.0z=0 for i>0.

Equivalently, in D%, (X) (the bounded derived category of coherent sheaves on X) we

coh

have Rf,O¢% ~ Ox.

Note that the first condition is equivalent to X being normal, by the Zariski Main
Theorem.
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The next exercise contains two well-known and very important (nontrivial) facts
about birational morphisms between smooth varieties.

EXERCISE 1.2.5. (i) Show that if f: Y — X is a proper birational map of smooth
varieties, then

Rif*Oy =0 for 7>0.

(Hint: try first the case of blow-ups at smooth centers, then use Hironaka.) Thus smooth
varieties do indeed have rational singularities.

(ii) (Grauert-Riemenschneider Vanishing.) Show that if f: Y — X is a generically
finite surjective (e.g. birational) morphism, with Y smooth, then

R'fwy =0 for i>0.
The following Proposition provides another useful characterization of rational sin-

gularities. Recall first that every X has a dualizing complex w$, which is an object in

D? . (X), whose cohomologies live in degrees (at most) —n,...,0. If we have an embed-

ding X C Y in a smooth variety, then
w% ~ RHome, (Ox,wy)[—dimY].

Thus standard commutative algebra shows that w$ is supported only in degree —n if and
only if X is Cohen-Macaulay, in which case w% ~ wx|[n|. Here

wy ~ H "w =~ Ext"(Ox,wy),
where r = codimy (X)), is the dualizing sheaf of X (see [Ha, Ch.III, §7]).

PROPOSITION 1.2.6. Let f: X — X be a resolution. Then the following are equiv-
alent:

(11) X is Cohen-Macaulay, and fwg ~ wx.
PROOF. You can find a proof of this statement that does not use “heavy” duality

theory in [KM, §5.1]. Here we give a quick proof using the dualizing complex and
Grothendieck duality.

The Grothendieck duality theorem (see 777) gives us the isomorphism
Rf.Oz ¥~ Rf.RHom(wg,wg) ~ RHom(Rfuwg, wk[—n]).
Here n = dim X, and note that w} = wg(n] since X is smooth.
Thus Rf.O5 ~ Ox is equivalent (applying duality one more time) to
Rfiwg >~ wk[—nl.

Note however that Rf.wg = fiwg by the Grauert-Riemenschneider vanishing theorem;
see Exercise 1.2.5(ii), so in fact we have

fiwg >~ wk[—n].
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The left hand side is a sheaf in degree 0, while the right hand side is supported in non-
negative degrees, starting with the dualizing sheaf wy. It follows that this is equivalent to
wk >~ wx[n], i.e. X is Cohen-Macaulay, together with the isomorphism fiwgy ~wx. O

COROLLARY 1.2.7. The following are equivalent:

(i) X has rational singularities.

(ii) There exists a resolution f: X — X such that Rf.Os ~ Ox.

ProoF. Condition (i) means that (ii) holds for every resolution. To show that (ii)
implies (i), by Proposition 1.2.6 X is Cohen-Macaulay, and it suffices to show that if the
condition f.wg ~ wx holds for one resolution, then it holds for every resolution.

Take any other resolution g: ¥ — X. A standard consequence of Hironaka’s theo-
rem is that there is a third resolution hA: Z — X dominating both Y and X, i.e. factoring
through f and g. But for a birational morphism ¢: Z — Y between smooth varieties we
have Ry.wz ~ wy (for instance use Exercise 1.2.5(i) and the proof of Proposition 1.2.6),
so together with Grauert-Riemenschneider vanishing we obtain

gy ~ hawy ~ fiwg ~ wy.

O

REMARK 1.2.8. Rational singularities can be defined analogously in the analytic
category. By the GAGA principle however, a complex variety X has rational singularities
if and only if X" has rational singularities. Indeed, if f: Y — X is a proper morphism,
and .Z is a coherent sheaf on Y, then (R'f,. 7)™ ~ R fan.gan,

Note. There are some immediate benefits when one is in the presence of rational singu-
larities:
e For every resolution f: X > X , we have

H(X,0x) ~ H(X,0%) forall i.

e Kodaira Vanishing continues to hold if X is projective, i.e. for every ample line bundle
on X, we have:

H'(X,wx ®L)=0 forall i>0.
Indeed, if f: X > Xisa resolution, then
H(X,wx ® L) ~ H(X,Rfwsz ® L) ~ H(X,ws ® f*L).

where the second isomorphism follows from the projection formula. Now since f is bira-
tional and L is ample, we have that f*L is big and nef, and therefore Kawamata-Viehweg
vanishing (see [La, Theorem 4.3.1]) on X gives the statement.

Here are some first examples of rational singularities.

ExAMPLE 1.2.9. A curve with rational singularities is smooth, since it is normal.
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ExAaMpPLE 1.2.10. Rational singularities appear in any dimension at least two; the
simplest examples are cones over hypersurfaces. Let Y C P™ be a smooth hypersurface
of degree d, with n > 2, and let

X=C)cA™!
be the affine cone over Y.

A log resolution of the pair (A™"! X) is obtained by blowing up the origin 0 € A"
Denote this by f: An*t1 — A" We have the standard formulas

K~ = f*Kpni1 +nE

An+1
and B
ffX=X+dE,
where £/ >~ P" is the exceptional divisor, and X is the proper transform of X. Recall that
F=XNFE~X CP", as the projectivized tangent cone to the singularity at the vertex.

Therefore we have
K4 X = f*(Kantr + X) + (n — d)E.

An+l
From this, using adjunction for both X and X , we deduce that
wg >~ ffux ® Oz((n —d)F)).
Now we have f,Og((n —d)F)) C Ox, with equality if and only if n > d. (Exercise!).
Therefore
fiwg Y wx <= n>d.
Since X is in any case Cohen-Macaulay, since it is a hypersurface, the conclusion is:

X has rational singularities <= d < n.

Hence the simplest rational singularity is the cone 2% + 23 + 3 = 0 over a conic in
P2. The cone over a cubic (elliptic curve) or higher is not a rational singularity; you see
here a hint of why the word “rational” is used in the definition.

ExAMPLE 1.2.11. The previous example can be generalized higher codimension
subvarieties in P", and to abstract cones. Let Y C P" be a subvariety in projective
space, and consider first the classical cone X = C(Y") as discussed above. Recall that X
is normal if and only if Y C P" is projectively normal; this means that the coordinate
ring S(Y) = k[Xo,...,X,]/I(Y) is normal, or equivalently that Y is normal and the
restriction maps

H°(P", Opa(d)) — H*(Y,Oy(d))
are surjective for all d > 0 (i.e. all linear systems of hypersurfaces in P™ cut out complete
linear systems on Y).

Given an ample line bundle L on Y, we can also consider the abstract cone

Z, = C(Y, L) := Spec( @ H(Y, L*™)).

m>0

There is by definition an affine morphism 7: Z — Y.
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EXERCISE 1.2.12. If L = Oy(1) and Y is normal, then 7 is the normalization of
the classical cone C(Y').

EXERCISE 1.2.13. If Y is smooth, then Z; has rational singularities if and only if
H'(Y,L®™) =0 forall i>0,m >0.

Note that this happens automatically when Y is Fano, i.e. wy' is ample, by Kodaira
Vanishing, as we can write
L®m = Wy ® A
with A = L®™ ® w;', which is ample for all m > 0.

A valuable tool for getting more information and more examples is a characterization
of rational singularities due to Kovécs:

THEOREM 1.2.14 ([Kov2, Theorem 1]). Let f: Y — X be a morphism of varieties,
such that 'Y has rational singularities and the natural morphism ¢: Ox — R f.Oy has
a splitting in Db, (X) (i.e. there is a morphism v : Rf.Oy — Ox such that o ¢ is a
quasi-isomorphism of Ox to itself). Then X has rational singularities.

ProOF. We consider compatible resolutions for X and Y, i.e. sitting in a commutative
diagram:

(1.2.1) v %
y Lo x
We get a commutative diagram of morphisms in the derived category
(1.2.2) Ox L -~ Rf.Oy
l |s
Rm.Ox — L R(ro .05

Since Y has rational singularities, 8 is an isomorphism, hence v o« has a splitting as well,
and therefore so does a. Thus we may assume from the beginning that Y is smooth and
f is a resolution of X.

Now applying the functor RHom(-,w%) to the quasi-isomorphism
Ox - Rf.Oy — Ox

leads to a quasi-isomorphism
w;( - f*WY[n] - w_;(v
with n = dim X, where for the middle term we used Grothendieck duality as in the proof
of Proposition 1.2.6, and the Grauert-Riemenschneider vanishing theorem. This implies
immediately that H'w$ = 0 for i # —n, i.e. X is Cohen-Macaulay. Furthermore, it gives
a split isomorphism
wx — f*wy — Wx.
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The second map is the canonical one, which is always injective since f,wy is torsion-free.
Since the splitting implies that it is also surjective, we obtain f,wy =~ wx, and therefore
X has rational singularities by Proposition 1.2.6. U

COROLLARY 1.2.15. Let f: Y — X be a finite surjective morphism, such that Y
has rational singularities and X is normal. Then X has rational singularities.

PROOF. Finite morphisms of normal varieties in characteristic 0 have a trace map
tr: f*Oy — O X

which splits the natural morphism Ox — f.Oy; see e.g. [KM, 5.6 and 5.7]. Therefore
one can apply Theorem 1.2.14. O

EXERCISE 1.2.16. Show the following corollary of Theorem 1.2.14 from [Kov2]:
if f:Y — X is a surjective morphism with connected fibers, and Y has rational sin-

gularities, then X has rational singularities if and only if X is Cohen-Macaulay and
Rdlm Y_dlme*WY ~ Wwy.

ExaMPLE 1.2.17. Recall that a variety X has quotient singularities if it can be
written (locally analytically) as X = Y/G, where Y is smooth and G is a finite group
acting on Y. Corollary 1.2.15 and Remark 1.2.8 (and the fact that the arguments above
work in the analytic category) imply that every variety with quotient singularities has
rational singularities.

Note for later discussion that quotient singularities don’t have to be Gorenstein.
For instance, this is the case for the quotient of C? by the group Z/27Z generated by the
involution x — —z. (Exercise!)

More generally, quotients of smooth varieties by reductive group actions have ra-
tional singularities. This is a theorem of Boutot [Bou]. It is again a quick consequence
of Kovacs’ characterization as well, since the required splitting is given by the Reynolds
operator.

EXAMPLE 1.2.18. Toric (or more generally toroidal) varieties have rational singu-
larities; see [?]. Note that a better behaved class of toric varieties, the so called simplicial
ones, have quotient singularities.

ExaMPLE 1.2.19. Given suitable integers m, n, k, the generic determinantal variety
X}, is defined as the zero locus of the collection of k x k minors of an m X n matrix

of variables. This is an affine variety in A™*", known to have rational singularities by a
theorem of Kempf [Ke].

When m = n = k, they are hypersurfaces given by the vanishing of the generic
determinant. For instance, when m = n = k = 2, we obtain a quadric cone in A*; when
m =n = k = 3 we obtain a cubic in A?, etc.

Singularities of the MMP. Let X be a normal variety such that Kx is Q-Cartier, i.e.
there exists an integer m > 0 such that mKy is Cartier. If f: X — X is a resolution of
singularities, we can write

K)} ~Q f*KX —+ ZaiEi,
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where F; are the exceptional divisors of f, and a; € Q. According to standard definitions
in birational geometry, we say that X has

terminal singularities if a; > 0 for all 4.
canonical singularities if a; > 0 for all 7.
log terminal (or kit) singularities if a; > —1 for all 7.
log canonical (or klt) singularities if a; > —1 for all 1.

For details about these classes of singularities (including indepence of the choice
of reslolution) and their uses, an excellent source is [KM]. Terminal singularities are
the singularities of minimal models, while canonical singularities are those of canonical
models.

REMARK 1.2.20. If X is Gorenstein, then the notions of canonical and log terminal
singularities coincide. Moreover, under the same assumption, rational singularities are
canonical. Indeed, otherwise some a; would be a negative integer, and therefore by the
projection formula we would have

f*w)}:WX(X)ja

with J € Ox a nontrivial ideal sheaf, contradicting one of the charaterizations of rational
singularities.

One of the basic results of the theory is the following theorem, due to Elkik:
THEOREM 1.2.21 ([El]). If X has kit singularities, then X has rational singularities.

A more general result, due to Fujita and Kawamata-Matsuda-Matsuki (see [KIMM]
or [KM, Theorem 5.22]), states that if (X, D) is a klt pair, then X has rational singular-
ities. I will skip this for the moment, as we have not discussed singularities of pairs. The
approach in [Kov2]| leads to a simple proof of Theorem 1.2.21, which I will sketch next.

PRrROOF. We first reduce to the case when Kx is Cartier,” so in particular the singu-
larities of X are canonical. To this end, note that locally on X we can also pass to an
index 1 cover, meaning a finite cover Y — X (which is étale in codimension 1) such that
Ky is Cartier; see for instance [Re, Corollary 1.9]. We then use the following:

EXERCISE 1.2.22. Show that if X is klt, then its index 1 cover is klt as well (hence
canonical). More generally, this happens for any surjective morphism of normal varieties
that is étale in codimension one.

We may therefore assume that X has canonical singularities, hence by Grauert-
Riemenschneider we have Rf.wg ~ wx, and we also assume that this is a line bundle.
Moreover, the fact that all a; > 0 implies that there exists a nontrivial morphism L f*wy =~
ffwx = wg. Applying RHom(-,wz) to this morphism, and then R f., we obtain

RfRHom(wg,wg) = RERHom(Lf wx, wg) ~ RHom(wx, Rfwg),
In a previous version of the notes I incorrectly wrote that we are reducing to the case when X is

Gorenstein, but this is not the case since we don’t yet know that X is Cohen-Macaulay. Thanks to S.
Kovacs for pointing this out.
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where the last isomorphism is simply adjunction between f* and f, in the derived category.
By the previous comments, this amounts to a morphism

Rf.O; — Ox,
and it is easily checked that the composition with the natural map Ox — Rf.Ox is the
identity. This implies that X has rational singularities by Theorem 1.2.14. U

1.3. Du Bois singularities; preliminary definition

Let’s go back to Example 1.2.10. Consider the case of the cone X = C(Y) C A3 over
a smooth plane curve Y C P2 of degree d. We have seen that X has rational singularities
if and only if d < 2.

Let’s consider now the next case, when d = 3, i.e. the case of a plane elliptic curve.
We know that f,Og ~ Ox, since X is normal, but Rf.Os # Ox. In fact it is not hard
to see from our earlier calculation that

R'f.05 ~ Oqoy,
where 0 € A3 is the origin.

What if instead of considering just X , we actually looked at the entire preimage of
X, more precisely at

G=XUE=f""(X)ed?
What is Rf,Og? To answer this question, start with the standard short exact sequence
(1.3.1) 0—=0g— 0500 — O —0,
where F = X N E ~ Y. We have
Rf.Op ~ 0{0}7
since E ~ P?, while
f*OF ~ 0{0} and le*OF ~ 0{0},
since F is an elliptic curve (hence H'(F, Or) ~ C). Pushing forward (1.3.1) and studying
the differentials carefully (exercise!), we obtain
Rf.O¢ ~ f.O5 ~ Ox.

Thus looking at the total preimage this time, we obtain a property similar to that in the
definition of rational singularities.

DEFINITION 1.3.1 (Provisional definition of Du Bois singularities). Let X
be a complex variety, embedded in a smooth variety Y. We say that X has Du Bois
singularities if there exists a strong log resolution of the pair (Y, X), with G = f~1(X) eq,
such that the natural morphism Ox — Rf.O¢ is an isomorphism.

We will later improve this by showing that if this property holds for one such resolu-
tion, then it holds for every such resolution, by showing that the object Rf.O¢ is always
isomorphic to a Hodge-theoretic object, the 0-th Du Bois complex Q% of X (which features
in the original definition of Du Bois singularities).
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Using this definition, the discussion about cones over cubics, and Example 1.2.10,
can be extended to the following:

EXERCISE 1.3.2. Let X C A™™! be the cone over a smooth hypersurface of degree
d in P™. Show that X has Du Bois singularities if and only if d < n + 1.



CHAPTER 2

The filtered de Rham complex and the Du Bois complexes

2.1. Hyperresolutions and cubical resolutions

Throughout this section we allow our varieties to be reducible.

DEFINITION 2.1.1. Let X be a complex variety of dimension n. A hyperresolution
(or simplicial resolution) 4: Xo — X of X is a diagram of varieties and morphisms

£2,0

—_— €1,0 €0,0
e — XQi’l)Xlz Xo — X.
22

where:
(1) X; is a smooth (not necessarily connected) variety for each ¢ > 0.
(2) €ij: Xi = X;—1, with¢ >0 and j =0,...,4, are proper morphisms such that
€ij © €it1,j = Eij © Eit1,541-
(As a consequence, it is straightforward to check that there exists a unique morphism
gi:X; > X
defined by the diagram, as a composition of any of the ¢; ;.)
(3) co: Xo — X satisfies cohomological descent, in the sense that there is an isomorphism
in the derived category of sheaves of abelian. groups on X:
Zx > [Re.Zy, 25 Rey Ly, 25 Rey, Ly, 5 -
where the right hand side is the (iterated) cone of the morphisms ¢; is induced by the
morphism
€i0 — €1 T Eig — -
for each 1.

The last condition should be thought of as saying that the resolution “approximates”
X topologically, via an inclusion-exclusion principle using the cohomologies of the Xj.

ExaMPLE 2.1.2. Consider the case of a two-term hyperresolution:

1,0 €0,0
le X() — X.
il

15
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This induces

R(goo 9] 51,0)*ZX1 - Rél*ZXl

€10

Lix — R€0*ZXO =

€11

R(€00 © 51,1)*ZX1 = Re,Zx,
The map ¢;: Reg,Zx, — Re1,Zx, considered in the definition of cohomological

descent is the difference p; =19 —€1.1.

ExXAMPLE 2.1.3. Let X = (y?*—z® = 0) C C? be a cuspidal curve. The normalization
map f: X — X is already a hyperresolution, as it is easy to check that f.Zg ~ Zx.

EXAMPLE 2.1.4. Let X = (y* — 2* — 23 = 0) C C? be a nodal curve. The normal-

ization map f: X — X doesn’t work anymore, meaning f.Zgs # Zx, as one can easily
check by applying Mayer-Vietoris in a neighborhood of the node and its preimages. This
also suggests what to do instead. Denote the node by p, and let f~*(p) = {r, s}. Consider
the diagram

{r, s} X

)

{p} ——X

where ¢ denotes the obvious inclusions. Now define
Xo:=XU{p} and X;:={r,s}.

We then have a simplicial resolution where all the maps are induced from the diagram
above:

X X, I x
H

This satisfies cohomological descent, since using Mayer-Vietoris as above, we can patch
everything into an exact sequence of singular cohomology

0 — H(X,Z) — HY(X,Z)®&H"({p}, Z) — H'({r}u{s},Z) - H'(X,Z) — H'(X,Z) — 0.
Even better we have a short exact sequence of sheaves
0—Zx — f*ZX @D i*Z{p} Lf) f*Z{T} D f*Z{S} — 0.

_ExampLE 2.1.5. Let X C C® be the cone over a smooth curve C' in P?, and let
f: X — X be the resolution we considered before (by blowing-up the vertex), where
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f71({0}) = C. Tt is again easy to see from Mayer-Vietoris that f does not satisfy coho-
mological descent. On the other hand, we have a diagram

C—".X

o

{p} —=X

where ¢ denotes the obvious inclusions. We define
Xo:=XU{p} and X, :=C.

We then have a simplicial resolution where all the maps are induced from the diagram
above:

X Xo Y4 x,
H

It is not hard to check that this satisfies cohomological descent (exercise!).

These examples fit in a general framework, which is what is needed in order to
establish the existence of hyperresolutions in general:

EXERCISE 2.1.6. Consider a commutative diagram

E—2X

A

where F = f71(Z),e4, and f induces an isomorphism X W E~ X~ Z. If we set
X, =E and X,=XUZ,
then the diagram
Xy X x,

with the obvious morphisms, satisfies cohomological descent; in other words, we have an

exact triangle
+1
Zx — RegZx, — Rey, Zx, — .

Therefore, if X , Z and E are smooth, then this gives a hyperresolution of X. (Cf. also
[PS, §5.1 and §5.2].)

Note that in this story we have to consider reducible varieties as well. Here is the
simplest example:

EXAMPLE 2.1.7. Let X = (zy = 0) C C?, with irreducible components E; and
E,, both isomorphic to P!. It is then a simple check using Mayer-Vietoris that we get a
hyperresolution for X using

X0:E1|_|E2 and X1:E1ﬂE2:{O},

where all the maps are given by the natural inclusions.
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This generalizes to arbitrary SNC. divisors:

EXAMPLE 2.1.8 (SNC divisors). Let £ = E; +---+ E,, be an SNC divisor in some
smooth variety (where we may have E; = 0 for some j). We obtain a hyperresolution of
E by taking

Xp= || E,NE,N---NE
io< <k
The map e X — Xj_1, with 0 < j <k is induced by the inclusions
E,NE,N---NE, = E,NE,N---NEN---NE,.
Cohomological descent is checked by using Mayer-Vietoris successively, and applying the

inclusion-exclusion principle.

Cubical resolutions. In all of the examples above we considered more than just a hyper-
resolution; we actually got it from some commutative “square”, in which we separated the
components of each term in the hyperresolution. To understand this better, we consider
the concept of a cubical variety, starting with some examples:

(0) A O-cubical variety is simply a variety X = Xj.
(1) A 1-cubical variety is a morphism of varieties f: X — Xp.

(2) A 2-cubical variety is a commutative diagram of morphisms of varieties

X1y — Xq

o

X{O} —— X(Z)

(3) A 3-cubical variety is q commutative cube of morphisms of varieties. (INCLUDE
PICTURE.)

Etc. The indexing is explained by the general definition we give next.
DEFINITION 2.1.9. A cubical variety is a contravariant functor
F: U, — Varg,

where Varc is the category of complex varieties and [J,, is the cubical category, i.e. the
category whose objects are (ordered) subsets I of the set {0,...,n — 1}, including the
empty set (), and the morphisms are given by

Jif T C

}mMLﬂ_{;ﬁIQJ

Here * means the set with one element. We denote X, := F'(I).

Next we note that a (k + 1)-cubical variety gives rise to a semisimplicial variety of
length k.
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ExXAMPLE 2.1.10. The 2-cubical variety above leads to a semisimplicial variety with
X = X@ and
X1 = X{()’l} and X() = X{O} (] X{l}

The maps are the obvious ones induced from the cubical diagram.

EXAMPLE 2.1.11. The 3-cubical variety above leads to a semisimplicial variety with
X = X@ and

Xy = X{07172} and X; = X{gjl} L X{OQ} L X{LQ} and Xy = X{o} L X{l} L X{Q}.

The maps are again the obvious ones induced from the cubical diagram. The two maps
from X7 to X are given by the two possible inclusions on each term, in lexicographical
order.

DEFINITION 2.1.12. A cubical resolution of a variety X is a cubical variety with
Xy = X, such that all the X; are smooth and all the morphisms are proper, and such
that the associated semisimplicial variety is a hyperresolution (i.e. satisfies cohomological
descent).

EXERCISE 2.1.13. Describe the passage from a cubical resolution to a hyperresolu-
tion in categorical/combinatorial language.

Existence. The existence of hyperresolutions was first established by Deligne in [?].
Later on, Guillén, Navarro Aznar, Pascal-Guainza, and Puerta, proved the following more
precise result, using the theory of cubical resolutions:

THEOREM 2.1.14 ([GNPP, Theorem 2.15)). There ezists a hyperresolution cq: Xo —
X such that dim X; < n — i for all i > 0. (In particular, such a hyperresolution has

length at most n.) In fact there exists an (n + 1)-cubical resolution of X such that
dim X; <n—|I|+ 1 for all subsets I C {0,...,n}.

I sketched the proof in class, but at the moment I’'m not sure I can explain it any
better than it is done in [PS, Theorem 5.26], so I will just refer you to that source. Let’s
instead look at another example, which this time is not a cone, and contains the idea of
the general procedure.

ExAMPLE 2.1.15. Consider the isolated surface singularity X = (2% + y? + 23 =
0) C C3, so called of type A,. Let
f :Bl{o}i 6?’ — C3
be the blow-up at the origin, and let f~}(X) = XU F, where X is the proper transform
of X, and F is the (reduced) exceptional divisor. We have:

EXERCISE 2.1.16. We have that X is smooth, while £ := F'N X is an SNC divisor
given as the union of two smooth rational curves £ = E; U Es.

Assuming this exercise, the restriction f: X > Xisa log resolution of X, but with
reducible exceptional divisor, hence we cannot directly apply Exercise 2.1.6. Instead, we
denote D = {0} (the discriminant locus of this map), so that £ = f~!(D), and we can
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think of the restriction f: E' — D as being the 1-cubical variety Z that is the “singular
locus” of the 1-cubical variety f: X — X.

INCLUDE PICTURE.

2.2. The filtered de Rham complex

Recall that if f: Z — Y is a proper morphism of smooth varieties, we have a
canonical induced morphism

Q5 — Rf.Q%,

adjoint to the morphism f*Q25, — %, and compatible with the filtration by truncation.
Note that these objects are morphism live in the derived category of filtered differential
complexes: the complexes consist of coherent sheaves, but their differentials are given by
differential operators of order < 1. We apply this functoriality in the smooth case to a
hyperresolution in order to construct the filtered de Rham complex of a singular variety.

Let X be a complex variety of dimension n, and fix a hyperresolution €,: X, — X.
DEFINITION 2.2.1. The filtered de Rham complex of X is
_3( = Réf.* 3{.7

defined as an object in the derived category of filtered differential complexes on X. What
does this mean concretely? Just as in the cohomological descent condition, we have maps
between objects on X given by

° ®1 ° P2 ° ®3
where ¢; is induced by the morphism
€i0 — €1 T Ei2 —

and Q% is the iterated cone of these maps (placed as before so that its cohomologies live
in non-negative degrees). This gives us the object.

To construct the filtration, recall that each Q% is filtered by FPQS%. = Q)Z(p , with
grp %, ~ Q% [-p]. Therefore Re;,Q%, is filtered by Rei*Q)Z(f , with associated graded
(cone) Rei*QI;(i, and by functoriality these filtrations are compatible via the maps ¢;.
This induces a filtration

FPQ% = Re, 0.

DEFINITION 2.2.2. The p-th Du Bois complex of X is
Q= grip Ok [p] ~ Re O [p].
It can be seen as the (iterated) cone of the sequence of morphisms

(2:2.1) Reo W%, 25 Rer %, -2 Rea, O, 25 -+

A basic result, conjectured by Deligne and proved by Du Bois, is the following:
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THEOREM 2.2.3 ([DB, Theorem 3.11]). A morphism of hyperresolutions X, — X,
induces a quasi-isomorphism Q%, — QF. Consequently QF is well defined for all p, and
therefore so is Q%.

I will assume this here, and proceed with discussing some first features and examples
of Du Bois complexes.

LEMMA 2.2.4. We have Q5 € D, (X) for all p, meaning that:

coh

(1) HIQE are coherent sheaves for all p and q.

(11) Q% is represented by a complex with Ox-linear differentials.

ProOF. This is basically immediate from the description in (2.2.1), since the ¢; are
proper. To be more precise, note that by general homological algebra (the spectral se-
quence relating a double complex to the cohomology of the total complex), we have a
spectral sequence

El' = R'e;0%  — H™OL.

We can also produce concrete double complexes of flasque sheaves whose total com-
plexes represent Q% and Q% respectively. For this, recall two basic facts in the theory of
manifolds (see [GH, Ch.0]):

(1) For a smooth manifold X of real dimension d, by the ordinary Poincaré Lemma the
complex

0= AY - Ay = - = A% =0

consisting of the sheaves of smooth forms on X, with the exterior derivative d as differ-
ential, is quasi-isomorphic to the constant sheaf Rx. Hence if X is a complex manifold of
dimension d = 2n, its complexification is quasi-isomorphic to the constant sheaf Cx.

(2) For a complex manifold X of dimension n, and an integer 0 < p < n, by the 9-Poincaré
Lemma the complex

0= A = A — . 5 AR =0

consisting of the sheaves of (complexified) smooth (p, ¢)-forms on X, with the operator 0
as differential, is quasi-isomorphic to the vector bundle Q% of holomorphic p-forms on X.
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Both of these resolutions are by fine, and therefore acyclic, sheaves. This implies
that 2% can be seen as being represented by the total complex of the double complex:

0 0 0
0 d 1 N N 2n
O —_— g*AXo,C E— E*Axmc 7 7 E*’AXO,C —_— O
€10—¢€11
0 1 S ... N 2n
O —_— g*AXl,C E— g*AXLC 7 7 €*AX17C —_— O

€20—€21+€22

1 N N 2
0 — edy ¢ — el ¢ — o —— 2 A o —— 0
0 0 0

Analogously, Q% can be seen as being represented by the total complex of the double
complex:

~ ~ 4

,0 E] 1 )
0 —— 5*-'4)(0 — 5*“4])?(0 _ s — 5*AXO — 0

€10—€11

2 2 N2

0
0 —— e Ay, —— e Ay, — - —— s A —— 0

€20—€21+€22

Here we have to be careful to shift the entire double complex to the left p times, in
order to have the first column be placed in degree 0, consistent to our convention for QF.

ExampLE 2.2.5. If X is smooth, then id: X — X is a hyperresolution, hence
Q% = Q%, and QF = OF for all p.
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EXAMPLE 2.2.6. If X = (y*> — 23 = 0) C C? is the standard cusp, recall from

Example 2.1.3 that the normalization map f: X — X is already a hyperresolution.
Therefore

(Exercise: specify the cokernel of the canonical map Ox — f.O%.) and

Q}X = f W5 ;ﬁ wx .
The second non-equality statement follows from the first by duality (note that X is
Gorenstein, hence it has a (locally free) dualizing sheaf).

EXAMPLE 2.2.7. If X = (y*> — 2% — 2% = 0) C C? is the standard node, we use the
hyperresolution in Example 2.1.4.

According to the definition, we have a quasi-isomorphism
Q% = [f.05 ® Ogy — [Ops)-
Note however that we have a short exact sequence
0— Ox = fi05 @ Opy — fiOpsp — 0
given by the same map (exercise!), and therefore
Q% ~ Oy.

Note that in this case this answer is better, even though the hyperresolution is a bit more
complicated than in the case of a cusp. Moreover, again by definition, we have (since
QL =0 for a finite set Z):

Ql = f*wf( ;ﬁ wx.
The second non-isomorphism statement follows for instance from the fact that X is Cohen-
Macaulay but does not have rational singularities, or can be checked directly.

EXAMPLE 2.2.8. Let X = C(Y) C C? be the cone over a smooth conic in P2 i.e.
an Aj-singularity. We use the hyperresolution in Example 2.1.5. We have by definition:

Qg( ~ [Rf.O5 @ Opy — Rf.O¢|.
Now X has rational singularities, so Rf.O% ~ Ox. On the other hand, C' ~ P!, so we
have Rf,O¢ ~ Oy,). Thus the map becomes
[:05 ® Oy =" Oy
and it’s not hard to check that its kernel is Ox. We thus have
Qg( ~ Ox.

Let’s first jump to
Q% ~ [RAO% @ Q7 — RAQE].

Since QF,, = Q¢ = 0 for dimension reasons, we obtain
2
Oy *Rfwg ~ fiwg ~wx.

The next to last isomorphism holds by Grauert-Riemenschneider, while the last holds
because X has rational singularities. Finally, let’s look at

Q% ~ RO & Qf, — RAQL].



24 2. THE FILTERED DE RHAM COMPLEX AND THE DU BOIS COMPLEXES

Here we obviously have Q%p} = 0, and we obtain a long exact sequence
0= H'Qx = £.0%F = fiwe = H'Qx — R'f.Q% = R' fawe — H*Q% — 0.
Since C ~ P!, we have f.we = 0 and R! fuwe ~ O(py- Moreover, we have that
le*Q}{— — le*wC
is an isomorphism (exercise!). We conclude that
HOQY ~ f.QL, and H'QY =0 for i>0.
One can show that f*Qi? is a reflexive sheaf, different from the Kahler differentials Qﬁ(

EXERCISE 2.2.9. Compute the Du Bois complexes of the cone over a smooth plane
cubic.

EXAMPLE 2.2.10. Let X = (22 +y*> + 22 = 0) C C? be an A,-singularity. The
answer tuns out to be exactly as in Example 2.2.8. TO ADD.

EXERCISE 2.2.11. Let’s take this temporarily as an exercise, until we learn more
about the Du Bois complexes of cones. Let X = C'(Y) C C? be the cone over a smooth
curve of degree d > 4 in P2. Show that in this case we have

HQY ~ Oy, HOQY = 0%, HQ% ~ fug

but also
H'QY #0 and H'QY #0.

2.3. Basic properties of the Du Bois complexes

The Du Bois complexes of a variety X have a number of general, and important,
properties, that follow almost directly from the definition. We study them here, while
other, more subtle, properties will be discussed later.

(1) Functoriality: For every morphism of varieties f: Y — X, there is an induced
filtered morphism

Q% — RS,
and therefore also induced morphisms

QF — Rf.QF  for all p.

PRrROOF. The procedure that gives the existence of cubical resolutions also resolves
cubical varieties. In particular, one can construct hyperresolutions compatible with the
morphism f, i.e. a commutative diagram

v, I x,

| f |

Yy — X
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where €Y : Y, — Y and ¥ : X, — X are hyperresolutions. Note that for each i we have
filtered morphisms

Q%, — R4y,
by functoriality. Therefore we obtain an induced filtered morphism

(2) Local nature: For every open set U C X, we have
Q’)’qU ~ O, for all p.
More generally, Q% is local with respect to the étale topology: if f: Y — X is an étale
morphism, then there exists a natural filtered isomorphism
J Q% ~ Q.

PRrOOF. Let ¢X: X, — X be a hyperresolution for X. For every i we can form the
fiber diagram

Y=Y xx X 2 X,
5
Y X

Since f is étale, Y; is smooth, and it’s not hard to see that the resulting €} : Y, — Y is a
hyperresolution. We then have

J1Q% ~ [ReX 0%, ~ Ry f10%, ~ Rl 03, = OF.
The last two isomorphisms follow from the push-pull formula, and from the fact that
JiQ%, = ., since the f; are also étale. 0

f

(3) Comparison with Kahler differentials: For every p > 0, there exists a natural
morphism

05 — OF
where QF = APQYL is the p-th sheaf of Kéhler differentials on X. Moreover, if X is
smooth, this morphism is an isomorphism.

ProOOF. If f: Y — X is any morphism, then we have a canonical morphism f*Qf —
2, has by the adjoint property a morphism Q% — f.Q}.. Therefore, given a hyperreso-
lution &,: X4 — X, we have a natural morphism

/4 P
QX _> 60*QX07

which induces by composition the desired Q% — QX.. O

Note that even in the singular case we can consider the Kahler-de Rham complex,
with the filtration by truncation, and in the same vein we have a filtered morphism

0% — O%.
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(4) Topological and Hodge-theoretic properties: There is a natural morphism
Cx — Q%, which is an isomorphism. In particular, we have

H'(X,C) ~H'(X,Q%) foralli.
Moreover, there exists a Hodge-to-de Rham-type spectral sequence
EM =H(X,0%F) = H'"(X,C),

which degenerates at E; if X is projective.

PROOF. Let g,: X, — X be a hyperresolution. For each i, we have a quasi-isomorphism
Cx, — O,
given by the Poincaré Lemma. Therefore we obtain a quasi-isomorphism
Cx ~ Re,.Cx, — Re, 0%, ~ Q%

where the first isomorphism is a consequence of the cohomological descent property. Note
in particular the following consequences:

(1) HiQ% = 0 for all i # 0.
(2) The composition Cx — Ox — H°QY% is an isomorphism.
(3) HY(X,C) ~ HF(X, Q%) for all k > 0.

Moreover, the spectral sequence of a filtered complex is in this case
EY = H7(X, gr, Q%) = HI(X,Q%),
or equivalently, in the Hodge-to-de Rham form
EV =HY(X,0%F) = H""(X,C).
It remains to check that the differentials
d: HY(X, Q%) — HY(X, Q%)
are all 0. Note however that we have spectral sequences
EY = H(X,Re;, Q%)) ~ HI(X;, 0% ) = H™(X,0%),
and so these differentials are built from the differentials
d: H)(X;, Q%) — H7(X;, QH),
which are all 0 by classical Hodge theory. 0

(5) Vanishing and dimension of support: We have
Q=0 for p<0 and p>n,
where n = dim X. For every p, we also have
HIQE =0 for ¢ <0 and g > n.
More precisely, we have

(2.3.1) codim Supp(HIQ%) > ¢ for all q.
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PROOF. The first statement is clear, since 2% is defined in via complexes containing
only terms of the form Rei*Qg(i. For the same reason, and since these terms start in
degree 0, we have the vanishing HQ% = 0 for ¢ < 0. We are left with showing (2.3.1).

To this end, recall that there is a spectral sequence
E{' = Rie;, 0¥ — H™QL.
Moreover, we can consider a hyperresolution such that dim X; < n — j for each j. It

suffices to show that in this case dim Eij < n — q whenever i + 7 = ¢q. But this is a
consequence of the general statement in the exercise below. 0

EXERCISE 2.3.1. If f: Z — W is a proper morphism, with dim Z < a, and if .% is
a coherent sheaf on Z, then for any b > 0 we have

dim Supp R°f..Z < a —b.
REMARK 2.3.2. By (3) we know that all H'Q% with ¢ > 0 are supported at most
on Xging. Therefore one can often do better than (2.3.1).

(6) Top Du Bois complex: We have
_} = f*w)?

for every resolution of singularities f: X > X.

ProOF. This is clear by deﬁni’gvion: if we consider a hyperresolution g,: X, — X that
starts with the resolution f, then X is part of X, and the only component of any X; that
has dimension n. Therefore from the defining complex for Q% using X,, we are only left
with R f,wg, which is the same as f.wg by Grauert-Riemenschneider. O

ExAMPLE 2.3.3 (Hodge-Du Bois numbers).

2.4. Less basic properties of the Du Bois complexes

There are other general properties of Du Bois complexes that do not follow so easily

from the definition. I will list a few of them, but for now I will skip most of the proofs.
MORE DETAILS TO BE ADDED.

(7) Steenbrink vanishing: A more subtle, but still completely general, vanishing result
for the cohomologies of Du Bois complexes is the following:

THEOREM 2.4.1 ( [St, (4.1)]). If X is an n-dimensional complex variety, then
HIQL =0 if p+qg>n.
(8) More vanishing: In general, Steenbrink’s vanishing theorem in (7) is the best possible

result, in the sense that there exist examples (see e.g. [MOPW, Example 1.7]) showing
that we may have HIQ% # 0 when p + ¢ = n. However, we have:



28 2. THE FILTERED DE RHAM COMPLEX AND THE DU BOIS COMPLEXES

PROPOSITION 2.4.2. If k <n and H" P7'1QK =0 for allp < k — 1, then
H QR = 0.
In particular H"Q% = 0.

ProOOF. Consider the (local) spectral sequence of a filtered complex, associated to the
Hodge filtration on the filtered de Rham complex:

BT = HIQK = HIHIQY.

Since % is quasi-isomorphic to Cyx, the spectral sequence converges to Cy, placed in
cohomological degree 0. Note that for any ¢ > 1, the term Efjrnl_k is obtained as the
cohomology of the complex

n—kaf—1 _ ke
Eéc Ln—k+4 N Eéf,n k N Eéﬂ-i-&n k—0+1

Y

and the right hand side is 0 by Theorem 2.4.1, while the left hand side is 0 by assumption.
Therefore

WK = By = ERr R =0,
O

ExaAMPLE 2.4.3. When X is a surface, by Theorem 2.4.1 and Proposition 2.4.2 the
only nontrivial higher cohomologies of the Du Bois complexes of X are H'Q% and H'Q%.
Moreover, the Proposition says that if #'Q5 = 0, then we also have H'Q} # 0. It would
be interesting to give an example where the converse implication does not hold.

REMARK 2.4.4. Note that the result does not hold for & = n, as we’ve seen in (6)
that for any variety X we have Q% ~ H°Q% ~ mwg, where m: X — X is a resolution.

(9) Torsion-freeness of the 0-th cohomology: For every resolution of singularities
f: X — X, and every p, we have an inclusion

HOQ — [
In particular, H°Q¥ is a torsion-free sheaf.

(10) Rational singularities and reflexivity: In the setting of (7), if X has rational
singularities, we have

0 ~ ~ ~ OlP]
HQE ~ f*Q’;z ~ f*Q%(logE) ~ QY

for all p, where Q[)I?] is the reflexive hull of the sheaf of Kéahler differentials Q%, and E is

the reduced exceptional divisor on the resolution X. (This is by far the deepest of all the
properties listed so far, and in this generality it is due to Kebekus and Schnell [KS].)

(11) Simple normal crossing divisors: Let F = E; + --- 4+ Ej be a SNC divisor
in a smooth variety Y. Recall that to £ we can associate, for each p, the locally free
sheaf Q. (log E) of p-forms with log poles along E. If z,...,z2, are local coordinates
on Y such that E; = (z; = 0) for i = 1,..., k, then this sheaf is generated by the forms
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dzl soeos 22 dzpya, -, dzy. Tt s straighforward to check that we have canonical inclusions

of locally free sheaves of rank n:
N (log E)(—E) — Q) — Q0 (log E).

The Du Bois complexes of E are given by the following:
PROPOSITION 2.4.5. For every p > 0 we have that %, is a sheaf, sitting in the short
exact sequence
0 — O (log B)(—E) — O}, — Q8 — 0,
where 1 is the canonical inclusion. In particular QOE ~ Og.

This follows by putting together the description of %, we obtained previously, and
a well-known independent computation of the cokernel of 7. On the one hand, let’s first
look at the standard cubical resolution of F described in Example 2.1.8. It tells us that
by definition the Du Bois complex Q4 is computed by the complex

(2.4.1) 0—>€BQP — P Vs, — P Vpom —
1<J 1<j<k
where the differentials are given as always by the alternating sums of restriction maps.

On the other hand, there are well-known long exact sequences involving forms the
sheaves of forms with log poles. The one of interest to us is:

LEMMA 2.4.6. In the setting above, there is a long exact sequence
0— Q(log E)(—E) - Qb -4 @Qp — @Q%OE P gz, —
1<J i<j<k

where i 1s the canonical inclusion, r is the component-wise restriction map, and the rest
of the differentials are precisely those appearing in (2.4.1).

The case k = 1, i.e. that when F is a smooth divisor, appears in [La, Lemma 4.2.4].
More on this appears in [EV, §2|. The general case is an application of the exactness of
the Koszul complex. (Find a general reference.)

EXERCISE 2.4.7. Check that the subsheaf tor(Q},) of QF, generated by torsion sec-
tions is the subsheaf of forms supported on the singular locus of F/, and show the isomor-
phism

Q& O ftor(2).

(12) Mayer-Vietoris triangle: The Mayer-Vietoris-type cohomological descent prop-
erty in our story is inherited at the level of Du Bois complexes as well:

PROPOSITION 2.4.8. Let Z C X be a closed subset, and consider a commutative
diagram
E—=Y
! lf
Z—X

%
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where f 1s a proper morphism, and E C Y is a closed subset such that f induces an
isomorphism Y \ E ~ X \. Z. Then for each p there exists an exact triangle in D%, (X):

P R B QL — REQE

coh

Note that the statement is clear by the definition of Q% when Y, Z and E are
smooth, since in that case the diagram is a cubical resolution of X. In general one needs
to do a tedious induction (to be added later).

Most of the time this is used when f: X3 Xisa strong log resolution of X, with
Y =X, Z = Xgng and E = [71(Z)eq.

ExAaMPLE 2.4.9 (Isolated singularities). Let 2z € X be an isolated singularity,
and f: =X a strong log resolution of X, with £ = f~1(2),q. For p > 0, the exact
triangle in Proposition 2.4.8, combined with Proposition 2.4.5, gives

O, ~ RED (log E) (— E).
For p = 0, using the same ingredients, we obtain an exact triangle

Rf*(’);((—E) — Qg( — O{x} +—1> .

(12) Steenbrink’s triangle: Another way to take advantage of the triangle in (11) is
to embed X in a smooth variety and consider a log resolution of the pair. This was first
considered by Steenbrink in [St], in the more general form:

PROPOSITION 2.4.10. Let X C'Y be a closed subvariety of an algebraic vamety, and
let f: Y — Y be a proper birational morphism with Y smooth and E = Y X)rea an

SNC' diwvisor, such that f induces an isomorphism Y N E ~Y ~ X. Then we have an
ezact triangle in in Db (Y):

+1
RfAQL(log E)(—E) — Oy — Qf — .

This follows from Proposition 2.4.8, Proposition 2.4.5, and a simple application of
the octahedral axiom.

2.5. The Du Bois complexes of special classes of varieties

This section is devoted to the study of the Du Bois complexes of a few important
classes of singular varieties, discussed in Rosie’s lectures.

Quotient singularities. Whenever a finite group G acts on an affine variety ¥ =
Spec(A), we can form the quotient X = Y/G = Spec(A%) as an affine algebraic variety,
due to the well-known fact that the algebra of invariants A% is finitely generated. This
can be extended to arbitrary varieties using covers. We say that a variety X has quotient
singularities if it is (étale) locally the quotient of a smooth Y by the action of a finite
group.

THEOREM 2.5.1 ([DB, Theorem 5.3]). If X has quotient singularities, then

QF ~ Q[)Zé] for all p > 0.
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(Will include the proof later.)

In other words, all higher cohomologies H'Q% with ¢ > 0 are 0, while the 0-th
cohomologies HQ% are isomorphic to the reflexive differentials. This latter can now also
be seen as a consequence of the fact that quotient singularities are always rational by
Boutot’s theorem, given the result by Kebekus-Schnell in §2.4(10).

REMARK 2.5.2 (Geometric quotients). The statement of Theorem 2.5.1 can be
extended to actions of reductive groups G, as long as X = Y//G is a geometric quotient.
The reason for this is Luna’s Slice Theorem, which says that étale locally such quotients
look like quotients by finite groups.

On the other hand, there do exist GIT quotients with non-vanishing higher coho-
mology sheaves for certain Du Bois complexes; see [?].

Abstract cones over smooth varieties. Here we consider cones over smooth subvari-
eties in P", and more generally abstract cones as in the setting of Example 1.2.11.

Let Y C P" be a subvariety in projective space, endowed with an ample line bundle
L. We consider the abstract cone

X=C,L):= Spec(@HO(Ya L®m))7

which comes together with the affine morphism 7: X — Y.

We aim to describe the cohomologies of the Du Bois complexes of X. Since X is
affine, it suffices to describe I'( X, H'Q% ) for each i and p. These are given by the following:

PROPOSITION 2.5.3. We have H'Q% ~ Ox, while for every other p >0 and i > 0
we have ' 4 '
DX, H'Q%) ~ @D (H (Y, Q) @ L°™) @ H'(Y, ' @ L&™)) .

m>1

Proor. Consider the blow-up f: X — X at the vertex 0, with exceptional divisor
E ~ X. We obtain a commutative diagram

E~Y 1o X

In the case p = 0, we have the Mayer-Vietoris triangle
Ox — Rf.O5 ® Oy S Rf.0Ok +—1>»
while in the case p > 1 we have the Mayer-Vietoris triangle
Q% — REQZL 5 RO, 15
Since X is a cone, we have that X has an Al-bundle structure over Y, denoted

X =Y.
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Thus objects on X can be both pulled back and restricted to X, hence the map ¢ in the
triangle has a splitting given by 7*. Passing to cohomology, this implies that there are
short exact sequences

(2.5.1) 0— H'Qy — RfO% = RO =0
except for
(2.5.2) 0— H'Q% = f.05 & Oy — f.O05 — 0.

Let’s first deal with (2.5.1). Since X is affine, it follows that
D(X, H'QY) ~ ker (m.: H'(Y,m.Q%) — H'(Y,Q})).

Hence our task is to describe the kernel on the right hand side. We will show in fact that
there exists a split short exact sequence

(2.5.3) 0> PR oL - rn% - P oL -0,
m>0 m>1

which gives the result by passing to cohomology.

To this end, recall that we have the short exact sequence

L

X/Y—>O,

0— 7" Qy — QF = Q

and via the affine bundle structure we have Q}( iy = m*L. By a standard argument, for
any p > 1 this gives rise to the short exact sequence

0= = Q% -7 () ©L) =0
Recall now that we have the formula
W*OX ~ @ L®m
m>0

given by the definition of X, hence pushing forward via m and applying the projection
formula we obtain a sequence as in (2.5.3). The splitting is given by

Pt oL S n0h — @yt o Lo
m>1 m>1

where d is given by differentiation; a simple calculation shows that the composition is
equal to multiplication by m on the m-th summand.

We now deal with (2.5.2). Since X is affine, taking global sections we get a short
exact sequence

0 — I(X,H°Q%) — H(X,0%) ® C — H(Y, 0y) — 0.
The rest of the argument goes exactly as above, by noting that the first map in the
composition
Oy = 105 ~ P L™ — Oy
m>1
is the inclusion of the summand corresponding to m = 0. 0J



CHAPTER 3

Du Bois singularities

3.1. Definition and first examples

In this section we always consider a (possible reducible) complex algebraic variety
of dimension n.

DEFINITION 3.1.1. We say that X has Du Bois singularities if the canonical mor-
phism ¢: Ox — Q% is an isomorphism in D ; (X).

Recall that in §1.3 we gave a preliminary definition in terms of resolution of singu-
larities. Let’s establish that the two definitions coincide (so consequently the preliminary
definition is independent of the choice of resolution).

Let’s embed X (locally) in a smooth variety Y, and consider a strong log resolution
f:Y =Y of the pair (Y, X), with E = f~1(X),ea. We have seen in §2.4(12) that there
is an exact triangle
Oy = Rf.0p & W — RLQY -5
Since Y is smooth, the natural map 0y — Rf,0% is an isomorphism, while by §2.4(7).
we have QU ~ 0. It follows that

(3.1.1) 0% ~Rf.Op.

This shows that the tow definitions agree, and provides a nice interpretation of Q5 in terms
of a single (embedded) resolution of singularities. A strengthening of this interpretation
that does not necessarily assume f to be a log resolution was obtained by Schwede [Sch].

ExaMPLE 3.1.2. Simple normal crossing divisors have Du Bois singularities by
§2.4(7).

EXAMPLE 3.1.3. We've seen in Example 2.2.7 that a nodal curve C satisfies O, ~
O¢, hence it has Du Bois singularities. (Locally it is of course a simple normal crossing
divisor.) We've also seen in Example 2.2.6 that cuspidal curve satisfies Q% ~ f, OF # Og,

where C is the normalization, hence it does not have Du Bois singularities.

EXAMPLE 3.1.4. Let X = C(Y) C C""! be the cone over a smooth projective
hypersurface Y C P™ of degree d. Then Exercise 1.3.2, using the alternative definition,
says that X has Du Bois singularities if and only if d < n+1 (i.e. Y is Fano or Calabi-Yau).

REMARK 3.1.5. This also gives us the first examples of a varieties where Q% has
nontrivial higher cohomology. Indeed, if Y has degree d > n + 1, then X is not Du Bois,
but we have seen that H°Q% ~ Ox (or see the discussion on seminormalization below).

33
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This means that there must be another i > 0 such that H'Q% # 0. (In fact it turns out
that the only such ¢ is ¢ = n — 1; can you see this?)

EXAMPLE 3.1.6. More generally, take X = C(Y,L) as in §2.5, where Y C P"
is a smooth projective variety, and L is an ample line bundle on Y. We have seen in
Proposition 2.5.3 that H°Q% ~ Oy, while

D(X, H'OS) @H’ X, L®™) for all i> 0.

m>1

We conclude that
X is Du Bois <= H'(X,L®™) =0 forall i,m > 0.

Again, this holds automatically for any L when X is Fano or Calabi-Yau, or more generally
with nef anticanonical bundle, by Kodaira Vanishing.

ExXAMPLE 3.1.7. We have seen in §2.5 that if X has quotient singularities we have
Q% ~ QY = @y, hence X has Du Bois singularities.

3.2. Du Bois singularities are seminormal

We’ve seen in the previous example that Du Bois singularities are not necessarily
normal, since they can appear in codimension one; take for instance a node in the plane,
or the union of any two smooth divisors with transverse intersection. In this section we
will see that we are however still not very far from normality. Let’s introduce first some
definitions in commutative algebra, in the restricted setting that is of interest to us here.
For the material in this section and further references, see [?].

We fix a commutative ring R which is a reduced finitely generated algebra over a
field k.

DEFINITION 3.2.1. A ring extension i: R — S, with S a reduced R-algebra which
is finitely generated as a module over R, is called subintegral if

e The induced i: Spec(S) — Spec(R) is a bijection.
e For each p € Spec(S9), the induced morphism of residue fields k(i 71(p)) — k(p)

is an isomorphism.

Note that when k is algebraically closed (like here, where we work over C), the second
condition is superfluous, so the important point is the bijection on spectra.

DEFINITION 3.2.2. Let R C S be an extension of rings. The seminormalization of
R in S is the (unique) largest subextension

R g RSH,S g S

which is subintegral over R.

In particular, if S = R, the integral closure of R in its ring of fractions, we simply
denote this by R*" and call it the seminormalization of R. We say that R is seminormal
if R = R™. If X = Spec(R) etc., we have morphisms

X" = X" — X,
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where X™ denotes the normalization of X, which are both isomorphisms on the residue
fields (when k = k), but in addition X® — X is a bijection on points.

REMARK 3.2.3. One can show the following:
(i) R is seminormal if and only if every subintegral extension R C S is an isomorphism.

(ii) R is seminormal if and only if R, is seminormal, for every prime ideal p (or equivalently
just every maximal ideal) in R.

How to check subintegrality or seminormality? Here is an important result of Swan
and many others:

THEOREM 3.2.4. (i) An ring R is seminormal in an extension R C S if and only if
for every x € S such that 22,23 € R, we have x € R.

(ii) R is seminormal if and only if for every x,y € R such that y* = 23, there exists a
unique z € R such that x = 2* and y = 2°.

ExXAMPLE 3.2.5. Let C' = (y? — 2® = 0) C A? be a cusp. Its normalization corre-
sponds to the morphism of rings
EX,Y]/(Y? = X3 = k[T], X—T?% Y T3
In other words, the extension is
k[T?,T°%) C k[T,

which is a subintegral extension. It follows that the seminormalization of the cusp is equal
to its normalization; is pretty clear geometrically, since we know we have a bijection on
points.

EXAMPLE 3.2.6. Let C' = (y*—2%—2% = 0) C A? be anode. For the same geometric
reason, it should be clear that in this case the normalization does not coincide with the
seminormalization. Indeed, the normalization corresponds to the morphism of rings

KX, Y]/(Y? - X? - X?) = k[T], X—=T°—-1, Y —=T°-T.
Equivalently, the extension is
k[T —1,T% - T) C k[T).

and it is not hard to check that k[T?—1,T*—T] is subintegrally closed in k[T]. (Exercise!)
Therefore the node is seminormal. This can be easily generalized to normal crossing
divisors in arbitrary dimension.

EXERCISE 3.2.7. The seminormalization of a tacnode is a node.

Note that what this exercise suggests, and it is generally true, is that the seminor-
malization corresponds to making the self-intersections as transverse as possible. However,
in order to achieve this, one may need to go to an ambient space of higher dimension. For
instance:

EXERCISE 3.2.8. Show that the union of three concurrent lines in A? is not semi-
normal, and its seminormalization is the union of the three coordinate axes in A3.
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Here is another typical example, that shows a new phenomenon showing up: some-
times more complicated singularities are “limits” of normal crossing singularities.

EXAMPLE 3.2.9 (Whitney’s umbrella). Let X = (2? — y?2 = 0) C C3. This
hypersurface is not normal, since it is singular in codimension 1. It has normal crossing
singularities along the z axis, everywhere except at the origin, where we get a so-called
pinch point. We have a morphism of rings morphism of rings

EX,Y]/(X?-Y?Z) = kU V], X—=UV, Y—=U Zw~V?
or equivalently the extension
R=Fk[U UV, V| CklUV]=S.

EXERCISE 3.2.10. Show that R is seminormal.

The exercise shows that the Whitney umbrella is seminormal, and its normalization
is smooth. An interesting point in this example is that to get a resolution of singular-
ities, one needs to blow up the entire z-axis. Bowing up the origin will not yield any
improvement; please see [Kov3, Example 6.8] for a nice explanation.

In fact we have an even better statement, at least once we take into account Propo-
sition 3.2.13 below.

EXERCISE 3.2.11. The singularities of Whitney’s umbrella are Du Bois.

We say that a variety X is seminormal if all its local rings are seminormal; based
on the property in Remark 3.2.3(ii), this is equivalent to requiring that there is an open
cover of X with affine open sets with seminormal coordinate rings.

We record a useful technical point:

LEMMA 3.2.12. Let X be a seminormal variety. Then for every open subset U C X,
the ring Ox(U) is seminormal.

PRrooOF. It suffices to assume U = X. Pick an affine open cover X = UU;, where each
Ox (U;) is seminormal. Consider now z,y € Ox(U) such that y* = x*. Their images z;
and y; in Ox (U;) still satisfy y? = 22, so by Theorem 3.2.4 there exist unique z; € Ox(U;)
such that x; = z? and y; = z7. By uniqueness, the z; glue to a global section z € Ox (U),
satisfying x = 2% and y = 23. This section is unique since &x(U) is reduced, hence again
by Theorem 3.2.4, the ring Ox(U) is seminormal. O

We now come to the connection with Du Bois singularities. Here is the main result
of the section, due to Saito and Schwede:

PROPOSITION 3.2.13. For any complex variety X, we have
HOQO ~ ﬁXsn.

In particular, Du Bois singularities are seminormal.
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PROOF. The problem is local, so we may assume that X is affine, embedded in a
smooth variety Y. Consider a strong log resolution f: Y — Y of the pair (Y, X), with
E = [Y(X)eq. We know that H°QS ~ f.0%.

Since F is an SNC divisor, it is seminormal. By Lemma 3.2.12, it follows that
f+OF is a sheaf of seminormal rings. We now define X’ := Spec(f.0F), so that we have
morphisms

E-SHX -5 X
whose composition is f. (See [Ha, Ch.II, Ex.5.17].) Since f is proper, it follows that g is
proper (see [Ha, Ch.II, 4.8]), and therefore it is surjective (since it is in any case dominant
by construction). Moreover, s is both affine and proper, hence finite; at the same time,
since f has connected fibers, s has connected fibers as well. It follows that s is a bijection
on points, hence automatically the extension Oy (X) — 0% (X') is subintegral, since we
are working over C. But X’ is seminormal, hence it is the seminormalization of X (via

s). We conclude that f,0p ~ Oxsn. O

3.3. Connection with other types of singularities

We've seen in Theorem 1.2.21 that klt singularities are rational. The coarsest class
of singularities appearing in the minimal model program are log canonical singularities.
Kollar conjectured that these are Du Bois; this is now a well-known theorem due to Kollar
and Kovécs.

THEOREM 3.3.1 ([KK, Theorem 1.4)). If (X, A) is a log canonical pair, then X has
Du Bois singularities.

Proving the full theorem is outside the scope of these lectures, but we will see a
proof under the assumption that X has Cohen-Macaulay singularities. While log canonical
singularities suffice for running the minimal model program, Kollar and Kovacs proved this
for an even larger class of singularities, called semi-log canonical; these are the singularities
of the varieties corresponding to points in the boundary of the moduli space of varieties of
general type. Therefore the following observation of Du Bois-Jarreaud regarding families
of varieties with Du Bois singularities is useful for moduli theory.

PROPOSITION 3.3.2. Let f: X — S be a flat projective morphism of complex vari-
eties. If for all s € S the fiber X, has Du Bois singularities, then the higher direct images
R f.Ox are locally free for all i, and compatible with base change.

The crucial point for this result is Hodge-theoretic: by the degeneration of the
Hodge-to-de Rham type spectral sequence, if Y is a projective variety, we have surjective
maps ‘ '

H'(Y,C) — H'(Y,2))
for all 7. If in addition Y has Du Bois singularities, then this is equivalent to the natural
maps ‘ .

H'(Y,C) — H'(Y, Oy)
being surjective.
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PrOOF OF PROPOSITION 3.3.2. The inclusion Cx — O induces for each s € S a
commutative diagram

le*CX ®C C(S) —_— le*ﬁx ®ﬁx C(S)

| |

HZ(X&C) Hi(XsaﬁXs)

By the remark preceding the proof, for every s € S the bottom horizontal map is surjec-
tive. Moreover, by the topological proper base change theorem, the left vertical map is
an isomorphism. This implies that the right vertical map

Qs . le*ﬁx (029 C(S) — Hi(XS, ﬁXs>

is surjective for all s € S. Since this holds for all ¢, by the Cohomology and Base Change
theorem (see [Ha, Theorem 12.11]) we obtain that ¢, is an isomorphism for all s, hence
R'f,0x is locally free and compatible with base change. ([l

Since klt implies rational, but also implies log canonical which implies Du Bois,
it is natural to ask whether rational implies Du Bois. This was in fact conjectured by
Steenbrink, and is now a fact, shown by Kovécs [Kov1] and Saito [Sa3].

THEOREM 3.3.3. If X has rational singularities, then X has Du Bois singularities.

We will prove this result using a simplification of the original argument of Kovacs,
observed by Kovacs-Schwede. It relies on the following technical injectivity theorem they
proved, [KoS1, Theorem 3.3], which turns out to be important for many applications and
generalizations.

THEOREM 3.3.4. For a variety X, the morphism
P RHom(Q%, w%) — RHom(Ox,w) = wk,

induced by dualizing the canonical morphism ¢: Ox — Q%, is injective on cohomology.

Let’s assume this for the moment, and proceed towards the proof of Theorem 3.3.3.
First, the theorem implies a more flexible criterion for detecting Du Bois singularities:

COROLLARY 3.3.5. If the canonical morphism Ox — Q% has a left inverse in

D° (X)), then X has Du Bois singularities.

coh
PROOF. The hypothesis means that there exists a morphism v: Q% — @x such that
the composition
Ox 2 Q% 2 Ox
is an isomorphism. Dualizing this composition, we obtain an isomoprhism

w — RHom(25%,w%) N wk-
This implies that v is surjective on cohomology; it is however also injective on cohomology
thanks to Theorem 3.3.4. Therefore 1 is an isomorphism, and applying duality one more
time we obtain the conclusion. 0J



3.3. CONNECTION WITH OTHER TYPES OF SINGULARITIES 39

This leads in turn to a criterion analogous to Theorem 1.2.14 for rational singulari-
ties.

COROLLARY 3.3.6. If f: Y — X is a morphism such that Y has Du Bois singu-
larities and the induced morphism Ox — R f.Oy has a left inverse, then X has Du Bois
singularities.

PROOF. Apply the previous Corollary to the composition
Ox — Q% = RfQ) ~Rf, 0Oy — Ox.

The second morphism is given by functoriality, and the last morphism is the left inverse
given by the hypothesis. We conclude that @x — Q% has a left inverse as well. O

We are now ready to show that rational singularities are Du Bois.

PrROOF OF THEOREM 3.3.3. Let f: X — X be a resolution of singularities. By
hypothesis, the induced morphism

Ox — Rf.0

is an isomorphism, hence we conclude by Corollary 3.3.6. 0]

We are left with proving the injectivity result, Theorem 3.3.4. First we need to
study a technical point, namely the behavior of the 0-th Du Bois complex under cyclic
covering constructions.

Assume that X is projective, and consider a semiample line bundle L on X. For
some positive integer m, and divisor D € |L®™|, we can construct the m-fold cyclic cover
of X branched along D, denoted

Y — X.
See for instance [EV, §3]. One of the key properties of such a cover is that

m—1
T Oy =~ @ L®,
i=0

If X and D are smooth, then Y is also smooth; see e.g. [La, §4.1.B]. The key point for
us is the following;:

LEMMA 3.3.7. With the notation above, if D is a general divisor in |L®™|, we have
m—1
Q) ~ Q% @ 1.0y ~ Q% ® (EB L),

1=0

PROOF. Let ¢,: X, — X be a hyperresolution. For each ¢;: X; — X, set L, := ¢} L,
and D, := €7D, which is still a general member of a basepoint-free linear system. Since
X, is smooth, by Bertini D; is smooth as well, hence the m-fold cyclic cover m;: Y; — X;
branched along D; is smooth as well.
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By construction, for each ¢ we obtain a commutative diagram
Y, > X;
sfj l&
Yy "= X

and it is not hard to check that the resulting €} : Y, — Y is a hyperresolution (exercise!).
Therefore we have

R7.Q) ~ Rn,Rel Oy, ~ Re, . Rr,, Oy, ~

m—1 m—1 m—1
Rew (03, ® (1) = Rev 0, & (D 17) = 0 & (D L)
=0 i=0 i=0

REMARK 3.3.8. It is straightforward to see that the induced morphism 7,0y —
7,8 is compatible with the direct sum decompositions described above.

COROLLARY 3.3.9. With the notation above, the natural morphisms
H/(X,L%7") — W (X, Q% ® L9,

induced from the canonical Ox — Q% by tensoring with L2~ and passing to cohomology,
are surjective for all i,5 > 0.

ProOF. Fix i > 0. Let m > 0 such that L®m is globally generated, and assume that
m > i. Pick a general divisor D € |L®™|, and consider the corresponding cyclic cover
m:Y — X discussed above.

We now apply Hodge theory on Y, namely the fact that the composition

is surjective. Therefore so is the morphism on the right. But Lemma 3.3.7 says that this
is the same as the morphism

m—1 m—1
D H/ (X, L97) > P (X, 2% & 157,
=0 =0

induced on each component by the morphism described in the statement. Since ¢ is among
the ¢, we obtain the conclusion. O

Proor oF THEOREM 3.3.4. The statement is local, so we may first assume that X
is affine, and then by compactifying it we may assume it is projective. Take L to be an
ample line bundle on X. By Corollary 3.3.9, for every ¢, 7 > 0 the morphisms

HI(X,L%7) - B (X, Q% ® L)

are surjective. Using the notation D(Q5%) = RHom(Q%,w%) for simplicity, applying
Gothendieck-Serre duality we deduce that the morphisms

B (X, D(Q%) ® L¥) — B (X, w§ ® L)
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are injective, for all i,7 > 0. Now for any object A® in D?,(X), we have a spectral

sequence “
EY = HP(X, H'A* ® L®") = HPTY(X,A* ® L¥),
and if 2 > 0, by Serre vanishing we deduce that
H (X, A* ® L®) ~ H°(X, H'A* @ L®").
Thus for sufficiently large ¢ we deduce the existence of injective morphisms
HY(X, H'D(Q%) ® L¥) — H(X, Hw @ LY.

By the same token, ¢ can be chosen sufficiently large so that the sheaves whose global
sections we are taking are globally generated. This implies that we already have an
inclusion at the level of sheaves, and then tensoring with L®~* we obtain inclusions

H'D(Q%) — HIwg  for all 4.
U

Theorem 3.3.4 has many other interesting applications. Let’s first draw some obvious
conclusions:

COROLLARY 3.3.10. If X is a Cohen-Macaulay variety of dimension n, then
Ext! (Q%,wy) =0 for j# —n.

PRrROOF. This is clear from the injectivity theorem, since in the Cohen-Macaulay case
w% is a sheaf supported in degree —n. O

Reinterpreted in birational terms, this is a sort of Grauert-Riemenschneider type
criterion for embedded resolutions of Cohen-Macaulay varieties.

COROLLARY 3.3.11. Let X be a Cohen-Macaulay variety, embedded with codimen-

ston r in a smooth variety Y, and let f:Y — Y be a strong log resolution of Y with
E = f"Y(X)a.- Then
Rfiwgp=0 for j#r—1.

PROOF. Recall by (3.1.1) that Q% ~ Rf.0p. Applying Grothendieck duality to this
isomorphism yields
RHom(Q%,w%) ~ Rf.wp[dim E].
The statement then follows from Corollary 3.3.10. U

REMARK 3.3.12. Note that by the injectivity theorem we have an inclusion
R fowp — wy ~ H "W,

where wy is the dualizing sheaf of X. If X is Gorenstein, this is a line bundle, hence we
obtain an isomorphism

Rrilf*wE —wx ® j
where 7 is an ideal sheaf corresponding to a closed subscheme of X supported on the
non-Du Bois locus of X.
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Here is another application to the vanishing of various cohomologies of Qg(; this is
[PSV, Corollary BJ.

COROLLARY 3.3.13. Assume that a variety X is Du Bois away from a closed subset
of dimension s. Then

H'QY =0 forall 0<i<depth(Ox)—s— 1.

ExXAMPLE 3.3.14. If X is Cohen-Macaulay of dimension 7, then depth(&0x) = n; if in
addition it is Du Bois away from finitely many points (e..g. if it has isolated singularities),
then we obtain

H'QY =0 forall 0<i<n-—1.

Given what we already know about HQ%, it follows that besides i = 0, the only other
possible non-zero cohomology is for ¢ = n — 1. The extends the phenomenon we have
observed for cones over smooth hypersurfaces in P".

PROOF OF COROLLARY 3.3.13. Dualizing the canonical map &x — Q%, we obtain
an exact triangle
RHom(Q%,ws) — wh — A*[n] -5,

where n = dim X, and A°®[n] is simply convenient notation for the cone of the dual
morphism.

By Theorem 3.3.4, we obtain short exact sequences
0 — Ext'(Q%, w) = H'wy — HTA® — 0.

By general commutative algebra we know that we can have H'w$ # 0 only in the interval
[—n, —d], where d = depth(&Ox), hence H¥A® can be # 0 only for k € [0,n — d].

Dualizing the triangle back, we get an exact triangle

RHom(A%n|,w%) = Ox — w¥ +—1>,
so we have
(3.3.1) HQS ~ Ext™ (A% W), forall i> 0.

Now there is a standard spectral sequence converging to Ext' ™1 "(A®, w% ), whose E, terms
are

E;’—H—n—&-k,k — 8mti+1_”+k(HkA',w;().

We claim that for i < d — s — 1, all these terms are 0, which gives us the conclusion we
want.

To see this, note first that by general commutative algebra, for any coherent sheaf
# on X, we have

Ext! (F,wy) =0, forall j < —dimSupp(F).
Since all H*A® are supported in dimension at most s, this means that

ESmRE — 0 for i<n—k—s—1.
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On the other hand, we know that H*A® can only contribute for & € [0,n — d]. Combining
these two facts, it follows that all the Fs terms are 0 if ¢ < d — s — 1, which implies what
we want thanks to (3.3.1). O

Here is an amusing consequence of this last Corollary.

COROLLARY 3.3.15. Let X be a projective seminormal Cohen-Macaulay variety of
dimension n, with isolated singularities, or more generally Du Bois away from a finite set

of points. If H"(X, Ox) =0, then X is Du Bois.

More precisely, we have h™(X, Ox) > h™(X,Q%), and X is Du Bois <= h"(X,Ox) =
(X, Q%) <= the natural map H"(X, Ox) — H"(X, Q%) is injective (hence an iso-
morphism,).

PROOF. We consider the cone

Ox — Q% = C* 2

Note that C*® is supported on a finite set. We clearly have H'C*® = 0 for ¢ < 0 (since the
seminormality condition is equivalent to Ox ~ H’Q% ), while H'C*® ~ HiIQS for i > 1. In
particular, by (5) in §2.3 and Proposition 2.4.2 we have H!C*® = 0 for i > n— 1. Moreover,
since X is Cohen-Macaulay, by Corollary 3.3.13 we have H!C® =0 for i <n — 1.

Note now that we have a short exact sequence
0—H"(X,C%) — H"(X,0x) — H"(X,0%) — 0.

The last map is surjective thanks to the degeneration of the Hodge-to-de Rham spectral
sequence, as in §2.3 (4), since it sits in the surjective composition

The hypercohomology group H" (X, C*) is computed by a spectral sequence whose
FEs-terms are

EY? = HP(X,HIC®), with p+qg=n—1.
Since H!C*® = 0 for i # n — 1, this gives
H"(X,0x) ~H"(X,0%) < H'(X,H"'C*) =0.

As the support of C* is finite, this last condition is equivalent to H"~'C*® = 0, hence to
C* =0, i.e. to X being Du Bois. O

For instance this applies to any low degree normal complete intersection with isolated
singularities in P¥.

3.4. Behavior with respect to hypersurfaces

Let H be an effective Cartier divisor in a variety X, meaning that locally H is
defined by the vanishing of one equation. A hyperresolution £,: X, — X can be put in a
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diagram

where H] is given by the component-wise fiber products H X x X;, and H, is a hyperres-
olution of H factoring through H., which can be constructed by the general technique of
[GINPP]. We then have a sequence of morphisms

O%|r = Lj"Re,,.Q%, — Re, Lj"Q%, — Re, QY — Re, Q3 = Q3

where the first morphism follows from the the push-pull formula, while the others are
given by functoriality. In other words, we have an induced factorization

(3.4.1) Q%|m — Re, Qy, — Q.

ProrosiTION 3.4.1. If X is a quasi-projective variety with Du Bois singularities,
and H is a general hyperplane section of X, then H has Du Bois singularities.

PrROOF. If H is a general member of a basepoint-free linear system, then each H is
a smooth divisor in X;, and H] is already a hyperresolution of H (exercise!). Therefore
we can take H, = H,, and since j*Ox, ~ Oy, it is easy to deduce from the chain of
morphisms above that we actually have

Q?{ = Q%H-
Since Q% ~ Oy, it follows immediately that QY ~ &y. O
EXERCISE 3.4.2. If X is a quasi-projective variety with rational singularities, and

H is a general hyperplane section of X, then H has rational singularities.

Can we go backwards? If phrased appropriately, the answer is yes; this type of
result usually goes under the name “inversion of adjunction”. Inspired by Elkik’s proof of
a similar result in the case of rational singularities, Kovdcs and Schwede [KoS1] showed
the following:

THEOREM 3.4.3. Let H be an effective Cartier divisor with Du Bois singularities,
on a variety X. Then X has Du Bois singularities in a neighborhood of H.

PrROOF. We use the discussion at the beginning of the section. Denoting C*® :=
Re, Oy, for simplicity, by (3.4.1) we have a factorization

%y — C* — QY.

In particular, applying the functor D(- ) = RHom/( -, w% ), we obtain a morphism D(Q},) —
D(C*).
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The problem is local, so we may assume that X is affine, and H is given by the
vanishing of a function f. Since the action of f can be lifted to the hyperresolution X,,
we have an induced commutative diagram of exact triangles

O -f Ox O +1
0% —L-0f —co =

Dualizing this diagram, we obtain exact triangles

D(C*) — D(%) —1- DY) *—

o,

D(0y) Wy Wy —5

Now the main ingredient is Theorem 3.3.4, which says that ¢ is injective on cohomology.
On the other hand, we have a composition of morphisms

D(Qy) — D(C*) = D(0n),

where the first morphism arises from the discussion in the first paragraph of the proof,
while the second is v. It is an easy check that the composition is the canonical morphism
induced by 0y — QY; since this is an isomorphism by hypothesis, it follows that v is
surjective on cohomology.

Putting all this together, we obtained that 1 is an isomorphism as a consequence of
the general Lemma below. 0

LEMMA 3.4.4. Let R be a reduced Noetherian local ring, and f € R a non-invertible
element. Consider finitely generated R-modules A;, A, B;, B;, with i € I a finite set, such
that there is a commutative diagram of exact sequences

AL gL A

l v J Pi j b; l Vit1
B/ / /

. f (o i1
!/ v ! !/ v !/
Ai Bz Bz A’i+1

oy Bit1

with v; surjective, and @; and ; injective, for all i. Then 1; is an isomorphism for all i.

PROOF. Let z € B]. By assumption, there exists w € A;+1 such that

vip(w) = o;(2).
Since ;41 is injective, we have f5;41(w) = 0, so there exists t € B; such that w = a;(t).
Therefore
a;(i(t)) = viqr(i(t)) = ai(2)
and consequently
z — () € ker(a}) = f - Bi.
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Denoting K; = coker(v;), this implies that K; = f - K;. Thanks to Nakayama’s Lemma,
we deduce that K; = 0. O

A quick consequence of Theorem 3.4.3 is the fact that Du Bois singularities are
preserved under deformation.

COROLLARY 3.4.5. Let f: X — C be a proper flat morphism, with C' a smooth
curve. If the fiber X, has Du Bois singularities for some t € C, then X, has Du Bois
singularities for all s in a neighborhood of t.

ProoOF. We have that X, is a Cartier divisor, so by Theorem 3.4.3, there exists an
open set X; C U in X that has Du Bois singularities. If Z = X \ U, then f(Z) is a closed
subset of C' which is proper (since it does not contain t). Throwing Z and its preimage
away, we may then assume from the beginning that X has Du Bois singularities. Since
the fibers of f form a basepoint-free linear system, the general one then has Du Bois
singularities by Proposition 3.4.1. U



CHAPTER 4

Higher Du Bois and rational singularities

4.1. First definitions and examples

Higher Du Bois singularities. We introduce the following generalization of the notion
of Du Bois singularities. This should be seen as a temporary definition only, as it will
need to be modified in the case of varieties that are not local complete intersections (LCI).

DEFINITION 4.1.1. Let X be a complex variety. For an integer m > 0, we say that
X has m-Du Bois singularities if the canonical morphisms

O — Q%
are isomorphisms for all p < m.

Sometimes it is convenient to refer to this condition for m < 0, when it simply
means that we impose no conditions.

Since the issues in the non-LCI case will arise from the behavior of the 0-th coho-
mology, we also introduce the following concept:

DEFINITION 4.1.2. The variety X has pre-m-Du Bois singularities if the canonical
morphisms

HOQE — Q%
are isomorphisms for all p < m. Equivalently, this says that H'Q% = 0 for all ¢ > 0 and
p < m.

EXAMPLE 4.1.3. Clearly 0-Du Bois is the same as Du Bois. Moreover, by Proposi-
tion 3.2.13, a variety X is Du Bois if and only if it is pre-0-Du Bois and seminormal.

A cuspidal curve is pre-0-Du Bois, but it is not Du Bois, since it is not seminormal.

EXAMPLE 4.1.4 (Quotient singularities). From Section 2.5, we know that quo-
tient singularities are pre-m-Du Bois for all m.

ExAMPLE 4.1.5 (Toric varieties). By 777, toric varieties are pre-m-Du Bois for all

EXAMPLE 4.1.6 (Cones). Proposition 2.5.3 implies that an abstract cone X =
C(Y, L), with Y € PV a smooth projective variety and L an ample line bundle on Y, is
pre-m-Du Bois if and only if

H(Y, % @L%) =0, forall i>0,(>0,p<m.

47
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The question of when this happens is interesting and quite deep. Note first that by Nakano
vanishing we know that it holds whenever p > n — i, where n = dimY’; however here we
are interested in small values of p.

As an example, when X is a surface and we are interested in the pre-1-Du Bois
condition, given the remark above, the only thing we need to worry about is the vanishing
of cohomology groups of the form

HY Y, ® A)

where A is an ample line bundle on Y. We will see in the next example that this may or
may not happen, even when we stay within a fixed class, like that of K3 surfaces. First
we recall the following:

DEFINITION 4.1.7. A smooth projective variety satisfies Bott vanishing if for every
ample line bundle A on Y we have

H(Y,0 ® A)=0 forall i>0,p>0.

COROLLARY 4.1.8. If Y satsifies Bott vanishing, then X = C(Y, L) is pre-m-Du
Bois for all m, for any ample line bundle L on'Y .

ExXAMPLE 4.1.9. Here are some examples of varieties satisfying Bott vanishing. The
list is certainly not complete.

Perhaps the most obvious class of varieties that satisfies Bott vanishing is that of
abelian varieties, when all 2}, are trivial vector bundles. The projective space P" satisfies
Bott vanishing; this was first shown by Bott [?], and is the reason for the terminology.
More generally, toric varieties satisfy Bott vanishing.

In recent years, Totaro has studied this question extensively. He showed that Del
Pezzo surfaces of degre at least 5 satisfy Bott vanishing [?], and so do 37 types of Fano
threefolds [?]. He also showed that K3 surfaces with Picard number 1 satisfy Bott van-
ishing iff their degree is 20 or > 24.

It is much harder to specify when a variety is m-Du Bois, even when we know that
it is pre-m-Du Bois. The extra condition that needs to be satisfied is that the natural
maps

0
OF — HOQY
are isomorphisms for all p < m. By (9) in Section 2.4, an immediate obstruction is that

% should be a torsion-free sheaf for all p < m, and even reflexive when X has rational
singularities.

For repeated use, we make the following:

DEFINITION 4.1.10. Let % be a coherent sheaf on X, and consider the natural
morphism ¢: . % — %"V, Then the torsion and cotorsion sheaf of .Z are, respectively,

tor(F) :=ker(p) and cotor(.#) := coker(yp).
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EXAMPLE 4.1.11. When X is reducible, the forms supported on X, are torsion.
For example, when X = E is an SNC divisor, we have seen in Exercise 2.4.7 that

QF ~ QY /tor(2,)  for all p,
and tor(Q%) # 0 for all p > 1, so E is not m-Du Bois for any m > 1.

ExAMPLE 4.1.12 (Hypersurfaces). Let X be an n-dimensional hypersurface in a
smooth variety Y, and say ¢ = codim Xg,,. Buliding on work of Vetter and Greuel, Graf
proved the following precise result regarding the torsion and cotorsion of the sheaves of
Kahler differentials on X.

THEOREM 4.1.13 ([Gr, Theorem 1.11]). With the notation above, we have
tor(Q5) =0 <= p<c—1

and
cotor(5) =0 <= p<c—2.!

In other words, the first part of the theorem says that (2% is torsion-free if and only
if p < ¢—1. For instance, if X is normal, then we are only guaranteed the torsion-freeness
of Q. If X is m-Du Bois, the theorem implies the obstruction ¢ > m + 1. In fact much
more is true; one can show with more sophisticated methods that ¢ > 2m + 1.

EXAMPLE 4.1.14. Let X = (23 + 23 + 23 = 0) C C? be the cone over a smooth
plane conic. In this case ¢ = 2, so Q% is torsion-free. Moreover, X is pre-1-Du Bois by
Corollary 4.1.8. On the other, X is not 1-Du Bois, since Q1 is not reflexive; we have
seen in Example 2.2.8 that Q% ~ f*Q}(, where f: X — X is a resolution of singularities,
and this can be shown to be reflexive by direct calculation. As a high-brow alternative,
X has rational singularities, and therefore (10) in Section 2.4 says that H°Q} has to be
reflexive.

It turns out that higher Du Bois hypersurface singularities can be characterized
numerically. T will only state the main result for now, but will try to address at least
some of it later; the full result uses a lot of technology that we have not discussed in this
class, like Bernstein-Sato polynomials and mixed Hodge module theory.

THEOREM 4.1.15. Let X be a reduced hypersurface in a smooth variety Y. The
following are equivalent:

(1) X is m-Du Bois

(2) a(X) > m+ 1, where a(X) is the minimal exponent of X (i.e. the negative of
the largest root of the reduced Bernstein-Sato polynomial of X ).

(3) 1,(X) = Oy for all p < m, where I,(X) is the p-th Hodge ideal of X .

(4) Im(X) = Ox.

The proof of this theorem spans many papers. Initially, the equivalence between
(3) and (4) was shown in [MP1, Proposition 13.1], and their equivalence with (2) was
shown in [Sa4, Corollary 1]. More recently, and most importantly for the discussion here,

IThe result is in fact more precise; see loc. cit.
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the implication (2) = (1) was shown in [MOPW, Theorem A], while the converse
(1) = (2) was subsequently shown in [JKSY] (which also introduced the terminology
m-Du Bois!).

The strength of this restul stems from the fact that the minimal exponent can
sometimes be computed explicitly.

EXAMPLE 4.1.16. When X is the zero locus of a weighted homogeneous polynomial
in Xy,...,X,, with weights wy, ..., w, such that the total degree is 1, and with isolated
singularities, then by [?] we have

For instance, if X is the diagonal hypersurface Xi* +--- + X% = 0, with all a; > 2, then
- 1 1
a(X):—+..+_
aq Qp,
Thus for the cone over a quadric, when a; = - - - = a,, = 2, for n = 3 the minimal exponent

is 3/2, hence as we discussed in earlier example X is not 1-Du Bois, but as soon as n > 4,
X does become 1-Du Bois.

EXAMPLE 4.1.17. When X is an ordinary singular point (meaning its projectivized
tangent cone is smooth) of multiplicity m, for instance the cone over a smooth projective
hypersurface of degree m in P"~!, then a(X) = n/m; see [7].

Duality morphism. If Y is a smooth variety, for each p > 0 we have an obvious
isomorphism

O ~ Hom(Qy P, wy) ~ RHom(Qy 7, wy).

We cannot hope for something this strong in the case of Du Bois complexes, but at the
very least we have canonical morphisms arising from duality.

PROPOSITION 4.1.18. For every irreducible variety X of dimension n and every
p > 0, there is a canonical morphism

Uy Q5 — RHome, (Qy 7, wk[—n])
in the bounded derived category of coherent sheaves on X.

PRrROOF. Let f: X — X be any resolution of singularities. The functoriality of the Du
Bois complex gives a morphism

a,: 9% — R f*Q%
for each p. On the other hand, on X we have the isomorphism
Tf: QZ}( — RHomg (Qn){p, wg)
and we get an isomorphism (3, on X as the composition

Rf*Q% = Rf.RHome, (Q"){p, w);) = RHomg, (Rf*Q"){p, w;([—n]),
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where the first isomorphism is R f, (T;{ ) and the second isomorphism is provided by relative
duality for f. Finally, taking the Grothendieck dual of c,_, provides a morphism

Yo RHom(Rf*Q"){p,w;([—n]) — RHom (Q% 7, wk[—n]).
We define
Yy == 0 By 0 .

We need to show that this is independent of the choice of resolution. Since any two
resolutions are dominated by a third one, it is enough to show that if f is as above and
g: W — X is a proper birational morphism, with W smooth, then the morphisms 1,
corresponding to f and h = f o g coincide. This follows easily from the definitions once
we know that the following diagram is commutative

Rf*Q’)% — R’Hom(Rf*Q?{p,w' [—n])

! I

RA.Q, —— RHom(RhQy, ", wk[—n]),

in which the top horizontal map is the 3, with respect to f and the bottom map is 3, with
respect to h. This commutativity follows from the functoriality of relative duality and its
compatibility with composition of proper morphisms, together with the commutativity of
the diagram

0r. —"— RHom, (V%7 wy)

. I

Rg.(7,") n—
Rg. e, Rg.RHomg,, (QW p,wW).

The latter follows in turn from the fact that it trivially holds over any open subset over

which ¢ is an isomorphism (note that we are comparing two morphisms between vector
bundles). This completes the proof of the proposition. O

REMARK 4.1.19. It’s quite clear that having 1, be an isomorphism for some p
requires assumptions on the singularities. For instance, when p = 0, even when X is
Cohen-Macaulay and Du Bois, ¢ being an isomorphism is equivalent to the condition
fiwg ~ wx, where f: X — X is a resolution of singularities; in other words, it is
equivalent to Z having rational singularities.

Higher rational singularities. By analogy with the Du Bois case, we temporarily
introduce the following;:

DEFINITION 4.1.20. Let X be an irreducible complex variety of dimension n. For
an integer m > 0, we say that X has m-rational singularities if the morphisms Q% —
D(Q% ") obtained as the canonical compositions

O = 2% = D(Qy )

are isomorphisms for all p < m.
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Sometimes it is convenient to refer to this condition for m < 0, when it simply
means that we impose no conditions.

Again, this condition will need to be modified when X is not LCI.

DEFINITION 4.1.21. The variety X has pre-m-rational singularities if the canonical
morphisms
H'D(Qy7) = Q%7
are isomorphisms for all p < m. Equivalently, this says that H'D(Q% *) = 0 for all i > 0
and p < m.
ExXAMPLE 4.1.22. Since we have
Q% ~ fiwg ~ Rfwy
for any resolution of singularities f: X > X , by Grothendieck duality we have
D(Q%) ~Rf.0%.
Therefore X has pre-O-rational singularities if and only if R'f,05 = 0 for all i > 0.

Moreover, X has rational singularities if and only if X has O-rational singularities,
if and only if X has pre-O-rational singularities and is normal.

ExAMPLE 4.1.23. We will see soon that quotient singularities are pre-m-rational for
all m. Therefore so are simplicial toric varieties. However, non-simplicial toric varieties
are not even pre-1-rational; see [SVV1, §6.2] and [SVV2].

Theorem 4.1.15 has an analogue for higher rational singularities; I only state the part
in terms of the minimal exponent. This is shown in [MP3, Theorem E] and [Sa5, Theorem
A].

THEOREM 4.1.24. Let X be a reduced hypersurface in a smooth variety Y. The
following are equivalent:

(1) X is m-rational
(2) a(X)>m+ 1.

Combining the two theorems implies the following extension of “rational implies Du
Bois” in the case of hypersurface singularities:

COROLLARY 4.1.25. If a hypersurface X has m-rational singularities, then it has
m-Du Bois singularities.

4.2. Basic results

We have seen that rational singularities are Du Bois. The main focus of this section
is the “higher” analogue of this statement, namely the fact that m-rational singularities
are m-Du Bois, but we will establish various key properties along the way.

First we aim to understand the behavior with respect to general hyperplane sections:
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PROPOSITION 4.2.1. Let X be a quasi-projective variety, and H a general hyperplane
section. Then for each p > 0, there is an exact triangle

P @ Op(—H) = B |y — Q8 *5

THEOREM 4.2.2. If X is a quasi-projective variety that is pre-m-Du Bois (resp.
pre-m-rational), and H is a general hyperplane section of X, then H is pre-m-Du Bois
(resp. pre-m-rational).

PROOF. Assume first that X is pre-m-Du Bois. The case m = 0 is clear; see the proof
of Proposition 3.4.1. We assume m > 0, and use induction on m. For any p < m, we
consider the following commutative diagram, where the vertical maps are the canonical
morphisms:

0 ——HOQ " (—H) — H(Q|n) — HQ

| L

QN (—H) elu 9

The bottom exact triangle is given by Proposition 4.2.1. Since X is also pre-(m — 1)-Du
Bois, by induction so is H; therefore the left vertical map is an isomorphism, and the top
row is a short exact sequence. Moreover, since H is general, we have

(H'Q) |~ H'(Q ),

and consequently the middle vertical map is also an isomorphism. We conclude that the
right vertical map is an isomorphism as well.

+1

Assume now that X is pre-m-rational. We proceed again by induction on m, the
case m = 0 being clear. For any p < m, consider the commutative diagram

0 —=HDy(Q}7) — HDy (Q |) — HODy (Q 7~ (H)
Dy (257 Dy (" |u)

Here the bottom triangle is obtained by dualizing the triangle in Proposition 4.2.1, with
p replaced by n — p.

Dy () (H) ——

Denote by i: H < X the inclusion of H in X. Recall that in our hypersurface case,
the functor
' =DpyoLi*oDy
acts as @ ® Oy (H)[—1]; see [Sta, Tag 0AU3, 4(b) and 7]. Therefore we have
Dy(Q% "|m) = i Dx(Qy "[1] =~ Dx (") |u (H),
hence the middle vertical map in the diagram above is an isomorphism. Furthermore, X
is also pre-(m — 1)-rational, hence by induction so is H. Therefore the left vertical map is

an isomorphism, and the top row is a short exact sequence. We conclude again that the
right vertical map is an isomorphism. U

Combining this result with basic properties of Kahler differentials, we get:
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COROLLARY 4.2.3. The statement of Theorem 4.2.2 also holds for m-Du Bois and
m-rational singularities.

The main result we are after is the following:

THEOREM 4.2.4. If X is a normal variety with pre-m-rational (resp. m-rational®)
singularities, then X has pre-m-Du Bois (resp. m-Du Bois) singularities.

Recall that for m = 0, the proof of this result made essential use of the injectivity
result, Theorem 3.3.4. Along, these lines, the following is proposed in [PSV]:

CONJECTURE 4.2.5. Let X be a variety with pre-(m—1)-Du Bois singularities. Then
the map
RHome, (%, wl) — RHome, (H'Q%, w)
in Db (X), obtained by dualizing the canonical morphism H°QY — Q. is injective on
cohomology.

There are two main results known in this direction. The first is a proof of the
conjecture when X has isolated singularities, given in [PSV, Theorem D].

THEOREM 4.2.6. Conjecture 4.2.5 holds when X has isolated singularities.

The second, which in fact predates the conjecture, is a proof of a strong version of
this result in the case of local complete intersections, assuming the stronger (m — 1)-Du
Bois condition; this is [MP3, Theorem A].

THEOREM 4.2.7. If X is local complete intersection with (m — 1)-Du Bois singular-
ities, then the morphism

RHomg, (Q%,wx) = RHome, (0%, wx)

in D, (X), obtained by dualizing the canonical morphism Q% — QF, is injective on

cohomology.

REMARK 4.2.8. Note that a conclusion as in Theorem 4.2.7 implies a conclusion as
in Conjecture 4.2.5, because of the factorization

Q% — HOQR — QF.
Note however that it is also shown in [MP2], [MP3] that, at least for m > 2, under the
(m — 1)-Du Bois assumption we have the isomorphisms

O~ Q' ~ 3007
We can prove Theorem 4.2.6 without much trouble using the methods developed up
to now, so let’s first do this.

Proof of Theorem 4.2.6. The statement of the theorem is local, hence we may assume
first that X is quasi-projective. Since the singular locus S of X is a finite set, using
resolution of singularities we may choose a compactification X of X such that the singular

2Note that in this case normality is automatic.
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locus of X is still S, and prove the statement for X. Hence it suffices to assume that X
is projective to begin with. Under this assumption, we prove a stronger statement:

THEOREM 4.2.9. Let X be a projective variety which is pre-(m — 1)-Du Bois, and
pre-m-Du Bois away from a finite set. Then the morphism

RHome, (%, w) — RHomg, (H Q% w)
in Db

mology.

(X), obtained by dualizing the canonical map HQY — Q%, is injective on coho-

The key point in the proof is the following:

PROPOSITION 4.2.10. Let X be a projective variety with pre-(m — 1)-Du Bois sin-
gularities. Then for each i, the natural map

H'(X, H'Q%) — H'(X, Q%),

obtained by applying cohomology to HOQy — QF, is surjective.

PrROOF. For each p > 0, we denote
QF = Q% /FPO%.
So we have an exact triangle
421 08 [—p) — OF — 0
Ux TP X 2L

We also denote by Q)S(p ., the object in the derived category of differential complexes on
X ,? represented by the complex

[HOOY 5 1oL & - L 3008,

placed in cohomological degrees 0, ..., p. This is not to be confused with HO(Q)S(p ). Here
we have an exact triangle

(4.2.2) HOQE [—p] — QF, — O RN

Using the triangles (4.2.1) and (4.2.2), it is immediate to see by induction on p that
there exist natural morphisms

<p <p
QX,h —> QX .

Since X is projective, the Ej-degeneration of the Hodge-to-de Rham spectral sequence
for the filtered de Rham complex of X implies that the induced composition

H(X,C) - H(X, Q)%’h) — H(X,Q5")

is surjective for each 7, hence so is the second map.

3The notation is motivated by the fact that HOQ’;( agrees with the h-differentials Q’;Qh studied in
[?HJ].
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Let’s now consider the integer m in the statement. The map Q)S(",ZL — Q3" and its
analogue for m — 1, combined with the two exact triangles described above, give rise to a
morphism of exact triangles

0oOm <m <m-—1 +1
HOQR[-m] —— QX,h - ’ QX,h ?

| | |

_ 1
Qe[-m] —— QF" —— Q7"

Since X is pre-(m — 1)-Du Bois, the right-most vertical map is an isomorphism. Passing
to hypercohomology, we obtain a morphism of long exact sequences

H (X, Q)S(fz‘l) —— X, (HQ%[-m]) —— H(X, Q)Sg',g) — HY(X, Q§j’,§‘1)

I | l I

HY(X, 07"") —— H(X, Q%(-m]) —— HI(X,95") — H(X,08")
Since the third vertical map is surjective for all 7, basic homological algebra shows that

so is the second. O

We now consider the exact triangle
HOO? - Q7 - C T

By definition X is pre-m-Du Bois away from a finite set of points if and only if C is
supported on a finite set. After dualizing, we obtain an exact triangle

K — RHomg, (Q%, wy) — RHomg, (H'QY, w) +—1>>

where again K is supported on a finite set. Applying Grothendieck-Serre duality to the
surjections in Proposition 4.2.10, we obtain that the induced morphisms

H' (X, RHome, (%, wk)) — H' (X, RHomg, (H'Q},w%))
are injective for all integers 7.
Theorem 4.2.9 is then a consequence of the following general result:
LEMMA 4.2.11. Let X be a projective variety, and let
K—F—G2h
b

be an exact triangle in D2, (X). Suppose that K has zero-dimensional support, and that
the induced maps on hypercohomology

H'(X,F) — H(X,Q)
are injective for all i. Then the induced maps on cohomology
HF - H'G

are injective for all 1.
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PROOF. The injectivity on hypercohomology implies that for each ¢ we have short
exact sequences:

0— H(X,F)— H(X,G) - H™X, K)—0.
Now the hypercohomology of G is computed by a spectral sequence
EY* = HY(X, H'G) = HP'(X,Q),
while the similar spectral sequence for K shows that
H™ (X, K) ~ H'(X,H"'K),

because of the assumption that K is supported in dimension zero. Passing to the first
associated graded term of the filtration on the total object in each of these two cases leads
to a commutative diagram

Hi(X,G) — Hit(X, K)
E% — 4 HO(X, HHK)

and by the observations above, it follows that the bottom horizontal map is surjective.
On the other hand, note that in fact this map has a factorization

EY — By = HY(X, H'G) == H°(X, H"'K),

where ¢ comes from the connecting homomorphism H'G — H*' K induced by the orig-
inal triangle. Since the support of H™1K is zero-dimensional, it follows immediately
that this connecting homomorphism is surjective for each ¢, which is equivalent to our
assertion. 0]

Proof of Theorem 4.2.4. As before, we want to use injectivity in order to address this
question. First however, we need to understand a different, and perhaps more natural,
interpretation of higher rational singularities.

LEMMA 4.2.12. Let X be an irreducible variety, and f: X—>Xa strong log resolu-
tion, with reduced exceptional divisor E. Then:

(1) There is a natural morphism
D(QL7) — R (log B),

which is an isomorphism for p < codimx Xing.
(2) If X is normal, the induced map

HD(Qy?) — [0 (log E)

is an isomorphism.*

For p = 0, this is the familiar H'D(Q%) ~ f. 0.
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PROOF. Recall that if Z = X,s, we have Steenbrink’s triangle
n— n—p +1
R, (log B) (—E) — Q7 — Q5 =
If n—p>dimZ, then Q) " =0, and we get (1) by dualizing and applying Grothendieck
duality.
For (2), since X is normal, we have that ¢ = codimy Xgn, > 2. Dualizing the
triangle above, we have
n— n— n— +1
D(Q ") — D@\ ") — Rf.Q% "(log B) — .
Passing to cohomology, we obtain an exact sequence
0= HDx(Qy ") — H'D(QY ") — £.Q% "(log E) — H'Dx (2 ").

Note now that by Grothendieck duality we have Dx(:) = Dz(-)[—¢], hence for all i we
have

H'Dx(Qy ") ~ 1 D4(Q5 ).

Since Dz(2, ") is supported in non-negative degrees, and ¢ > 2, it follows that these
cohomologies are 0 for 7 = 0, 1, hence the exact sequence above implies what we want. [

Assume now that X is normal. In this case we’'ve seen that pre-O-rational is equiv-
alent to rational singularities. In this case, by (10) in Section 2.4, for all p we have

HOQE ~ QE’? ~ [0 = 0% (log E) ~ H'D(QP),
where for the last isomorphism we use Lemma 4.2.12.

We can now proceed with deducing the statement of Theorem 4.2.4 from the injec-
tivity result/conjecture. Let’s assume therefore that X is normal and pre-m-rational for
some m > 0. According to the definition and the discussion above, this means that the
composition

HQY — Q% - D(Qx ™)
is an isomorphism. Dualizing, we obtain that the composition
QY™ — D(QY) — DHQY)

is an isomorphism, and therefore the morphism on the right is injective on cohomology.
Since it is also injective on cohomology by Theorem 4.2.6, it is an isomorphism, hence
dualizing again we get that X is pre-m-Du Bois.

Since Conjecture 4.2.5 is not yet known in general, this argument of course works
only when X has isolated singularities, or when X is a local complete intersection with m-
rational singularities, if we use Theorem 4.2.7 in a similar way. However, one can directly
modify the arguments in the proof of Theorem 4.2.9 in order to obtain the statement of
Theorem 4.2.4, even without knowing injectivity. Here is a sketch, following [SVV1].

First, the problem is local, so we may assume X is quasi-projective. One proceeds by
induction on both m and the dimension of X. The statement is clear when dim X = 0 or
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when m = —1. Assume now that n = dim X > 0, and X has pre-m-rational singularities,
with m > 0. By induction, X is pre-(m — 1)-Du Bois, hence all we need to show is

HQT =0 for i> 0.

Denote by X the locus where this statement does not hold, and let H be a general
hyperplane section of X. According to Proposition 4.2.1, we have an exact triangle

QE Y (—H) — Qg — Qp 75

By Theorem 4.2.2, H has pre-m-rational singularities, hence by induction it also has pre-
m-Du Bois singularities. The long exact sequence on cohomology associated to the triagle
above then yields

(H'QY) | ~ H (Q%]#) =0 forall i >0,
hence X is pre-m-Du Bois in a neighborhood of H. Hence ¥ N H = (), and since H is
general, it follows that ¥ = ) (in which case we’re done), or dim X = 0.

Using induction, we have therefore reduced to the case where X is pre-(m — 1)-Du
Bois, and pre-m-Du Bois away from a zero-dimensional subset. If X is projective, we are
done by Theorem 4.2.9. Otherwise one needs to perform a few more (nontrivial) auxiliary
steps in order to reduce to this case.

4.3. The Hodge-Du Bois diamond
Let X be an irreducible projective variety of dimension n.

DEFINITION 4.3.1 (Hodge-Du Bois numbers). The Hodge-Du Bois spaces of X
are defined as

HP(X) = HI(X, 2%).

As discussed in earlier lectures, these are the associated graded spaces with respect to
Deligne’s Hodge filtration, part of the mixed Hodge structure on the singular cohomology
HP*(X,Q). The Hodge-Du Bois numbers of X are defined as

hP(X) := dimec H?(X).

The name is given in order to emphasize the singular setting, and the difference
with the Hodge-Deligne numbers of the pure Hodge structures on the associated graded
pieces with respect to the weight filtration. As in the smooth setting, these numbers are
organized into a Hodge-Du Bois diamond:
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Rrom

hn,n—l hn—l,n

hn,O hn—l,l th_l h07n

hl,O hO,l
h0,0

What do we know about these numbers? There are very few things one can say in
general; the main thing is that, by the degeneration of the generalized Hodge-to-de Rham
spectral sequence, one has

(4.3.1) be(X) = > hPIX)
ptq=k
for all k, where by (X) are the Betti numbers of X. In particular, we have

(4.3.2) p"°(X)=1 and R"™(X)=1.

Pretty much all of the other symmetries of the Hodge diamond of a smooth projective
variety, given by conjugation, Poincaré duality, or Serre duality, see (1.1.1), fail in general.

EXAMPLE 4.3.2 (Curves). Let C be an irreducible projective curve. In this case,
we only need to compare h'*(C') and h%*(C). Recall that we know what the Du Bois
complexes look like, namely

0 1
Q0 = Opn and QY ~ fug,

where C*" is the semi-normalization of C, and f: C' — C is the normalization. We deduce
that

h(C) = g(C) = py(O),
the geometric genus of ', while

L™ (C) = pa(C™),
the arithmetic genus of the seminormalization.

For example, when C' is a nodal curve, it is already seminormal, h°'(C) = p,(O).
The two can of course be different; for example, if C' is rational, then p,(C) = 0, while
pa(C) = s, the number of nodes (e.g. s =1 if C' is a singular plane cubic).

It is not hard to see that for any C' we have
hH(C) < B™(0),

usually with strict inequality.
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EXAMPLE 4.3.3 (Surface cones). Let X = C(B) be a projectivized cone over a
smooth plane curve B of degree d. Since the singularity is isolated, X is a normal surface.
We will see later that this implies that H*(X, Q) is a pure Hodge structure, hence

R (X) = ™ (X).
We also have that H3(X, Q) is a pure Hodge structure, see Theorem 4.3.4, hence

h*H(X) = h"(X).
But do we have Poincaré duality H'(X,Q) ~ H3(X,Q), or equivalently, h*'(X) =
h*H(X)?

Let’s focus on the Du Bois case, i.e. d < 3. In this case
R (X) = WX, Q%) = (X, Ox).
Moreover ~ ~
P (X) = (X, 9%) = B'(X,wg) = h' (X, O%),

where the last equality follows from Serre duality on X. Using the Leray spectral sequence,
it is not hard to check that the equality h'(X,05) = h'(X, Ox) holds if and only if

B ~ P! ie. d = 2, which is also equivalent to X having rational singularities. When
d = 3, i.e. when B is an elliptic curve, we do not have equality, hence we also have

bi(X) # b3(X).

A couple more general facts about the Hodge-Du Bois numbers follow from the
general theory of mixed Hodge structures. First, the top part of the Hodge diamond is
well behaved, in a range dictated by the size of the singular locus; see e.g. [PS, Theorem
6.32].

THEOREM 4.3.4. If X is a projective variety of dimension n, and s = dim X,
then the Hodge structure on H'(X,Q) is pure for i > n + s.

Thus in this region we have horizontal symmetry; in fact we even have isomorphisms
H(X,Q) ~ IH'(X,Q) with the intersection cohomology spaces.

We also have some universal inequalities satisfies by the Hodge-Du Bois numbers,
as a consequence of the existence and properties of the mixed Hodge structure on singular
cohomology.

LEMMA 4.3.5 ([?FL22, Lemma 3.23|). Let X be a complex projective variety of
dimension n. For all 0 < p <11 <n we have

p p
Zhi—a,a(X) < Zha,i—a(X)‘
a=0 a=0

Moreover, equality holds for all0 < p < k <= A" PP(X) = h""P(X) for all0 <p <k
< grth W, 1H(X,C) =0 for allp < k.

This contains the well-known fact that the Hodge structure on H (X,Q) is pure
if and only if A" PP(X) = RP"P(X) for all 0 < p < 4, which will be used repeatedly
throughout the paper.
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To gain a better understanding of the symmetries of the Hodge-Du Bois diamond,
and more generally of the topological and Hodge-theoretic properties of singular varieties,
it is important to focus on the following on the following invariants, coming from rather
different areas of study:

(i) the local cohomological defect of X.
(ii) the higher rational singularities level of X.
(iii) the defect of Q-factoriality of X.

Local cohomological defect. Let X be an equidimensional variety of dimension n. If
Y is a smooth variety containing X (locally), the local cohomological dimension of X in
Y is

led(X,Y) := max {q | HL Oy # 0}.
Here H% Oy is the g-th local cohomology sheaf of 0y along X. These sheaves also satisfy
the property

codimy X :=min {q | H% Oy # 0}.
A discussion of this circle of ideas can be found for instance in [MP2, Section 2.2}, where
it is explained in particular that

(4.3.3) led(X,Y) < 7(X,Y),
where r(X,Y") is the minimal number of defining equations for X in Y.
We define the local cohomological defect ledef(X) of X as
ledef(X) :=1ed(X,Y) — codimy X.

The topological characterization of led(X,Y") in [Og], or its holomorphic characterization
in [MP2], imply that ledef(X) depends only on X, and not on the embedding, and that
0 < lcdef(X) < n.

For instance, as explained in [PSh, Section 2|, a reinterpretation of the characteriza-
tion of local cohomological dimension in [MP2, Theorem EJ, that makes the relationship
with Hodge theory apparent, is stated as follows:

THEOREM 4.3.6. We have the identity
ledef(X) =n — min {depth Q% + p}.
p>

Here we will be more often concerned with the topological interpretation of ledef (X)),
more precisely with its more modern interpretation via Riemann-Hilbert correspondence
and the perverse t-structure on the bounded derived category D’(X,Q) of Q-sheaves on
X with constructible cohomologies, as formulated in [RSW] and [BBL™].

THEOREM 4.3.7 ([Og, Theorem 2.13], [RSW, Theorem 1], [BBL™", Section 3.1]).
We have the identity

ledef (X) = max {j > 0 | "H(Qux[n]) # 0}

5The shift is included for compatibility with the theory of perverse sheaves and Hodge modules.
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Note that thanks to (4.3.3) we have
(4.3.4) ledef(X) < s(X) :==r(X,Y) — codimy X.

The quantity on the right hand side measures the defect of being a local complete in-
tersection. When X is so, we obviously have ledef(X) = 0. We will see that in many
respects the topology of X is best behaved when this condition is satisfied, or in any case
when ledef(X) is small. Interestingly, this can happen for varieties that may be quite far
from being local complete intersections.

EXAMPLE 4.3.8 (Varieties with ledef(X) = 0). Besides local complete intersec-
tions, the condition ledef(X) = 0 it is known to hold when X has quotient singularities
(see [MP2, Corollary 11.22], or use the known fact that X is a rational homology mani-
fold; see the example below), for affine varieties with Stanley-Reisner coordinate algebras
that are Cohen-Macaulay [MP2, Corollary 11.26], and for arbitrary Cohen-Macaulay
surfaces and threefolds in [Og, Remark p.338-339] and [DT, Corollary 2.8] respectively.

More generally, Dao-Takagi [DT, Theorem 1.2] show that for & < 3 one has
depth Ox > k = ledef(X) <n —k

This does not continue to hold for k£ > 4, but for instance it implies that a Cohen-
Macaulay fourfold satisfies ledef(X) < 1. Moreover, in this case we do have ledef(X) = 0
if the local analytic Picard groups are torsion [D'T, Theorem 1.3].

Another general class of varieties that satisfy ledef(X) = 0 is provided by the
example below.

ExAMPLE 4.3.9 (Rational homology manifolds). A rational homology manifold
(or RHM) is classically defined by the fact that the homology of the link of each singularity
of X is the same as that of a sphere. It is however known (see [?BM83]) that this is
equivalent to the fact that the map vx: Q&[n] — IC% is an isomorphism. Thanks to
Theorem 4.3.7, we thus have the implication

X is an RHM = lcdef(X) = 0.

This is usually not an equivalence. For instance, any normal surface has ledef(X) = 0;
however, when X is Du Bois, the RHM condition is equivalent to X having rational
singularities (see Exercise 4.3.20).

For the story we are developing here, one of the ways in which the local cohomological
defect comes into play through the following version of the Lefschetz hyperplane theorem.

THEOREM 4.3.10. Let X be a projective variety of dimensionn, D an ample effective
Cartier divisor on X, and U = X ~ D. Then the restriction map

H'(X,Q) —» H'(D,Q)
is an isomorphism for i < n — 2 —ledef(U) and injective for i =mn — 1 — ledef(U).
The proof relies on a strong version of Artin vanishing, combined with Theorem

4.3.7. Here is the sketch of a proof more in line with the material discussed in this class,
in the case D is a general hyperplane section, and we use ledef(X) instead of ledef(U).
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The key point is the following dual version of the Nakano-type vanishing theorem
for Du Bois complexes.

THEOREM 4.3.11. If L is an ample line bundle on a projective variety X, then
HY(X, 0% ® L™ =0 forall p+q<n—ledef(X).
The proof of this statement uses the theory of mixed Hodge modules. Equivalently,
one needs to show that
H" (X, D(Q%)® L) =0 forall p+q<n—Iledef(X).

The reason for this is that D(2% ) is an associated graded quotient of the de Rham complex
of an object in the derived category of mixed Hodge modules, whose amplitude is precisely
ledef(X); for such objects there is a standard vanishing theorem, called Kodaira-Saito
vanishing. For details, see [PSh, §5].

Assuming this vanishing result, the argument goes as follows. Since D is a general
hyperplane section of X, by Proposition 4.2.1 for each p there is an exact triangle

_ 1
9 (=D) = [ = 2 = .
We of course also have an exact triangle
Dy (=D) = = Qlp — .

Using these, and the octahedral axiom, it is not hard to see that we obtain an exact
triangle

(4.3.5) Chp — D — Q) T,

where in turn the object C% ,, sits in an exact triangle
(4.3.6) QB (=D) = C% p = 2y (-D) = .

Since by generality we have ledef(D) < ledef(X), applying Theorem 4.3.11 to both
extremes of (4.3.6) gives

HY(X,C% p) =0 forall p+q<n—1-—ledef(X),
which by (4.3.5) is equivalent to the conclusion of Theorem 4.3.10 (for each of the indi-
vidual Hodge spaces HP4(X) with p + ¢ = k, hence for all of H*(X, C)).

Theorem 4.3.10 has some interesting consequences regarding the purity of Hodge
structures.

COROLLARY 4.3.12. Let X be an equidimensional projective variety with codim Xgng >
k+1. Then the Hodge structure on H*(X,Q) is pure for i < k —ledef(X). Moreover, we
have

H'(X,Q) ~ IH'(X,Q) for i <k —1—ledef(X),
so in particular H'(X,Q) is Poincaré dual to H*"~(X, Q) for such i.
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PRrROOF. Note that if U is any open set in X, we have ledef(U) < ledef(X), and if D
is a general hyperplane section of X we have ledef(D) < ledef(X). Thus by cutting with
(n — k) general hyperplane sections and applying the theorem repeatedly, we can reduce
to the case when D is smooth, when H*(D,Q) is a pure Hodge structure. Moreover, in
this case we have H'(D, Q) ~ IH'(D,Q), but we always have IH'(X,Q) ~ IH'(D, Q) by
the weak Lefschetz theorem for intersection cohomology.

Note that since the singular locus of X has dimension at most n—k—1, we also have
the isomorphism H*(X, Q) ~ IH'(X,Q) for i > 2n — k, which implies the last assertion
as intersection cohomology satisfies Poincaré duality. 0

EXAMPLE 4.3.13 (Isolated singularities). When X has isolated singularities we
can take k = n — 1; if moreover ledef(X) = 0, we obtain that all H (X, Q) carry pure
Hodge structure, except perhaps H"(X, Q).

According to Example 4.3.8, this is the case for instance when X is any Cohen-
Macaulay threefold, or a Cohen-Macaulay fourfold which is locally analytically Q-factorial,
with isolated singularities.

If depth(0x) > 3 in any dimension, then ledef(X) < n — 3 (again by Example
4.3.8), and therefore H*(X,Q) carries pure Hodge structure.

ExAMPLE 4.3.14 (Normal and rational singularities). When X is a projec-
tive normal variety, so that depth(0y) > 2 and hence ledef(X) < n — 2, the iterative
application of Theorem 4.3.10 implies the injection

H'(X,Q) — H'(C,Q)

where C'is a general complete intersection curve in X. Since C'is smooth by the normality
of X, this recovers the well-known fact that H*(X, Q) is a pure Hodge structure of weight
1 (see e.g. [?Saito18]). As in the previous example, when X has rational singularities
and dim X > 3, we have ledef(X) < n— 3, hence a similar procedure recovers the folklore
fact that H?(X,Q) is a pure Hodge structure of weight 2, using the well-known statement
that surfaces with rational singularities are rational homology manifolds.

Higher rationality. Recall that if X has (pre-)m-rational singularities, then it has
(pre-)m-Du Bois singularities, and satisfies the duality condition

QF ~D(QY?), forall p<m.
Let’s call this last condition (D,,), for simplicity.

Assume now that X satisfies (D,,) and is projective. Using Serre duality, we get
the following symmetry:

HY = HY(X, QF) ~ HY(X,D(Q% ")) ~ H" (X, Qy ") = A" (X).
In particular, we have

hPU(X)=h""P"1X), forall p<m andall gq.
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Friedman and Laza noted in [FL1] that there is in fact further symmetry under
the m-rationality assumption, in the LCI setting. This was later extended in [SVV1] to
arbitrary pre-m-rational singularities.

THEOREM 4.3.15 ([FL1], [SVV1]). If X is projective, with pre-m-rational singu-
larities, then for all ¢ and all 0 < p < m, we have:

B(X) = W(X) = B (X)

Let me exemplify with the case m = 0, i.e. that of rational singularities, by using
a powerful tool. (The result can be shown with a more elementary method.) By the
discussion above, in this case we only need to check that h%?(X) = h%°(X) for all g. We
have:

h*(X) = (X, Q%) = h'(X, Ox) = h'(X, O%) = h°(X, Q%) = h°(X, £.9L).
Here the second and third equality follow from the fact that X has rational singularities,
while the third follows from Hodge symmetry for smooth varieties. Also:

hq’O(X) = hO(ngg() = hO(X7 %Ogg(> = h0<X7 f*Qg?)v

which establishes the equality we want. Here the second equality is due to the fact that
X is (pre-)m-Du Bois, while the last follows from the Kebekus-Schnell theorem, which
says that if X has rational singularities, then H°Q% ~ Q[)%] ~ f*Q}, for all q.

More holds in fact, as the answer to the natural question of whether the Hodge
number A""?"7P can be included in this picture as well. This is shown in [PP], but
requires more technical methods, based on Hodge modules and intersection cohomology.

THEOREM 4.3.16. If X is projective and satisfies condition (D,,), then for all ¢ and
all 0 < p <m, we have:

BP9(X) = HP(X) = B = ).

ExXAMPLE 4.3.17 (Rational singularities). If X has rational singularities, the
theorem says that

B = 100 (X) = 1Y) = 1 (X),
for all g, i.e. the boundary of the Hodge-Du Bois diamond is symmetric.

ExAMPLE 4.3.18. If X is a surface with rational singularities, we deduce that the
Hodge-Du Bois diamond is fully symmetric. In this case more (a priori) is in fact known,
from classical work of Mumford: X is a rational homology manifold. In fact we have:

EXERCISE 4.3.19. Show that if X is a projective normal surface, then X is a rational
homology manifold if and only if its Hodge-Du Bois diamond is fully symmetric.
Among all Du Bois surfaces (in particular the log canonical ones), the converse of

the statement above also holds:

EXERCISE 4.3.20. Let X be a surface with Du Bois singularities. Then X is a
rational homology manifold if and only if X has rational singularities.
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ExaAMPLE 4.3.21. Threefolds and fourfolds with 1-rational singularities have fully
symmetric Hodge-Du Bois diamonds. However this is a rather strong assumption. For
instance, one can show that a threefold with 1-rational singularities is in fact smooth. For
this reason, a finer analysis of symmetry is needed.

Let’s focus on the case of threefolds, assumed for simplicity to have isolated singu-
larities. This provides a clear illustration of how, by gradually imposing more and more
singularity conditions, we have more and more Hodge symmetry, up to the case of ratio-
nal homology manifolds. Let X be one such threefold, and consider its Hodge-Du Bois
diamond:

ﬁ3’3
h3’2 @2’3
E‘s,l hz,Q h1,3
p30 p21 h1,2 ho,s
ﬁ2’0 ﬁl’l ﬁ0’2
Ql,o ho,l
ho,o

First, the isolated singularities condition implies that the “top” part of the Hodge-
Du Bois diamond, i.e. H*(X, Q) with k > 4, carries pure Hodge structure, and therefore
we have the horizontal symmetry A?? = h*" for p 4+ ¢ > 4.

If in addition X is normal, then H'(X,Q) is pure, and therefore h'* = h™'; see
Example 4.3.14.

Now for the new input: if X is Cohen-Macaulay, then ledef(X) = 0 by Example
4.3.8, and therefore H'(X,Q) ~ IH'(X,Q) and H?*(X,Q) is pure, by Corollary 4.3.12.
The latter implies that h*° = h%? hence, except for H3(X, Q), we have horizontal sym-
metry. The former implies that H'(X,Q) is Poincaré dual to H°(X,Q), which gives

hl,O — hO,l — h3,2 — h2,3.

We need more for further symmetries. If X has rational singularities, then Example
4.3.17 implies

EQ,D — QO,Q — h?),l — hl,?} and QB,O — h073-

(The hypothesis on rational singularities is necessary, for instance when X is Du Bois
with h°? = 0.)
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Hence under the rational singularities assumption, the only potential source of non-
symmetry is the middle rhombus (even when the singularities are not isolated, in fact).
The answer is provided by the following result from [PP].

THEOREM 4.3.22. Let X be a projective threefold with rational singularities. Then:

(1) K**(X) > hM(X), and equality holds if and only if X is Q-factorial.
(2) K3 (X) > h*H(X)S and equality holds if and only if X is analytically Q-factorial.

Being locally analytically Q-factorial is stronger than being Q-factorial, so finally
this condition achieves full symmetry in the Hodge-Du Bois diamond of X. (It can in fact
be shown that it is equivalent to X being a rational homology manifold.)

4.4. Du Bois complexes in terms of Hodge modules

Let X be a complex variety, and ¢: X — Y an embedding into a smooth variety.
We also consider the inclusion j: U = Y ~\ X < Y. There is a canonical morphism
Q#[n] — 7.Qf[n] in the derived category of mixed Hodge modules on Y, which we
complete to an exact triangle

(4.4.1) LCy (X) — Q¥[n] — 7.Q[n] - .
(In fact we have LCy (X) = i,i'Q¥[n], as shown in [Sa2, Section 4].)

Here Q¥ [n] is the trivial (pure) Hodge module on Y; its underlying perverse sheaf
ifs Qy[n], while its underlying %y-module is Oy, with Hodge filtration is defined by
F.Oy = Oy for k > 0, and F,0y = 0 for k < 0. Note that this implies that for each p
we have an isomorphism have an isomorphism

Grf DRy (Q}f[n]) =~ 05 7[p]

On the other hand, the cohomologies of the extremal objects are mixed Hodge modules,
whose underlying Zy-modules are

HILCy(X) = HLOx and H5.Qff [n] = R1j.0y.
In particular, these Zy-modules carry canonical Hodge filtrations.

Moreover, the long exact sequence of cohomology corresponding to (4.4.1) gives an
exact sequence of filtered Zy-modules

(4.4.2) 0= Oy — j.Oy — H5x Oy — 0
and an isomorphism of filtered Zy-modules

(4.4.3) R%j, Oy ~H Oy forall ¢>1.

A key point for what follows is a formula for the graded pieces of the de Rham
complex of j,QH [n].

6This follows from Lemma 4.3.5, since we know that h*°(X) = h%*(X) thanks to Theorem 4.3.16.
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LEMMA 4.4.1. For every p € Z, we have an isomorphism in Db (Y):

coh

Grl_, DRy (5.Q{ [n]) ~ RO (log E)[p).

ProOOF. We use the approach and notation in Section ??7. Recall that we have an
isomorphism

(4.4.4) 7.Qf [n] = f.5.Q¥ [n].
The filtered resolution (??) gives an isomorphism
Gri_, DRy (7.Qy [n]) =~ Q3" (log E)[i]

(see also [MP1, §6]). Using the isomorphism (4.4.4) and Saito’s strictness-type result
on the commutation of the direct image functor with the graded pieces of the de Rham
complex (see e.g. [Sal, Section 2.3.7]) we deduce that

Gr;_,,DRx (7.Qq [n]) ~ Rf.Gr_, DRy (j.Q¥[n]) ~ R.Qy (log E)[i].
U

The characterization of Du Bois complexes in terms of Hodge modules is provided
by the following:

PROPOSITION 4.4.2. Let X be a complex variety, and let 1: X — Y be its inclu-
sion map into a smooth, irreducible variety Y. Then, for every integer p, we have an
1somorphism

% ~ RHomg, (Gr,_, DRy (LCy (X)), wy ) [p]

in DY, (X). In particular, if X is a local complete intersection of pure codimension r,
then

@ ~ RHome, (Grl_, DRy HY (Oy ), wy ) [p + 7]

PRrROOF. Consider a strong log resolution f: Y — Y of the pair (Y, X), with £ =
F7HX)rea- By Lemma 4.4.1 we have an isomorphism

Grl_, DRy (5.Q{f [n]) ~ RO (log E)[p).
We similarly have an isomorphism
Gri_ . DRy (Qf[n]) ~ Q77 P[p].
We apply the functor RHomg, (-, wy); by Grothendieck duality we have
Rf.QF (log E) ~ Rf., (RHom(Qy "(log E)(—E),wy)) =~
~ RHom(Rf,(Q) P (log E)(—F)),wx),

and therefore we obtain the commutative diagram

RHomg, (Grf_nDRy(j*Q{]{[n]), wy) — RHomg, (Grg_nDRyQ{/I[n], wy )

|

R (2 (log B)(—E))[~p] » QY [l
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in which the vertical maps are isomorphisms. On the other hand, the exact triangle (4.4.1)
in the derived category of Hodge modules induces the exact triangle

Grf” DRy (LCy (X)) — Grf_ DRyQ¥[n] — Grf DRy (,Q [n]) =5 .

Applying RHomg, (-, wy) and using the above commutative diagram, as well as Steen-
brink’s triangle for Du Bois complexes in Section 2.4 (12), we obtain the first assertion in
the proposition. The second one is an immediate consequence. 0
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