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W ZWQ/ (Comet
f(x) = X+X +X +X +X+ /

2 4 5 6 7 S 10
f(x) =x +2X +X +2X +2X +3X + ....

n=9000; f=Sum[If[PrimeQ[a],x"a,0],{a,n}]; g=Expand[f*f];
G=CoefficientList[g,x]; s=Table[G[[2 k-11],{k,2,n/2}];
ListPlot[Flatten[s],PlotStyle ->PointSize[0.001]]



Goldbach

Prime Twin

Legendre

[Landau




Lrom (e "/’ 7

1877-1938and

3. ProrFEssor E. LLANDATU.

Familiarity with the theory of numbers 1s by no means
general among mathematicians; in particular, the difficulties
of the analytic theory of numbers have not been attractive,
so that but few are familiar with the elegant results of the
theory.

After stating the problem of the lecture, a rapid resumé
of preceding results and methods was given, and a concise
statement of several new results, particularly those of Little-
wood, Bohr, and Landau, was added.

Four definite questions were put, the solutions of which were
considered as impossible in the present state of the science.

1. Does the function %?> -+ 1, u an integer, represent an
infinite number of primes?

2. Does the equation m = p 4 p’ have a solution in prime
numbers for every even value of m?

3. Has the equation 2 = p — 9’ an infinite number of
prime solutions?

4. Does at least one prime number lie between n? and
(n + 1)2 for every integral value of n?



/ P =) Perkins,2000

e gold rush of 1897-1899,
% Klondike, Alaska
» ;".34'..-\.,,, . ‘,'\‘,-’j -G 4 X
'{ ’.'. T & ¢

¢ .
\ '

Search in a Klondike Space: 1. A large space with few solutions
(a wilderness trap). 2. Regions with no clues pointing direction

JACK LONDON P \'i;i.,; D g , (plateau traps). 3. A barrier isolates the solution (creating a

VS — ey - | Y ¢ 2 canyon trap). 4. An area of high promise but no solution (an
' - C o e W ;-. '_ ' X ()dsistrapb.
4 —— : .A~ o ‘! : 3 ) .' : .
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AN INTEGER N LARGER THAN

1 oivisiBLe onLyYy BY 1 aAnD N

2,3,9,7,11,13,17,....
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> Kbytes RAM, 16 KB ROM

Olivetti P6040, 1977
16 character diode display!




Translaied from the Russian

by HELEN POPOVA, PhD.
University of Aberdeen

An Introduction to

THE THEORY OF
NUMBERS

by I. M. VINOGRADOY

Member of the Academy of Sciences, U.S.S.R.

For, Mem. R.S.

PERGAMON PRESS
LONDON & NEW YORK

1955

26 THE THEORY OF NUMBERS

13. (a) For R(s) > 1, prove that
1

(o) =TT —

1 — —
y

where p runs through all prime numbers.

(b) Prove the infinitude of prime numbers by using the fact that the
series 1 + ¥ + § + ... 1s divergent.

(c) Prove the infinitude of prime numbers by using the fact that

{(2) = 3 is irrational.

14. Denoting by A(a) the funetion equal to log p when a = p!, where
p is prime and ! is a positive integer, and zero for all other positive
integers a, prove the identity
{'(s) S Aln)
2 = — —_— R(s) > 1.
)~ 2w “

15, Let R(s) > 1. Prove that
1 < &)
17 (1 ~ —:) =2 5
P p n=1 "
where p runs through all prime numbers.

16. (a) Let » > 1. By using D, § 3, show that

1= 3 uld) [g}
O<d<n

(b) Let
Mz,29) = > pla); M(z)

Zy<asz
Prove that

(@) Mn) + M (g) + M(g) + ...

B) M{n,Z2)+M{22) - M(22) ... =1,n>2
2 3 4 5 6
(c) Letn > 1,let I > 1 be an integer, and let T, denote the number
of integers z, satisfying 0 < z < n, which are not divisible by an Ith
power distinct from 1. By using D, § 3, prove that

< n
Tl,-n ﬂdg’llu(d) [ET] .

17. (a) Let e be an integer a > 0, and let the function f(x) be uniquely
defined for integers x;, ,, . . . , z,. Prove that
S = ud)S,
dla
where S’ denotes the sum of values of f(x) over the values of z, relatively
prime to a, and S; denotes the sum of values of f(x) over the values of x,
which are divisible by d.
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number larger
than 2 is a sum of
two primes
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and the Goldbach
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The number of primes less or equal
to x grows like x/log(x).

Jacques Hadamard and

Charles de La
Vallee Poussin (1890)

1865-1963
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F[Z (Comel

M=10000:;

h[z_] = Sum[z Primelk], {k,M}: 1 onlog(m?

ListPlot[CoefficientList|
Series[h[z]*2, {z,0,M}], Z]]

1 1 _ n
Z og(p) log(q)  log(n)?
p+d=2n /
chance of chance of

p to be prime q to be prime
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f(x) = X+ X X0+ X+ XX F L

2! 3! 5! 71 11!

“ne 20 40 ) 80 100
s
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flz ] := Sum|[z”Prime|k] /Prime|k]!, {k,200}];
g[x_,y_]:=Logl[Abs[N[f[x + I y]*2]]];

(* glx_,y_]:=Abs[f][x + I*y]"2]; *)

S = ContourPlot|[g[x, v], {X, -20, 20}, {y, -20, 20}

Learn Complex Analysis!!!
Math 113
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f(x) =x “1x X0+ X+ X+ X+

2! 3! 5! 71 11!
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Statwitics

P(N) AND
P(N+2) PRIME

1000

600

400 PRIME TWINS APPEAR
STATISTICALLY VERY
REGULARLY

200

50 100 150



72@'/@ [rime Constant

C IS THE PRODUCT OF P(P-2)/(P-1"2)
WHERE P RUNS OVER ALL
PRIMES IS 0.6601618....

P=Prime;Product[P[k] (P[k] - 2)/(P[k] - 1)*2, {k, 2, 1000} ]

HARDY-LITTLEWOOD: DENSITY
OF TWIN PRIMES IS BELIEVED

2C fx Iogg(lz) di
)




The man who knew infil}i{g{,g})lg; 4



[rime 77&?

Are there infinitely
many?







“There are infinitely
many prime gaps 2n
for any n”

Alphonse de Polignac 1849



lim 1nf ( pn+Ipr}<7x 10

I1—>C0

Yitang Zhang, 2013

Zhang, Yitang. "Bounded gaps between primes"”

Annals of Mathematics Pages 1121-1174 from Volume 179 (2014)



ETH Zuerich lecture of Eugene Trubowitz, Photo Oliver Knill
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Vi 77/ 7585
K(p) = min {2n |2n- | T m—r—
q 1s not prime for all

primes  smaller or ——
equal than p} e
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T , I

K(7)=98 as 98_3998_5)98_7

are not prime i e
8 Meg RAM, 1.2 Gig Disk
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f(1) = log(¢(s))

) 4 log(n)
” 2 log(n)
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-0.01

2 -0.02

g(x)=1(x)-log({(2))x

-0.03
-0.04

-0.05

a(n) Fourier
Coefficients

We see 1/Va(2n)

We see 1/Va(2n+1)
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Prime Numbers az 0 7 5

and the

Riemann What 1s wonderful about this subject is that people attracted to it cannot resist
asking questions that lead to interesting, and sometimes surprising numerical

l_l th 2 experiments.  Moreover, given our current state of knowledge, many of the
yp0 eSlS questions that come to mind are still unapproachable: we don't yet know enough
about numbers to answer them. DBut asking interesting questions about the

Bar Mazur mathematics that you are studying is a high art. and is probably a necessary

skill to acquire, in order to get the most enjoyment—and understanding—from

William Stein mathematics. So, we offer this challenge to you:

Come up with your own question about primes that

e Is lnteresting to you,
e is not a question whose answer is known to you.
e 1s not a question that you’ve seen before; or at least not exactly,

e is a question about which you can begin to make numerical investigations.

If you are having trouble coming up with a question, read on for more examples
that provide further motivation.

- N
Barry Mazur, William Stein
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64. ©t,, den 23, April 1831. 629

als einen fpeciélen Fall, wo =0, unter fid,
Bur bequemen .banbbabung war ¢8 erforderlich,

mehrere auf die compleren Grdfen fich begichenve
DBegriffébilbungen mit befondern Benennungen
qu belegen, weldye wir aber in bdiefer Angeige 3u
umgeben. fuchen werden,

S0 wie in der Arithmetif ber veellen Zablen
nur ven jwey Einbeiten, Dder pofitiven und he:
gativen, bie MNedbe ift, fo baben wir in Der
Urithmoetif ber comdleren Hablen vier Einheiten

=(2+1)(2-
3+41=(2+1)(2+]

are not Gaussian primes

2+ is Gaussian prime



QWM/ Comet

2 6 10
f(x,y) =xy+Xx y+X4y+X V+X V+..

2 2 2 4 2
g(X,y) =Xy +Xy +Xy +XYy +..

n = 20;
f = Sum[If[PrimeQ[a + I b, GaussianIntegers -> True], xa y*b, 0], {a,n}, {b, n}1;
g = Expand[{*f]; G = CoefficientList| Expand[{*{], {x, y}];
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