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Ch. VI. Extremal length.

1. Let Q be a region and \ a set whose elements > are rect ifiable arcs

in 0 or, more generally, sums of such arcs. If 0 is mapped conformally on G' ,

I is t ransformed into a set /"** ' . Our ob. ject is to find a number A(/ ,G)

with the invariance property A(f~,G-) ■ A ( I * .G') .

It is natural to focus the attention on the lengths of the curves )r

However, length is not conformally invariant. Therefore we use an arbitrary

metric ds = £ |dz| which is conformal to the Buclidean metric. Under a conformal

mapping z -> z' it is transformed into C ■ |dz'| where £ • ~ f cl""u • We

assume that P is defined throughout & , that D > 0 , and that P is lower

semicontinuous: C (z ) < l im inf s p(z) . Under these condit ions every
a O ™ Z ™ r 2 * •

r ohas a & -length

U\.f) - J f |dz|

which may be infinite. Similarly, it is possible to define a C -area

A(a,[0 s If f 2a*iy .
5

For quantities that correspond to each other under the conformal mapping

z -> z« i t is c lear that ! • (>,«) = L( l«,J») and A(0, j ) = A(0\ j») .

2. In order to simplify we introduce

L( T.f) - inf L(i,f) .
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This is to be compared with A(G,f) . Since L( f",f) is homogeneous of degree 1

and A(G,f) is homogeneous of degree two in O it is natural to form the

rat io L(f" , f ) /A(Q,p . The set of al l such rat ios is a conformal invariant.

But it is evident that the ratio can be made arbitrarily small. Therefore, the

set is characterized by its maximum, and we are led to the following definition:

Defini t ion. The ext remal length o f / " " in G is defined by

A $ W t . A C S , ? )
where 1 is subject to the condition 0 < A(Cr,C) < w .

In the definit ion i t is possible to use different normalizations, obtained

by mul t ip ly ing P wi th su i tab le constants. For instance, A ( / " " ) is equal

to sup L( r*,P) subject to the condition 0 < A(G, ) < 1 . It is also equal

to the reciprocal of inf A(S,P) when L( T, f ) > 1 •

Another convenient normalization is expressed by the condition L( [~,f) *

A(a,v) . Due to the different degrees of homogeneity it is always fulfilled for

a suitable mult iple of a given O , except when L(/"",f) ■ 0 or » . With

this normalization we have

A^(rJ« sup L(f,f) * sup A(0,^)

With the right interpretation, the exceptional cases are included. For instance,

A (0 a 0 means that L(/~,^) = 0 whenever A(Q,J ) is finite and posit ive; i f

we exclude infinite values, the only case of equality is thus L( f,p) ■ A(Gr,f) ■ 0

2. The conformal invariance is an immediate consequence of the definition.

We want to point out, in addition, that in a sense X„( f" ) depends only on





- 51 -

I and not on Q> . To see this, suppose that 3 C 3' . Given f on G we

define P ' " P on & and 6 • = 0 on G - G' . Then o ' is lower semi-

continuous, and L(P ,f) * L(r,J>'), A(G,r) = A(G,f») . This proves that A,|(0 >

A_(l) . For the opposite conclusion we need only start from a /> • in G1 and

let p be its restrict ion to G . We see that *c(? ) is the same for al l open

sets that contain the curves P .

3. To illustrate, we consider the more special notion of extremal distance.

Let G be a region, and let E* ,E_ be two sets in the closure of G . They may

be taken to be disjoint, since everything would otherwise be trivial. Now take f~

to be the set of connected arcs in G which .join E. to B_ . Then d_ (E,,E_) =

A( I ) is cal led the extremal distance of E, and E_ with respect to G . I t

depends essentially on G because the set f~ depends on G .

A typical example is the quadrilateral. It is a Jordan region with four

distinguished boundary points. They divide the boundary into two pairs of opposite

sides (a,a') and (0,£') . The quadri lateral is oriented by choosing one of

these pairs as the base pair, for instance (atCi') . We consider the extremal

distance between the sides a and a1 \ this is also called the module of the

or iented quadr i la tera l .

The quadrilateral 0. can be mapped on a rectangle H by a conformal mapping

w = u +iv * f(z) . We assume that the a-sldes of R lie on u = 0 , u = a and

the p-sides on v = 0, v = b . The first observation is that P * 1 satisfies

L(f,1) ■ a , A(R,1) = ab . This gives d > a/b . Conversely, let O be arbitrary

but normalized by L(T,9) * a , say. Then

a

J (P (u,v) -1) du > 0
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and hence

\J (p - 1)dudv > 0
R

Together with

JJ (r-1)
R

2dudv > 0

it follows that A(R,f) > ab , and hence that d < a/b . We have proved that d

is equal to the ratio of the sides in a rectangle conformally equivalent to Q, .

The result proves that the ratio is uniquely determined. If we interchange a

and p we get d» = b/a . Observe that dd* = 1 .

iv. We prove the important

Comparison -principle. If every 1 € I contains a v' € T1 . then ,A(f~) >

X(T').
Both extremal lengths can be evaluated with respect to the same G . For any

0 in G it is clear that L( F,f) > L( T'.f) • These minimum lengths are

compared with the same A(G,p) , and the assertion follows.

When the comparison principle is apnlied to extremal distance we find:

The extremal distance d_(B1fE?) decreases when G, E» and E2 increase.

It should be noted, however, that the comparison principle is more general,

even when applied only to extremal distances.

5. The comparison principle is very similar to the majorization principle

for harmonic measure. Extremal length has the additional advantage that we can
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formulate two corn-position laws as follows:

Theorem. Let G^ and G_ be disjoint open sets. Let /"T, C consist of

curves in G^, G2 respectively, and let f be a third family.

a) If every ue P contains a 1. € P and a i_ € /T , then

A(r; i X(r,)i->LrJ.
b) If every i- € I . and every >2 C i_ contains a LCI, then

. J - > - L y - — •
>(r; = Ac/;; A (a;

If one of the extremal lengths degenerates, being either 0 or oo , the

statements are trivial consequences of the comparison principle. To prove a)

in a non-degenerate case, choose P. in G.. and r in G„ , and let them

be normalized so that L( f^,^) = A^.f^) , i ■ 1,2 . Suppose that G 3 ^w/Gg

We put J = f! in &1 • f " f 2 in &2 and f " ° in 5 " ai" ^2 * Then

L( r,p > L( r,,^) + L( r2,j2) and A(G,p) = ACG^) + A(G2,f2) = L( fj'.f,) +
L( r2^2) • Hence \{V) > L( f^) + L( Hj.Pg) , and a) fol lows.

As for b) , let P be given in G and normalized by L( f\P) « 1 . Then

L( Trf) > 1 . L( r2,p) > 1 , and this implies

/ /
A ( G , ? ) > A ( G ^ ) * A ( G 2 , f ) > - T - ^ J

On the other hand, the greatest lower bound of A(G,|) is 1/A([) .
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6- In the case of the rectangle we found that • O i. - — '
Jo ' lB an extremal metrici n « » e e n e e t h a t « f , , / / ^ , u e q u a l , „ „ , ^ ^ ( f J ^

« 1 . » e „ a r a l n , f u n c t i o n o n . r e c t a n g u _ ^ ^ ^ ^ ^ t h e ^ ^ ^ ^

euclidean

r • C r . when can one assert that A ( T ') = A( D ? We know by
the comparison principle that \* > \ xr™ 4, kv

A > A • Now, if there is an extremal metric 0
' ° r r ' , a n d i f i t s a t i s f i e s L ( f , f ) = L ( r , j f h „
x N x ' V ^ r * © ' • t h e n i f c i s e v i d e n t t h a tA £ A ' , so that A ■ )\ •

* - i n s t a n c e . L t a o . a 4 o B M y . „ , . . « « r e g l o n . B y ^ ^ < ^ f -

c * n * . t n a a 8 f ( , ™ d l a t o „ _ ^ < , , , < ^ _ ^ o o n 8 i d o r ^ ^ ^ ^

" " • " • b6 tMen ' ^ ^ ^ ^ C l rC l - * * " - annuxue a !ong a raa iae . Tn .n

I t b e c o m e s a c ^ U a ^ a ! « « , t h e B o d u l e l o g ^ , „ . „ , . e I t r e m o l

m e t r i c i . f < > . 1 / | , | , a n d a U t h e ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^

= » ™ t „ a t a o M t e r „ 8 8 t t . c u t . ^ „ , e s t r 8 m a l ^ ^ ^ ^ ^

is the same as in the quadrilateral.

W e c a n a ! . „ C 0 n 8 l d e r t h e ^ ^ ^ r f ^ ^ ^ ^ ^ ^ ^

th. t» contour., ft. 8aTO r,n8oninB sh„„8 thot lt ls *., log r /r
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Ch.VII. Systematic study of the one -parameter case.

1. We shall use extremal length to determine modules of configurations.

There is a good formula far the number of conformal invariants which we shall

regard as an empirical fact. Suppose we have a region with m contours, n^

distinguished interior joints and n0 distinguished points on the boundary.

Then the number of modules is

N = 3m - 6 + 2n. + n2 + (s)

where s is usually zero. Actually, s is the number of parameters in the

family of conformal self-mappings. Thus it is 3 for a disk, 1 for an annulus

and for a disk with two boundary points.

The cases with N = 1 are the most accessible with our method. We determine

the integer solutions of 3m + 2n^ + n2 ■ 7 . They are

1 . m = 1 n , = 2 ^ = 0

2. m ■ 1 n* = 1 n2 * 2

3. m = 1 n1 - 0 n2 * k

4. m = 2 n., = 0 n2 = 1

Case 1. Simply connected region with two inner points. We already have a

conformal invariant, namely the Green's function g(z^,z2) . Hence every other

must be a function of this one. Nevertheless, it is instructive to form other

invariants and compare them with the Green's function.
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Case 2. Simply connected region with one interior point and two boundary

points. A conformal invariant is the harmonic measure at the interior point

of the arc between the boundary points. Same remark as above.

Case 3. The quadrilateral. We have already considered the module. Another

invariant is obtained by mapping on a disk or a halfplane and forming the

cross-ratio of the boundary points.

Case U-. Annulus with one boundary .point. The boundary point is of no

interest since we can move it to any position by a rotation. Therefore this

is just the case of the annulus, and we have already determined its module.

2. We take a closer look at case 1. Assume that the region is a disk and

that z^u. are on the real diameter. As a conformal module we introduce

A* = \(r*) where (""* is the family of closed curves v* which separate

z., and z2 from the circumference. Let z<»z2 be joined by a line segment s .
We introduce the smaller family f~* which separates s from the circumference.

Now we are dealing with an annulus, and we can compute the extremal length

)( * . There is an extremal metric V which is obviously symmetric with

respect to the real axis.

We contend that \* = )£ ..To prove it we need only show that L( /"», f)

~ ^^"o'fo^ ' aiven a >* we Set a l* of equal length by reflecting part

of A* over the real axis> l^8 is all that is needed. We have made important

UBe of the symmetry of the extremal metric.

We can look at the result a little differently. Let C be any continuum

that contains z. and z2 . Let dfi be the extremal distance from C to

the circle. Then max d. is clearly a conformal invariant. We have, on passing

to the conjugate extremal length,





- 57 -

and thus d„ < d .c = 8
l^iite similarly, we can determine the extremal length A. of the curves

that separate zi»z2 and bave their end points on the circumference. This

time we draw the complementary segments on the real diameter. We can then

consider the disk as a quadrilateral, and the extremal distance between the

two semicircles is obviously 2d ■ 2/A* • We call this distance \ , and8 O O

exactly the same reasoning as above shows that \~\ . Note that \\* - 2 .

Let us determine the functional dependence between *A- and g(z..,z_) .

For this purpose we introduce a standard transcendental function /\(f) ,

defined for O > 0 , which is equal to the extremal distance of the segments

In* (0,1) and Cfi°°) with respect to the upper half-plane. It is obvious that

^IX. increases with Q from 0 to » . We assume for simplicity that

z, = 0 , z2 = zQ > 0 . The function J s\J^j takes (-1,0,z ,1) into

(00,1,1^,0) . Thus \*/2 = «A(log|o) =y\ (iM.U1tz2)) where d is the
non-euclidean distance.

3. In case 2 we can take the interior point as the origin, and we suppose

that the boundary points are end points of an arc of length a with center

at 1 . Here we take | to be the family of arcs which begin and end on the

given arc and separate the origin from the complementary arc. We draw the

negative radius ani let \ be the extremal length- between the radius and

the arc. One finds by the same kind of reasoning that A *= U-A • One canr > O

again compute /\ explicitly. This time z = e a' corresponds to / ■ - tan a/^ ,

and we are led to the relation
0

A ( i y « f .
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Ch. VIII . Schlicht functions in r ings.

(These lectures were taken from an ancient manuscript which is appended.

Watch for slight changes in the notation.)


