SYMPLECTIC LOCAL ROOT NUMBERS, CENTRAL CRITICAL L-VALUES, AND RESTRICTION PROBLEMS IN THE REPRESENTATION THEORY OF CLASSICAL GROUPS

WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Contents

1. Introduction 2 2. Classical groups and restriction of representations 5 3. Selfdual and conjugate-dual representations 8 4. The centralizer and its group of components 14 5. Local root numbers 17 6. Characters of component groups 21 7. L-groups of classical groups 25 8. Langlands parameters for classical groups 29 9. Vogan L-packets - Desiderata 33 10. Vogan L-packets for the classical groups 36 11. Vogan L-packets for the metaplectic group 40 12. The representation ν of H and generic data 46 13. Bessel and Fourier-Jacobi models for GL(n) 57 14. Restriction Problems and Multiplicity One Theorems 60 15. Uniqueness of Bessel Models 63 16. Uniqueness of Fourier-Jacobi Models 69 17. Local Conjectures 72 18. Compatibilities of local conjectures 76 19. Reduction to basic cases 81 20. Variant of the local conjecture 83 21. Unramified parameters 84 22. Automorphic forms and L-functions 88 23. Global Restriction Problems 92 24. Global conjectures: central values of L-functions 96 25. Global L-parameters and Multiplicity Formula 100 26. Revisiting the global conjecture 108 27. The first derivative 111 References 117 1

2 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

1. Introduction

It has been almost 20 years since two of us proposed a rather speculative approach to the problem of restriction of irreducible representations from SO_n to SO_{n−1} [GP1, GP2]. Our predictions depended on the Langlands parametrization of irreducible representations, using L-packets and L-parameters. Since then, there has been considerable progress in the construction of local L-packets, as well as on both local and global aspects of the restriction problem. We thought it was a good time to review the precise conjectures which remain open, and to present them in a more general form, involving restriction problems for all of the classical groups.

Let k be a local field equipped with an automorphism σ with σ^2 = 1 and let k_0 be the fixed field of σ. Let V be a vector space over k with a non-degenerate sesquilinear form and let G(V ) be the identity component of the classical subgroup of GL(V ) over k_0 which preserves this form. There are four distinct cases, depending on whether the space V is orthogonal, symplectic, hermitian, or skew-hermitian. In each case, for certain non-degenerate subspaces W of V , we define a subgroup H of the locally compact group G = G(V ) × G(W ) containing the diagonally embedded subgroup G(W ), and a unitary representation ν of H. The local restriction problem is to determine

d(π) = dim_C Hom_H (π ⊗ ν, C),

where π is an irreducible complex representation of G.

The basic cases are when dim V −dim W = 1 or 0, where ν is the trivial representation or a Weil representation respectively. When dim V − dim W ≥ 2, this restriction problem is also known as the existence and uniqueness of Bessel or Fourier-Jacobi models in the literature. As in [GP1] and [GP2], our predictions involve the Langlands parametrization, in a form suggested by Vogan [Vo], and the signs of symplectic root numbers.

We show that the Langlands parameters for irreducible representations of classical groups (and for genuine representations of the metaplectic group) are complex representations of the Weil-Deligne group of k, of specified dimension and with certain duality properties. We describe these parameters and their centralizers in detail, before using their symplectic root numbers to construct certain distinguished characters of the component group. Our local conjecture states that there is a unique representation π in each generic Vogan L-packet, such that the dimension d(π) is equal to 1. Furthermore, this representation corresponds to a distinguished character χ of the component group. For all other representations π in the L-packet, we predict that d(π) is equal to 0. The precise statements are contained in Conjectures 17.1 and 17.3.

Although this material is largely conjectural, we prove a number of new results in number theory and representation theory along the way:

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 3

(i) In Proposition 5.2, we give a generalization of a formula of Deligne on orthogonal root numbers to the root numbers of conjugate orthogonal representations.

(ii) We describe the L-parameters of classical groups, and unitary groups in particular, in a much simpler way than currently exists in the literature; this is contained in Theorem 8.1.

(iii) We show in Theorem 11.1 that the irreducible representations of the metaplectic group can be classified in terms of the irreducible representations of odd special orthogonal groups; this largely follows from fundamental results of Kudla-Rallis [KR], though the statement of the theorem did not appear explicitly in [KR].

(iv) We prove two theorems (cf. Theorems 15.1 and 16.1) that allow us to show the uniqueness of general Bessel and Fourier-Jacobi models over non-archimedean local fields. More precisely, we show that d(π) ≤ 1 in almost all cases (cf. Corollaries 15.3, 16.2 and 16.3), reducing this to the basic cases when dim W^⊥ = 0 or 1, which were recently established by [AGRS], [S] and [Wa8]. The same theorems allow us to reduce our local conjectures to these basic cases, as shown in Theorem 19.1.

One subtle point about our local conjecture is its apparent dependence on the choice of an additive character ψ of k_0 or k/k_0. Indeed, the choice of such a character ψ is potentially used in 3 places:

(a) the Langlands-Vogan parametrization (which depends on fixing a quasi-split pure inner form G_0 of G, a Borel subgroup B_0 of G_0, and a non-degenerate character on the unipotent radical of B_0);

(b) the definition of the distinguished character χ of the component group;

(c) the representation ν of H in the restriction problem.

Typically, two of the above depend on the choice of ψ, whereas the third one doesn’t. More precisely, we have:

- in the orthogonal case, none of (a), (b) or (c) above depends on ψ; this explains why this subtlety does not occur in [GP1] and [GP2].

- in the hermitian case, (a) and (b) depend on the choice of ψ : k/k_0 → S^1, but (c) doesn’t.

- in the symplectic/metaplectic case, (a) and (c) depend on ψ : k_0 → S^1, but (b) doesn’t.

- in the odd skew-hermitian case, (b) and (c) depend on ψ : k_0 → S^1, but (a) doesn’t.

- in the even skew-hermitian case, (a) and (c) depend on ψ : k_0 → S^1 but (b) doesn’t.

4 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Given this, we check in §18 that the dependence on ψ cancels out in each case, so that our local conjecture is internally consistent with respect to changing ψ. There is, however, a variant of our local conjectures which is less sensitive to the choice of ψ, but is slightly weaker. This variant is given in Conjecture 20.1. Finally, when all the data involved are unramified, we state a more refined conjecture; this is contained in Conjecture 21.3.

After these local considerations, we study the global restriction problem, for cuspidal tempered representations of adelic groups. Here our predictions involve the central values of automorphic L-functions, associated to a distinguished symplectic representation R of the L-group. More precisely, let G = G(V ) × G(W ) and assume that π is an irreducible cuspidal representation of G(A), where A is the ring of adèles of a global field F . If the vector space Hom_{H(A)}(π ⊗ ν̄, C) is nonzero, our local conjecture implies that the global root number ϵ(π, R,^1_2 ) is equal to 1. If we assume π to be tempered, then our calculation of global root numbers and the general conjectures of Langlands and Arthur predict that π appears with multiplicity one in the discrete spectrum of L^2(G(F )\G(A)). We conjecture that the period integrals on the corresponding space of functions f → � H(k)\H(A)

f(h) · ν(h) dh

gives a nonzero element in Hom_{H(A)}(π ⊗ ν̄, C) if and only if the central critical L-value L(π, R,^1_2 ) is nonzero.

This first form of our global conjecture is given in §24, after which we examine the global restriction problem in the framework of Langlands-Arthur’s conjecture on the automorphic discrete spectrum, and formulate a more refined global conjecture in §26. For this purpose, we formulate an extension of Langlands’ multiplicity formula for metaplectic groups; see Conjecture 25.1.

One case in which all of these conjectures are known to be true is when k = k_0 ×k_0 is the split quadratic étale algebra over k_0, and V is a hermitian space over k of dimension n containing a codimension one nondegenerate subspace W . Then

G ∼= GL_n(k_0) × GL_{n−1}(k_0) and H ∼= GL_{n−1}(k_0).

Moreover, ν is the trivial representation. When k_0 is local, and π is a generic representation of G = GL_n(k_0) × GL_{n−1}(k_0), the local theory of Rankin-Selberg integrals [JPSS], together with the multiplicity one theorems of [AGRS], [AG], [SZ], [SZ2] and [Wa8], shows that dim Hom_H (π, C) = 1.

This agrees with our local conjecture, as the Vogan packets for G = GL_n(k_0) × GL_{n−1}(k_0) are singletons. If k_0 is global and π is a cuspidal representation of G(A), then π appears with multiplicity one in the discrete spectrum. The global theory of

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 5

Rankin-Selberg integrals [JPSS] implies that the period integrals over H(k)\H(A) give a nonzero linear form on π if and only if

L(π, std_n ⊗ std_{n−1}, 1/2) ≠ 0,

where L(π, std_n ⊗ std_{n−1}, s) denotes the tensor product L-function. Again, this agrees with our global conjecture, since in this case, the local and global root numbers are all equal to 1, and R = std_n ⊗ std_{n−1} + std^∨_n ⊗ std^∨_{n−1}.

In certain cases where the global root number ϵ = −1, so that the central value is zero, we also make a prediction for the first derivative in §27. The cases we treat are certain orthogonal and hermitian cases, with dim W^⊥ = 1. We do not know if there is an analogous conjecture for the first derivative in the symplectic or skew-hermitian cases.

In a sequel to this paper, we will present some evidence for our conjectures, for groups of small rank and for certain discrete L-packets where one can calculate the distinguished character explicitly. We should mention that in a series of amazing papers [Wa4-7] and [MW], Waldspurger and Moeglin-Waldspurger have established the local conjectures for special orthogonal groups, assuming some natural properties of the characters of representations in tempered L-packets. There is no doubt that their methods will extend to the case of unitary groups.

Acknowledgments: W. T. Gan is partially supported by NSF grant DMS-0801071. B. H. Gross is partially supported by NSF grant DMS 0901102. D. Prasad was partially supported by a Clay Math Institute fellowship during the course of this work. We thank P. Deligne, S. Kudla, M. Hopkins, M. Reeder, D. Rohrlich, and J.-L. Waldspurger for their help. We also thank the referee for his/her careful reading of the paper and for his/her numerous useful comments, corrections and suggestions.

2. Classical groups and restriction of representations

Let k be a field, not of characteristic 2. Let σ be an involution of k having k_0 as the fixed field. If σ = 1, then k_0 = k. If σ ≠ 1, k is a quadratic extension of k_0 and σ is the nontrivial element in the Galois group Gal(k/k_0).

Let V be a finite dimensional vector space over k. Let

⟨−, −⟩ : V × V → k

be a non-degenerate, σ-sesquilinear form on V , which is ϵ-symmetric (for ϵ = ±1 in k^×):

⟨αv + βw, u⟩ = α⟨v, u⟩ + β⟨w, u⟩ ⟨u, v⟩ = ϵ · ⟨v, u⟩^σ.

6 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Let G(V ) ⊂ GL(V ) be the algebraic subgroup of elements T in GL(V ) which preserve the form ⟨−, −⟩: ⟨T v, T w⟩ = ⟨v, w⟩.

Then G(V ) is a classical group, defined over the field k_0. The different possibilities for G(V ) are given in the following table.

(k, ϵ) k = k_0, ϵ = 1 k = k_0, ϵ = −1 k/k_0 quadratic, ϵ = ±1

G(V ) orthogonal group O(V ) symplectic group Sp(V ) unitary group U(V )

In our formulation, a classical group will always be associated to a space V , so the hermitian and skew-hermitian cases are distinct. Moreover, the group G(V ) is connected except in the orthogonal case. In that case, we let SO(V ) denote the connected component, which consists of elements T of determinant +1, and shall refer to SO(V ) as a connected classical group. We will only work with connected classical groups in this paper.

If one takes k to be the quadratic algebra k_0 × k_0 with involution σ(x, y) = (y, x) and V a free k-module, then a non-degenerate form ⟨−, −⟩ identifies the k = k_0 × k_0 module V with the sum V_0 + V^∨_0 , where V_0 is a finite dimensional vector space over k_0 and V^∨_0 is its dual. In this case G(V ) is isomorphic to the general linear group GL(V_0) over k_0.

If G is a connected, reductive group over k_0, the pure inner forms of G are the groups G^′ over k_0 which are obtained by inner twisting by elements in the pointed set H^1(k_0, G). If {g_σ} is a one cocycle on the Galois group of the separable closure k^s_0 with values in G(k^s_0), the corresponding pure inner form G^′ has points

G^′(k_0) = {a ∈ G(k^s_0) : a^σ = g_σag^{−1}_σ }.

The group G^′ is well-defined up to inner automorphism over k_0 by the cohomology class of g_σ, so one can speak of a representation of G^′(k_0).

For connected, classical groups G(V ) ⊂ GL(V ), the pointed set H^1(k_0, G) and the pure inner forms G^′ correspond bijectively to forms V^′ of the space V with its sesquilinear form ⟨, ⟩ (cf. [KMRT, §29D and §29E]).

Lemma 2.1. (1) If G = GL(V ) or G = Sp(V ), then the pointed set H^1(k_0, G) = 1 and there are no nontrivial pure inner forms of G.

(2) If G = U(V ), then elements of the pointed set H^1(k_0, G) correspond bijectively to the isomorphism classes of hermitian (or skew-hermitian) spaces V^′ over k with dim(V^′) = dim(V ). The corresponding pure inner form G^′ of G is the unitary group U(V^′).

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 7

(3) If G = SO(V ), then elements of the pointed set H^1(k_0, G) correspond bijectively to the isomorphism classes of orthogonal spaces V^′ over k with dim(V^′) = dim(V ) and disc(V^′) = disc(V ). The corresponding pure inner form G^′ of G is the special orthogonal group SO(V^′).

Now let W ⊂ V be a subspace, which is non-degenerate for the form ⟨−, −⟩. Then V = W + W^⊥. We assume that

1) ϵ · (−1)^{dim W ⊥} = −1 2) W^⊥ is a split space.

When ϵ = −1, so dim W^⊥ = 2n is even, condition 2) means that W^⊥ contains an isotropic subspace X of dimension n. It follows that W^⊥ is a direct sum

W^⊥ = X + Y,

with X and Y isotropic. The pairing ⟨−, −⟩ induces a natural map

Y −→ Hom_k(X, k) = X^∨

which is a k_0-linear isomorphism (and k-anti-linear if k ≠ k_0). When ϵ = +1, so dim W^⊥ = 2n + 1 is odd, condition 2) means that W^⊥ contains an isotropic subspace X of dimension n. It follows that W^⊥ = X + Y + E,

where E is a non-isotropic line orthogonal to X + Y , and X and Y are isotropic. As above, one has a k_0-linear isomorphism Y ∼= X^∨.

Let G(W ) be the subgroup of G(V ) which acts trivially on W^⊥. This is the classical group, of the same type as G(V ), associated to the space W . Choose an X ⊂ W^⊥ as above, and let P be the parabolic subgroup of G(V ) which stabilizes a complete flag of (isotropic) subspaces in X. Then G(W ), which acts trivially on both X and X^∨, is contained in a Levi subgroup of P , and acts by conjugation on the unipotent radical N of P .

The semi-direct product H = N ⋊G(W ) embeds as a subgroup of the product group G = G(V )×G(W ) as follows. We use the defining inclusion H ⊂ P ⊂ G(V ) on the first factor, and the projection H → H/N = G(W ) on the second factor. When ϵ = +1, the dimension of H is equal to the dimension of the complete flag variety of G. When ϵ = −1, the dimension of H is equal to the sum of the dimension of the complete flag variety of G and half of the dimension of the vector space W over k_0.

We call a pure inner form G^′ = G(V^′)×G(W^′) of the group G relevant if the space W^′ embeds as a non-degenerate subspace of V^′, with orthogonal complement isomorphic to W^⊥. We note:

Lemma 2.2. Suppose k is non-archimedean.

8 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

(i) In the orthogonal and hermitian cases, there are 4 pure inner forms of G = G(V ) × G(W ) and among these, exactly two are relevant. Moreover, among the two relevant pure inner forms, exactly one is a quasi-split group.

(ii) In the symplectic case, there is exactly one pure inner form of G = G(V ) × G(W ), which is necessarily relevant.

(iii) In the skew-hermitian case, there are 4 pure inner forms of G = G(V ) × G(W ), exactly two of which are relevant. When dim V is odd, the two relevant pure inner forms are both quasi-split, and when dim V is even, exactly one of them is quasi-split.

Proof. The statement (i) follows from the fact that an odd dimensional split quadratic space is determined by its discriminant and that there is a unique split hermitian space of a given even dimension. The statements (ii) and (iii) are similarly treated. □

Given a relevant pure inner form G^′ = G(V^′) × G(W^′) of G, one may define a subgroup H^′ ⊂ G^′ as above. In this paper, we will study the restriction of irreducible complex representations of the groups G^′ = G(V^′) × G(W^′) to the subgroups H^′, when k is a local or a global field.

3. Selfdual and conjugate-dual representations

Let k be a local field, and let k^s be a separable closure of k. In this section, we will define selfdual and conjugate-dual representations of the Weil-Deligne group W D(k) of k.

When k = R or C, we define W D(k) as the Weil group W (k) of k, which is an extension of Gal(k^s/k) by C^×, and has abelianization isomorphic to k^×. A representation of W D(k) is, by definition, a completely reducible (or semisimple) continuous homomorphism φ : W D(k) → GL(M), where M is a finite dimensional complex vector space. When k is non-archimedean, the Weil group W (k) is the dense subgroup I ⋊ F^Z of Gal(k^s/k), where I is the inertia group and F is a geometric Frobenius. We normalize the isomorphism

W (k)^{ab} → k^×

of local class field theory as in Deligne [D], taking F to a uniformizing element of k^×. This defines the norm character

| − | : W (k) → R^×, with |F | = q^{−1}.

We define W D(k) as the product of W (k) with the group SL_2(C). A representation is a homomorphism φ : W D(k) → GL(M) with

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 9

(i) φ trivial on an open subgroup of I, (ii) φ(F ) semi-simple, (iii) φ : SL_2(C) → GL(M) algebraic.

The equivalence of this formulation of representations with that of Deligne [D], in which a representation is a homomorphism ρ : W (k) → GL(M) and a nilpotent endomorphism N of M which satisfies Adρ(w)(N) = |w| · N, is given in [GR, §2, Proposition 2.2]

We say two representations M and M^′ of W D(k) are isomorphic if there is a linear isomorphism f : M → M^′ which commutes with the action of W D(k). If M and M^′ are two representations of W D(k), we have the direct sum representation M ⊕ M^′ and the tensor product representation M ⊗ M^′. The dual representation M^∨ is defined by the natural action on Hom(M, C), and the determinant representation det(M) is defined by the action on the top exterior power. Since GL_1(C) = C^× is abelian, the representation det(M) factors through the quotient W (k)^{ab} → k^× of W D(k).

We now define certain selfdual representations of W D(k). We say the representation M is orthogonal if there is a non-degenerate bilinear form B : M × M → C which satisfies � B(τm, τn) = B(m, n) B(n, m) = B(m, n), for all τ in W D(k).

We say M is symplectic if there is a non-degenerate bilinear form B on M which satisfies � B(τm, τn) = B(m, n) B(n, m) = −B(m, n), for all τ in W D(k).

In both cases, the form B gives an isomorphism of representations f : M → M^∨, whose dual f^∨ : M = M^{∨∨} → M^∨ satisfies f^∨ = b · f, with b = the sign of B.

We now note:

Lemma 3.1. Given any two non-degenerate forms B and B^′ on M preserved by W D(k) with the same sign b = ±1, there is an automorphism T of M which commutes with W D(k) and such that B^′(m, n) = B(T m, T n).

10 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Proof. Since M is semisimple as a representation of W D(k), we may write M = � i V_i ⊗ M_i

as a direct sum of irreducible representations with multiplicity spaces V_i. Each M_i is either selfdual or else M^∨_i ∼= M_j for some i ≠ j, in which case dim V_i = dim V_j. So we may write M = � � i V_i ⊗ M_i � ⊕ � � j V_j ⊗ (P_j + P^∨_j ) �

with M_i irreducible selfdual and P_j irreducible but P_j ≇ P^∨_j . Since any non-degenerate form B remains non-degenerate on each summand above, we are reduced to the cases:

(a) M = V ⊗ N with N irreducible and selfdual, in which case the centralizer of the action of W D(k) is GL(V );

(b) M = (V ⊗ P ) ⊕ (V ⊗ P^∨), with P irreducible and P ≇ P^∨, in which case the centralizer of the action of W D(k) is GL(V ) × GL(V ).

In case (a), since N is irreducible and selfdual, there is a unique (up to scaling) W D(k)-invariant non-degenerate bilinear form on N; such a form on N has some sign b_N . Thus, giving a W D(k)-invariant non-degenerate bilinear form B on M of sign b is equivalent to giving a non-degenerate bilinear form on V of sign b · b_N . But it is well-known that any two non-degenerate bilinear forms of a given sign are conjugate under GL(V ). This takes care of (a).

In case (b), the subspaces V ⊗ P and V ⊗ P^∨ are necessarily totally isotropic. Moreover, there is a unique (up to scaling) W D(k)-invariant pairing on P × P^∨. Thus to give a W D(k)-invariant non-degenerate bilinear form B on M of sign b is equivalent to giving a non-degenerate bilinear form on V . But any two such forms are conjugate under the action of GL(V ) × GL(V ) on V × V . This takes care of (b) and the lemma is proved. □

When M is symplectic, dim(M) is even and det(M) = 1. When M is orthogonal, det(M) is an orthogonal representation of dimension 1. These representations correspond to the quadratic characters

χ : k^× → ⟨±1⟩.

Since char(k) ≠ 2, the Hilbert symbol gives a perfect pairing

(−, −) : k^×/k^{×2} × k^×/k^{×2} → ⟨±1⟩.

We let C(d) be the one dimensional orthogonal representation given by the character χ_d(c) = (c, d).

We also note the following elementary result:

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 11

Lemma 3.2. If M_i is selfdual with sign b_i, for i = 1 or 2, then M_1 ⊗ M_2 is selfdual with sign b_1 · b_2.

Proof. If M_i is selfdual with respect to a form B_i of sign b_i, then M_1 ⊗ M_2 is selfdual with respect to the tensor product B_1 ⊗ B_2 which has sign b_1 · b_2. □

Next, assume that σ is a nontrivial involution of k, with fixed field k_0. Let s be an element of W (k_0) which generates the quotient group W (k_0)/W (k) = Gal(k/k_0) = ⟨1, σ⟩.

If M is a representation of W D(k), let M^s denote the conjugate representation, with the same action of SL_2(C) and the action τ_s(m) = sτs^{−1}(m) for τ in W (k).

We say the representation M is conjugate-orthogonal if there is a non-degenerate bilinear form B : M × M → C which satisfies � B(τm, sτs^{−1}n) = B(m, n) B(n, m) = B(m, s^2n), for all τ in W D(k). We say M is conjugate-symplectic if there is a non-degenerate bilinear form on M which satisfies� B(τm, sτs^{−1}n) = B(m, n) B(n, m) = −B(m, s^2n), for all τ in W D(k). In both cases, the form B gives an isomorphism of representations f : M^s → M^∨, whose conjugate-dual

(f^∨)^s : M^s −−−→ ((M^s)^∨)^{s φ(s2)}−−−→ M^∨ satisfies (f^∨)^s = b · f with b = the sign of B.

We now note:

Lemma 3.3. Given two such non-degenerate forms B and B^′ on M with the same sign and preserved by W D(k), there is an automorphism of M which commutes with W D(k) and such that B^′(m, n) = B(T m, T n).

Proof. The proof is similar to that of Lemma 3.1. As before, we may reduce to the following two cases:

(a) M = V ⊗N with N irreducible and conjugate-dual, in which case the centralizer of the action of W D(k) is GL(V );

(b) M = (V ⊗ P ) ⊕ (V ⊗ (P^s)^∨) with P irreducible and P ≇ (P^s)^∨, in which case the centralizer of the action of W D(k) is GL(V ) × GL(V ).

12 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

In case (a), if the conjugate-duality of N has sign b_N , then giving a W D(k)-invariant non-degenerate bilinear form on M of sign b is equivalent to giving a non-degenerate bilinear form on V of sign b · b_N , and all such are conjugate under GL(V ). Similarly, in case (b), giving a W D(k)-invariant nondegenerate bilinear form on M of sign b is equivalent to giving a non-degenerate bilinear form on V , and all such are conjugate under GL(V ) × GL(V ). □

The isomorphism class of the representation M^s is independent of the choice of s in W (k_0) − W . If s^′ = ts is another choice, then the map

f : M^s → M^{s′} m → t(m)

is an isomorphism of representations of W D(k). We denote the isomorphism class of M^s and M^{s′} simply by M^σ. If M is conjugate-orthogonal or conjugate-symplectic by the pairing B relative to s, then it is conjugate-orthogonal or conjugate-symplectic by the pairing B^′(m, f(n)) = B(m, n)

relative to s^′. In both cases, M^σ is isomorphic to the dual representation M^∨.

If M is conjugate-dual via a pairing B with sign b = ±1, then det(M) is conjugatedual with sign = (b)^{dim(M)}. Any conjugate-dual representation of W D(k) of dimension 1 gives a character χ : k^× → C^× which satisfies χ^{1+σ} = 1. Hence χ is trivial on the subgroup Nk^×, which has index 2 in k^×_0 . We denote this 1-dimensional representation by C(χ).

Lemma 3.4. The representation C(χ) is conjugate-orthogonal if and only if χ is trivial on k^×_0 , and conjugate-symplectic if and only if χ is nontrivial on k^×_0 but trivial on Nk^×.

Proof. : Since the action of WD(k) on C(χ) factors through the quotient W (k)^{ab}, we may compute with the quotient W (k/k_0) of W (k_0). The Weil group W (k/k_0) is isomorphic to the normalizer of k^× in the multiplicative group of the quaternion division algebra over k_0 [We1, Appendix III, Theorem 2]. It is therefore generated by k^× and s, with sα = α^σs for α ∈ k^×, and s^2 in k^×_0 generating the quotient k^×_0 /Nk^×.

If χ(s^2) = +1, then the form B(z, w) = zw on C(χ) is conjugate-orthogonal. If χ(s^2) = −1, then this form is conjugate-symplectic. □

We also note:

Lemma 3.5. (i) The representation M of W D(k) is conjugate-dual with sign b if and only if N = Ind^{W D(k0)}_{W D(k)} M is selfdual with sign b and has maximal isotropic subspace M (which is naturally a W D(k)-submodule of N).

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 13

(ii) If M_i is conjugate-dual with sign b_i, for i = 1 or 2, then M_1 ⊗ M_2 is conjugate-dual with sign b_1 · b_2.

Proof. For (i), suppose that M is conjugate-dual with respect to a form B. As a vector space, N = M ⊕s^{−1} ·M for s ∈ W D(k_0)∖W D(k). We define a non-degenerate bilinear form B_N on N by decreeing that M and s^{−1} · M are isotropic spaces and setting � B_N (m, s^{−1} · m^′) = B(m, m^′), B_N (s^{−1} · m^′, m) = b · B_N (m, s^{−1} · m^′).

It is easy to check that B_N is preserved by W D(k_0). Conversely, if the induced representation N is selfdual with respect to a form B_N which has M as an isotropic subspace, then the pairing induced by B_N on M × s^{−1} · M is necessarily nondegenerate. Thus we may define a nondegenerate form on M by B(m, m^′) = B_N (m, s^{−1} · m^′).

It is easy to check that B gives a conjugate-duality on M with the same sign as B_N ; this proves (i). The assertion (ii) is also straightforward: if M_i is conjugate-dual with respect to the form B_i of sign b_i, then M_1 ⊗ M_2 is conjugate-dual with respect to the tensor product B_1 ⊗ B_2 which has sign b_1 · b_2. □

Remark: M. Weissman has pointed out that the representation M^σ can be more canonically defined (without resorting to the choice of s ∈ W D(k) ∖ W D(k_0)) in the following way. Consider the induced representation Ind^{W D(k0)}_{W D(k)} M which can be realized on: {f : W D(k_0) → M : f(τ · s) = τ(f(s)) for all τ ∈ W D(k) and s ∈ W D(k_0)}.

Then the representation M^σ of W D(k) can be realized on the subspace of such functions which are supported on W D(k_0) ∖ W D(k). We note:

(i) Any W D(k)-equivariant map M → N induces a natural W D(k)-equivariant map M^σ → N^σ.

(ii) There is a natural isomorphism (M^σ)^∨ → (M^∨)^σ, via the perfect duality on M^σ × (M^∨)^σ defined by

(f, f^∨) → ⟨f(s), f^′(s)⟩, for f ∈ M^σ and f^∨ ∈ (M^∨)^σ, for any s ∈ W D(k_0) ∖ W D(k) and where ⟨−, −⟩ denotes the natural pairing on M × M^∨. The above pairing is clearly independent of the choice of s.

(iii) On this model of M^σ, there is a canonical isomorphism (M^σ)^σ −→ M given by F → F [s](s^{−1})

14 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

for any s ∈ W D(k_0) ∖ W D(k). This isomorphism is independent of the choice of s. Thus a conjugate-duality with sign b is a W D(k)-equivariant isomorphism f : M^σ → M^∨ whose conjugate-dual (f^∨)^σ : M^σ → ((M^σ)^∨)^σ ∼= ((M^∨)^σ)^σ ∼= M^∨ satisfies (f^∨)^σ = b · f.

This treatment allows one to suppress the somewhat mysterious looking identity B(n, m) = b · B(m, s^2n).

4. The centralizer and its group of components

The centralizer C(M) of a representation M of W D(k) is the subgroup of GL(M) which centralizes the image. Write M = � m_iM_i

as a direct sum of irreducible representations M_i, with multiplicities m_i ≥ 1. Then by Schur’s lemma C(M) ≃ � GL(m_i, C).

In particular, C(M) is a connected reductive group.

The situation is more interesting for representations M which are either selfdual or conjugate-dual, via a pairing B with sign b = ±1. We define C = C(M, B) as the subgroup of Aut(M, B) ⊂ GL(M) which centralizes the image of W D(k). Up to isomorphism, the reductive group C depends only on the representation M and can be described more explicitly as follows.

If we write M as a direct sum of irreducible representations M_i, with multiplicities m_i, and consider their images in M^∨ under the isomorphism M^σ → M^∨ provided by B, we find that there are three possibilities:

(1) M^σ_i is isomorphic to M^∨_i , via a pairing B_i of the same sign b as B. (2) M^σ_i is isomorphic to M^∨_i , via pairing B_i of the opposite sign −b as B. In this case the multiplicity m_i is even.

(3) M^σ_i is isomorphic to M^∨_j , with j ≠ i. In this case m_i = m_j. Hence, we have a decomposition M = � V_i ⊗ M_i + � W_i ⊗ N_i + � U_i ⊗ (P_i + (P^σ_i )^∨),

where

(a) the M_i’s are selfdual or conjugate-dual of the same sign b,

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 15

(b) the N_i’s are selfdual or conjugate-dual of the opposite sign −b; (c) P^σ_i is not isomorphic to P^∨_i , so that P_i and P_j = (P^σ_i )^∨ are distinct irreducible summands.

Moreover, the restriction of the form B to each summand in the above decomposition of M induces a nondegenerate pairing on the multiplicity space V_i, W_i or U_i. The induced pairing on V_i necessarily has sign +1, whereas the pairing on W_i necessarily has sign −1. On the other hand, the induced pairing on U_i need not have a sign.

We can now determine the centralizer C. As in the proofs of Lemmas 3.1 and 3.3, giving an element T of C is equivalent to giving elements T_i in GL(V_i), GL(W_i) or GL(U_i) × GL(U_i), such that T_i preserves the induced nondegenerate pairing on V_i, W_i or U_i. Thus, we conclude that (cf. [GP, §6-7], [P1] and [P3]): C ≃ � O(V_i) × � Sp(W_i) × � GL(U_i).

In particular, the component group of C is

A = π_0(C) ≃ (Z/2)^k,

where k is the number of irreducible summands M_i of the same type as M, or equivalently the number of V_i’s in the above decomposition.

For each such M_i, let a_i be a simple reflection in the orthogonal group O(m_i). The images of the elements a_i in A give a basis over Z/2Z. For any semisimple element a in C, we define M^a = {m ∈ M : am = −m} to be the −1 eigenspace for a on M. This is a representation of W D(k), and the restricted pairing B : M^a × M^a → C is non-degenerate, of the same type as M. For the simple reflections a_i in C, M^{ai} = M_i are the irreducible summands of the same type as M.

We can use these representations to define characters χ : A → ⟨±1⟩. The basic idea is to define signed invariants d(M) = ±1 of representations M of W D(k), which are either selfdual or conjugate-dual.

Proposition 4.1. Let d(M) be an invariant of selfdual or conjugate-dual representations, taking values in ±1. Assume that

(1) d(M + M^′) = d(M) · d(M^′) (2) the value d(M^a) depends only on the image of a in the quotient group A = C_M /C^0_M .

Then the function χ(a) = d(M^a) defines a character of A.

16 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Indeed, the different classes in A are all represented by commuting involutions in C, and for two commuting involutions a and b we have the formula: M^{ab} + 2(M^a ∩ M^b) = M^a + M^b as representations of W D(k). Hence χ(ab) = χ(a) · χ(b).

The simplest example of such an invariant, which applies in both the conjugate-dual and the selfdual cases, is d(M) = (−1)^{dim M} .

To see that dim M^a (mod 2) depends only on the coset of a (mod C^0_M ), we recall that M = � V_i ⊗ M_i + � W_i ⊗ N_i + � U_i ⊗ (P_i + (P^σ_i )^∨)

and let a = � i a_i be a semisimple element of the product

C_M = � i O(V_i) × � i Sp(W_i) × � i GL(U_i).

Then −1 occurs with even multiplicity as an eigenvalue of a_i ∈ Sp(W_i). On the other hand, for a_i ∈ O(V_i), one has det a_i = (−1)^{multiplicity of −1 as an eigenvalue of ai} .

Hence all the summands of M^a have even dimension, except for the terms V^{ai}_i ⊗ M_i which have odd dimension precisely when det(a_i) = −1 and dim M_i ≡ 1 (mod 2). Thus it follows that the parity of dim M^a depends only on the coset of a (mod C^0_M ). In particular, one obtains a character of A: η(a) = (−1)^{dim M a} .

Now assume M is selfdual. The character η is trivial when M is symplectic, as dim M^a is even for all a in Sp(M) = G(M, B). In the orthogonal case, dim M^a is even precisely for elements a in the centralizer which lie in the subgroup SO(M, B) of index 2 in O(M, B). We denote this subgroup by C^+.

An element c of k^×/k^{×2} gives a character η_c(a) = (det M^a)(c) of A. Indeed, the quadratic character det M^a depends only on the coset of a (mod C^0). Since η_{cd} = η_cη_d, we get a pairing (c, a) : k^×/k^{×2} × A → ⟨±1⟩ which is trivial in the symplectic case.

To construct other characters of A, we need more sophisticated signed invariants d(M) of selfdual or conjugate-dual representations. We will obtain these from local root numbers, after recalling that theory in the next section.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 17

5. Local root numbers

Let M be a representation of the Weil-Deligne group W D(k) of a local field k, and let ψ be a nontrivial additive character of k. In this section, we define the local root number ϵ(M, ψ), following the articles of Tate [T] and Deligne [De1]. We then study the properties of these constants for selfdual and conjugate-dual representations, and give explicit formulae in the orthogonal and conjugate-orthogonal cases. The local root numbers are more mysterious in the symplectic and conjugate-symplectic cases. Indeed, they form the basis of our conjectures on the restriction of representations of classical groups over local fields.

Let dx be the unique Haar measure on k which is selfdual for Fourier transform with respect to ψ. For a representation M of the Weil group W (k), we define

ϵ(M, ψ) = ϵ(M, ψ, dx, 1/2) in C^×,

in the notation of [De1, §4-5]. This is the local constant ϵ_L(M, ψ) in [T, 3.6.1]. In the non-archimedean case, if M is a representation of W D(k) = W (k) × SL_2(C), we may write M = � n≥0 M_n ⊗ Sym^n

with each M_n a representation of the Weil group. We define (cf. [GR, §2]):

ϵ(M, ψ) = � n≥0 ϵ(M_n, ψ)^{n+1} · det(−F |M^I_n)^n.

This constant depends only on the isomorphism class of M.

The following formulae involving ϵ(M, ψ) are well-known [T, 3.6], for representations M of the Weil group W (k). For a in k^×, let ψ_a be the nontrivial additive character ψ_a(x) = ψ(ax). Then

ϵ(M, ψ_a) = det M(a) · ϵ(M, ψ),

ϵ(M, ψ) · ϵ(M^∨, ψ^{−1}) = 1.

Since ψ^{−1} = ψ_{−1}, we conclude that

ϵ(M, ψ) · ϵ(M^∨, ψ) = det M(−1).

For representations M = � M_n ⊗ Sym^n of W D(k) in the non-archimedean case, we have

M^∨ = � M^∨_n ⊗ Sym^n,

det(M) = � n≥0 det(M_n)^{n+1}.

18 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

This allows us to extend the above formulas to the local root numbers ϵ(M, ψ) of representations of W D(k).

Now let σ be an involution of k, and define ψ^σ(x) = ψ(x^σ). Then ϵ(M^σ, ψ^σ) = ϵ(M, ψ). (Indeed, this is true for any continuous isomorphism σ : k → k^′. For M of dimension 1, this follows from Tate’s integral formula [T] for ϵ(M, ψ). It then follows from general M from the inductivity of ϵ-factors.) If we assume further that ψ^σ = ψ^{−1}, then ϵ(M, ψ) · ϵ((M^∨)^σ, ψ) = ϵ(M, ψ) · ϵ(M^∨, ψ^σ) = ϵ(M, ψ) · ϵ(M^∨, ψ^{−1}) = 1.

When we apply these formulas to selfdual and conjugate-dual representations, we obtain the following.

Proposition 5.1. (1) Assume that M is a selfdual representation of W D(k) with det(M) = 1. Then ϵ(M) = ϵ(M, ψ) is independent of the choice of ψ and satisfies ϵ(M)^2 = 1.

Furthermore, if M is of the form M = N + N^∨, then ϵ(M) = det N(−1).

(2) Assume that M is a conjugate-dual representation of W D(k) and that the additive character ψ of k satisfies ψ^σ = ψ^{−1}. Then ϵ(M, ψ)^2 = 1.

Furthermore, if M is of the form M = N +^σN^∨, then ϵ(M, ψ) = 1.

Since we are assuming that the characteristic of k is not equal to 2, the characters ψ of k which satisfy ψ^σ = ψ^{−1} are precisely those characters which are trivial on k_0, the fixed field of σ. These characters form a principal homogeneous space for the group k^×_0 , and the value ϵ(M, ψ) depends only on the Nk^×-orbit of ψ. Indeed det M is conjugatedual and hence trivial on Nk^× ⊂ k^×_0 . If det M is conjugate-orthogonal, the restriction of det M to k^×_0 is trivial, and hence the value ϵ(M) = ϵ(M, ψ) is independent of the choice of ψ.

Following Deligne [De2], we can say more when the selfduality or conjugate-duality of M is given by a pairing B with sign b = +1. Recall the spin covering of the special orthogonal group, which gives an exact sequence: 1 → Z/2 → Spin(M) → SO(M) → 1.

Proposition 5.2. (1) Assume that M is an orthogonal representation and that det(M) = 1. Then the root number ϵ(M) = ϵ(M, ψ) is independent of the choice of ψ and satisfies ϵ(M)^2 = 1. Furthermore ϵ(M) = +1 if and only if the representation φ : W D(k) → SO(M) lifts to a homomorphism φ : W D(k) → Spin(M).

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 19

(2) Assume that M is a conjugate-orthogonal representation and that ψ^σ = ψ^{−1}.

Then the root number ϵ(M) = ϵ(M, ψ) is independent of the choice of ψ and satisfies ϵ(M) = +1.

Proof. The orthogonal case was proved by Deligne [De2]; we note that in our case the characteristic of k is not equal to 2. We will deduce the second result for conjugateorthogonal representations of W (k) from Deligne’s formula, combined with the work of Frohlich and Queyrut [FQ]. The extension of the second result to conjugate-orthogonal representations of the Weil-Deligne group W D(k) is then an amusing exercise, which we leave to the reader (cf. [De2, §5]).

If M is conjugate-orthogonal and dim(M) = 1, we have seen that M corresponds to a complex character χ of the group k^×/k^×_0 . By [FQ, Thm 3], we have the formula

ϵ(χ, ψ_0(Tr)) = χ(e)

where ψ_0 is any nontrivial additive character of k_0 and e is any nonzero element of k with Tr(e) = 0 in k_0. The element e is well-defined up to multiplication by k^×_0 , and e^2 is an element of k^×_0 . If we define the additive character ψ of k by

ψ(x) = ψ_0(Tr(ex))

then ψ^σ = ψ^{−1}, and ϵ(M) = ϵ(χ, ψ) = χ(e)^2 = +1.

This establishes the formula when M has dimension 1.

Since the desired formula is additive in the representation M of W (k), and is true when dim(M) = 1, we are reduced to the case of conjugate-orthogonal representations M of even dimension. Then N = Ind(M) is an orthogonal representation of determinant 1. Let ψ_0 be a nontrivial additive character of k_0; by the inductivity of local epsilon factors in dimension zero [De1]:

ϵ(N, ψ_0)/ϵ(P, ψ_0)^{dim(M)} = ϵ(M, ψ_0(Tr))/ϵ(C, ψ_0(Tr))^{dim(M)} with C the trivial representation and P = Ind(C) the corresponding induced representation, which is orthogonal of dimension 2 and determinant ω. Since ϵ(C, ψ_0(Tr)) = 1 and ϵ(P, ψ_0)^2 = ω(−1), we obtain the formula

ϵ(N) = ϵ(N, ψ_0) = ω(−1)^{dim(M)/2} · ϵ(M, ψ_0(Tr)).

On the other hand, we have

ϵ(M) = ϵ(M, ψ) = det(M)(e) · ϵ(M, ψ_0(Tr)),

where e is a nonzero element of k with Tr(e) = 0 in k_0. Hence, to show that ϵ(M) = +1, we are reduced to proving the formula

ϵ(N) = det(M)(e) · ω(−1)^{dim(M)/2}

20 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

for the root number of the orthogonal induced representation N. To do this, we combine Deligne’s formula for the orthogonal root number with the following lemma.

Lemma 5.3. Let M be a conjugate-orthogonal representation of W (k) of even dimension. Then N = Ind(M) is an orthogonal representation of W (k_0) of determinant 1. The homomorphism φ : W (k_0) → SO(N) lifts to a homomorphism φ : W (k_0) → Spin(N) if and only if det M(e) · ω(−1)^{dim(M)/2} = +1.

Proof. Let T be the maximal torus in SO(N) which consists of the rotations z_i in n = dim(M) orthogonal planes. The restriction of the spin covering Spin(N) → SO(N) to the torus T is the two-fold covering obtained by pulling back the spin covering z → z^2 of C^× under the map F (z_1, · · · , z_n) = � z_i.

The image of the map φ : W → SO(N) lies in the normalizer of the Levi subgroup GL(M) which fixes the decomposition N = M + M^∨ into maximal isotropic dual subspaces. There is an involution j of N which switches the subspaces M and M^∨. Since det(j) = (−1)^n and n = dim(M) is even, this involution lies in SO(N). The normalizer of the Levi is the semi-direct product GL(M) · ⟨j⟩. We denote the resulting homomorphism of W to GL(M) · ⟨j⟩ also by φ.

Since j has n eigenvalues which are +1, and n eigenvalues which are −1, if we view this involution as a product of rotations (z_1, · · · , z_n) in orthogonal planes, we get n/2 values z_i = −1 and n/2 values z_i = +1. Hence the involution j lifts to an element of order 2 in Spin(N) if and only if n = dim(M) is divisible by 4. Note that the quadratic extension k of k_0 can be embedded in a cyclic quartic extension of k_0 if and only if the character ω of k^×_0 is a square, or equivalently, if and only if ω(−1) = 1. We therefore conclude that the natural homomorphism W → Z/2Z = ⟨j⟩ (given by the quadratic extension k/k_0) lifts to the restriction of the spin cover to ⟨j⟩ = Z/2Z if and only if

(5.4) ω(−1)^{dim(M)/2} = +1.

We now consider the homomorphism

ϕ : W^φ→ GL(M) · ⟨j⟩^{det}→ C^× · ⟨j⟩ whose projection to the quotient ⟨j⟩ is the quadratic character ω of Gal(k/k_0). The resulting homomorphism ϕ : W → C^× · ⟨j⟩ is given by its restriction to W (k), which is nothing but the character χ = det(M), a character of k^×/k^×_0 by the local class field theory. Hence the homomorphism ϕ : W → C^× · ⟨j⟩ lifts to a homomorphism from W to C^× · ⟨j⟩:

C^× · ⟨j⟩

z^2 � ϕ : W � � C^× · ⟨j⟩

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 21

if and only if the character χ of k^×/k^×_0 has a square-root. Clearly, the character χ of k^×/k^×_0 is a square if and only if

(5.5) χ(e) = +1,

where e is a nonzero element of k with trace zero to k_0. Indeed, e generates the 2-torsion subgroup of the one dimensional torus k^×/k^×_0 .

Since the subgroup SL(M) is simply-connected, it always lifts to Spin(N). Hence the restriction of the spin covering of SO(N) to GL(M) is obtained by taking the square root of the determinant of M, via the formula for the covering of T given above.

It is easy to see that the 2-fold covering of W afforded by φ : W → GL(M) · ⟨j⟩ ⊂ SO(N) is the sum of two coverings, one of which is the 2-fold cover of ⟨j⟩ pulled back to give a 2-fold cover of GL(M) · ⟨j⟩, and the other of which is the 2-fold cover C^{× z2}→ C^× pulled back to GL(M) · ⟨j⟩ via the determinant map from GL(M) to C^×. From our calculations above, these two 2-fold covers of W are respectively trivial if and only if we have the conditions as in (5.4) and (5.5).

We now observe that H^2(W, Z/2Z) classifying the 2-fold coverings of W is an abelian group under fiber product which, by local class field theory, is nothing but Z/2Z. Therefore the sum of two elements in H^2(W, Z/2Z) is zero if either both of them are trivial, or both of them are nontrivial. Hence by (5.4) and (5.5), the parameter

ϕ : W → GL(M) · ⟨j⟩ → SO(N)

lifts to Spin(N) if and only if χ(e) · ω(−1)^{dim(M)/2} = +1. □

Together with the extension to representations of W D(k), this completes the proof of Proposition 5.2. □

6. Characters of component groups

In this section, we will use the results of the previous section on local root numbers, together with Proposition 4.1, to construct characters of the group A of components of the centralizer C of (M, B).

First assume M and N are conjugate selfdual representations, with signs b(M) and b(N). Fix ψ with ψ^σ = ψ^{−1}, and for semisimple a in C_M ⊂ G(M, B), define

χ_N (a) = ϵ(M^a ⊗ N, ψ).

Theorem 6.1. (1) The value χ_N (a) depends only on the image of a in A_M , and defines a character χ_N : A_M → ⟨±1⟩

(2) If b(M) · b(N) = +1, then χ_N = 1 on A_M .

22 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

(3) If b(M) · b(N) = −1, let ψ^′(x) = ψ(tx) with t the nontrivial class in k^×_0 /Nk^×, and define χ^′_N (a) = ϵ(M^a ⊗ N, ψ^′).

Then χ^′_N = χ_N · η^{dim(N)} ∈ Hom(A_M , ±1), where the character η of A_M is defined by η(a) = (−1)^{dim M a} .

Proof. (1) Write M = � V_i ⊗ M_i + � W_i ⊗ N_i + � U_i ⊗ (P_i + (P^σ_i )^∨ as in §4., so that C_M = � i O(V_i) × � i Sp(W_i) × � i GL(U_i).

It suffices to check (1) for semisimple elements a which are nontrivial in exactly one of the factors in the above product expression for C_M . Suppose, for example, that a = a_i × 1 with a_i ∈ O(V_i). Then M^a ⊗ N = dim V^{ai}_i · (M_i ⊗ N).

The parity of dim V^{ai}_i depends only on the image of a_i in O(V_i)/SO(V_i), or equivalently only on the image of a in the component group A_M . Since ϵ(M_i ⊗ N, ψ) = ±1, we see that χ(a) = ϵ(M^a ⊗ N, ψ) = ϵ(M_i ⊗ N, ψ)^{dim V aii} depends only on the image of a in A_M . The other cases are similarly treated: when a = a_i × 1 with a_i ∈ Sp(W_i) or a_i ∈ GL(U_i), one finds that ϵ(M^a ⊗ N, ψ) = +1. For the details, see [GP1, §10].

(2) When b(M) · b(N) = +1, the representations M^a ⊗ N are all conjugate-orthogonal by Lemma 3.5, so χ_N = 1.

(3) The final statement follows from the formula χ^′_N (a) = χ_N (a) · det(M^a ⊗ N)(t) and the calculation of the sign of the conjugate-dual representation which is the determinant of the tensor product. □

We use this theorem to define the quadratic character χ_N (a_M ) · χ_M (a_N ) on elements (a_M , a_N ) in the component group A_M × A_N . Here M and N are two conjugate-dual representations, although by part 2 of Theorem 6.1 the character χ_N × χ_M can only be nontrivial when b(M) · b(N) = −1.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 23

The case when M and N are selfdual with signs b(M) and b(N) is more complicated. First, with ψ a nontrivial additive character of k, the function χ_N (a) = ϵ(M^a ⊗ N, ψ) on C_M need not take values in ±1. Indeed χ_N (a)^2 = det(M^a ⊗ N)(−1) = ±1.

Even when det(M^a ⊗ N) = 1 for all a in C_M , the value χ_N (a) = ±1 may not be constant on the cosets of C^0_M . For example, when M = P + P^∨ with P irreducible and not isomorphic to P^∨ and N is the trivial representation C of dimension 1, we have C_M = GL(1, C). But χ_N (−1) = ϵ(M ⊗ N, ψ) = ϵ(M, ψ) = det P (−1), which need not be equal to χ_N (1) = 1.

We will therefore only consider selfdual representations M and N of even dimension, and semisimple elements a in the subgroup C^+_M of C_M , where det(a|M) = +1. Then dim(M^a) is also even, and det(M^a ⊗ N) = det(M^a)^{dim(N)} · det(N)^{dim(M a)} is clearly trivial. In particular, ϵ(M^a ⊗ N, ψ) = ϵ(M^a ⊗ N) is independent of the choice of additive character ψ and satisfies ϵ(M^a ⊗N)^2 = +1. We correct this sign by another square root of det(M^a ⊗ N)(−1), and define (for a ∈ C^+_M )

χ_N (a) = ϵ(M^a ⊗ N) · det(M^a)(−1)^{dim(N)/2} · det(N)(−1)^{dim(M a)/2}. Now let A^+_M be the image of C^+_M in A_M = C_M /C^0_M . Note that C^0_M ⊂ C^+_M ⊂ C_M , so the component group A^+_M has index either 1 or 2 in A_M . Then we have: Theorem 6.2. Assume that M and N are even dimensional selfdual representations of W D(k).

(1) The value χ_N (a) depends only on the image of a in A^+_M , and defines a character χ_N : A^+_M → ⟨±1⟩.

(2) If b(M) · b(N) = +1, then χ_N (a) = (det M^a, det N), where (−, −) is the Hilbert symbol.

Proof. (1) This follows from the method of [GP1, Prop. 10.5], analogous to the proof of Theorem 6.1(1).

(2) When M and N are both symplectic, the tensor product representation M^a ⊗ N of the simply-connected group Sp(M^a) × Sp(N) lifts to Spin(M^a ⊗ N) and ϵ(M^a ⊗ N) = +1. This proves (2) since det M^a = det N = 1.

When M and N are both orthogonal of even dimension, so are M^a and N. Hence M^a ⊗ N is orthogonal of dimension divisible by 4 and determinant 1. In this case, we

24 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

have ϵ(M^a ⊗ N) = w_2(M^a ⊗ N) by Deligne [De2], where w_2 refers to the second Stiefel-Whitney class [MiSt], which is valued in H^2(k, Z/2Z) = {±1}. On the other hand, for two representations V and W of W D(k), w_2(V ⊗ W ) is given by [MiSt, Problem 7-C, Pg. 87-88]

w_2(V ⊗ W ) = w_2(V ) · dim W + dim(V ) · w_2(W ) + w_1(V )^2 · � dim W 2 �

+ � dim V 2 � · w_1(W )^2 + w_1(V ) · w_1(W ) · (dim V · dim W + 1)

as elements of H^2(k, Z/2Z) = {±1}. Here, w_1 refers to the first Stiefel-Whitney class, which is valued in H^1(k, Z/2Z) = k^×/k^{×2}, and the various operations refer to addition and cup product in the cohomology ring H^∗(k, Z/2Z). In particular, if V and W are both even-dimensional, we have

w_2(V ⊗ W ) = dim V 2 · w_1(W )^2 + dim W 2 · w_1(V )^2 + w_1(V ) · w_1(W ) ∈ {±1}.

For the even dimensional orthogonal representations M^a and N of interest, we have:

w_1(N) = det N and w_1(M^a) = det M^a,

and the cup product pairing H^1(k, Z/2Z) × H^1(k, Z/2Z) → H^2(k, Z/2Z) is given by the Hilbert symbol. Hence, we have

ϵ(M^a ⊗ N) = (det N, det N)^{12 dim M a} · (det M^a, det M^a)^{12 dim N} · (det N, det M^a) = (det N)(−1)^{12 dim M a} · (det M^a)(−1)^{12 dim N} · (det N, det M^a),

as claimed. □

We use this theorem to define the quadratic character

χ_N (a_M ) · χ_M (a_N )

on elements (a_M , a_N ) in the component group A^+_M ×A^+_N , for two selfdual representations M and N of even dimension. As in the conjugate-dual case, it follows from Theorem 6.2(2) that the character χ_N × χ_M is only interesting when b(M) · b(N) = −1. When the representations M and N are both symplectic, χ = 1. When M and N are both orthogonal, the character χ is given by a product of Hilbert symbols

χ_N (a_M ) · χ_M (a_N ) = (det M^{aM} , det N) · (det M, det N^{aN} ).

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 25

7. L-groups of classical groups

Having defined representations, selfdual representations, and conjugate-dual representations of the Weil-Deligne group W D(k) of k, our next goal is to relate these to the Langlands parameters of classical groups. Before doing that, we recall the L-group attached to each of the classical groups, with particular attention to the L-groups of unitary groups.

If G is a connected reductive group over k_0, the L-group of G is a semi-direct product

LG = ^G ⋊ Gal(K/k_0)

where ^G is the complex dual group and K is a splitting field for the quasi-split inner form of G, with Gal(K/k_0) acting on ^G via pinned automorphisms. (Alternatively, one could use W (k_0), acting on ^G through its quotient Gal(K/k_0)).

Recall that in this paper, our classical group G = G(V ) comes equipped with an underlying space V , i.e. with a standard representation. We shall see that this extra data equips the L-group^LG or the dual group ^G with a standard representation.

For G = GL(V ), we have ^G = GL(M) with dim M = dim V . If {e_1, · · · , e_n} is the basis of the character group of a maximal torus T ⊂ G given by the weights of V , then the weights of the dual torus ^T on M are the dual basis {e^∨_1 , · · · , e^∨_n }.

Now assume that G ⊂ GL(V/k) is a connected classical group, defined by a σsesquilinear form ⟨, ⟩ : V × V → k of sign ϵ. The group G and its dual group ^G, as well as the splitting field K of its quasi-split inner form, are given by the following table:

(k, ϵ) G ^G K^LG

k = k_0 SO(V ), Sp_{2n}(C) k_0 Sp_{2n}(C) ϵ = 1 dim V = 2n + 1

k = k_0 SO(V ), SO_{2n}(C) k_0( � disc(V )) O_{2n}(C) (disc(V ) /∈ k^{×2}) ϵ = 1 dim V = 2n SO_{2n}(C) (disc(V ) ∈ k^{×2})

k = k_0 Sp(V ), SO_{2n+1}(C) k_0 SO_{2n+1}(C) ϵ = −1 dim V = 2n

k ≠ k_0 U(V ), GL_n(C) k GL_n(C) ⋊ Gal(k/k_0) ϵ = ±1 dim V = n

26 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

We make a few remarks on the table. Firstly, when k = k_0, the dual group ^G is a special orthogonal or symplectic group and thus has a unique standard representation, as indicated in the table. However, when V is an even dimensional quadratic space and disc(V ) /∈ k^{×2}, this standard representation has two extensions to^LG. In the above table, we have identified^LG with O_{2n}(C) by regarding the nontrivial element in Gal(K/k_0) as a simple reflection in O_{2n}(C): this picks out one of these two extensions. Thus, when k = k_0, the L-group^LG comes equipped with a standard self-dual representation M in each case.

Secondly, when k ≠ k_0, we fix a standard representation M for the identity component^LG^0 = ^G as follows. Extending scalars from k_0 to k, one has U(V ) ×_{k0} k → Res_{k/k0} (GL(V )) ×_{k0} k ∼= GL(V ) × GL(V^σ).

Via the first projection, one has a k-isomorphism U(V ) ×_{k0} k ∼= GL(V ).

In the above, we have already fixed the L-group of GL(V ) with a standard representation M. Thus, we see that^LG = GL(M) ⋊ Gal(k/k_0) and^LG^0 = GL(M) comes equipped with a standard representation.

In addition, we note that the L-group GL(M) ⋊ Gal(k/k_0) of U(V ) is isomorphic as a complex Lie group to the L-group of the anisotropic real group U(n), associated to a definite hermitian space of the same dimension as V over C. We will now use this fact to study the parity of selfdual complex representations of the L-group of U(V ).

Let us make some general observations on the representation theory of the L-groups of anisotropic groups over R. In this case, we have

LG = ^G ⋊ Gal(C/R), where the Galois group acts by a pinned involution (possibly trivial), which maps to the opposition involution in Out( ^G) and takes any representation V to its dual V^∨. The pinning of ^G gives a principal SL_2 in ^G, which is fixed by the action of Gal(C/R), so that we have δ : SL_2 × Gal(C/R) → ^G ⋊ Gal(C/R).

Let ϵ in Z( ^G)^{Gal(C/R)} be the image of −I in SL_2. Then ϵ^2 = 1 and ϵ acts as a scalar on every irreducible representation of^LG. The following result is due to Deligne.

Proposition 7.1. Let G be an anisotropic group over R. Then every complex representation N of^LG is selfdual. If N is irreducible, the^LG-invariant pairing ⟨, ⟩_N : N × N → C is unique up to scaling, and is (ϵ|N)-symmetric.

Proof. The proof is similar to Bourbaki [B, Ch. VIII, §7, Prop. 12 and Ex. 6], which treats the irreducible, selfdual representations M of ^G. There one restricts the pairing on M to the highest weight summand for the principal SL_2, which occurs with multiplicity one. In this case, we restrict the pairing on N to the subgroup SL_2 ×

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 27

Gal(C/R), which again has an irreducible summand which occurs with multiplicity 1. The sign (ϵ|N) is the sign of −I on this summand, which determines the sign of the pairing. □

If M is an irreducible representation of ^G which is selfdual, then M extends in two ways to^LG. If M is not isomorphic to M^∨, then the induced representation N = Ind(M)

of^LG is irreducible. If we restrict N to ^G, it decomposes as a direct sum M + α · M ≃ M + M^∨ where α generates Gal(C/R). Since M is not isomorphic to M^∨, the subspaces M and α · M of N are isotropic for the pairing ⟨, ⟩_N , which gives a non-degenerate pairing ⟨, ⟩_M : M × M → C defined by (7.2) ⟨m, m^′⟩_M = ⟨m, αm^′⟩_N .

This is a conjugate-duality on M : for g in ^G, we have � ⟨gm, αgα^{−1}m^′⟩_M = ⟨m, m^′⟩_M ⟨m^′, m⟩_M = (ϵ|M) · ⟨m, m^′⟩_M

We now specialize these arguments to the case of unitary groups. Since the representation of the principal SL_2 → GL(M) on M is irreducible and isomorphic to Sym^{n−1}, we have (ϵ|M) = (−1)^{n−1}.

Hence the self-duality on N = IndM and the conjugate-duality on M are (−1)^{n−1}- symmetric. In particular, we have

Proposition 7.3. If G = U(V ), with dim_k V = n, then

LG → � Sp(N) = Sp_{2n}(C), if n is even; O(N) = O_{2n}(C), if n is odd.

In each case,^LG is identified with the normalizer of a Levi subgroup of a Siegel parabolic subgroup in Sp_{2n}(C) or O_{2n}(C).

Finally, it is instructive to describe the L-groups of the classical groups from the point of view of invariant theory. As we explain above, the L-groups of symplectic and special orthogonal groups G(V ) are themselves classical groups over C and have natural realizations as subgroups of GL(M) for complex vector spaces M of appropriate dimensions. These subgroups can be described as follows. One has a decomposition

M ⊗ M ∼= Sym^2M

�^2� M

28 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

of GL(M)-modules. The action of GL(M) on Sym^2M or ∧^2M has a unique open orbit consisting of nondegenerate symmetric or skew-symmetric forms on M^∨. Then we note:

(i) The stabilizer of a nondegenerate vector B in Sym^2M (resp. ∧^2M) is the orthogonal group O(M, B) (resp. the symplectic group Sp(M, B)); these groups exhaust the L-groups of symplectic and orthogonal groups.

(ii) The action of this stabilizer on the other representation ∧^2M (resp. Sym^2M) is its adjoint representation.

(iii) The two representations Sym^2M and ∧^2M are also useful for characterizing the selfdual representations of W D(k) introduced in §3: a representation M of W D(k) is orthogonal (resp. symplectic) if and only if W D(k) fixes a nondegenerate vector in Sym^2M (resp. ∧^2M).

These rather obvious remarks have analogs for the unitary group U(V ), which we now describe. Suppose that the L-group of U(V ) is GL(M) ⋊ Gal(k/k_0). Consider the semi-direct product H = (GL(M) × GL(M)) ⋊ Z/2Z where Z/2Z acts by permuting the two factors of GL(M); this is the L-group of Res_{k/k0} (GL(V/k)) with dim_k V = dim M. The irreducible representation M ⊠ M of H^0 = GL(M) × GL(M) is invariant under Z/2Z and thus has two extensions to H. In one such extension, the group Z/2Z = S_2 simply acts by permuting the two copies of M; the other extension is then given by twisting by the nontrivial character of H/H^0. In honor of Asai, we denote these two extensions by As^+(M) and As^−(M) respectively. They can be distinguished by

Trace(c|As^+(M)) = dim M and Trace(c|As^−(M)) = − dim M,

where c is the nontrivial element in Z/2Z. One has

Ind^H0 (M ⊠ M) = As^+(M) � As^−(M).

The action of H^0 on As^±(M) has an open dense orbit, consisting of isomorphisms M^∨ → M and whose elements we call nondegenerate. Now we have

Proposition 7.4. If dim M = n, then the stabilizer in H of a nondegenerate vector in As^{(−1)n−1} (M) is isomorphic as a complex Lie group to the L-group of U(V ). Moreover, the action of this stabilizer on the other representation As^{(−1)n} (M) is the adjoint representation of^LU(V ).

The representations As^±(M) are also useful for characterizing conjugate-dual representations of W D(k), which were discussed in §3. Indeed, given a representation

φ : W D(k) → GL(M),

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 29

one obtains a map φ̃ : W D(k_0) → H by setting φ̃(τ) = (φ(τ), φ(sτs^{−1})) ∈ GL(M) × GL(M), for τ ∈ W D(k), and φ̃(s) = (1, φ(s^2)) · c ∈ H ∖ H^0.

The choice of s is unimportant, since the maps φ̃’s thus obtained for different choices of s are naturally conjugate under H^0. Through this map, W D(k_0) acts on As^±(M). In fact, the representation As^+(M) of W D(k_0) is obtained from M by the process of multiplicative induction [P2] or twisted tensor product; it is an extension of the representation M ⊗ M^σ of W D(k) to W D(k_0), and As^−(M) is the twist of As^+(M) by the quadratic character ω_{k/k0} associated to the quadratic extension k/k_0.

Now we have:

Proposition 7.5. If M is a representation of W D(k), then

(i) M is conjugate-orthogonal if and only if W D(k_0) fixes a nondegenerate vector in As^+(M). When M is irreducible, this is equivalent to As^+(M)^{W D(k0)} ≠ 0.

(ii) M is conjugate-symplectic if and only if W D(k_0) fixes a nondegenerate vector in As^−(M). When M is irreducible, this is equivalent to As^−(M)^{W D(k0)} ≠ 0.

8. Langlands parameters for classical groups In this section, we discuss the Langlands parameters of classical groups. In particular, we show that these Langlands parameters can be understood in terms of selfdual or conjugate-dual representations M of W D(k).

If G is a connected, reductive group over k_0, a Langlands parameter is a homomorphism φ : W D(k_0) →^LG = ^G ⋊ Gal(K/k_0).

This homomorphism is required to be continuous on W D(k_0) = W (k_0) when k_0 = R or C. In the non-archimedean case, W D(k_0) = W (k_0) × SL_2(C) and φ is required to be trivial on an open subgroup of the inertia group in W (k_0), the image of Frobenius is required to be semi-simple and the restriction of φ to SL_2(C) is required to be algebraic. In all cases, the projection onto Gal(K/k_0) is the natural map W (k_0)/W (K) → Gal(K/k_0). Finally, two Langlands parameters are considered equivalent if they are conjugate by an element in ^G.

Associated to any Langlands parameter is the reductive group C_φ ⊂ ^G

30 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

which centralizes the image, and its component group A_φ = C_φ/C^0_φ.

The isomorphism class of both C_φ and A_φ are determined by the equivalence class of the parameter φ.

For G = GL(V/k_0), we have ^G = GL(M) with dim M = dim V . If ⟨e_1, · · · , e_n⟩ is the basis of the character group of a maximal torus T ⊂ G given by the weights of V , then the weights of the dual torus ^T on M are the dual basis ⟨e^∨_1 , · · · , e^∨_n ⟩. The Langlands parameters for G are simply equivalence classes of representations of W D(k_0) on M.

Now assume that G ⊂ GL(V/k) is a connected classical group, defined by a σsesquilinear form ⟨−, −⟩ : V × V → k of sign ϵ. Recall that the L-group of G or its identity component ^G comes equipped with a standard representation M. We will see that for each classical group G, a Langlands parameter φ for G corresponds to a natural complex representation W D(k) → GL(M) with some additional structure, as given in the following theorem.

Theorem 8.1. (i) A Langlands parameter φ of the connected classical group G ⊂ GL(V/k) determines a selfdual or conjugate-dual representation M of W D(k), with the following structure:

G dim(V ) M dim M

Sp(V ) 2n Orthogonal 2n + 1 det M = 1

SO(V ) 2n + 1 Symplectic 2n

SO(V ) 2n Orthogonal 2n det M = disc V

U(V ) 2n + 1 Conjugate-orthogonal 2n + 1

U(V ) 2n Conjugate-symplectic 2n

(ii) The isomorphism class of the representation M determines the equivalence class of the parameter φ, except in the case when M is orthogonal and every irreducible orthogonal summand M_i of M has even dimension. In the exceptional case, M and V have even dimension and there are two equivalence classes {φ, φ^′} of parameters for SO(V ) which give rise to the same orthogonal representation M.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 31

(iii) In the unitary cases, the group C_φ ⊂ ^G which centralizes the image of φ is isomorphic to the group C of elements a in Aut(M, B) which centralize the image W D(k) → GL(M). In the orthogonal and symplectic cases, the group C_φ ⊂ ^G is isomorphic to the subgroup C^+ of C, consisting of those elements of Aut(M, B) which satisfy det(a|M) = 1.

Proof. This is well-known if G is an orthogonal or symplectic group. Indeed, the L-group^LG is essentially the automorphism group of a nondegenerate symmetric or skew-symmetric bilinear form B on a complex vector space M of appropriate dimension. So the theorem amounts to the assertion that if two homomorphisms W D(k) → Aut(M, B) ⊂ GL(M) are conjugate in GL(M), then they are conjugate in Aut(M, B). This is the content of Lemma 3.1. Moreover, the description of the component group C_φ follows directly from the results of §4.

Henceforth we shall focus on the unitary case. For G = U(V ), a parameter is a homomorphism φ : W D(k_0) →^LG = GL(M) ⋊ Gal(k/k_0) with dim M = dim V = n. The restriction of φ to W D(k) gives the desired representation M. We must next show that M is conjugate-dual with sign (−1)^{n−1}.

If s ∈ W (k) generates the quotient W D(k_0)/W D(k), then

φ(s) = (A, α) = (A, 1) · (1, α) in^LG

with A in GL(M). In the previous section (cf. equation (7.2)), we have seen that the standard representation M of GL(M) has a conjugate-duality ⟨−, −⟩_M of sign (−1)^{n−1} with respect to the nontrivial element α ∈ Gal(k/k_0) ⊂^LG. We define the bilinear form B(m, m^′) = B_s(m, m^′) = ⟨m, A^{−1}m^′⟩_M , Then the form B is non-degenerate on M and satisfies

B(τm, sτs^{−1}m^′) = B(m, m^′)

for all τ in W D(k), and

B(m^′, m) = (−1)^{n−1} · B(m, s^2m^′).

Hence, as a representation of W D(k), M is conjugate-dual with sign = (−1)^{n−1}.

It is clear that the conjugation of a parameter φ by an element of GL(M) gives an isomorphism of the associated conjugate-dual representations. Hence we are reduced to showing that every conjugate-dual representation M of sign = (−1)^{n−1} extends to a Langlands parameter φ of W D(k_0), and that the isomorphism class of M determines the equivalence class of φ.

Suppose then that M is a conjugate-dual representation of W D(k) of sign = (−1)^{n−1} with n = dim M. To obtain an extension, consider the induced representation N =

32 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Ind(M) of W D(k_0). By Lemma 3.5(i), N is selfdual of sign = (−1)^{n−1}. Moreover, the proof of Lemma 3.5 shows that the image of W D(k_0) in Sp(4d) or O(4d+2) (depending on whether n = 2d or n = 2d+1) is contained in the normalizer of a Levi subgroup in a Siegel parabolic subgroup. By Proposition 7.3, this normalizer is isomorphic to the Lgroup of U(V ): it splits as a semi-direct product GL(M)⋊⟨α⟩, with det(α|N) = (−1)^n. Thus, we have produced an L-parameter for U(V ) whose restriction to W D(k) is the given M.

Finally we need to show that the extension obtained above is unique, up to conjugacy by ^G. If φ and φ^′ are two parameters extending ρ : W D(k) → GL(M), we must show that the elements φ(s) = (A, α) φ^′(s) = (A^′, α) of^LG are conjugate by an element of GL(M) centralizing the image of ρ. The bilinear forms B(m, m^′) = ⟨m, A^{−1}m^′⟩_M B^′(m, m^′) = ⟨m, (A^′)^{−1}m^′⟩_M

give two conjugate-dualities of M which are preserved by W D(k) and non-degenerate with sign (−1)^{n−1}. By Lemma 3.3, there is an element T in GL(M) centralizing the image of ρ with B^′(m, m^′) = B(T m, T m^′).

This gives the identity ⟨m, (A^′)^{−1}m^′⟩ = ⟨m, (T^{−1})^αA^{−1}T m^′⟩ for all m and m^′. Hence A^′ = T^{−1}AT^α and the elements are conjugate by the element T ∈ GL(M) = ^G.

The argument identifying the group C_φ with either the group C or C^+ associated to (M, B) is contained in §4. This completes the proof of the theorem. □

Corollary 8.2. A representation M of W D(k) gives rise to a Langlands parameter for a quasi-split unitary group U(V ) if and only if W D(k_0) fixes a non-degenerate vector in As^{(−1)n−1} (M), with n = dim M.

Proof. This is a consequence of the theorem and Proposition 7.5. □

Remark: When M is orthogonal of even dimension, it is often convenient to view it as defining a unique Langlands parameter for the full orthogonal group O(V ) (which is not connected), with the equivalence being defined by O(M)-conjugacy; see [P1].

We conclude this section by recalling certain simple invariants of the representation M of W D(k). For G = GL(V ), we have the character det M : k^× → C^×.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 33

For G = U(V ), we obtain the character

det M : k^×/k^×_0 → C^×

as the sign of det M is (−1)^{n(n−1)} = +1. Finally, for G = Sp(V ) or G = SO(V ) with dim(V ) even and disc(V ) = 1, the representation M is orthogonal with det(M) = 1. Hence we have the root number ϵ(M) = ϵ(M, ψ) independent of the additive character ψ of k, and ϵ(M) = ±1.

We will relate these invariants to the central characters of certain representations of G after introducing Vogan L-packets in the next section.

9. Vogan L-packets - Desiderata

Let G be a quasi-split, connected, reductive group over a local field k_0. In this section, we will discuss Langlands parameters φ as the conjectural parameters for the isomorphism classes of irreducible smooth admissible complex representations of the locally compact group G(k_0). Before coming to that, we briefly recall the notions of smooth and admissible representations of G(k_0) when k_0 is a local field.

When k_0 is local and discretely valued, a smooth representation π is simply a homomorphism π : G(k_0) −→ GL(E)

for a complex vector space E (possibly infinite-dimensional) such that

E = ∪_K E^K ,

where the union is over all open compact subgroups K of G(k_0). Such a smooth representation is admissible if E^K is finite dimensional for any open compact subgroup K. A homomorphism from (π, E) to (π^′, E^′) is simply a linear map E −→ E^′ which commutes with the action of G(k_0).

When k_0 = R or C, we will consider the category of smooth Frechet representations (π, E) of moderate growth, as introduced by Casselman [C] and Wallach [W1]. An admissible representation is such a representation whose subspace of K-finite vectors (where K is a maximal compact subgroup of G(k_0)) is the direct sum of irreducible representations of K with finite multiplicities. A homomorphism (π, E) −→ (π^′, E^′) is a continuous linear map E −→ E^′ which commutes with the action of G(k_0).

We come now to the local Langlands conjecture. We shall present this conjecture in a form proposed by Vogan [Vo], which treats representations π of all pure inner forms G^′ of G simultaneously. Recall from Section 2 that the pure inner forms of G are the groups G^′ over k_0 which are obtained from G via inner twisting by elements in the finite pointed set H^1(k_0, G).

34 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

All of the pure inner forms G^′ of G have the same center Z over k_0, and each irreducible representation π of G^′(k_0) has a central character

ω_π : Z(k_0) → C^×.

The adjoint group G^′_{ad}(k_0) acts on G^′(k_0) by conjugation, and hence acts on the set of its irreducible complex representations. The quotient group G^′_{ad}(k_0)/Im G^′(k_0) acts on the set of isomorphism classes of representations of G^′(k_0). This quotient is abelian, and canonically isomorphic to the cohomology group

E = G^′_{ad}(k_0)/Im G^′(k_0) = ker(H^1(k_0, Z) → H^1(k_0, G^′)).

It can be seen that the group E is independent of the choice of the inner form G^′ of G.

Let B be a Borel subgroup of G over k_0, with unipotent radical N. The quotient torus T = B/N acts on the group Hom(N, C^×). We call a character θ : N(k_0) → C^× generic if its stabilizer in T (k_0) is equal to the center Z(k_0). If π is an irreducible representation of G(k_0) and θ is a generic character, then the complex vector space Hom_{N(k0)}(π, θ) has dimension ≤ 1. When the dimension is 1, we say π is θ-generic. This depends only on the T (k_0)-orbit of θ.

When Z = 1, the group T (k_0) acts simply-transitively on the set of generic characters. In general, the set D of T (k_0)-orbits on the set of all generic characters θ of N(k_0) forms a principal homogeneous space for the abelian group E^′:

E^′ = T_{ad}(k_0)/Im T (k_0) = ker(H^1(k_0, Z) → H^1(k_0, T )).

By Lemma 16.3.6(iii) of [Sp],

T_{ad}(k_0)/Im T (k_0) = G_{ad}(k_0)/Im G(k_0),

hence we have the equality E^′ = E

We are now ready to describe the desiderata for Vogan L-packets, which will be assumed in the rest of this paper. These properties are known to hold for the groups GL(V ) and SL(V ), as well as for some classical groups of small rank.

(1) Every irreducible representation π of G^′(k_0) (up to isomorphism) determines a Langlands parameter

φ : W D(k_0) → ^G ⋊ Gal(K/k_0)

(up to equivalence).

Each Langlands parameter φ for G corresponds to a finite set Π_φ of irreducible representations of G(k_0) and its pure inner forms G^′(k_0). Moreover, the cardinality of the finite set Π_φ is equal to the number of irreducible representations χ of the finite group A_φ = π_0(C_φ).

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 35

(2) Each choice of a T (k_0)-orbit θ of generic characters for G(k_0) gives a bijection of finite sets J(θ) : Π_φ → Irr(A_φ).

For archimedean v, this bijection was established by Vogan in [Vo, Thm. 6.3].

The L-packet Π_φ contains at most one θ^′-generic representation, for each T (k_0)-orbit of generic characters θ^′ of G(k_0). We conjectured in [GP1, Conjecture 2.6] that the L-packet Π_φ contains a generic representation if and only if the adjoint L-function L(φ, Ad, s) is regular at the point s = 1. In this case, we say the L-packet Π_φ is generic.

Assume that the L-packet Π_φ is generic. In the bijection J(θ), the unique θ-generic representation π in Π_φ corresponds to the trivial representation of A_φ. The θ^′-generic representations correspond to the one dimensional representations η_g described below.

(3) The finite set Π_φ of irreducible representations of G(k_0) is stable under the adjoint action of G^{ad}(k_0), which permutes the different generic representations for G(k_0) in an L-packet transitively.

In any of the bijections J(θ), the action of g ∈ G^′_{ad}(k_0) on Irr(A_φ) is given by tensor product with the one-dimensional representation η_g of A_φ alluded to above.

More precisely, Tate local duality gives a perfect pairing

H^1(k_0, Z) × H^1(K/k_0, π_1( ^G)) → C^×.

The coboundary map C_φ → H^1(K/k_0, π_1( ^G)) factors through the quotient A_φ, and gives a pairing H^1(k_0, Z) × A_φ → C^×.

The adjoint action by the element g in G^′_{ad}(k_0) → H^1(k_0, Z), viewed as a one dimensional representation η_g of A_φ, will take π(φ, χ) to the representation π(φ, χ ⊗ η_g).

(4) In any of the bijections J(θ), the pure inner form which acts on the representation with parameter (φ, χ) is constrained by the restriction of the irreducible representation χ to the image of the group π_0(Z( ^G))^{Gal(K/k0)} in A_φ.

More precisely, when k_0 ≠ R, Kottwitz has identified the pointed set H^1(k_0, G) with the group of characters of the component group of Z( ^G)^{Gal(K/k0)}. The inclusion Z( ^G)^{Gal(K/k0)} → C_φ induces a map on component groups, whose image is central in A_φ. Hence an irreducible representation χ of A_φ has a central character on π_0(Z( ^G))^{Gal(K/k0)}, and determines a class in H^1(k_0, G). This is the pure inner form G^′ that acts on the representation π(φ, χ).

36 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

(5) All of the irreducible representations π in Π_φ have the same central character ω_π. This character is determined by φ, using the recipe in [GR, §8].

10. Vogan L-packets for the classical groups

We now make the desiderata of Vogan L-packets completely explicit for the classical groups G ⊂ GL(V/k). We have already described the Langlands parameters φ for G explicitly, as certain representations M of W D(k), in Section 6. In all cases, the component group A_φ is an elementary abelian 2-group, so Irr(A_φ) = Hom(A_φ, ±1). We treat each family of groups in turn.

The General Linear Group G = GL(V )

(1) A Langlands parameter is a representation M of W D(k), with dim(M) = dim(V ). The group C_φ = C(M) is connected, so A_φ = 1. Hence Π_φ consists of a single element. In this case, the full Langlands conjecture is known (by [HT] and [He]).

(2) There is a unique T -orbit on the generic characters, and the regularity of the adjoint L-function of φ at s = 1 detects generic L-packets Π_φ.

(3) The adjoint action is trivial, as the center Z of G has trivial first cohomology.

(4) The only pure inner form is G = GL(V ).

(5) The center Z(k) = k^×, and the central character of π(φ) has parameter det(M).

The Symplectic Group G = Sp(V )

(1) A Langlands parameter is an orthogonal representation M of W D(k), with

dim(M) = dim(V ) + 1 and det(M) = 1.

The group A_φ = A^+_M has order 2^{m−1}, where m is the number of distinct irreducible orthogonal summands M_i in M. The full Langlands conjecture is known when dim(V ) = 2 [LL] or 4 [GT2].

(2) The set D of T -orbits on generic characters is a principal homogeneous space for the group E = H^1(k, Z) = k^×/k^{×2}. We will see in §12 that the choice of the symplectic space V identifies the set D with the set of k^{×2}-orbits on the nontrivial additive characters ψ of k.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 37

(3) The adjoint action is via elements c in the group E = k^×/k^{×2}. This acts on the irreducible representations of A_φ via tensor product with the character η_c(a) = det(M^a)(c), and on the set D of orbits of generic characters by mapping ψ(x) to ψ(cx).

(4) The only pure inner form is G = Sp(V ).

(5) The center Z(k) = ⟨±1⟩, and the central character of π(φ) maps the element −1 in Z(k) to the local root number ϵ(M).

The Odd Special Orthogonal Group G = SO(V ), dim(V ) = 2n + 1

(1) A Langlands parameter is a symplectic representation M of W D(k), with dim(M) = dim(V )−1. The group A_φ = A_M has order 2^m, where m is the number of distinct irreducible symplectic summands M_i in M. The full Langlands conjecture is known when dim(V ) = 3 [Ku] or 5 [GT1].

(2) Since G is an adjoint group, there is a unique T -orbit on the set of generic characters, and hence a single natural bijection J : Π_φ → Hom(A_φ, ±1).

(3) The adjoint action on the L-packet is trivial.

(4) The pure inner forms of G are the groups G^′ = SO(V^′), where V^′ is an orthogonal space over k with dim(V^′) = dim(V ) and disc(V^′) = disc(V ) [KMRT, (29.29)].

If k is non-archimedean and n ≥ 1, there is a unique non-split pure inner form G^′, which has k-rank (n − 1). The representation π(φ, χ) is a representation of G if χ(−1) = +1 and a representation of G^′ if χ(−1) = −1. If k = R and G = SO(p, q), then the pure inner forms are the groups G^′ = SO(p^′, q^′) with q^′ ≡ q mod 2, and π(φ, χ) is a representation of one of the groups G^′ with (−1)^{(q−q′)/2} = χ(−1).

(5) The center Z of G is trivial.

The Even Special Orthogonal Group G = SO(V ), dim(V ) = 2n, disc(V ) = d

(1) A Langlands parameter determines an orthogonal representation M of W D(k), with dim(M) = dim(V ) and det(M) = C(d).

The group A_φ = A^+_M has order 2^m, where m is either the number of distinct irreducible orthogonal summands M_i in M, or the number of distinct orthogonal summands minus 1.

38 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

The latter case occurs if some irreducible orthogonal summand M_i has odd dimension (in which case the orthogonal representation M determines the parameter φ). If every irreducible orthogonal summand M_i of M has even dimension, then A^+_M = A_M and there are two parameters {ϕ, ϕ^∗} which determine the same orthogonal representation M. The representations π(ϕ, χ) and π(ϕ^∗, χ) are conjugate under the outer action of O(V ) on SO(V ).

The full Langlands conjecture is known when dim(V ) = 2 or 4 or 6.

(2) The set D of T -orbits on generic characters is a principal homogeneous space for the group E = NK^×/k^{×2}, where K is the splitting field of G. We will see in §12 that the choice of the orthogonal space V identifies the set D with the set of G-orbits on the set of non-isotropic lines L ⊂ V , such that the space L^⊥ is split.

(3) The adjoint action is via elements c in the group E = NK^×/k^{×2}. This acts on the irreducible representations of A_φ via tensor product with the character η_c(a) = det(M^a)(c), and on the set D of orbits of generic characters by mapping a line L = kv with ⟨v, v⟩ = α in k^× to a line L^′ = kv^′ with ⟨v^′, v^′⟩ = c · α.

(4) The pure inner forms of G are the groups G^′ = SO(V^′), where V^′ is an orthogonal space over k with dim(V^′) = dim(V ) and disc(V^′) = disc(V ) [KMRT, (29.29)].

If k is non-archimedean and V is not the split orthogonal space of dimension 2, there is a unique pure inner form G^′, such that the Hasse-Witt invariant of V^′ is distinct from the Hasse-Witt invariant of V . The representation π(φ, χ) is a representation of G if χ(−1) = +1 and a representation of G^′ if χ(−1) = −1. If k = R and G = SO(p, q), then the pure inner forms are the groups G^′ = SO(p^′, q^′) with q^′ ≡ q mod 2, and π(φ, χ) is a representation of one of the groups G^′ with (−1)^{(q−q′)/2} = χ(−1).

(5) If dim(V ) = 2, then Z = G. If dim(V ) ≥ 4, then Z(k) = ⟨±1⟩ and the central character of π(φ) maps the element −1 in Z(k) to ϵ(M, ψ)/ϵ(det M, ψ).

The Odd Unitary Group G = U(V ), dim V = 2n + 1

(1) A Langlands parameter is a conjugate-orthogonal representation M of W D(k), with dim(M) = dim(V ). The group A_φ = A_M has order 2^m, where m is the number of distinct irreducible conjugate-orthogonal summands M_i in M. The full Langlands conjecture is known when dim(V ) = 1 or 3 [Ro].

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 39

(2) There is a unique T -orbit on the set of generic characters, and hence a single natural isomorphism J : Π_φ → Hom(A_φ, ±1).

(3) The adjoint action on the L-packet is trivial.

(4) The pure inner forms of G are the groups G^′ = U(V^′), where V^′ is a hermitian (or skew-hermitian) space over k with dim(V^′) = dim(V ) [KMRT, (29.19)].

If k_0 is non-archimedean, there is a unique pure inner form G^′ such that the discriminant of V^′ is distinct from the discriminant of V . The representation π(φ, χ) is a representation of G if χ(−1) = +1 and a representation of G^′ if χ(−1) = −1. If k_0 = R and G = U(p, q), then the pure inner forms are the groups G^′ = U(p^′, q^′), and π(φ, χ) is a representation of one of the groups G^′ with (−1)^{q−q′} = χ(−1).

(5) The center Z(k_0) = k^×/k^×_0 = U(1), and the central character of π(φ, χ) has parameter det(M).

The Even Unitary Group G = U(V ), dim V = 2n

(1) A Langlands parameter is a conjugate-symplectic representation M of W D(k), with dim(M) = dim(V ). The group A_φ = A_M has order 2^m, where m is the number of distinct irreducible conjugate-symplectic summands M_i in M. The full Langlands conjecture is known when dim(V ) = 2 [Ro].

(2) The set D of T -orbits on generic characters is a principal homogeneous space for the group E = H^1(k, Z) = k^×_0 /Nk^× of order 2. We will see in §12 that the choice of a hermitian space V identifies the set D with the set of Nk^×- orbits on the nontrivial additive characters ψ of k/k_0. Similarly, the choice of a skew-hermitian space V identifies the set D with the set of Nk^×-orbits on the nontrivial additive characters ψ_0 of k_0.

(3) The adjoint action is via elements c in the group E = k^×_0 /Nk^×. The nontrivial class c acts on the irreducible representations of A_φ via tensor product with the character η(a) = (−1)^{dim(M a)}, and on the set D of orbits of generic characters by mapping ψ(x) to ψ(cx), or ψ_0(x) to ψ_0(cx).

(4) The pure inner forms of G are the groups G^′ = U(V^′), where V^′ is a hermitian (or skew-hermitian) space over k with dim(V^′) = dim(V ) [KMRT, (29.19)].

If k_0 is non-archimedean, there is a unique pure inner form G^′ such that the discriminant of V^′ is distinct from the discriminant of V . The representation π(φ, χ) is a representation of G if χ(−1) = +1 and a representation of G^′ if χ(−1) = −1. If k_0 = R and G = U(p, q), then the pure inner forms are the

40 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

groups G^′ = U(p^′, q^′), and π(φ, χ) is a representation of one of the groups G^′ with (−1)^{q−q′} = χ(−1).

(5) The center Z(k_0) = k^×/k^×_0 = U(1), and the central character of π(φ, χ) has parameter det(M).

The forthcoming book of Arthur [A3] and the papers [Mo1, Mo2] of Moeglin should establish most of the above expectations.

11. Vogan L-packets for the metaplectic group

Let (W, ⟨−, −⟩_W ) be a symplectic space of dimension 2n ≥ 0 over the local field k. We assume, as usual, that char(k) ≠ 2. In this section, we also assume that k ≠ C.

Let ~Sp(W ) denote the nontrivial double cover of the symplectic group Sp(W )(k). We will use the Howe duality correspondence (also known as the theta correspondence) to describe the (genuine) representation theory of ~Sp(W ) in terms of the representation theory of the groups SO(V ) over k, with dim V = 2n + 1. Assuming the Langlands-Vogan parametrization of irreducible representations of SO(V ) over k, with dim V = 2n + 1, we then obtain a notion of Vogan L-packets for the genuine irreducible representations ~π of ~Sp(W ). More precisely, the Langlands parameter of a genuine representation of ~Sp(W ) will be a symplectic representation

φ : W D(k) → Sp(M) with dim M = 2n,

and the individual representations ~π(φ, χ) in the Vogan packet Π_φ will be indexed by quadratic characters

χ : A_φ = A_M → ⟨±1⟩.

This parametrization of the irreducible genuine representations of ~Sp(W ) will depend on the choice of a nontrivial additive character ψ of k, up to multiplication by k^{×2}. As we shall see in §12, such an orbit of additive characters ψ determines an orbit of generic characters θ : N → C^× for Sp(W ). The character θ also determines a character ~θ of the unipotent radical ~N ≃ N of ~Sp(W ). Our parametrization is normalized so

that for generic parameters φ, the unique representation ~π ∈ Π_φ which is ~θ-generic corresponds to the trivial character χ = 1 of A_φ. Such a dependence of the Langlands parametrization on the choice of an additive character ψ is already present in the case of the linear classical groups discussed in the previous section (through fixing of a generic character on a quasi-split form of the group). For the metaplectic groups, the dependence is more serious: even the Langlands parameter φ associated to ~π depends on the choice of ψ.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 41

To define the parameters (φ, χ) of ~π, we let (V, q) be a quadratic space over k with dim V = 2n + 1 and disc(V ) = (−1)^n det(V ) ≡ 1 ∈ k^×/k^{×2}.

Note that the discriminant above refers to the discriminant of the quadratic space (V, q). The quadratic form q on V gives rise to a symmetric bilinear form ⟨x, y⟩_V = q(x + y) − q(x) − q(y) so that ⟨x, x⟩_V = 2 · q(x), and disc(V, ⟨−, −⟩_V ) = 2 · disc(V, q) = 2 ∈ k^×/k^{×2}.

The space W ⊗ V is a symplectic space over k with the skew-symmetric form ⟨−, −⟩_W ⊗ ⟨−, −⟩_V , and one has the associated Heisenberg group H(W ⊗ V ) = k ⊕ (W ⊗ V ), which has a one dimensional center k. Associated to ψ, H(W ⊗ V ) has a unique irreducible representation ω_ψ with central character ψ (by the Stone-von-Neumann theorem). Now Sp(W ⊗ V ) acts as automorphisms of H(W ⊗ V ) via its natural action on W ⊗ V and the trivial action on k. Thus ω_ψ gives rise to a projective representation of Sp(W ⊗ V ) and it was shown by Weil that this projective representation is a linear representation of ~Sp(W ⊗ V ). We thus have a representation ω_ψ of the semi-direct product ~Sp(W ⊗ V ) ⋉ H(W ⊗ V ).

This is the so-called Weil representation (associated to ψ). As a representation of ~Sp(W ⊗V ), it is the direct sum of two irreducible representations, and its isomorphism class depends only on the k^{×2}-orbit of ψ.

Via a natural homomorphism ~Sp(W ) × O(V ) −→ ~Sp(W ⊗ V ),

we regard the Weil representation ω_ψ as a representation ω_{W,V,ψ} of ~Sp(W )×O(V ). The theory of Howe duality gives a correspondence between irreducible genuine representations ~π of ~Sp(W ) and certain irreducible representations σ of O(V ).

More precisely, given an irreducible representation σ of O(V ), the maximal σ-isotypic quotient of ω_{W,V,ψ} has the form σ ⊠ Θ_{W,V,ψ}(σ) for some smooth representation Θ_{W,V,ψ}(σ) (the big theta lift of σ) of ~Sp(W ). It is known ([K] and [MVW]) that Θ_{W,V,ψ}(σ) is either zero or has finite length. Let θ_{W,V,ψ}(σ) (the small theta lift of σ) denote the maximal semisimple quotient of Θ_{W,V,ψ}(σ). It is

42 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

known by Howe [Ho] and Waldspurger [Wa3] that when the residue characteristic of k is different from 2, then θ_{W,V,ψ}(σ) is irreducible or zero; this is the so-called Howe’s conjecture. In the following, we will assume that the same holds when the residue characteristic of k is 2.

Analogously, if ~π is an irreducible representation of ~Sp(W ), we have the representations Θ_{W,V,ψ}(~π) and θ_{W,V,ψ}(~π) of O(V ).

Now we have the following theorem, which is due to Adams-Barbasch [AB] when k = R and follows from fundamental results of Kudla-Rallis [KR] when k is nonarchimedean.

Theorem 11.1. Assume that the local field k is either real or non-archimedean with odd residual characteristic. Then corresponding to the choice of an additive character ψ of k, there is a natural bijection given by the theta correspondence: � irreducible genuine representations ~π of ~Sp(W ) � � � � {irreducible representations σ^′ of SO(V^′)}

where the union is disjoint, and taken over all the isomorphism classes of orthogonal spaces V^′ over k with dim V^′ = 2n + 1 and disc(V^′) = 1.

More precisely, given an irreducible representation ~π of ~Sp(W ), there is a unique V^′ as above such that θ_{W,V} ′_{,ψ}(~π) is nonzero, in which case the image of ~π under the above bijection is the restriction of θ_{W,V} ′_{,ψ}(~π) to SO(V^′) (note that this restriction is irreducible since O(V^′) = SO(V^′) × ⟨±1⟩).

Proof. We give a sketch of the proof of Theorem 11.1 when k is non-archimedean; a detailed proof can be found in [GS]. Let’s begin by noting that there are 2 isomorphism classes of quadratic space of dimension 2n+1 and trivial discriminant; we denote these by V and V^′, and assume that V is split. To simplify notation, we shall write Θ in place of Θ_{W,V,ψ} and Θ^′ in place of Θ_{W,V} ′_{,ψ}.

We now divide the proof into two steps:

(i) Given an irreducible representation ~π of ~Sp(W ), exactly one of Θ(~π) or Θ^′(~π) is nonzero.

This dichotomy was also shown in the recent paper of C. Zorn [Z]. In any case, [KR, Thm. 3.8] shows that any irreducible representation ~π of ~Sp(W ) participates in theta correspondence with at most one of O(V ) or O(V^′). We claim however that ~π does have nonzero theta lift to O(V ) or O(V^′). To see this, note that [KR, Prop. 4.1] shows

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 43

that ~π has nonzero theta lift to O(V ) if and only if

Hom_{fSp(W )×fSp(W )}(R(V ), ~π ⊠ ~π^∨) ≠ 0,

where R(V ) is the big theta lift of the trivial representation of O(V ) to ~Sp(W + W^−) (where W^− is the symplectic space obtained from W by scaling its form by −1). Similarly, one has the analogous statement for V^′. On the other hand, if I_P (s) denotes the degenerate principal series representation of ~Sp(W +W^−) unitarily induced from the character χ_ψ · | det |^s of the Siegel parabolic subgroup stabilizing the maximal isotropic subspace ΔW , the diagonal W in W ⊕ W^−, and χ_ψ a genuine character of ~GL(ΔW ) defined in §16, then it was shown by Sweet [Sw] that

I_P (0) = R(V ) ⊕ R(V^′).

It follows that R(V ) and R(V^′) are unitarizable and thus irreducible (since they have a unique irreducible quotient). In particular, we conclude that ~π has nonzero theta lift to one of O(V ) or O(V^′) if and only if

Hom_{fSp(W )×fSp(W )}(I_P (0), ~π ⊠ ~π^∨) ≠ 0.

We thus need to show that this Hom space is nonzero. This can be achieved by the doubling method of Piatetski-Shapiro and Rallis [GPSR] (cf. also [GS] and [Z]), which provides a zeta integral Z(s) : I_P (s) ⊗ ~π^∨ ⊗ ~π −→ C.

The precise definition of Z(s) need not concern us here; it suffices to note that for a flat section Φ(s) ∈ I_P (s) and f ⊗ f^∨ ∈ ~π ⊗ ~π^∨, Z(s, Φ(s), f ⊗ f^∨) is a meromorphic function in s. Moreover, at any s = s_0, the leading term of the Laurent expansion of Z(s) gives a nonzero element

Z^∗(s_0) ∈ Hom_{fSp(W )×fSp(W )}(I_P (s_0), ~π ⊠ ~π^∨).

For these basic properties of zeta integrals, see [GS] or [Z]. This proves our contention that ~π participates in the theta correspondence with exactly one of O(V ) or O(V^′).

By (i), one obtains a map � irreducible genuine representations ~π of ~Sp(W ) �

� � {irreducible representations σ^′ of O(V^′)}

Moreover, this map is injective by the theorem of Waldspurger [Wa3] proving Howe’s conjecture.

44 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

(ii) An irreducible representation π_0 of SO(V ) has two extensions to O(V ) = SO(V ) × ⟨±1⟩, and exactly one of these extensions participates in the theta correspondence with ~Sp(W ). The same assertion holds for representations of SO(V ′).

Suppose on the contrary that π is an irreducible representation of O(V ) such that both π and π ⊗ det participate in theta correspondence with ~Sp(W ), say

~π = θ_{W,V,ψ}(π) and ~π^′ = θ_{W,V,ψ}(π ⊗ det).

Now consider the seesaw diagram:

~Sp(W + W −)

� � � � � � � O(V ) × O(V )

~Sp(W ) × ~Sp(W )

� � � � � � � O(V ).

The seesaw identity implies that

Hom_{fSp(W )×fSp(W )}(Θ_{W +W} −_{,V,ψ}(det), ~π^′ ⊠ ~π^∨) ⊃ Hom_{O(V )}((π ⊗ det) ⊗ π^∨, det) ≠ 0.

This implies that Θ_{W +W} −_{,V,ψ}(det) ≠ 0.

However, a classical result of Rallis [R, Appendix] says that the determinant character of O(V ) does not participate in the theta correspondence with ~Sp(4r) for r ≤ n. This gives the desired contradiction.

We have thus shown that at most one of π or π ⊗ det could have nonzero theta lift to ~Sp(W ). On the other hand, the analog of the zeta integral argument in (i) shows that one of π or π ⊗ det does lift to ~Sp(2n); for this, one needs the structure of the degenerate principal series representation I_{P (ΔV )}(0) of O(V + V^−) which is determined in [BJ] (see also [Y, Prop. 3.3]). This proves (ii).

Putting (i) and (ii) together, we have established the theorem. □

The only reason for the assumption of odd residue characteristic in the theorem is that Howe’s conjecture for local theta correspondence is only known under this assumption.

Since V is an odd dimensional quadratic space, SO(V ) is an adjoint group, there is a unique orbit of generic characters on it, and the Vogan parametrization of irreducible representations σ^′ of the groups SO(V^′) requires no further choices. So we label ~π = ~π(M, χ) using the Vogan parameters (M, χ) of the representation σ^′ = Θ_{W,V} ′_{,ψ}(~π). The theorem thus gives the following corollary.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 45

Corollary 11.2. Assume that the residue characteristic of k is odd. Suppose that the local Langlands-Vogan parametrization holds for SO(V^′). Then one has a parametrization (depending on ψ) of

{irreducible genuine representations ~π of ~Sp(W )} by the set of isomorphism classes of pairs (φ, χ) such that φ : W D(k) −→ Sp(M) is a symplectic representation of W D(k) and χ is an irreducible character of the component group A_φ.

It follows that the various desiderata for the Vogan packets of ~Sp(W ) can be obtained from those of SO(V^′) if one understands the properties of the theta correspondence. For example, in the theta correspondence, generic representations of the split group SO(V ) lift to ~θ-generic representations of ~Sp(W ). Hence the ~θ-generic element in the L-packet of M corresponds to the trivial character of the component group A_M . Also, when k is non-archimedean, ~π(M, χ) is lifted from the split group SO(V ) precisely when χ(−1) = 1. For these and other similar issues, see [GS].

One difference between metaplectic and linear groups is in the description of the action of the adjoint group by outer automorphisms on the set of irreducible representations. The adjoint action of the symplectic similitude group GSp(W ) on the set of genuine irreducible representations of ~Sp(W ) factors through the quotient k^×/k^{×2} = PGSp(W )(k)/Image Sp(W )(k).

In the metaplectic case, this outer action does not permute the representations ~π in an individual Vogan L-packet, and we predict a more complicated recipe, as follows.

Conjecture 11.3. If ~π has ψ-parameter (M, χ) and c is a class in k^×/k^{×2}, the conjugated representation ~π^c has ψ-parameter (M(c), χ · η[c]). Here M(c) is the twist of M by the one-dimensional orthogonal representation C(c) so that its component group A_{M(C)} is canonically isomorphic to A_M . The character η[c] is defined by η[c] = χ_N : A_M → ⟨±1⟩, where N is the two dimensional orthogonal representation N = C + C(c), so that

η[c](a) = ϵ(M^a) · ϵ(M(c)^a) · (c, −1)^{12 dim M a} .

This conjecture is known when dim W = 2, where it is a result of Waldspurger ([W1] and [W2]); our recipe above is suggested by his results.

The above conjecture has the following consequence. If one replaces the character ψ by the character ψ_c : x → ψ(cx)

46 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

of k, then the new Vogan parameter (relative to ψ_c) of ~π will be (M(c), χ · η[c]).

A consequence of this is the following. Suppose that ~π is such that θ_{W,V,ψ}(~π) ≠ 0 and θ_{W,V,ψc} (~π) ≠ 0 as representations of SO(V ). Then, when dim W = 2, a basic result of Waldspurger says that θ_{W,V,ψ}(~π) ∼= θ_{W,V,ψc} (~π) ⊗ χ_c, where χ_c is the character

SO(V )(k)^{spinor norm}

−−−−−−−→ k^×/k^{×2 (c,−)}−−−→ ⟨±1⟩.

However, according to the conjecture above, if the Vogan parameter of θ_{W,V ψ}(~π) is (M, χ), then that of θ_{W,V,ψc} (~π) ⊗ χ_c is (M, χ · η[c]). So the two representations are equal if and only if the character η[c] is trivial. The assumption that ~π has nonzero theta lift to SO(V ) with respect to both ψ and ψ_c implies that η[c](−1) = 1.

When dim W = 2, this is equivalent to saying that η[c] is trivial. But when dim W > 2, this is no longer the case and one can construct such counterexamples already when dim W = 4.

12. The representation ν of H and generic data In this section, we shall describe the remaining ingredient in the restriction problem to be studied. Suppose as before that k is a local field with an involution σ (possibly trivial) and k_0 is the fixed field of σ. Let V be a k-vector space endowed with a nondegenerate sesquilinear form ⟨−, −⟩ with sign ϵ. Moreover, suppose that W ⊂ V is a non-degenerate subspace satisfying:

(1) ϵ · (−1)^{dim W ⊥} = −1 (2) W^⊥ is a split space.

So we have

dim W^⊥ = � odd, if ϵ = 1, i.e. V is orthogonal or hermitian; even, if ϵ = −1, i.e. V is symplectic or skew-hermitian.

Let G(V ) be the identity component of the automorphism group of V and G(W ) ⊂ G(V ) the subgroup which acts as identity on W^⊥. Set G = G(V ) × G(W ).

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 47

As explained in Section 2, G contains a subgroup H defined as follows. Since W^⊥ is split, we may write W^⊥ = X + X^∨ or W^⊥ = X + X^∨ + E depending on whether dim W^⊥ is even or odd, where in the latter case, E is a nonisotropic line. Let P be a parabolic subgroup which stabilizes a complete flag of (isotropic) subspaces in X. Then G(W ) is a subgroup of a Levi subgroup of P and thus acts by conjugation on the unipotent radical N of P . We set H = N ⋊ G(W ).

Note that there is a natural embedding H → G which is the natural inclusion H ⊂ P ⊂ G(V ) in the first factor and is given by the projection H −→ H/N = G(W ) in the second factor. When G^′ = G(V^′) × G(W^′) is a relevant pure inner form of G, a similar construction gives a distinguished subgroup H^′.

The goal of this section is to describe a distinguished representation ν of H (and similarly H^′). It will turn out that dim ν = 1 if dim W^⊥ is odd (orthogonal and hermitian cases), whereas ν has Gelfand-Kirillov dimension 1/2 · dim(W/k_0) when dim W^⊥ is even (symplectic and skew-hermitian cases). Because of this, we will treat the cases when dim W^⊥ is even or odd separately. Orthogonal and Hermitian Cases (Bessel Models)

Assume that dim W^⊥ = 2n + 1 and write W^⊥ = X + X^∨ + E with E = ⟨e⟩, where X and X^∨ are maximal isotropic subspaces which are in duality using the form ⟨−, −⟩ of V , and e is a non-isotropic vector. Let P (X) be the parabolic subgroup in G(V ) stabilizing the subspace X, and let M(X) be the Levi subgroup of P (X) which stabilizes both X and X^∨, so that M(X) ∼= GL(X) × G(W ⊕ E).

We have P (X) = M(X) ⋉ N(X) where N(X) is the unipotent radical of P (X). The group N(X) sits in an exact sequence of M(X)-modules, 0 −−−→ Z(X) −−−→ N(X) −−−→ N(X)/Z(X) −−−→ 0, and using the form on V , one has natural isomorphisms Z(X) ∼= {skew-hermitian forms on X^∨},

48 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD and N(X)/Z(X) ∼= Hom(W + E, X) ∼= (W + E) ⊗ X.

Here, when k = k_0, skew-hermitian forms on X^∨ simply mean symplectic forms. In particular, Z(X) is the center of N(X) unless k = k_0 and dim X = 1, in which case Z(X) is trivial and N(X) is abelian.

Now let ℓ_X : X → k be a nonzero k-linear homomorphism, and let ℓ_W : W ⊕ E −→ k be a nonzero k-linear homomorphism which is zero on the hyperplane W . Together, these give a map ℓ_X ⊗ ℓ_W : X ⊗ (W + E) −→ k, and one can consider the composite map ℓ_{N(X)} : N(X) −−−→ N(X)/Z(X) ∼= X ⊗ (W + E)^{ℓX ⊗ℓW}−−−−→ k.

Let U_X be any maximal unipotent subgroup of GL(X) which stabilizes ℓ_X . Then the subgroup U_X × G(W ) ⊂ M(X) fixes the homomorphism ℓ_{N(X)}.

Now the subgroup H ⊂ G = G(V ) × G(W ) is given by H = (N(X) ⋊ (U_X · G(W )) = N ⋊ G(W ).

We may extend the map ℓ_{N(X)} of N(X) to H, by making it trivial on U_X × G(W ). If ψ is a nontrivial additive character of k, and λ_X : U_X −→ S^1 is a generic character of U_X , then the representation ν of H is defined by ν = (ψ ∘ ℓ_{N(X)}) ⊠ λ_X .

The pair (H, ν) is uniquely determined up to conjugacy in the group G = G(V )×G(W ) by the pair W ⊂ V .

One can give a more explicit description of (H, ν), by explicating the choices of ℓ_X , U_X and λ_X above. To do this, choose a basis {v_1, · · · , v_n} of X, with dual basis {v^∨_i } of X^∨. Let P ⊂ G(V ) be the parabolic subgroup which stabilizes the flag 0 ⊂ ⟨v_1⟩ ⊂ ⟨v_1, v_2⟩ ⊂ · · · ⊂ ⟨v_1, · · · , v_n⟩ = X, and let L = (k^×)^n × G(W + E)

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 49

be the Levi subgroup of P which stabilizes the lines ⟨v_i⟩ as well as the subspace W +E. The torus T = (k^×)^n scales these lines: t(v_i) = t_iv_i, and G(W + E) acts trivially on X + X^∨.

Let N be the unipotent radical of P , so that N = U_X ⋉ N(X) where U_X is the unipotent radical of the Borel subgroup in GL(X) stabilizing the chosen flag above. Now define a homomorphism f : N → k^n by f(u) = (x_1, · · · , x_{n−1}, z),

x_i = ⟨uv_{i+1}, v^∨_i ⟩, i = 1, 2, · · · , n − 1 z = ⟨ue, v^∨_n ⟩.

The subgroup of L which fixes f is G(W ), the subgroup of G(W + E) fixing the vector e. The torus acts on f by f(tut^{−1}) = ((t_1/t_2)x_1, (t_2/t_3)x_2, · · · , t_nz).

Consider the subgroup H = N · G(W ) of G = G(V ) × G(W ). Then, for a nontrivial additive character ψ of k, the representation ν is given by: ν : H → C^× (u, g) → ψ( � x_i + z).

It is as regular as possible on N, among the characters fixed by G(W ). As noted above, up to G-conjugacy, the pair (H, ν) depends only on the initial data W ⊂ V , and not on the choices of ψ, {v_i}, or e used to define it.

A special case of (H, ν) is worth noting. If V is orthogonal of even dimension and W has dimension 1, then SO(W ) = 1 and H = N is the unipotent radical of a Borel subgroup P ⊂ G = SO(V ). In this case, ν is simply a generic character θ_W of N. By choosing different non-isotropic lines L in the 2-dimensional orthogonal space W + E, so that L^⊥ = X + X^∨ + L^′, and using L in place of W in the above construction, the map L → θ_L gives a bijection {T -orbits of generic characters on N} � � {SO(V )-orbits of non-isotropic lines L with L^⊥ split} in the even orthogonal case. This bijection was described in [GP1, Prop. 7.8].

Symplectic and Skew-Hermitian Cases (Fourier-Jacobi Models)

50 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

We now treat the symplectic and skew-hermitian cases, so that W^⊥ is split of even dimension 2n and we may write W^⊥ = X + X^∨, where X and X^∨ are maximal isotropic subspaces which are in duality using the form on V . In this case, G(W ) is a subgroup of Sp(W/k_0), preserving the form Tr_{k/k0} ∘⟨−, −⟩. It will turn out that the representation ν of H depends on some other auxiliary data besides the spaces W ⊂ V . As in the case of Bessel models, we include the case k = k_0 × k_0 in our discussion below.

We assume first that dim X > 0. Let P (X) = M(X) · N(X) be the parabolic subgroup in G(V ) stabilizing the subspace X, with Levi subgroup M(X) ∼= GL(X) × G(W ) stabilizing both X and X^∨. Let Z(X) be the center of the unipotent radical N(X) of P (X), so that one has the exact sequence of M(X)-modules: 0 −−−→ Z(X) −−−→ N(X) −−−→ N(X)/Z(X) −−−→ 0, Using the form on V , one has natural isomorphisms Z(X) ∼= {hermitian forms on X^∨} and N(X)/Z(X) ∼= Hom(W, X) ∼= W ⊗ X.

Here, if k = k_0, then hermitian forms on X^∨ simply mean symmetric bilinear forms. The commutator map [−, −] : N(X) × N(X) → N(X) factors through N(X)/Z(X) and takes value in Z(X). It thus gives rise to a skewsymmetric k_0-bilinear map Λ^2_{k0} (X ⊗ W ) −→ Z(X) = {hermitian forms on X^∨}, or equivalently by duality, a map {hermitian forms on X} −→ Λ^2_{k0} (X^∨ ⊗ W ) = {symplectic forms on Res_{k/k0} (X ⊗ W )}. Indeed, this last map is a reflection of the fact that, using the skew-hermitian structure on W , the space of hermitian forms on X can be naturally embedded in the space of skew-hermitian forms on X ⊗ W , and then by composition with the trace map if necessary, in the space of symplectic forms on Res_{k/k0} (X ⊗ W ).

Now let ℓ_X : X → k be a nonzero homomorphism, and let U_X ⊂ GL(X) be a maximal unipotent subgroup which fixes ℓ_X . Then the group H is defined by H = N(X) ⋊ (U_X × G(W )) = N ⋊ G(W )

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 51

with N = N(X) ⋊ U_X . If λ_X : U_X −→ S^1 is a generic character of U_X , then by composing with the projection from H to U_X , we may regard λ_X as a character of H.

On the other hand, by pulling back, the homomorphism ℓ_X gives rise to a linear map k_0 = {hermitian forms on k} −→ {hermitian forms on X}, and hence by duality ℓ_{Z(X)} : Z(X) = {hermitian forms on X^∨} −→ k_0.

Moreover, ℓ_X gives a k-linear map ℓ_W : X ⊗ W → W making the following diagram commute:

Λ^2_{k0} (X ⊗ W )^{[−,−]}−−−→ Z(X)

ℓ_W � � � �^ℓZ(X) Λ^2_{k0} (W ) −−−−−−−−−−−−→ 2 [k:k0] ·T rk/k0 (⟨−,−⟩)

k_0.

For example, when k = k_0 and dim X = 1, then the commutator map [−, −] is given by the skew-symmetric form 2 · ⟨−, −⟩_W on N(X)/Z(X) = W . On the other hand, when k ≠ k_0 and dim X = 1, it is given by the skew-symmetric form T r_{k/k0} (⟨−, −⟩_W ) on W/k_0. In any case, let us set

V_1 = � the rank 1 quadratic space with discriminant 1 if k = k_0; the rank 1 hermitian space with discriminant 1 if k ≠ k_0, and let H(V_1 ⊗ W ) be the Heisenberg group associated to the symplectic vector space V_1 ⊗ W over k_0 with form T r_{k/k0} (⟨−, −⟩_{V1} ⊗ ⟨−, −⟩_W ).

Here, given a quadratic space (V, q) over k_0, the associated symmetric bilinear form is ⟨v_1, v_2⟩ = q(v_1 + v_2) − q(v_1) − q(v_2).

Thus, when k = k_0, the form on V_1 is such that ⟨v, v⟩_V = 2, so that H(V_1 ⊗ W ) is the Heisenberg group associated to the symplectic vector space (W, 2 · ⟨−, −⟩_W ).

Now one has the following commutative diagram of algebraic groups over k_0:

52 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

0 −−−→ Z(X) −−−→ N(X) −−−→ X ⊗ W −−−→ 0

ℓ_{0,X} � � � � � �^ℓW � � � 0 −−−→ k_0 −−−→ H(V_1 ⊗ W ) −−−→ W −−−→ 0.

Given a nontrivial character ψ_0 : k_0 → S^1, one may consider the unique irreducible unitarizable representation ω_{W,ψ0} of H(V_1 ⊗ W ) of Gelfand-Kirillov dimension 1 2 · dim_{k0} W , on which the center of H(V_1 ⊗ W ) acts by ψ_0. Pulling back by the above diagram, one obtains an irreducible representation ω_{ψ0} of N(X) with central character ψ_0 ∘ ℓ_{Z(X)}. Up to conjugation by M(X), the representation ω_{ψ0} depends only on ψ_0 up to multiplication by (k^×)^{1+σ}. The representation ω_{ψ0} can be extended trivially to U_X . Moreover, the group G(W ) acts as outer automorphisms of H(V_1 ⊗ W ), so the theory of Weil representations furnishes us with a projective representation of G(W ) on ω_{ψ0} . Thus, one has a projective representation ω_{ψ0} of H.

As in the orthogonal and hermitian cases, we can make the above discussion completely explicit by making specific choices of ℓ_X , U_X and λ_X . Assuming that dim X = n > 0, choose a basis {v_i} for X and let {v^∨_i } be the dual basis of X^∨. Let P ⊂ G(V ) be the subgroup stabilizing the flag

0 ⊂ ⟨v_1⟩ ⊂ · · · ⊂ ⟨v_1, · · · , v_n⟩ = X,

and let L = G(W ) × (k^×)^n

be the Levi subgroup of P stabilizing the lines ⟨v_i⟩ as well as the subspace W .

Let N be the unipotent radical of P and define a homomorphism to a vector group

f : N → k^{n−1} ⊕ W

given by:

f(u) = (x_1, · · · , x_{n−1}, y) x_i = ⟨uv_{i+1}, v^∨_i ⟩ y = � j ⟨uw_j , v^∨_n ⟩.w^∨_j .

Here {w_1, · · · , w_n} is a basis for W over k and ⟨w_i, w^∨_j ⟩ = δ_{ij} . Thus y is the unique vector in W with ⟨w, y⟩ = ⟨uw, v^∨_n ⟩

for all w in W .

The torus T = (k^×)^n acts on f by

f(tut^{−1}) = ((t_1/t_2)x_1, · · · , (t_{n−1}/t_n)x_n, t_n · y)

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 53

and an element g ∈ G(W ) acts by f(gug^{−1}) = (x_1, · · · , x_n, g(y)).

Now the maps (x_1, · · · , x_{n−1}) give a functional ℓ : N → k_0

n → Tr( � x_i) which is fixed by G(W ), and is as regular as possible subject to this condition. Choose a nontrivial additive character ψ_0 of k_0. Then the character λ : N → S^1

u → ψ_0(ℓ(u)) = ψ_0(Tr( � x_i)) is regular, and up to conjugacy by the torus, independent of the choice of ψ_0. Since it is fixed by G(W ), we may extend it trivially to G(W ) and obtain a character λ of H.

On the other hand, one may define a homomorphism of N to a Heisenberg group as follows. Let N_0 � N be the kernel of the map N → W u → y and define a homomorphism f_0 : N_0 → k

u_0 → z = ⟨u_0v^∨_n , v^∨_n ⟩.

Note that the element z lies in the subfield k_0 of k, since u_0v^∨_n is isotropic =⇒ z − z^σ = 0.

Hence, we have f_0 : N_0 −→ k_0.

The torus act by f_0(tut^{−1}) = t^{1+σ}_n · z and G(W ) acts trivially. The above two maps combine to give a homomorphism from N to the Heisenberg group H(W/k_0):

0 −−−→ N_0 −−−→ N −−−→ W −−−→ 0

f_0 � � � � � �_{id}

0 −−−→ k_0 −−−→ H(V_1 ⊗ W ) −−−→ W −−−→ 0

which is equivariant for the action of G(W ) on N and G(W ) ⊂ Sp(V_1 ⊗ W ) on H(V_1 ⊗ W ). The nontrivial additive character ψ_0 then gives rise to the projective representation ω_ψ of H as above.

54 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

It is now more convenient to consider the symplectic and skew-hermitian cases separately.

(i) (symplectic case) When k = k_0, we have G(W ) = Sp(W ). In this case, for each character ψ of k = k_0, it is known that the projective representation ω_ψ of G(W ) lifts to a linear representation of the double cover ~G(W ) = ~Sp(W ), the metaplectic group. Recalling that H = N ⋊ G(W ), we thus obtain a unitary representation ν_ψ = ω_ψ ⊗ λ of ~H = N ⋊ ~G(W ) in the case when dim W^⊥ > 0.

When W^⊥ = 0, so that W = V , we have N = {1} and H = G(W ) = G(V ).

In this case, we simply set ν_ψ = ω_ψ, which is a representation of ~H.

In each case, the representation ν_ψ has Gelfand-Kirillov dimension 1/2 · dim_k(W ). Up to conjugation by the normalizer of H in G, ν_ψ depends only on ψ up to the action of (k^×)^2.

A particular case of this is worth noting. When W = 0, so that G(W ) is trivial, the group H is simply the unipotent radical N of the Borel subgroup P and ν_ψ is simply a generic character of N. This gives a bijection {T -orbits of generic characters of N} � � {k^{×2}-orbits of nontrivial characters ψ of k} in the symplectic case.

(ii) (skew-hermitian case) When k ≠ k_0, G(W ) = U(W ). In this case, the projective representation ω_{ψ0} of G(W ) = U(W ) lifts to a linear representation of G(W ), but when dim W > 0, the lifting is not unique: it requires the choice of a character μ : k^× → C^×

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 55

whose restriction to k^×_0 is the quadratic character ω_{k/k0} associated to k/k_0 [HKS]. Equivalently, when k is a field, it requires the choice of a 1-dimensional, conjugate-dual representation of W D(k) with sign c = −1. Given such a μ, we let ω_{ψ0,μ} be the corresponding representation of G(W ) and set ν_{ψ0,μ} = ω_{ψ0,μ} ⊗ λ.

Hence, we have defined an irreducible unitary representation ν_{ψ0,μ} of H = N.U(W ) when dim W^⊥ > 0.

When W^⊥ = 0, so that W = V , we have N = {1} and H = G(W ) = G(V ).

In this case, we simply set ν_{ψ0,μ} = ω_{ψ0,μ}.

In each case, the representation ν_{ψ0,μ} has Gelfand-Kirillov dimension 1/2 · dim_{k0} (W ). It depends, up to conjugation by the normalizer of H in G = U(V ) × U(W ), on ψ_0 up to the action of Nk^× (as well as the choice of μ).

A particular case of this is noteworthy. When W = 0 (and V is even dimensional), so that G(W ) is trivial, the group H is simply the unipotent radical N of the Borel subgroup P and there is no need to choose μ. Hence, ν_{ψ0,μ} = ν_{ψ0} is simply a generic character of N. This gives a bijection

{T -orbits of generic characters of N} � � {Nk^×-orbits of nontrivial characters ψ_0 of k_0} in the even skew-hermitian case.

Remarks: Note that when W = 0, there is no need to invoke the Weil representation at all. Hence, the above description of generic characters could be carried out for hermitian spaces (of even dimension 2n) as well. One would consider the situation W = 0 ⊂ V of hermitian spaces.

and note that the homomorphisms f : N −→ k^{n−1} and f_0 : N = N_0 −→ k can still be defined by the same formulas. But now the image of f_0 lies in the subspace of trace zero elements of k (as opposed to the subfield k_0 when

56 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

V is skew-hermitian). The torus actions on f and f_0 are again given by the same formulas. Thus, giving a T -orbit of generic characters of N in the even hermitian case amounts to giving a nontrivial character of k trivial on k_0, up to the action of Nk^×.

This completes our definition of the representation ν of H.

As we noted in the course of the discussion above, special cases of the pair (H, ν) give the determination of T -orbits of generic characters. Recall that if G = G(V ) is quasi-split, with Borel subgroup B = T · N, then the set D of T (k_0)-orbits of generic characters of N is a principal homogeneous space for the abelian group

E = T^{ad}(k_0)/Im T (k_0) = ker(H^1(k_0, Z) → H^1(k_0, T )).

When G = GL(V ) or U(V ) with dim V odd or SO(V ) with dim V odd or dim V = 2, the group E is trivial. In the remaining cases, E is a finite elementary abelian 2-group. In Section 10, we have described the E-torsor D explicitly for the various classical groups G(V ), but did not say how this was done. Our discussion of (H, ν) above has thus filled this gap, and we record the result in the following proposition for ease of reference.

Proposition 12.1. (1) If V is symplectic, E = k^×/k^{×2}, and we have constructed an explicit bijection of E-spaces

D ←→ k^{×2}-orbits on nontrivial ψ : k → C^×.

(2) If V is hermitian of even dimension, E = k^×_0 /Nk^×, and we have constructed an explicit bijection of E-spaces

D ←→ Nk^×-orbits on nontrivial ψ : k/k_0 → C

(3) If V is skew-hermitian of even dimension, E = k^×_0 /Nk^×, and we have constructed an explicit bijection of E-spaces

D ←→ Nk^×-orbits on nontrivial ψ_0 : k_0 → C^×

(4) If V is orthogonal of even dimension and split by the quadratic algebra K, then E = NK^×/k^{×2}, and we have constructed an explicit bijection of E-spaces

D ←→ SO(V )-orbits on non-isotropic lines L ⊂ V , with L^⊥ split.

We stress that the bijections constructed in Proposition 12.1 depend crucially on the form ⟨−, −⟩ on V .

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 57

13. Bessel and Fourier-Jacobi models for GL(n) The construction of the pair (H, ν) given in the previous section includes the case when k = k_0 × k_0 is the split quadratic algebra. In this case, the groups G(V ) and G(W ) are general linear groups, and it is useful to give a direct construction of (H, ν) in the context of general linear groups, rather than regarding them as unitary groups of hermitian or skew-hermitian spaces over k. We describe this direct construction in this section.

We first give a brief explanation of how one translates from the context of unitary groups to that of general linear groups. The hermitian or skew-hermitian space V has the form V = V_0 × V^∨_0 for a vector space V_0 over k_0. Moreover, up to isomorphism, the hermitian form on V can be taken to be ⟨(x, x^∨), (y, y^∨)⟩ = (⟨x, y^∨⟩, ⟨y, x^∨⟩) ∈ k, whereas the skew-hermitian form on V can be taken to be ⟨(x, x^∨), (y, y^∨)⟩ = (⟨x, y^∨⟩, −⟨y, x^∨⟩) ∈ k.

Then, by restriction to V_0, one has an isomorphism G(V ) ∼= GL(V_0) of linear algebraic groups over k_0.

If W ⊂ V is a nondegenerate subspace, then W = W_0 × W^∨_0 gives rise to W_0 ⊂ V_0. If, further, W^⊥ is split, and X ⊂ W^⊥ is a maximal isotropic subspace, then X has the form X = X_0 × Y^∨_0 ⊂ V_0 × V^∨_0 with the natural pairing of X_0 and Y^∨_0 equal to zero, so that X_0 is contained in the kernel of Y^∨_0 . Writing the kernel of Y^∨_0 as X_0 + W_0, we see that the isotropic space X determines a decomposition V_0 = X_0 + W_0 + Y_0, with a natural perfect pairing between Y_0 and Y^∨_0 . Then the parabolic subgroup P (X) stabilizing X in G(V ) is isomorphic to the parabolic subgroup of GL(V_0) stabilizing the flag X_0 ⊂ X_0 + W_0 ⊂ V_0.

It is now easy to translate the construction of (H, ν) given in the previous section to the setting of W_0 ⊂ V_0, and we simply describe the answer below.

Bessel Models for GL(n)

58 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

In this case, we start with a vector space V_0 over k_0 with a decomposition V_0 = X_0 + W_0 + E_0 + X^∨_0 , where E_0 = ⟨e⟩ is a line. Consider the (non-maximal) parabolic subgroup Q stabilizing the flag X_0 ⊂ X_0 + W_0 + E_0 ⊂ V_0.

It has Levi subgroup L = GL(X_0) × GL(W_0 + E_0) × GL(X^∨_0 ) and unipotent radical U sitting in the exact sequence:

0 −−−→ Hom(X^∨_0 , X_0) −−−→ U −−−→ Hom(X^∨_0 , W_0 + E_0) + Hom(W_0 + E_0, X_0) −−−→ 0. We may write the above exact sequence as:

0 −−−→ X_0 ⊗ X_0 −−−→ U −−−→ X_0 ⊗ (W_0 + E_0) + (W^∨_0 + E^∨_0 ) ⊗ X_0 −−−→ 0, where E^∨_0 = ⟨f⟩ is the dual of E_0. Let ℓ_{X0} : X_0 −→ k_0 be any nontrivial homomorphism, and let U_{X0} ×U_X∨_0 be a maximal unipotent subgroup of GL(X_0) × GL(X^∨_0 ) which fixes ℓ_{X0} . On the other hand, let ℓ_{W0} : (W_0 + E_0) + (W^∨_0 + E^∨_0 ) −→ k_0 be a linear form which is trivial on W_0 + W^∨_0 but nontrivial on E_0 and E^∨_0 . Together, the homomorphisms ℓ_{X0} and ℓ_{W0} give a map

ℓ = ℓ_{X0} ⊗ ℓ_{W0} : U −→ X_0 ⊗ (W_0 + E_0) + (W^∨_0 + E^∨_0 ) ⊗ X_0 −→ k_0. Since ℓ is fixed by U_{X0} × U_X∨_0 × GL(W_0), we may extend ℓ trivially to this group. Thus, we may regard ℓ as a map on H = U ⋊ ((U_{X0} × U_X∨_0 ) × GL(W_0)).

Choose any nontrivial additive character ψ_0 of k_0 and any generic character λ : U_{X0} × U_X∨_0 −→ S^1, which we may regard as a character of H. Then the representation ν of H is defined by ν = (ψ_0 ∘ ℓ) ⊗ λ.

The pair (H, ν) depends only on the spaces W_0 ⊂ V_0, up to conjugacy by GL(V_0). This completes the construction of (H, ν) in the case when codimension of W_0 in V_0 is odd.

Fourier-Jacobi models for GL(n)

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 59

In this case, we consider a vector space V_0 over k_0, together with a decomposition V_0 = X_0 + W_0 + X^∨_0 .

As before, let Q be the parabolic subgroup stabilizing the flag X_0 ⊂ X_0 + W_0 ⊂ V_0.

Thus Q has Levi subgroup

L = GL(X_0) × GL(W_0) × GL(X^∨_0 ), and its unipotent radical U sits in the exact sequence,

0 → Hom(X^∨_0 , X_0) → U → Hom(X^∨_0 , W_0) + Hom(W_0, X_0) → 0, in which Hom(X^∨_0 , X_0) is central. The group U is completely described by the natural bilinear map Hom(X^∨_0 , W_0) × Hom(W_0, X_0) → Hom(X^∨_0 , X_0).

Indeed, given a bilinear map ⟨−, −⟩ : B × C → A, of vector groups, there is a natural central extension of B × C by A defined by a group structure on A × B × C given by (a_1, b_1, c_1)(a_2, b_2, c_2) = (a_1 + a_2 + ⟨b_1, c_2⟩, b_1 + b_2, c_1 + c_2).

Given a linear map ℓ_{X0} : X_0 → k_0, let U_{X0} × U_X∨_0 ⊂ GL(X_0) × GL(X^∨_0 ), be a maximal unipotent subgroup fixing ℓ_{X0} . Let λ : U_{X0} × U_X∨_0 −→ S^1 be a generic character, which we may regard as a character of H = U ⋊ (U_{X0} × U_X∨_0 × GL(W_0)) via projection onto U_{X0} × U_X∨_0 .

On the other hand, the homomorphism ℓ_{X0} allows one to define a homomorphism from U to the Heisenberg group H(W_0 + W^∨_0 ):

0 −−−→ X_0 ⊗ X_0 −−−→ U −−−→ W^∨_0 ⊗ X_0 + X_0 ⊗ W_0 −−−→ 0 � � � � � � 0 −−−→ k_0 −−−→ H(W^∨_0 + W_0) −−−→ W^∨_0 + W_0 −−−→ 0, which is clearly equivariant under the action of U_{X0} × U_X∨_0 × GL(W_0).

60 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Thus, given any nontrivial additive character ψ_0 of k_0, we may consider the unique irreducible representation of H(W^∨_0 + W_0) with central character ψ_0, and regard it as a representation of U using the above diagram. This representation can be extended trivially to U_{X0} × U_X∨_0 , and is realized naturally on the space S(W_0) of Schwarz-Bruhat functions on W_0. For any character μ : k^×_0 −→ C^×, one then obtains a Weil representation ω_{ψ0,μ} of H = (GL(W_0) × U_{X0} × U_X∨_0 ) ⋉ U.

on S(W_0), where the action of GL(W_0) is given by

(g · f)(w) = μ(det(g)) · f(g^{−1} · w).

When dim X_0 > 0, the representation ν_{ψ,μ} of H is then given by

ν_{ψ0,μ} = ω_{ψ0,μ} ⊗ λ.

When dim X_0 = 0, we have W_0 = V_0 and we take the representation ν_{ψ0,μ} of H = GL(W_0) to be the representation ω_{ψ0,μ} of GL(W_0) on S(W_0) defined above. In either case, the isomorphism class of ω_{ψ0,μ} is independent of ψ_0 and the pair (H, ν_{ψ0,μ}) is independent of ψ_0, up to conjugacy in GL(V_0). This completes the definition of (H, ν) when the codimension of W_0 in V_0 is even.

This concludes our direct construction of the pair (H, ν) for general linear groups.

14. Restriction Problems and Multiplicity One Theorems

We are now ready to formulate the local restriction problems studied in this paper.

Let W ⊂ V be as in §12, so that G = G(V ) × G(W ) contains the subgroup H = N ⋊ G(W ). We have defined a representation ν of H (or its double cover), which may depend on some auxiliary data such as ψ or μ. Let π = π_V ⊠ π_W be an irreducible representation of G (or an appropriate double cover). Then the restriction problem of interest is to determine dim_C Hom_H (π ⊗ ν, C).

More precisely, we have:

(1) In the orthogonal or hermitian cases, the representation ν of H depends only on W ⊂ V and so we set

d(π) = dim_C Hom_H (π ⊗ ν, C) = dim_C Hom_H (π, ν).

In the literature, this restriction problem is usually referred to as a problem about the existence of Bessel models, and for an irreducible representation π = π_V ⊠ π_W of G, the space Hom_H (π, ν) usually called the space of π^∨_W -Bessel models of π_V .

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 61

(2) In the symplectic case, the representation ν_ψ is a representation of the double cover ~H = N ⋊ ~Sp(W ) and depends on a nontrivial additive character ψ of k = k_0 up to the action of k^{×2}. In this case, for the above Hom space to be nonzero, the representation π = π_V ⊠ π_W must be a genuine representation when restricted to ~H. Hence, we have to take an irreducible representation

~π = π_V ⊠ ~π_W of Sp(V ) × ~Sp(W ) or ~π = ~π_V ⊠ π_W of ~Sp(V ) × Sp(W ).

In this case, we set

d(π̃, ψ) = dim_C Hom_{eH} (~π ⊗ ν_ψ, C).

In the literature, this restriction problem is usually referred to as one about Fourier-Jacobi models, and the space Hom_{eH} (~π⊗ν_ψ, C) usually called the (π^∨_W , ψ)- Fourier-Jacobi models of π_V .

(3) In the skew-hermitian case, the representation ν_{ψ0,μ} of H depends on a nontrivial additive character ψ_0 of k_0, up to the action of Nk^×, and also on the choice of a character μ of k^× whose restriction to k^×_0 is the quadratic character associated to k/k_0. In this case, we set

d(π, μ, ψ_0) = dim_C Hom_H (π ⊗ ν_{ψ0,μ}, C).

In the literature, this restriction problem is usually referred to as a problem about the existence of Fourier-Jacobi models in the context of unitary groups, and the space Hom_H (~π ⊗ ν_{ψ0,μ}, C) usually called the (π^∨_W , ψ_0, μ)-Fourier-Jacobi models of π_V .

We remark that in the orthogonal and hermitian cases, since ν is 1-dimensional and unitary, one has:

Hom_H (π ⊗ ν, C) ∼= Hom_H (π ⊗ ν^∨, C) ∼= Hom_H (π, ν).

In the symplectic and skew-hermitian cases over non-archimedean fields, the same assertion holds, even though ν is infinite-dimensional. However, over archimedean fields, it is only clear to us that:

Hom_H (π, ν) ⊆ Hom_H (π ⊗ ν^∨, C) ∼= Hom_H (π ⊗ ν, C).

The difficulty arises in the subtlety of duality in the theory of topological vector spaces. In any case, we work with Hom_H (π ⊗ν, C) since this is the space which naturally arises in the global setting. We should also mention that, over archimedean fields, the tensor product π ⊗ ν refers to the natural completed tensor product of the two spaces (which are nuclear Fréchet spaces) and Hom(−, C) refers to continuous linear functionals. For a discussion of these archimedean issues, see [AG, Appendix A].

62 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

A basic conjecture in the subject is the assertion that

d(π) ≤ 1

in the various cases. Recently, there has been much progress in the most basic cases where dim W^⊥ = 0 or 1. We describe these in the following theorem.

Theorem 14.1. Assume that k has characteristic zero and dim W^⊥ = 0 or 1.

(i) In the orthogonal case, with G = O(V ) × O(W ) or SO(V ) × SO(W ), we have

d(π) ≤ 1.

(ii) In the hermitian case (including the case when k = k_0 × k_0), we have

d(π) ≤ 1.

(iii) In the symplectic case, suppose that k is non-archimedean. Then we have

d(π, ψ) ≤ 1.

(iv) In the skew-hermitian case (including the case k = k_0 × k_0), suppose that k is non-archimedean and that π = π_1 ⊠ π_2 with π_2 supercuspidal. Then we have

d(π, μ, ψ_0) ≤ 1.

Proof. For the groups O(V ) × O(W ) in (i) and U(V ) × U(W ) in (ii), the results are due to Aizenbud-Gourevitch-Rallis-Schiffmann [AGRS] in the p-adic case and to Sun- Zhu [SZ] and Aizenbud-Gourevitch [AG] in the archimedean case. This is extended to G = SO(V ) × SO(W ) by Waldspurger [Wa8] in the non-archimedean case and by Sun-Zhu [SZ2] in the archimedean case.

The case (iii) is a result of Sun [S] in the non-archimedean case (the archimedean case seems to be still open). The methods of [S] could likely be adapted to give (iv) completely in the non-archimedean case. However, we shall show how (iv) can also be deduced from (ii) using theta correspondence.

Thus, suppose that W is a skew-hermitian space and π_1 and π_2 are irreducible representations of U(W ) with π_2 supercuspidal. For a hermitian space V of the same dimension as W , one may consider the theta lifting between U(W ) and U(V ), with respect to the fixed additive character ψ_0 and the fixed character μ. By [HKS], there is a (unique) V such that the theta lift of π_1 to U(V ) is nonzero; in other words, there is an irreducible representation τ of U(V ) such that Θ_{ψ0,μ}(τ) has π_1 as a quotient. Now consider the seesaw diagram

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 63

U(W ) × U(W )

� � � � � � � U(V ⊕ ⟨−1⟩)

U(W )

� � � � � � � U(V ) × U(⟨−1⟩).

The resulting seesaw identity gives

d(π_1 ⊠ π_2, μ, ψ_0) = dim Hom_{U(W )}(π_1 ⊗ ω_{ψ0,μ}, π^∨_2 ) ≤ dim Hom_{U(W )}(Θ_{ψ0,μ}(τ) ⊗ ω_{ψ0,μ}, π^∨_2 ) = dim Hom_{U(V )}(Θ_{ψ0,μ}(π^∨_2 ), τ) = dim Hom_{U(V )}(θ_{ψ0,μ}(π^∨_2 ), τ) ≤ 1,

as desired. Here, we have used the assumption that π_2 is supercuspidal to deduce that Θ_{ψ0,μ}(π^∨_2 ) = θ_{ψ0,μ}(π^∨_2 ) is irreducible.

The above seesaw argument works in the case when k = k_0 × k_0 as well, thus completing the proof of (iv). Indeed, this argument shows more generally that the multiplicity one results in (ii) and (iv) are equivalent, modulo the issue of whether Θ(τ) = θ(τ). Similarly, the analogous argument for symplectic-orthogonal dual pairs shows that the results of (i) and (iii) are equivalent, with the same caveat on Θ versus θ. □

Remarks: For the group GL_n × GL_{n−1}, the above multiplicity one result has been extended to the case when k has characteristic p by Aizenbud-Avni-Gourevitch [AAG].

15. Uniqueness of Bessel Models

In this section, we show that if k is non-archimedean, the multiplicity one theorem for the general Bessel models can be deduced from Theorem 14.1(i) and (ii) in the orthogonal and hermitian cases. We remind the reader that the case k = k_0 × k_0 is included in our discussion. In particular, the results we state below are valid in this case as well, though we frequently write our proofs only for k a field, and leave the adaptation to the case k = k_0 × k_0 to the reader.

Thus, we consider the case when W ⊂ V are orthogonal or hermitian spaces of odd codimension. Then we have

W^⊥ = X + X^∨ + E

64 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

where E = k · e is a non-isotropic line and X = ⟨v_1, v_2, · · · , v_n⟩ is an isotropic subspace with dim X = n > 0 and dual basis {v^∨_i } of X^∨. With G = G(V ) × G(W ) and H = N · G(W ), we would like to show that dim Hom_H (π_V ⊗ π_W , ν) ≤ 1 for any irreducible representation π_V ⊠ π_W of G. Let E^− = k · f denote the rank 1 space equipped with a form which is the negative of that on E, so that E + E^− is a split rank 2 space. The two isotropic lines in E + E^− are spanned by

v_{n+1} = e + f and v^∨_{n+1} = 1 2 · ⟨e, e⟩

· (e − f).

Now consider the space W^′ = V ⊕ E^− which contains V with codimension 1 and isotropic subspaces Y = X + k · v_{n+1} = ⟨v_1, · · · , v_{n+1}⟩ and Y^∨ = X^∨ + k · v^∨_{n+1} = ⟨v^∨_1 , · · · , v^∨_{n+1}⟩.

Hence we have W^′ = Y + Y^∨ + W.

Let P = P (Y ) be the parabolic subgroup of G(W^′) stabilizing Y and let M be its Levi subgroup stabilizing Y and Y^∨, so that M ∼= GL(Y ) × G(W ).

Let τ be an irreducible supercuspidal representation of GL(Y ) and π_W an irreducible smooth representation of G(W ) and let I(τ, π_W ) = Ind^{G(W ′)}_P (τ ⊠ π_W ) be the (unnormalized) induced representation of G(W^′) from the representation τ ⊠π_W of P .

Our goal is to prove the following theorem:

Theorem 15.1. Assume that k is non-archimedean. With the notations as above, we have Hom_{G(V )}(I(τ, π_W ) ⊗ π_V , C) = Hom_H (π_V ⊗ π_W , ν) as long as π^∨_V does not belong to the Bernstein component of G(V ) associated to (GL(Y^′) × M^′, τ ⊗ μ^′), where Y^′ ⊂ V is isotropic of dimension equal to dim Y with

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 65

V = Y^′ + Y^{′∨} + V^′, M^′ is a Levi subgroup of G(V^′) and μ^′ is any irreducible supercuspidal representation of M^′.

Proof. We assume that k is a field in the proof and calculate the restriction of Π := I(τ, π_W ) to G(V ) by Mackey’s orbit method. For this, we begin by observing that G(V ) has at most two orbits on the flag variety G(W^′)/P (Y ) consisting of:

(1) (n + 1)-dimensional isotropic subspaces of W^′ which are contained in V ; these exist if and only if W is isotropic, in which case if Y^′ is a representative of this closed orbit, then its stabilizer in G(V ) is the parabolic subgroup P_V (Y^′) = P (Y^′) ∩ G(V );

(2) (n + 1)-dimensional isotropic subspaces of W^′ which are not contained in V ; a representative of this open orbit is the space Y and its stabilizer in G(V ) is the subgroup Q = P (Y ) ∩ G(V ).

By Mackey theory, this gives a filtration on the restriction of Π to G(V ) as follows:

0 −−−→ ind^{G(V )}_Q (τ ⊗ π_W )|_Q −−−→ Π|_{G(V )} −−−→ Ind^{G(V )}_{PV (Y ′)}τ ⊗ π_W |_{G(V} ′_) −−−→ 0,

where the induction functors here are unnormalized and where ind denotes the induction with compact support.

Denoting the above short exact sequence by 0 −−−→ A −−−→ B −−−→ C −−−→ 0, for simplicity, we have an exact sequence:

0 −−−→ Hom_{G(V )}(C, π^∨_V ) −−−→ Hom_{G(V )}(B, π^∨_V ) −−−→ Hom_{G(V )}(A, π^∨_V ) −−−→ Ext^1_{G(V )}(C, π^∨_V ).

By our assumption on π^∨_V , we have: Hom_{G(V )}(Ind^{G(V )}_{PV (Y ′)}(τ ⊗ μ), π^∨_V ) = 0 and Ext^1_{G(V )}(Ind^{G(V )}_{PV (Y ′)}(τ ⊗ μ), π^∨_V ) = 0 for any smooth (not necessarily of finite length) representation μ of G(V^′). Thus, Hom_{G(V )}(C, π^∨_V ) = 0 = Ext^1(C, π^∨_V ) and we have Hom_{G(V )}(ind^{G(V )}_Q (τ ⊗ π_W )|_Q, π^∨_V ) = Hom_{G(V )}(Π, π^∨_V ).

It thus suffices to analyze the representations of G(V ) which appear on the open orbit. For this, we need to determine the group Q = P (Y ) ∩ G(V ) as a subgroup of G(V ) and P (Y ).

66 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Recall that W^′ = Y ⊕W ⊕Y^∨, and V is the codimension 1 subspace X ⊕W ⊕X^∨ ⊕E which is the orthogonal complement of f. It is not difficult to see that as a subgroup of G(V ), Q = G(V ) ∩ P (Y ) ⊂ P_V (X).

Indeed, if g ∈ Q, then g fixes f and stabilizes Y , and we need to show that it stabilizes X. If x ∈ X, it suffices to show that ⟨g · x , e − f⟩ = 0. But

⟨g · x , e − f⟩ = ⟨x , g^{−1} · (e − f)⟩ = ⟨x , g^{−1} · v_{n+1} − 2f⟩ = 0,

as desired.

Now we claim that as a subgroup of P_V (X), Q = (GL(X) × G(W )) ⋉ N_V (X), where N_V (X) is the unipotent radical of P_V (X). To see this, given an element h ∈ P_V (X), note that h ∈ Q if and only if h · v_{n+1} ∈ Y, or equivalently h · e − e ∈ Y.

We may write h · e = λ · e + w + x, with w ∈ W and x ∈ X.

Then we see that h · e − e ∈ Y if and only if λ = 1 and w = 0, so that h fixes e modulo X and hence stabilizes W modulo X, in which case h ∈ (GL(X) × G(W )) ⋉ N_V (X), as desired.

Since we are restricting the representation τ ⊠ π_W of P (Y ) to the subgroup Q, we also need to know how Q sits in P (Y ). For this, note the following lemma.

Lemma 15.2. The natural projection pr : P (Y ) ↠ GL(Y ) × G(W ) induces the following commutative diagram with exact rows, where the vertical arrows are inclusions:

0 −−−→ N(Y ) −−−→ P (Y )^{pr}−−−→ GL(Y ) × G(W ) −−−→ 0 � � � � � � 0 −−−→ N(Y ) ∩ Q −−−→ Q −−−→ R × G(W ) −−−→ 0 � � � � � � 0 −−−→ N(Y ) ∩ Q −−−→ N_V (X) −−−→ Hom(k · v_{n+1}, X) −−−→ 0.

Here R ⊂ GL(Y ) is the mirabolic subgroup which stabilizes the codimension one subspace X ⊂ Y and fixes v_{n+1} modulo X and Hom(k · v_{n+1}, X) is the unipotent radical of R.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 67

Proof. The projection pr is given by the action of P (Y ) on Y × (Y + W )/Y . Consider the restriction of pr to the subgroup Q = G(V ) ∩ P (Y ) = (GL(X) × G(W )) ⋉ N_V (X) of P (Y ). We note:

(i) the subgroup GL(X) × G(W ) maps isomorphically to its image in GL(Y ) × G(W ), and its image is precisely the Levi subgroup GL(X) × G(W ) of R × G(W ). This is clear.

(ii) the kernel N(Y ) ∩ Q of pr|_Q is contained in N_V (X). To see this, suppose that n ∈ N(Y ) ∩ Q. Then n ∈ G(V ) (since Q ⊂ G(V )), so that n · f = f. To show that n ∈ N_V (X), we need to show that n acts trivially on X and acts trivially on W ⊕ E modulo X.

Now, as an element of N(Y ), n acts trivially on Y and acts trivially on W modulo Y . Thus, n certainly acts trivially on X ⊂ Y , and for w ∈ W , n · w − w ∈ Y ∩ V = X. It remains to show that n acts trivially on E modulo X, i.e. that n·e−e ∈ X = Y ∩V . Since n · e − e lies in V , it suffices to show that n · e − e lies in Y . But we have: n · e − e = n · (e + f) − (e_f ) = n · v_{n+1} − v_{n+1} ∈ Y.

This proves the N(Y ) ∩ Q ⊂ N_V (X). (iii) the projection pr induces an isomorphism: N_V (X)/(N(Y ) ∩ Q) ∼= Hom(k · v_{n+1}, X).

Indeed, if n ∈ N_V (X), then n fixes X and fixes W modulo X. Moreover, since n fixes f (as it is in G(V )) and fixes e modulo X, we have n · v_{n+1} − v_{n+1} = n · (e + f) − (e + f) ∈ X.

This shows that pr(n) lies in the unipotent radical Hom(k · v_{n+1}, X) of R. Indeed, pr(n)(v_{n+1}) = n · e − e.

It remains to show that pr|_{NV (X)} is surjective onto Hom(kv_{n+1}, X). For any x ∈ X, let n_x ∈ N_V (X) be the element which fixes X and W and such that n_x(e) = e + x. Then pr(n_x)(v_{n+1}) = x, as desired.

In view of the above, we see that the image of Q under pr is precisely R × G(W ) and the image of N_V (X) is the unipotent radical of R. The lemma is proved. □

By the lemma, one has: (τ ⊠ π_W )|_Q = τ|_R ⊠ π_W .

By a well-known result of Gelfand-Kazhdan, since τ is supercuspidal, one knows that τ|_R ∼= ind^R_U χ

68 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

where U is the unipotent radical of the Borel subgroup of GL(Y ) stabilizing the flag ⟨v_1⟩ ⊂ ⟨v_1, v_2⟩ ⊂ · · · ⊂ ⟨v_1, · · · , v_{n+1}⟩ = Y, and χ is any generic character of U.

Now it is clear from the lemma that the pre-image of U × G(W ) in Q is precisely the subgroup H = (U_X × G(W )) ⋉ N_V (X) ⊂ G(V ), where U_X is the unipotent subgroup of GL(X) stabilizing the flag ⟨v_1⟩ ⊂ ⟨v_1, v_2⟩ ⊂ · · · ⊂ ⟨v_1, · · · , v_n⟩ = X.

Further, the representation χ ⊠ π_W of U × G(W ) pulls back to the representation ν^∨ ⊗ π_W of H. Indeed, the pre-image of U in Q is the subgroup U_X ⋉ N_V (X), and the pullback of χ is in general position when restricted to U_X . Moreover, when restricted to N_V (X), the pullback of χ is nontrivial and fixed by U_X × G(W ).

Hence, by induction in stages, we conclude that ind^{G(V )}_Q (τ ⊗ π_W )|_Q ∼= ind^{G(V )}_H π_W ⊗ ν^∨.

Thus, by dualizing and Frobenius reciprocity, one has Hom_{G(V )}(I(τ, π_W ), π^∨_V ) ∼= Hom_H (π_V ⊗ π_W , ν).

This completes the proof of the theorem. □

Corollary 15.3. In the orthogonal or hermitian cases over a non-archimedean k, with W ⊂ V of odd codimension, we have dim_C Hom_H (π, ν) ≤ 1 for any irreducible representation π of G = G(V ) × G(W ).

Proof. To apply Theorem 15.1, choose a supercuspidal representation τ which does not belong to the Bernstein components in Theorem 15.1. Then, replacing τ by its twist by an unramified character, we may assume that the associated induced representation I(τ, π_W ) is irreducible; this is possible by a result of Waldspurger [Sa]. Then, by Theorem 15.1, the corollary is reduced to Theorem 14.1. □

Remarks: In the archimedean case, a recent paper of Jiang-Sun-Zhu [JSZ] adapted the proof of Theorem 15.1 to show the containment Hom_H (π_V ⊗ π_W , ν) ⊂ Hom_{G(V )}(I(τ, π_W ) ⊗ π_V , C).

Namely, to each element on the left hand side, [JSZ] constructs an associated element on the right hand side, using an explicit integral. This is enough to deduce the multiplicity one result of Corollary 15.3 from the results of [SZ], [SZ2] and [AG].

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 69

16. Uniqueness of Fourier-Jacobi Models In this section, we continue with the assumption that k is non-archimedean and our goal is to establish the analog of Theorem 15.1 in the symplectic and skew-hermitian cases, which will imply that d(π, ψ) ≤ 1.

Before coming to the analogous result, which is given in Theorem 16.1, we need to recall certain structural results about parabolic induction for the metaplectic groups.

Recall that if W is a symplectic space, then a parabolic subgroup ~P in ~Sp(W ) is nothing but the inverse image of a parabolic P in Sp(W ). It is known that the metaplectic covering splits (uniquely) over unipotent subgroups, so for a Levi decomposition P = M · N, it makes sense to speak of the corresponding Levi decomposition ~P = ~M · N in ~Sp(W ).

Furthermore, we note that for a maximal parabolic subgroup P (X) of Sp(W ) with Levi subgroup of the form M = GL(X) × Sp(W_0) in Sp(W ), ~M = � ~GL(X) × ~Sp(W_0) � /Δμ_2

where ~GL(X) is a certain two-fold cover of GL(X) defined as follows. As a set, we write ~GL(X) = GL(X) × {±1}, and the multiplication is given by (g_1, ϵ_1) · (g_2, ϵ_2) = (g_1g_2, ϵ_1ϵ_2 · (det g_1, det g_2)), where (−, −) denotes the Hilbert symbol on k^× with values in {±1}.

The two-fold cover ~GL(X) has a natural genuine 1-dimensional character χ_ψ : ~GL(X) −→ C^× defined as follows. The determinant map gives rise to a natural group homomorphism det : ~GL(X) −→ ~GL(∧^{top}X) = ~GL(1).

On the other hand, one has a genuine character on ~GL(1) defined by (a, ϵ) → ϵ · γ(a, ψ)^{−1}, where γ(a, ψ) = γ(ψ_a)/γ(ψ) and γ(ψ) is an 8-th root of unity associated to ψ by Weil. Composing this character with det gives the desired genuine character χ_ψ on ~GL(X), which satisfies: χ^2_ψ(g, ϵ) = (det(g), −1).

70 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Thus, there is a bijection between the set of irreducible representations of GL(X) and the set of genuine representations of ~GL(X), given simply by τ → τ̃_ψ = τ ⊗ χ_ψ.

Note that this bijection depends on the additive character ψ of k. Now associated to a representation τ of GL(X) and π_0 of ~Sp(W_0), one has the representation τ̃_ψ ⊠ π_0 of ~M.

Then one can consider the (unnormalized) induced representation

I_ψ(τ, π_0) = Ind^{fSp(W )}_{eP} (τ̃_ψ ⊠ π_0).

Here is the analog of Theorem 15.1 in the symplectic case.

Theorem 16.1. Consider W = X ⊕W_0 ⊕X^∨ with X ≠ 0 and fix the additive character ψ of the non-archimedean local field k. Let

• τ be a supercuspidal representation of GL(X); • π_0 be a genuine representation of ~Sp(W_0); • π be an irreducible representation of Sp(W ),

and consider the (unnormalized) induced representation I_ψ(τ, π_0) of ~Sp(W ). Assume that π^∨ does not belong to the Bernstein component associated to (GL(X) × M, τ ⊠ μ), where M is any Levi subgroup of Sp(W_0) and μ is any supercuspidal representation of M. Then Hom_{fSp(W )}(I_ψ(τ, π_0) ⊗ π, ω_{W,ψ}) ∼= Hom_H (π ⊗ π_0, ν_{W,W0,ψ}).

Proof. We shall compute Hom_{fSp(W )}(I_ψ(τ, π_0) ⊗ ω^∨_{W,ψ}, π^∨).

Let P (X) = M(X)·N(X) be the parabolic subgroup in Sp(W ) stabilizing the subspace X, so that ~M(X) ∼= � ~GL(X) × ~Sp(W_0) � /Δμ_2.

The Weil representation ω_{W,ψ} = ω^∨_{W,ψ} has a convenient description as a ~P (X)-module; this is the so-called mixed model of the Weil representation. This model of ω^∨_{W,ψ} is realized on the space S(X^∨) ⊗ ω^∨_{W0,ψ} of Schwartz-Bruhat functions on X^∨ valued in ω^∨_{W0,ψ}. In particular, evaluation at 0 gives a ~P (X)-equivariant map ev : ω^∨_{W,ψ} −→ χ_ψ|det_X |^{1/2} ⊠ ω^∨_{W0,ψ},

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 71

where N(X) acts trivially on the target space. In fact, this map is the projection of ω^∨_{W,ψ} onto its space of N(X)-coinvariants.

On the other hand, to determine the kernel of the map ev, note that GL(X) acts transitively on the nonzero elements of X^∨. Recall that we have fixed a basis {v_1, · · · , v_n} of X in the definition of the data (H, ν_ψ), with dual basis {v^∨_1 , · · · , v^∨_n } of X^∨. Let R be the stabilizer of v^∨_n in GL(X), so that R is a mirabolic subgroup of GL(X). Let

Q = (R × Sp(W_0)) · N(X) ⊂ P (X)

so that its inverse image in ~P (X) is

~Q = � ( ~R × ~Sp(W_0))/Δμ_2 � · N(X) ⊂ ~P (X).

Then one deduces the following short exact sequence of ~P (X)-modules:

0 −−−→ ind^{eP (X)}_{eQ} χ_ψ|det_X |^{1/2} ⊠ ω^∨_{W0,ψ} −−−→ ω^∨_{W,ψ}^{ev}−−−→ χ_ψ|det_X |^{1/2} ⊠ ω^∨_{W0,ψ} −−−→ 0,

where the compact induction functor ind is unnormalized and the action of ~Q on ω^∨_{W0,ψ} is via the Weil representation of ~Sp(W_0) · N(X) with respect to the character ψ.

Tensoring the above short exact sequence by τ̃_ψ ⊠ π_0 and then inducing to ~Sp(W ), one gets a short exact sequence of Sp(W )-modules: 0 � � � ind^{Sp(W )}_Q (|det_X |^{1/2} · τ|_R ⊗ (π_0 ⊗ ω^∨_{W0,ψ})) = A � � I_ψ(τ, π_0) ⊗ ω^∨_{W,ψ} = B � � Ind^{Sp(W )}_{P (X)} (τ · |det_X |^{1/2} ⊗ (π_0 ⊗ ω^∨_{W0,ψ})) = C � � 0. By our assumption on π,

Hom_{Sp(W )}(C, π^∨) = 0 and Hom_{Sp(W )}(B, π^∨) = Hom_{Sp(W )}(A, π^∨).

72 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Moreover since τ is supercuspidal, by a well-known result of Gelfand-Kazhdan, one has τ|_R ∼= ind^R_U χ, where U is the unipotent radical of the Borel subgroup of GL(X) stabilizing the flag ⟨v_1⟩ ⊂ ⟨v_1, v_2⟩ ⊂ · · · ⊂ ⟨v_1, · · · , v_n⟩ = X and χ is any generic character of U. Observing that H = (U × Sp(W_0)) · N(X), we conclude that A = ind^{Sp(W )}_H (π_0 ⊗ ν^∨_ψ ).

Therefore, the desired result follows by Frobenius reciprocity. □

Corollary 16.2. In the symplectic case over a non-archimedean local field, we have dim_C Hom_H (π ⊗ ν_ψ, C) ≤ 1 for any irreducible representation π of G = G(V ) × G(W ).

One can prove an analog of Theorem 16.1 in the skew-hermitian case, including the case when k = k_0 × k_0, and deduce the following corollary; we omit the details. Corollary 16.3. In the skew-hermitian case over a non-archimedean k, with W ⊂ V of even codimension, we have dim_C Hom_H (π ⊗ ν_{ψ0,μ}, C) ≤ 1 for any irreducible representation π = π_V ⊠ π_W of G = G(V ) × G(W ) with π_V supercuspidal.

17. Local Conjectures In this section, we propose a conjecture for the restriction problem formulated in Section 14. Recall that we have a pair of spaces W ⊂ V and we are considering the restriction of irreducible representations π = π_V ⊠ π_W of G = G(V ) × G(W ) to the subgroup H = N · G(W ) ⊂ G. Recall also that, with auxiliary data if necessary, we have defined a unitary representation ν of H (or sometimes its double cover ~H), which has dimension 1 when W ⊂ V are orthogonal or hermitian, and has Gelfand-Kirillov dimensional 1/2 · dim(W/k_0) when W ⊂ V are symplectic or skew-hermitian. Then we are interested in d(π) = dim_C Hom_H (π ⊗ ν, C), which is known to be ≤ 1 in almost all cases. In this section, we shall give precise criterion for this Hom space to be nonzero, in terms of the Langlands-Vogan parametrization of irreducible representations of G. We first note the following conjecture, which has been called multiplicity one in L-packets.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 73

Recall that a pure inner form G^′ = G(V^′) × G(W^′) of the group G is relevant if the space W^′ embeds as a non-degenerate subspace of V^′, with orthogonal complement isomorphic to W^⊥. In this case, one can define a subgroup H^′ = G(W^′) ⋉ N^′ ⊂ G^′.

Conjecture 17.1. There is a unique representation π of a relevant pure inner form G^′ = G(V^′) × G(W^′) in each generic Vogan L-packet Π_φ of G which satisfies

Hom_H′ (π ⊗ ν, C) ≠ 0.

In the papers [Wa4-5] and [MW], Waldspurger and Moeglin-Waldspurger have made substantial progress towards this conjecture. Namely, assuming certain natural and expected properties of the characters of representations in a Vogan L-packet, they have shown that the above conjecture holds in the special orthogonal case. There is no doubt that these methods will give the same result in the hermitian case.

We also note that when k = k_0 × k_0, we have G ∼= GL(V_0) × GL(W_0) so that the Vogan packets are all singletons. In this case, the above conjecture simply asserts that Hom_H (π ⊗ ν, C) ≠ 0 for any irreducible generic representation π of G. In this case, we have:

Theorem 17.2. (i) If k = k_0 × k_0, then Conjecture 17.1 holds when dim W^⊥ = 0 or 1. (ii) If k = k_0 × k_0 is non-archimedean, then Conjecture 17.1 holds in general.

Proof. When dim W^⊥ = 0 or 1, Conjecture 17.1 is an immediate consequence of the local Rankin-Selberg theory of Jacquet, Piatetski-Shapiro and Shalika ([JPSS] and [JS]). Indeed, the local Rankin-Selberg integral gives a nonzero element of Hom_H (π, ν). When k is non-archimedean, the general case then follows from Theorems 15.1 and Theorem 16.1. □

In each of the remaining cases, we will make the above conjecture more precise by specifying a canonical character χ of the component group A_φ. The character χ depends on the choice of a generic character θ of G (used to normalize the Langlands- Vogan parametrization) and on the additional data needed to define the representation ν when ϵ = −1. We then conjecture that the representation π in Conjecture 17.1 has parameter π = π(φ, χ) in the Vogan correspondence J(θ).

We treat the various cases separately.

G = SO(V ) × SO(W ), dim W^⊥ odd

Here the character θ is determined by the pair of orthogonal spaces W ⊂ V . In view of Proposition 12.1, specifying θ amounts to giving a non-isotropic line L in the even

74 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

orthogonal space (with L^⊥ split), and we simply take the line L to have discriminant equal to the discriminant of the odd space. The representation ν is also canonical.

The L-packet Π_φ is determined by a parameter φ : W D(k) −→ Sp(M) × O(N) with dim N even. We define χ = χ_N × χ_M : A_M × A^+_N −→ ⟨±1⟩, where the characters χ_N and χ_M were defined in §6. G = U(V ) × U(W ), dim W^⊥ odd

Here, in view of Proposition 12.1, we need to choose a nontrivial character ψ : k/k_0 −→ S^1 up to the action of Nk^× in order to define a generic character θ_0 of the even unitary group. If δ is the discriminant of the odd hermitian space, then we define θ(x) = θ_0(−2 · δ · x) and use θ to fix the Vogan parametrization for the even unitary group. Note that θ is simply the generic character of the even unitary group determined by the additive character ψ_{−2·δ}(x) = ψ(−2 · δ · x).

The representation ν is canonical.

The L-packet is determined by a parameter φ : W D(k) −→ GL(M) × GL(N) with M conjugate-symplectic of even dimension and N conjugate-orthogonal of odd dimension. We define:

χ = χ_N × χ_M : A_M × A_N −→ ⟨±1⟩, using the character ψ to calculate the local epsilon factors which intervene in the definition of χ.

G = ~Sp(V ) × Sp(W ) or Sp(V ) × ~Sp(W ), dim W^⊥ even

Here we need to choose a nontrivial additive character ψ : k → S^1 to define a generic character θ of the symplectic group, the notion of Vogan parameters for the metaplectic group and the representation ν_ψ of H.

The L-packet is determined by a parameter φ : W D(k) −→ Sp(M) × SO(N)

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 75

with dim N odd. Let N_1 = N ⊕ C be the corresponding orthogonal representation of even dimension and define χ = χ_{N1} × χ_M : A_M × A^+_{N1} −→ ⟨±1⟩.

The group A_φ is a subgroup of index 1 or 2 in A_M × A^+_{N1} and we take the restriction of χ to this subgroup.

G = U(V ) × U(W ), W ⊂ V skew-hermitian and dim W ≡ dim V ≡ 1 mod 2 Here there is a unique orbit of generic character θ on the quasi-split group U(V ) × U(W ). On the other hand, we need to choose ψ_0 : k_0 → S^1 up to Nk^× and μ : k^×/Nk^× −→ C^×, nontrivial on k^×_0 , to define the representation ν_{ψ0,μ} of H.

Let e be the discriminant of V and W which is a nonzero element of trace 0 in k, well-defined up to Nk^×. Let ψ(x) = ψ_0(Tr(ex)) which is a nontrivial character of k/k_0, well-defined up to Nk^×.

The L-packet has parameter φ : W D(k) −→ GL(M) × GL(N) with M and N conjugate-orthogonal representations of odd dimension. We define: χ = χ_N × χ_{M(μ}−1_) = χ_{N(μ}−1_) × χ_M : A_M × A_N −→ ⟨±1⟩, using ψ to calculate the local epsilon actors which intervene in the definition of χ. Here, M(μ^{−1}) and N(μ^{−1}) are the twist of M and N by the character μ^{−1}. Note that the representations M(μ^{−1}) and N(μ^{−1}) are conjugate-symplectic.

G = U(V ) × U(W ), W ⊂ V skew-hermitian, dim W ≡ dim V ≡ 0 mod 2 In this case, we must choose ψ_0 : k_0 → S^1 to define θ for both groups, and μ :

k^×/Nk^× → C^×, nontrivial on k^×_0 , to define ν = ν_{ψ0,μ}.

The parameter of an L-packet is φ : W D(k) −→ GL(M) × GL(N) with M and N conjugate-symplectic representations of even dimension. We define χ = χ_N × χ_{M(μ}−1_) = χ_{N(μ}−1_) × χ_M : A_M × A_N −→ ⟨±1⟩.

76 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Here, the twisted representations M(μ^{−1}) and N(μ^{−1}) are conjugate-orthogonal. Since the representations both have even dimension, the values of χ are independent of the choice of ψ used to define the epsilon factors.

Now we have:

Conjecture 17.3. Having fixed the Langlands-Vogan parametrization for the group G and its pure inner forms in the various cases above, the unique representation π in a generic Vogan packet Π_φ which satisfies Hom_H (π ⊗ ν, C) ≠ 0 has parameters π = π(φ, χ) where χ is as defined above.

Note that the character χ defined above satisfies: χ(−1, −1) = 1, so that π(φ, χ) is a representation of a relevant pure inner form G^′ of G. In the non-archimedean case, the sign χ(−1, 1) = χ(1, −1) determines which relevant pure inner form acts on π(φ, χ).

18. Compatibilities of local conjectures In this section, we verify that the precise conjecture 17.3 is independent of: (1) the bijection J(θ) : Π_φ ↔ Hom(A_φ, ±1) given by the choice of a generic character θ of G;

(2) the scaling of the form ⟨−, −⟩ on V and hence W , which does not change the groups G and H;

(3) the data needed to define the representation ν of H.

This serves as a check on the internal consistency of the conjecture. Again, we consider the various cases separately.

In the orthogonal case, the generic character θ and the representation ν of H are determined by the pair of spaces W ⊂ V and are unchanged if the bilinear form on V is scaled by k^×. The character χ = χ_N ×χ_M depends only on the Langlands parameter φ : W D(k) −→ Sp(M) × O(N). So our conjecture is internally consistent in this case, as there is nothing to check.

In the hermitian case, both the generic character θ and the character χ = χ_N × χ_M depend on a choice of nontrivial ψ : k/k_0 → S^1, up to multiplication by Nk^×, while the

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 77

representation ν is determined by the spaces W ⊂ V . If we scale the hermitian form on W ⊂ V by an element of k^×_0 , the generic character θ, the representation ν of H and the character χ of the component group are unchanged.

To see the dependence of our conjecture on the choice of ψ, suppose that t represents the nontrivial coset of k_0/Nk^× and let θ^t be the generic character associated to ψ_t(x) = ψ(tx). For (a, b) ∈ A_M × A_N , we have χ^t(a, b) = ϵ(M^a ⊗ N, ψ^t_0) · ϵ(M ⊗ N^b, ψ_t)

= det M^a(t) · ϵ(M^a ⊗ N, ψ_0) · ϵ(M ⊗ N^b, ψ) = (−1)^{dim M a} · χ(a, b) = η(a) · χ(a, b) Here we have used the facts that M is conjugate-symplectic of even dimension and N is conjugate-orthogonal of odd dimension.

Now if the parameter of π under J(θ) is (φ, χ), then its parameter under J(θ^t) is (φ, χ · η) = (φ, χ^t), according to the desiderata in §10. Hence our conjecture is independent of the choice of ψ in the hermitian case.

In the symplectic case, we will discuss representations of G = ~Sp(W ) × Sp(V ); the case of representations of Sp(W ) × ~Sp(V ) is similar. In this case, we used the choice of an additive character ψ : k → S^1, up to multiplication by k^{×2}, to

(i) define the notion of L-parameters M for representations of ~Sp(W ); (ii) define a generic character θ for Sp(V ) and a generic character ~θ for ~Sp(W ); (iii) define the representation ν = ν_ψ for H.

Note, however, that the character χ of the component group A_M is independent of the choice of ψ.

Suppose that under the ψ-parametrization, the parameter (M, N, χ) corresponds to the representation ~π of G, so that our conjecture predicts that Hom_H (~π, ν_ψ) ≠ 0.

Now replace the character ψ by ψ_c for c ∈ k^×/k^{×2} and let ~π^′ be the representation of G corresponding to (M, N, χ) under the ψ_c-parametrization. By our construction of the Vogan parametrization for metaplectic groups, it is easy to see that ~π^′ is isomorphic to the conjugated representation ~π^c. Thus, our conjecture for the character ψ_c predicts that Hom_H (~π^c, ν_{ψc} ) ≠ 0 and hence Hom_H (~π, ν^c_{ψc} ) ≠ 0.

Since ν^c_ψ = ν_{ψc} , our conjecture is internally consistent with respect to changing ψ.

78 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Note that the use of ψ in (i) and (ii) above concerns the Vogan parametrization, whereas its use in (iii) concerns the restriction problem in representation theory. Hence there is no reason why one needs to use the same character ψ for these two different purposes.

Suppose that one continues to use ψ for the Vogan parametrization in (i) and (ii), but uses the character ψ_c(x) = ψ(cx) to define the representation ν_{ψc} of H. Then for a given Vogan packet of G with ψ-parameter φ, one can ask which representation π ∈ Π_φ satisfies Hom_H (π, ν_{ψc} ) ≠ 0. This can be answered using Conjecture 17.3, together with Conjecture 11.3 from §11. We have:

Proposition 18.1. Assume the conjectures 11.3 and 17.3. Let φ : W D(k) −→ Sp(M) × SO(N) be a generic Langlands parameter for ~Sp(W ) × Sp(V ) relative to the nontrivial additive character ψ of k. Let N_c = N(c) ⊕ C for c ∈ k^×/k^{×2} Then the unique representation π in Π_φ with Hom_H (π, ν_{ψc} ) ≠ 0 corresponds under the bijection J(~θ × θ) to the restriction of the character χ_{Nc} × χ_M : A_M × A^+_{Nc} −→ ⟨±1⟩ to the subgroup A_φ = A_M × A^+_N , multiplied by the character η_c(a) = det N^a(c) of A^+_N .

Proof. Let π be the representation whose ψ-parameter is (M, N, χ), where χ is as given in the proposition:

χ = χ_{Nc} × χ_M · η_c : A_M × A^+_N −→ ⟨±1⟩. We want to show that Hom_H (π, ν_{ψc} ) ≠ 0.

By Conjecture 11.3, the ψ_c-parameters of π are (M(c), N, χ^′) with χ^′ = χ_{Nc} · η[c] × χ_M · η^2_c .

Hence, it suffices to show that χ^′ is equal to the character predicted by Conjecture 17.3 relative to ψ_c. More precisely, we need to show that χ^′ = χ_{N1} × χ_{M(c)}.

We now calculate this character on an element (a^′, a) ∈ A_M × A^+_N = A_{M(c)} × A^+_N , using the fact that for a in C^+_N → C^+_{Nc} , N^a_c = N(c)^a.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 79

Since this space has even dimension,

det N^a_c = det N^a = det N^a_1 .

Hence we have

χ^′(a^′, a) = (χ_{Nc} · η[c])(a^′) · χ_M (a)

= ϵ(M^{a′} ⊗ N_c) · ϵ(M^{a′} ⊗ (C ⊕ C(c))) · ϵ(M ⊗ N^a_c ) · det(N^a_c )(−1)^{12 ·dim M} = ϵ(M^{a′} ⊗ (N(c) + C(c)) · ϵ(M ⊗ N^a(c)) · det(N^a(c))(−1)^{12 ·dim M} = ϵ(M(c)^{a′} ⊗ N_1) · ϵ(M(c) ⊗ N^a_1 ) · det(N^a_1 )(−1)^{12 ·dim M} = (χ_{N1} × χ_{M(c)})(a^′, a).

This proves the proposition. □

Finally, we consider the skew-hermitian case with W ⊂ V of even codimension. We consider the two cases:

(i) dim W ≡ dim V ≡ 1 mod 2; (ii) dim W ≡ dim V ≡ 0 mod 2 in turn.

Assume first that dim W ≡ dim V ≡ 1 mod 2 and the discriminant of W and V is a trace zero element e ∈ k. In this case, the Vogan parametrization is completely canonical, given the spaces W ⊂ V , with the trivial character of A_φ corresponding to a generic representation of G(V ) × G(W ). However, the representation ν of H depends not only on the spaces W ⊂ V but also on the choice of an additive character ψ_0 : k_0 → S^1 and on the choice of a multiplicative character μ : k^× → C^× which is trivial on N(k^×) but nontrivial on k^×_0 . Thus, to be completely precise, we denote the group H by H_{W,V} and the representation ν by ν_{W,V,ψ0,μ}. Finally, the character χ of the component group is defined using μ and the additive character

ψ(x) = ψ_0(Tr(ex))

of k and depends on ψ_0 up to multiplication by Nk^×.

Suppose without loss of generality that the representation π with parameter (φ, χ) is one for the group G(W ) × G(V ), so that our conjecture (for the character ψ_0) predicts that Hom_{HW,V} (π, ν_{W,V,ψ0,μ}) ≠ 0.

80 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

If t represents the nontrivial coset of k^×_0 /Nk^×, let χ_t be the character of A_φ defined using the character ψ^t_0(x) = ψ_0(tx). Then we have χ_t(a, b) = ϵ(M^a ⊗ N(μ^{−1}), ψ_t) · ϵ(M ⊗ N(μ^{−1})^b, ψ_t) = (−1)^{dim M a} · (−1)^{dim N b} · χ(a, b) = η(a, b) · χ(a, b).

Thus, the representation π_t indexed by the character χ_t is one for the pure inner form G(W^′)×G(V^′). Moreover, the spaces W^′ ⊂ V^′ are simply the spaces tW ⊂ tV obtained from W ⊂ V by scaling the skew-hermitian forms by t. Thus, our conjecture (for the character ψ^t_0) predicts that Hom_{HtW,tV} (π_t, ν_{tW,tV,ψ}t_{0,ν} ) ≠ 0.

To see that this is equivalent to the prediction of our conjecture for the character ψ_0, note that G(W^′) × G(V^′) is canonically identified with G(W ) × G(V ) as a subgroup of GL(W ) × GL(V ) and under this identification, one has π_t = π. Moreover, we also have H_W ′_{,V} ′ = H_{W,V} as subgroups of G(W ) × G(V ) and ν_{tW,tV,ψ}t_{0,μ} = ν_{W,V,ψ0,μ}.

This proves that our conjecture is internally consistent with changing ψ_0.

On the other hand, if we replace μ by μ^′, then μ^′ = μ · μ_0 for some character μ_0 : k^×/k^×_0 → C^×. Moreover, we have [HKS] ν_μ′_{,ψ0} ∼= μ_0 · ν_{μ,ψ0} .

Hence Hom_H (π ⊗ ν_μ′_{,ψ0} , C) ∼= Hom_H ((π · μ^{−1}_0 ) ⊗ ν_{μ,ψ0} , C).

Now our conjecture for μ^′ says that the left hand side of the above is nonzero if and only if π has Vogan parameter (M, N, χ_{M,N,μ}′ ) with

χ_{M,N,μ}′ (a, b) = ϵ(M^a ⊗ N(μ^{′−1}), ψ) · ϵ(M ⊗ N(μ^{′−1})^b, ψ) = ϵ(M^a ⊗ (N · μ^{−1}_0 )(μ^{−1}), ψ) · ϵ(M ⊗ (N · μ^{−1}_0 )(μ^{−1})^b, ψ) = χ_{M,N(μ}−1_{0 ),μ}(a, b).

On the other hand, our conjecture for μ says that the right hand side is nonzero if and only if π · μ^{−1}_0 has Vogan parameter (M, N(μ_0)^{−1}, χ_{M,N(μ}−1_{0 ),μ}). Thus, our conjecture for μ^′ is equivalent to that for μ.

Finally, consider the case when dim W ≡ dim V ≡ 0 mod 2. In this case, we need the additive character ψ_0 : k_0 → S^1 to specify the Vogan parametrization, and both ψ_0 and μ to define the representation ν_{W,V,ψ0,μ}. The character χ, on the other hand, is independent of ψ_0 but depends on μ.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 81

Suppose that under the ψ_0-Vogan parametrization, the representation π corresponding to the character χ is one for the group G(V ) × G(W ), so that our conjecture for ψ_0 predicts that Hom_{HW,V} (π ⊗ ν_{W,V,ψ0,μ}, C) ≠ 0.

If we replace the additive character ψ_0 by ψ^t_0 with t ∈ k^×_0 but t /∈ Nk^×, then under the ψ^t_0-Vogan parametrization, the character χ corresponds to the conjugated representation π^t (using an element in the similitude group with similitude t). So our conjecture for ψ^t_0 predicts that Hom_{HW,V} (π^t ⊗ ν_{W,V,ψ}t_{0,μ}, C) ≠ 0.

But one may check that ν_{W,V,ψ}t_{0,μ} ∼= ν^t_{W,V,ψ0,μ}, so that the two predictions (for ψ_0 and ψ^t_0) are consistent with each other. The consistency check when changing μ is similar to the analogous situation treated above; so we omit the details.

19. Reduction to basic cases In this section, we shall show:

Theorem 19.1. Assume that k is a non-archimedean local field. Then Conjectures 17.1 and 17.3 follow from the basic cases where dim W^⊥ = 0 or 1.

Proof. As we shall explain, this is a simple consequence of Theorems 15.1 and 16.1. We treat the two cases separately.

We first consider the orthogonal and hermitian cases. Suppose that W ⊂ V with W^⊥ = X + X^∨ + E where X = ⟨v_1, · · · , v_n⟩ is nonzero isotropic and E is a non-isotropic line. Let M and N be L-parameters for G(V ) and G(W ) respectively. We would like to verify Conjectures 17.1 and 17.3 for the associated Vogan packet Π_M × Π_N of G = G(V ) × G(W ). We shall exploit Theorem 15.1 for this purpose.

Recall the setting of Theorem 15.1, where we have set W^′ = V ⊕ (−E) = V ⊕ k · f and Y = ⟨v_1, · · · , v_n, v_{n+1}⟩ with v_{n+1} = e + f. Then we have W^′ = Y + Y^∨ + W.

82 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Let τ be an irreducible supercuspidal representation of GL(Y ) with L-parameter N_τ . We may assume that for any π_W ∈ Π_N , the induced representation I(τ, π_W ) = Ind^{G(W ′)}_{P (Y )} (τ ⊠ π_W ) is irreducible. Then the set {I(τ, π_W ) : π_W ∈ Π_N } is simply the Vogan packet associated to the parameter N^′ = N_τ + N + (N^σ_τ )^∨.

Moreover, there is a canonical isomorphism A_N ∼= A_N ′ and the representations π_W and I(τ, π_W ) are indexed by the same character of A^+_N ∼= A^+_N ′ .

We may further assume that τ is chosen so that the conditions of Theorem 15.1 are met. Then by Theorem 15.1, we see that for any π_V ∈ Π_M , Hom_{G(V )}(I(τ, π_W ) ⊗ π_V , C) = Hom_H (π_V ⊗ π_W , ν).

Thus, Conjecture 17.1 holds for Π_M × Π_N if it holds for Π_N ′ × Π_M . To see that the same implication holds for Conjecture 17.3, it suffices to check that the character χ_N × χ_M of A^+_M × A^+_N agrees with the character χ_N ′ × χ_M of A^+_M × A^+_N ′ .

For a ∈ A^+_M , we see from definition that χ_N ′ (a) = χ_N (a) · χ_{Nτ +(N} σ_{τ )}∨ (a), and it follows by Proposition 5.1 χ_{Nτ +(N} σ_{τ )}∨ (a) = 1 for any a ∈ A^+_M .

This establishes Theorem 19.1 in the orthogonal and hermitian cases.

The symplectic and skew-hermitian cases are handled in a similar way, using Theorem 16.1; we omit the details. □

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 83

20. Variant of the local conjecture In this section, we give a variant of the local conjecture 17.3. This variant does not require the precise parametrization of the members of a Vogan L-packet by the characters of the component group, which can be a very delicate issue. This conjecture is typically what is checked in practice.

Suppose that W ⊂ V and we are given an L-parameter M of G(V ), so that M is a selfdual or conjugate-dual representation of the Weil-Deligne group W D(k) of k with a given sign. As described in §4, the component group A_M is an elementary abelian 2-group with a canonical basis {a_i}, indexed by the distinct isomorphism classes of irreducible summands M_i of M which are of the same type as M. Hence, we have a canonical isomorphism A_M ∼= Z/2Z · a_1 × · · · × Z/2Z · a_k.

Here, the elements a_i are such that M^{ai} ∼= M_i.

Now consider a representation π of G(V ) in the Vogan packet Π_M . Let L_W (π) denote the set of generic L-parameters N for G(W ) such that d(π, N) := � π^′∈Π_N

dim Hom_H (π ⊠ π^′, ν) ≠ 0.

According to our Conjecture 17.1, one has a partition {generic L-parameters of G(W )} = � π∈Π_M

L_W (π).

In this context, we have the following variant of Conjecture 17.3. Conjecture 20.1. (1) Fix π ∈ Π_M . For any two L-parameters N and N^′ in L_W (π), we have:

(i) in the orthogonal case, ϵ(M_i ⊗ N, ψ) = ϵ(M_i ⊗ N^′, ψ) ∈ {±1} for any i, where ψ is any nontrivial additive character of k;

(ii) in the hermitian case, ϵ(M_i ⊗ N, ψ) = ϵ(M_i ⊗ N^′, ψ) ∈ {±1} for any i, for any nontrivial additive character ψ of k/k_0.

(iii) in the symplectic case, with ν = ν_ψ, ϵ(M_i ⊗ N, ψ) = ϵ(M_i ⊗ N^′, ψ) ∈ {±1} for any i.

84 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

(iv) in the skew-hermitian case, with ν = ν_{ψ0,μ} (for an additive character ψ_0 of k_0), ϵ(M_i ⊗ N(μ^{−1}), ψ) = ϵ(M_i ⊗ N^′(μ^{−1}), ψ) ∈ {±1} for any i, where ψ is any nontrivial additive character of k/k_0.

In particular, π determines a character χ_π on A_M , defined by χ_π(a_i) = ϵ(M_i ⊗ N, ψ) for any N ∈ L_W (π) and a fixed ψ appropriate for each of the cases above. (2) The map π → χ_π gives a bijection (depending on the choice of a character ψ) Π_M ←→ Irr(A_M ).

(3) One has the analogs of (1) and (2) above with the roles of V and W exchanged.

In effect, the above conjecture says that one can exploit the restriction problem for W ⊂ V and use the collection of epsilon factors described above to serve as parameters for elements of Π_M . In the hermitian and skew-hermitian cases, the character χ_π associated to a given π ∈ Π_M is equal to the character χ_N of A_M defined in §6, for any N ∈ L_W (π), provided the additive character ψ is appropriately chosen. In the orthogonal and symplectic cases, these two characters may differ.

21. Unramified parameters In this section, we assume that k is a non-archimedean local field with ring of integers A, uniformizing element ϖ and finite residue field A/ϖA. We will also assume that A/ϖA has characteristic p > 2, so that the group A^×/A^{×2} has order 2.

In the case when k has a nontrivial involution σ, we will assume that the action of σ on A/ϖA is also nontrivial. Then k is unramified over k_0 and every unit in the subring A_0 of A fixed by σ is the norm of a unit of A.

In addition, we will only consider additive characters ψ of k which are trivial on A but not on ϖ^{−1}A. Then ψ is determined up to translation by a unit in A. If we insist that ψ^σ = ψ^{±1}, then ψ is determined up to translation by a unit in A_0. We call such additive characters of k unramified.

Let W D(k) = W (k) × SL_2(C) be the Weil-Deligne group of k. A representation φ : W D(k) −→ GL(M) is unramified if φ is trivial on SL_2 and on the inertia subgroup I of W (k). An unramified representation is determined by the semisimple conjugacy class φ(F ) in GL(M). Let C(s) denote the one dimensional unramified representation of W D(k) with φ(F ) =

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 85

s ∈ C^×. Then any unramified representation M of W D(k) is isomorphic to a direct sum of the form M = n� i=1 C(s_i), with n = dim M.

We now determine which unramified representations of W D(k) are selfdual or conjugatedual (with respect to the unramified involution σ of k).

Proposition 21.1. Assume that M is an unramified representation of W D(k) and is either selfdual or conjugate-dual. Then M is isomorphic to a direct sum of the form: M ∼= ⊕_i(C(s_i) + C(s^{−1}_i )) ⊕ m · C(−1) ⊕ n · C(1), with s_i ≠ s^{−1}_i in C^× and m, n ≥ 0 in Z.

If M has this form, then we have the following cases: (i) M is orthogonal and its centralizer in SO(M) has component group

A^+_M = � Z/2Z, if both m, n > 0, 1, otherwise.

(ii) M is symplectic if and only if m ≡ n ≡ 0 mod 2, in which case its centralizer in Sp(M) has component group A_M = 1.

(iii) M is conjugate-orthogonal if and only if m ≡ 0 mod 2, in which case its centralizer in Aut(M, B) has component group

A_M = � Z/2Z, if n > 0, 1, otherwise.

(iv) M is conjugate-symplectic if and only if n ≡ 0 mod 2, in which case its centralizer in Aut(M, B) has component group

A_M = � Z/2Z, if m > 0, 1, otherwise.

Proof. Since C(s)^∨ ∼= C(s^{−1}) and C(s)^σ ∼= C(s), the one dimensional representation C(s) is selfdual or conjugate-dual if and only if s^2 = 1. In the selfdual case, both C(−1) and C(1) are orthogonal. In the conjugate-dual case, C(1) is conjugate-orthogonal and C(−1) is conjugate-symplectic. Indeed, the unramified character μ : k^×/Nk^× −→ ⟨±1⟩ defined by μ(α) = (−1)^{ordϖ(α)} is nontrivial on k^×_0 . The proposition follows easily. □

86 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Proposition 21.2. (i) If M and N are two selfdual unramified representations of W D(k) of even dimension, with signs c_M and c_N respectively, then the character χ_N : A^+_M −→ ⟨±1⟩ defined by χ_N (a) = ϵ(M^a ⊗ N, ψ) · det M^a(−1)^{12 dim N} · det N(−1)^{12 dim M a} is trivial.

(ii) If M and N are two conjugate-dual unramified representations with signs c_M and c_N respectively and ψ^σ = ψ^{−1}, then the character χ_N : A^+_M −→ ⟨±1⟩ defined by χ_N (a) = ϵ(M^a ⊗ N, ψ) is trivial.

Proof. If M is any unramified representation of W D(k) and ψ is an unramified additive character, then we have the formulae: ϵ(M, ψ) = 1 and det M(−1) = 1.

The proposition follows easily from these facts. □

We now turn to the restriction conjectures for unramified generic parameters φ. Since χ_N ×χ_M is the trivial character of A_φ, the unique representation in the associated Vogan packet which supports a nonzero Hom space should be the one indexed by the trivial character. In that case, for the purpose of global applications, we can make our conjectures more refined.

Recall that W ⊂ V is a pair of nondegenerate spaces for the sesquilinear form ⟨−, −⟩. and that W^⊥ is split. We say that an A-lattice L ⊂ V is nondegenerate if (1) ⟨−, −⟩ : L × L → A;

(2) the map L → Hom(L, A) defined by mapping w to f_w(v) = ⟨v, w⟩ is an isomorphism of A_0-modules.

We assume henceforth that there is a nondegenerate A-lattice L ⊂ V with the additional property that L_W = L ∩ W is a nondegenerate A-lattice in W . Then the orthogonal complement L^⊥_W of L_W in L is a nondegenerate lattice in W^⊥, so that L^⊥_W has the form Y + Y^∨ or Y + Y^∨ + Ae with Y isotropic and Y^∨ ∼= Hom(Y, A). Moreover, L = L_W + L^⊥_W .

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 87

Under this assumption, the group G = G(V ) × G(W ) is quasi-split and split by an unramified extension of k_0. Indeed, the subgroup J = Aut(L) × Aut(L_W ) is a hyperspecial maximal compact subgroup of G. We now construct the subgroup H of G and the unitary representation ν of H using this unramified data.

Write L = L_W +L^⊥_W , and define the parabolic subgroup P_A and its unipotent radical N_A using a complete A-flag in the isotropic subspace Y ⊂ L^⊥_W . Then

H_A = N_A · Aut(L_W )

gives a model of H over A_0 and

H_A = J ∩ H_A(k_0) = J ∩ H.

In the orthogonal and hermitian cases, the one dimensional representation ν of H associated to the decomposition

L^⊥_W = Y + Y^⊥ + Ae

and a suitable unramified additive character ψ has trivial restriction to the subgroup J ∩ H. In the metaplectic case, we can define ν = ν_ψ using an unramified additive character ψ (there are two choices, up to translation by A^{×2}). In the skew-hermitian case, we define ν = ν_{ψ,μ} using an unramified character ψ with ψ^σ = ψ (which is unique up to translation by NA^×) and the unramified symplectic character μ associated to the representation C(−1). Then in all cases, the representation ν of H is J ∩ H-spherical; it has a unique line fixed by the compact open subgroup J ∩ H.

Since the group G is quasi-split over k_0, we can also define unramified generic characters θ of the unipotent radical U of a Borel subgroup, using the pair L_W ⊂ L of nondegenerate lattices and a suitable unramified additive character ψ. Again, the T - orbit of θ is unique except in the metaplectic case when there are two unramified orbits. In all cases, the restriction of θ to the compact open subgroup J ∩ U is trivial.

To summarize, if we use unramified data to define the representations θ of U and ν of H, then the complex vector spaces

Hom_{J∩U} (C, θ) and Hom_{J∩H} (C, ν)

both have dimension equal to 1.

Now let φ be an unramified generic parameter and let π be the unique θ-generic element in the Vogan packet π_φ. Then the formula of Casselman and Shalika [CS] shows that

(i) Hom_J (C, π) has dimension 1;

(ii) the pairing of one-dimensional complex vector spaces

Hom_J (C, π) ⊗ Hom_U (π, θ) −→ Hom_{J∩U} (C, θ) = C

88 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

is nondegenerate.

We conjecture that the same is true for the representation ν of H. Conjecture 21.3. Let π be the unique J-spherical representation in the Vogan packet Π_φ. Then

(i) Hom_H (π, ν) has dimension 1;

(ii) the pairing of one-dimensional complex vector spaces Hom_J (C, π) ⊗ Hom_H (π, ν) −→ Hom_{J∩H} (C, ν) is nondegenerate.

Besides the cases treated by Casselman-Shalika [CS], this conjecture has been verified in a large number of cases, which we summarize below.

Theorem 21.4. Conjecture 21.3 is known in the following cases:

(i) the special orthogonal and hermitian cases; (ii) the general linear case, with dim W^⊥ = 1; (iii) the symplectic case, with dim W^⊥ = 2;

Proof. The orthogonal case is due to Kato-Murase-Sugano [KMS]. Their proof is extended to the unitary case by Khouri in his Ohio-State PhD thesis [Kh]. Parts (ii) and (iii) are both due to Murase-Sugano [MS1, MS2]. □

22. Automorphic forms and L-functions The remainder of this paper is devoted to formulating global analogs of our local conjectures.

Let F be a global field with ring of adèles A and let G be a reductive algebraic group over F . Then G(F ) is a discrete subgroup of the locally compact group G(A). For simplicity, we shall further assume that the identity component of the center of G is anisotropic, so that the quotient space G(F )\G(A) has finite measure.

We shall consider the space A(G) of automorphic forms on G, which consists of smooth functions f : G(F )\G(A) −→ C satisfying the usual finiteness conditions [MW2, I.2.17, Pg. 37], except that we do not impose the condition of K_∞-finiteness at the archimedean places. For each open

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 89

compact K_f ⊂ G(A_f ), the space A(G)^{Kf} has a natural topology, giving it the structure of an LF-space (see [W2]) with respect to which the action of G(F ⊗ R) is smooth.

Let A_0(G) ⊂ A(G) denote the subspace of cusp forms. An irreducible admissible representation π = π_∞ ⊗ π_f of G(A) is cuspidal if it admits a continuous embedding

π → A_0(G).

The multiplicity of π in A_0(G) is the dimension of the space Hom_{G(A)}(π, A_0(G)), which is necessarily finite.

Suppose now that G is quasi-split, with a Borel subgroup B = T · U defined over F . A homomorphism λ : U −→ G_a is generic if its centralizer in T is equal to the center of G. Composing λ_A with a nontrivial additive character ψ of A/F gives an automorphic generic character θ = ψ ∘ λ_A. Now one may consider the map

F (θ) : A(G) −→ C(θ)

defined by f → � U(F )\U(A)

f(u) · θ(u) du.

The map F (θ) is a nonzero continuous homomorphism of U(A)-modules, which is known as the θ-Fourier coefficient. If F (θ) is nonzero when restricted to the π-isotypic component in A(G), we say that π is globally generic with respect to θ.

The notion of automorphic forms can also be defined for nonlinear finite covers ~G(A) of G(A), which are split over the discrete subgroup G(F ); see [MW]. For the purpose of this paper, we only need to consider this in the context of the metaplectic double cover of Sp(W )(A) and so we give a brief description in this case.

Assume that the characteristic of F is not two. For each place v of F , we have a unique nonlinear double cover ~Sp(W )(F_v) of Sp(W )(F_v). If the residual characteristic of F_v is odd, then this cover splits uniquely over a hyperspecial maximal compact subgroup F_v of Sp(W )(F_v). Hence, one may form the restricted direct product � K_v

~Sp(W )(F_v),

which contains a central subgroup Z = ⊕_vμ_{2,v}. If Z^+ denotes the index two subgroup of Z consisting of elements with an even number of components equal to −1, then the group

~Sp(W )(A) := � � K_v

~Sp(W )(F_v) � /Z^+

is a nonlinear double cover of Sp(W )(A). It is a result of Weil that this double cover splits uniquely over the subgroup Sp(W )(F ), so that we may speak of automorphic

90 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

forms on ~Sp(W )(A). An automorphic form f on ~Sp(W )(A) is said to be genuine if it satisfies f(ϵ · g) = ϵ · f(g) for ϵ ∈ μ_2.

We denote the space of genuine automorphic forms on ~Sp(W )(A) by A(~Sp(W )).

If B = T · U is a Borel subgroup of Sp(W ), then the double covering splits uniquely over U(F_v) for each v. Hence, in the adelic setting, there is a unique splitting of the double cover over U(A), and more generally over the adelic group of the unipotent radical of any parabolic subgroup of Sp(W ). As a result, one can define the notion of cusp forms as in the linear case, and we denote the space of such cusp forms by A_0(~Sp(W )). Moreover, if θ is a generic automorphic character of U, then one can define the θ-Fourier coefficient of f in the same way as before.

For the global analog of our restriction problems, we also need to discuss the notion of automorphic forms on the non-reductive group J_W = Sp(W ) ⋉ H(W ) where H(W ) = W ⊕ F is the Heisenberg group associated to W . The group J_W is called the Jacobi group associated to W and we shall consider its double cover ~J_W (A) = ~Sp(W )(A) · H(W )(A). For a given additive character ψ of F \A, one has the the space of automorphic forms A_ψ( ~J_W ) on ~J_W (A), which consists of certain smooth functions on J_W (F )\ ~J_W (A) with central character ψ and is usually called the space of Jacobi forms.

For our applications, we are interested in a particular automorphic representation of ~J_W (A), namely the automorphic realization of the global Weil representation associated to ψ = � v ψ_v. Recall that for each place v, the group ~J_W (F_v) = ~Sp(W )(F_v) · H(W )(F_v)

has a local Weil representation ω_{ψv} whose restriction to H(W )(F_v) is the unique irreducible representation with central character ψ_v. The restricted tensor product ω_ψ = ^⊗_vω_{ψv} is the global Weil representation associated to ψ. One of the main results of Weil [We] is that there is a unique (up to scaling) continuous embedding

θ_ψ : ω_ψ → A_ψ( ~J_W ).

Composing θ_ψ with the restriction of functions from ~J_W (A) to ~Sp(W )(A) gives a ~Sp(W )(A)-equivariant (but not injective) map

ω_ψ −→ A(~Sp(W )).

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 91

We now come to the global L-functions and epsilon factors associated to an irreducible cuspidal representation π, following Langlands. To define an L-function or epsilon factor, one needs the extra data of a finite dimensional representation R of the L-group^LG. If π = ⊗_vπ_v is an irreducible automorphic representation and we assume the local Langlands-Vogan correspondence for G(F_v), then each π_v determines a local L-parameter

ϕ_v : W D(F_v) −→^LG.

Hence, one has the local L-factors L(R ∘ ϕ_v, s) and one defines the global L-function

L(π, R, s) = � v L(R ∘ ϕ_v, s),

which converges when Re(s) is sufficiently large. Similarly, one has the local epsilon factors

ϵ_v(π, R, ψ, s) = ϵ(R ∘ ϕ_v, ψ_v, s),

and one defines the global epsilon factor by

ϵ(π, R, s) = � v ϵ_v(π, R, ψ, s).

It is a finite product independent of the additive character ψ of A/F . One expects that the L-function above has meromorphic continuation to the whole complex plane and satisfies a functional equation of a standard type, taking s to 1 − s, so that the center of the critical strip is s = 1/2.

The following table gives some examples of R and their associated L-functions which appear in this paper. When the cuspidal representation π is globally generic, the meromorphic continuation of these L-functions are known.

92 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

G^LG R

GL(V ) GL(M) Sym^2M

GL(V ) GL(M) ∧^2M

GL(V/E), E/F quadratic (GL(M) × GL(M)) · Gal(E/F ) As^±(M)

GL(V ) × GL(W ) GL(M) × GL(N) M ⊗ N

SO(W ) × SO(V ), dim W^⊥ odd O(M) × Sp(N), dim M even M ⊗ N

Sp(W ) × ~Sp(V ) SO(M) × Sp(N), dim M odd M ⊗ N

U(W ) × U(V ) (GL(M) × GL(N)) · Gal(E/F ) Ind^{LG}_{bG} (M ⊗ N)

23. Global Restriction Problems We are now ready to formulate the global restriction problems. We shall change notations slightly from the earlier part of the paper, by replacing the pair of fields k_0 ⊂ k in the local setting by F ⊂ E in the global setting, with the characteristic of F different from 2. Hence σ is an involution (possibly trivial) on E with E^σ = F , and V is a vector space over E equipped with a sesquilinear form ⟨−, −⟩ of the relevant type. The group G = G(V ) is then an algebraic group over F . Also, we shall include the case E = F × F in our discussion.

Suppose that we have a pair of vector spaces W ⊂ V over E equipped with a sesquilinear form of sign ϵ, such that W^⊥ is split and ϵ · (−1)^{dim W ⊥} = −1. Then we have the groups � G = G(V ) × G(W ); H = N · G(W ) over F , as defined in §2.

The groups of F -points G(F ) and H(F ) are discrete subgroups of the locally compact adelic groups G(A) and H(A) respectively, where A is the ring of adèles of F . In the orthogonal case, we assume that if V or W has dimension 2, then it is not split. Then the quotient spaces G(F )\G(A) and H(F )\H(A) both have finite measure. We may then consider the space of automorphic forms and cusp forms for the group G, as in §22.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 93

In this section, we will consider irreducible tempered representations π of G(A) which occur in the space of cusp forms A_0(G) on G(F )\G(A) and study their restriction to H(A). As in the local setting, when G is quasi-split, we need to introduce an automorphic generic character θ : U(F )\U(A) −→ S^1 for the group G; this serves to fix the local Langlands-Vogan parametrization at all places v of F . In addition, we need to construct an automorphic representation ν on H(F )\H(A) for the restriction problem.

Assume in this paragraph that G = G(V ) × G(W ) is quasi-split. In the orthogonal or symplectic case, we use the spaces W ⊂ V to naturally define a generic F - homomorphism λ : U −→ G_a as in §12. This defines λ_A : U(A) −→ A; now composing λ_A with a nontrivial additive character ψ : A/F −→ S^1 gives an automorphic generic character of U(A): θ = ψ ∘ λ_A.

In the hermitian or skew-hermitian case, we use the spaces W ⊂ V to construct a generic homomorphism λ : U −→ Res_{E/F} (G_a).

Then, in the hermitian case, we compose λ_A with a fixed nontrivial additive character ψ : A_E /(E + A) −→ S^1 to obtain an automorphic generic character θ_0 = ψ ∘ λ_A. We then set θ(x) = θ_0(−2 · δ · λ_A(x)) where δ is the discriminant of the odd hermitian space. In the skew-hermitian case, we take a nontrivial additive character ψ : A/F −→ S^1 and set θ(x) = ψ(2 · T r_{E/F} (λ_A(x)).

We stress that these definitions are global analogs of our definitions in the local setting.

Next, we need to define an automorphic version of the representation ν of H(A) = N(A)·G(W )(A). (The group G(W ) is not assumed to be quasi-split.) In the orthogonal and hermitian cases, we define ν by composing the generic G(W )-invariant map l : N −→ Res_{E/F} (G_a),

94 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

constructed in §12 using the spaces W ⊂ V , with a nontrivial additive character ψ : A_E /E → S^1 and then extending this trivially on G(W )(A): ν = ψ ∘ l_A.

As in the local case, the choice of ψ is unimportant. Then we define: F (ν) : A_0(G) −→ C(ν) by f → � H(F )\H(A)

f(h) · ν(h) · dh.

The map F (ν) is called a Bessel coefficient.

In the symplectic and skew-hermitian cases, the representation ν is infinite-dimensional; so the situation is slightly more involved. Recall from §12 that, using the spaces W ⊂ V , we have defined a G(W )-invariant generic linear form l : N −→ G_a, which gives rise to a continuous linear map l_A : N(A) −→ A. Composing this with a nontrivial additive character ψ : A/F → S^1, and extending trivially to G(W )(A), we obtain an automorphic character Λ = ψ ∘ l_A of H(A). On the other hand, we have also defined a homomorphism N −→ H(W ) where H(W ) = F ⊕ Res_{E/F} W is the Heisenberg group associated to Res_{E/F} (W ). Thus, we have a homomorphism H = G(W ) · N −→ J_W := Sp(Res_{E/F} (W )) · H(W ).

As discussed in §22, the group ~J_W (A) has a global Weil representation ω_ψ with central character ψ, and one has a canonical automorphic realization θ_ψ : ω_ψ → A( ~J_W ).

It will now be convenient to consider the symplectic and skew-hermitian cases separately.

In the symplectic case, the map H −→ J_W defined above gives rise to a map ~H(A) −→ ~J_W (A).

By pulling back, one can thus regard ω_ψ as a representation of ~H(A). Moreover, the above map gives rise to a natural inclusion A( ~J_W ) → A( ~H).

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 95

Composing the automorphic realization θ_ψ with this inclusion realizes ω_ψ as a submodule in A( ~H). Multiplying by the automorphic character Λ of H, one obtains an automorphic realization θ_ψ : ν_ψ = ω_ψ ⊗ Λ → A( ~H).

Now we can define the map F (ν_ψ) : A_0(G) ⊗ ν_ψ −→ C by f ⊗ ϕ → � H(F )\H(A)

f(h) · θ_ψ(ϕ)(h) dh.

The map F (ν_ψ) is called a Fourier-Jacobi coefficient.

In the skew-hermitian case, we choose an automorphic character μ : A^×_E /E^× −→ C^× satisfying μ|_A× = ω_{E/F} .

Then one obtains a splitting homomorphism (see [K2] and [HKS]) s_{ψ,μ} : H(A) −→ ~J_W (A).

Using s_{ψ,μ}, one may pull back the global Weil representation ω_ψ to obtain a representation ω_{ψ,μ} of H(A). As above, one also obtains an automorphic realization θ_{ψ,μ} : ν_{ψ,μ} = ω_{ψ,μ} ⊗ Λ −→ A(H).

Thus, we can define the map F (ν_{ψ,μ}) : A_0(G) ⊗ ν_{ψ,μ} −→ C by f ⊗ ϕ → � H(F )\H(A)

f(h) · θ_{ψ,μ}(ϕ)(h) dh.

The map F (ν_{ψ,μ}) is called a Fourier-Jacobi coefficient in the context of unitary groups.

Now the global restriction problem is:

Determine whether the map F (ν) defined in the various cases above is nonzero when restricted to a tempered cuspidal representation π of G(A).

96 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

24. Global conjectures: central values of L-functions

To formulate our global conjectures to the restriction problem of the previous section, we need to introduce a distinguished symplectic representation R of the L-group^LG over F . Recall from §7 that either the L-group of a classical group or its identity component comes equipped with a standard representation. Thus, with G = G(V ) × G(W ), either^LG or its identity component ^G has a standard representation M ⊗ N. We set

R =

� � � � � � �

M ⊗ N in the orthogonal and symplectic cases;

Ind^{LG}_{bG} (M ⊗ N), in the hermitian case;

Ind^{bG⋊W (F )}

bG×W (E)((M ⊗ N) ⊠ μ

−1), in the skew-hermitian case.

This representation R was already introduced in the table at the end of §22, except for the skew-hermitian case. In the skew-hermitian case, we have incorporated the character μ used in the definition of ν. In doing so, we need to work with the L-group ^G ⋊ W (F ) rather than the version ^G ⋊ Gal(E/F ) which we have been using in the rest of the paper. It is this twist by μ which makes R a symplectic representation of ^G ⋊ W (F ) (by Lemmas 3.4 and 3.5). As explained in §22, we can then speak of the L-function L(π, R, s) and the global epsilon factor ϵ(π, R, s) for any automorphic representation π of G. We recall that these L-functions are normalized so that the functional equation takes s to 1 − s and the center of the critical strip is s = 1/2.

The first form of our global conjecture is:

Conjecture 24.1. Let π be an irreducible tempered representation of G(A) which occurs with multiplicity one in the space A_0(G) of cusp forms on G(F )\G(A). Let ν be the automorphic representation of H(A) introduced in §23. Then the following are equivalent:

(i) the restriction of the linear form F (ν) to π is nonzero;

(ii) the complex vector space Hom_{H(A)}(π, ν) is nonzero and the L-function L(π, R, s) does not vanish at s = 1/2, which is the center of the critical strip;

(iii) the complex vector spaces Hom_{H(Fv )}(π_v, ν_v) are nonzero for all places v of F and L(π, R, 1/2) ≠ 0.

Let us make some remarks about this conjecture.

Remarks:

(i) The equivalence of (ii) and (iii) is clear, provided one knows Conjecture 21.3.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 97

(ii) When E = F × F , with G ∼= GL(V_0) × GL(W_0), then the L-function L(π, R, s) is the product L(π, R, s) = L(π_V ⊗ π_W , s) · L(π^∨_V × π^∨_W , s)

of two Rankin-Selberg L-functions, so that

L(π, R, 1/2) = |L(π_v × π_W , 1/2)|^2.

In this case, the conjecture is known when dim W^⊥ = 1. Indeed, this is an immediate consequence of the integral representation of the global Rankin-Selberg L-function L(π_V × π_W , 1/2) [JPSS]. The general case seems to be open.

(iii) More generally, under the assumption that π is globally generic and has a cuspidal functorial lift to the appropriate general linear group, the implication (i) =⇒ (ii) has been shown by Ginzburg-Jiang-Rallis in a series of papers for the various cases [GJR1,2,3]. Moreover, in the hermitian case with dim W^⊥ = 1, an approach to this conjecture via the relative trace formula has been developed by Jacquet and Rallis [JR].

(iv) One expects a refinement of Conjecture 24.1 in the form of an exact formula relating |F (ν)|^2 with the central value L(π, R, 1/2). Such a refinement has been formulated by Ichino-Ikeda [II] in the orthogonal case, with dim W^⊥ = 1. In the analogous setting for the hermitian case, the formulation of this refined conjecture is the ongoing thesis work of N. Harris at UCSD.

As formulated, the global conjecture 24.1 is essentially independent of the local conjectures 17.1 and 17.3. Rather, they complement each other, since the local nonvanishing in Conjecture 24.1 is governed by our local conjectures. From this point of view, the appearance of the particular central L-value L(π, R, 1/2) may not seem very well-motivated. However, as we shall explain in the next two sections, if we examine the implications of our local conjectures in the framework of the Langlands-Arthur conjecture on the automorphic discrete spectrum, the appearance of L(π, R, 1/2) is very natural.

For example, observe that the global conjecture 24.1 in the symplectic/metaplectic case involves the central L-value of the symplectic representation R = M ⊗ N with M symplectic and N odd orthogonal, whereas in the local conjecture 17.3, it is the epsilon factor associated to M ⊗ (N ⊕ C) which appears. So in some sense, the global conjecture is less subtle than the local one. The explanation of this can be found in §26, as a consequence of the Langlands-Arthur conjecture (or rather its extension to the metaplectic case).

Finally, we highlight a particular case of the conjecture. As we explained in §12, special cases of the data (H, ν) are automorphic generic characters ν = θ on H = U.

98 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

These cases are highlighted in the following table, and arise when the smaller space W is either 0 or 1-dimensional.

G(V ) dim W ^G(W ) N

odd orthogonal 0 SO(0) 0

even orthogonal 1 Sp(0) 0

symplectic 0 Sp(0) 0

metaplectic 0 SO(1) C

odd hermitian 0 GL(0) 0

even skew hermitian 0 GL(0) 0

As one sees from the table, in all except the metaplectic case, N = 0 so that R = 0 and L(π, R, s) is identically 1. In the metaplectic case, N = C so that R = M and L(π, R, s) is the standard L-function L(π, s). Hence Conjecture 24.1 specializes to the following two conjectures in these degenerate cases.

Conjecture 24.2. Let π be an irreducible tempered representation of G(A) which occurs with multiplicity one in the space A_0(G) of cusp forms on G(F )\G(A) and let θ be an automorphic generic character for G. Then, when G is a linear group, the following are equivalent:

(i) the restriction of the map F (θ) to π is nonzero;

(ii) the complex vector spaces Hom_{U(Fv )}(π_v, θ_v) are nonzero for all places v of F .

When ~G(A) = ~Sp(V )(A) is metaplectic, we fix an additive character ψ of A/F which determines an automorphic generic character θ and also gives the notion of Langlands- Vogan parameters. For any element c ∈ F^×/F^{×2}, let χ_c be the associated quadratic character of A^×/F^× and let θ_c denote the generic character associated to the additive character ψ_c(x) = ψ(cx). Then we have:

Conjecture 24.3. Let π be an irreducible tempered representation of ~G(A) = ~Sp(V )(A) which occurs with multiplicity one in the space A_0(G) of cusp forms on G(F )\ ~G(A) and let θ be an automorphic generic character for G. Then the following are equivalent: (a) the restriction of the map F (θ_c) to π is nonzero;

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 99

(b) the complex vector spaces Hom_{U(Fv )}(π_v, θ_{c,v}) are nonzero for all places v of F and L(π ⊗ χ_c, 1/2) ≠ 0.

In the metaplectic case, with dim V = 2, the above conjecture is known by the work of Waldspurger [Wa1-2].

Note that if the conditions in the above two conjectures hold, the space Hom_{U(A)}(π, θ) has dimension 1 and F (θ) is a basis. Moreover, since π is tempered in the conjecture, the adjoint L-function L(π, Ad, s) of π is expected to be regular and nonzero at s = 1 (which is the edge of the critical strip). Indeed, just as the holomorphy of the local adjoint L-factor at s = 1 characterizes the generic L-packets in the local part of this paper, the tempered cuspidal representations considered in the global conjectures of this section should be characterized by the analytic properties of their global adjoint L-function. More precisely, we have:

Conjecture 24.4. Let G be a connected reductive group over F (or the metaplectic group ~Sp(V )(A)) and let Ad be the adjoint representation of the L-group^LG on Lie( ^G/Z( ^G)).

(a) Let π be a tempered automorphic representation of G(A). Then the following are equivalent:

(i) The representation π is cuspidal;

(ii) The adjoint L-function L(π, Ad, s) is holomorphic at s = 1.

(b) Let π be a cuspidal representation of G(A). Then the following are equivalent:

(i) The representation π is tempered;

(ii) The partial adjoint L-function L^S (π, Ad, s) is holomorphic in Re(s) ≥ 1 (for S a finite set of places containing all archimedean places and finite places v where G ×_F F_v or π_v is ramified).

The rationale for part (a) of the conjecture is that one expects the conjectural Lparameter of a tempered representation π to have finite centralizer modulo Z( ^G) if and only if π is cuspidal, and further, the holomorphy of the adjoint L-function of a tempered π at s = 1 detects the finiteness (modulo Z( ^G)) of the centralizer. The rationale for part (b) is similar, taking into account the conjecture of Arthur [A1- 2] which describes the non-tempered part of the cuspidal spectrum in terms of Aparameters.

The implication (i) =⇒ (ii) (in both (a) and (b)) will follow from known analytic properties of Rankin-Selberg L-functions of GL_n once the functorial lifting from classical groups to GL_n is established. In general, this conjecture should be a consequence of the Ramanujan conjecture and the Arthur conjecture [A1-2].

100 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

25. Global L-parameters and Multiplicity Formula

In this section, we review the notion of global L-parameters in the context of a fundamental conjecture of Langlands and Arthur [A1, A2], concerning multiplicities of representations in the automorphic discrete spectrum. We will only present this conjecture for tempered representations, and will also discuss its simplification for the classical groups considered in this paper. In the next section, we shall re-examine the global conjecture 24.1 in the framework of the Langlands-Arthur conjecture. We henceforth assume that the F -algebra E is a field.

Let G be a connected reductive group over the global field F , and assume that the quotient space G(F )\G(A) has finite volume. The Langlands-Arthur conjecture gives a description of the decomposition of the discrete spectrum L^2_{disc}(G(F )\G(A)) or equivalently the space A^2(G) of square-integrable automorphic forms. We shall only describe this conjecture for the tempered part of the discrete spectrum, which we denote by L^2_{disc,temp}(G). Note that L^2_{disc,temp}(G) is necessarily contained in the cuspidal spectrum by a result of Wallach [W3].

Suppose that G_0 is the quasi-split inner form of G over F , with a Borel-subgroup B = T · U. Fix an automorphic generic character θ = ⊗_vθ_v of U as in the previous section. We fix an integral structure on G, which determines a hyperspecial maximal compact subgroup J_v ⊂ G_0(F_v) for almost all finite places v, as in §21. If G = G(V ) is a classical group, such an integral structure is given by fixing a lattice L ⊂ V .

The Langlands-Arthur Conjecture

(1) For any pure inner form G of G_0, there is a decomposition

L^2_{disc,temp}(G) = � ϕL^2_ϕ(G),

where ϕ runs over the discrete global L-parameters and each L^2_ϕ is a G(A)-submodule. The precise definitions of these objects are given as follows.

By definition, a discrete global L-parameter is a homomorphism

ϕ : L_F −→^LG =^LG_0 = ^G ⋊ W_F

such that its centralizer in the dual group ^G is finite. These parameters are taken up to conjugacy by the dual group ^G. Moreover, L_F is the hypothetical Langlands group of F – the global analog of the Weil-Deligne group W D(F_v) – whose existence is only conjectural at this point. One postulates however that there is a natural surjective map L_F −→ W_F (the Weil group of F ), and the projection of ϕ to the second factor W_F in^LG is required to be this natural surjection. Moreover, one postulates that for each place v of F , there is a natural

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 101

conjugacy class of embedding W D(F_v) −→ L_F .

Assuming the above, one may attach the following data to a given discrete global L-parameter ϕ:

(i) a global component group A_ϕ = Z_{bG}(Im(ϕ)), which is finite by assumption.

(ii) for each place v of F , a local L-parameter ϕ_v : W D(F_v) −−−→ L_F^ϕ−−−→^LG_0 for the local group G_{0,v}, such that for almost all v, ϕ_v is unramified. This gives rise to a natural map of component groups: A_ϕ −→ A_{ϕv} .

One thus has a diagonal map Δ : A_ϕ −→ � v A_{ϕv} .

(iii) for each place v, the local Vogan packet Π_{ϕv} of irreducible representations of the pure inner forms G(F_v), together with a bijection J(θ_v) : Π_{ϕv} ↔ Irr(A_{ϕv} ) specified by the local component θ_v of the automorphic generic character θ. For an irreducible character η_v of A_{ϕv} , we denote the corresponding representation in Π_{ϕv} by π_{ηv} . In particular, the representation corresponding to the trivial character of A_{ϕv} is a representation of G_0(F_v) and for almost all v, it is spherical with respect to the hyperspecial maximal compact subgroup J_v.

(iv) a global Vogan packet

Π_ϕ = {π_η = � v π_{ηv} : π_{ηv} ∈ Π_{ϕv} and η_v is trivial for almost all v}.

In particular, the representations in the global packet are indexed by irreducible characters η = ⊗_vη_v of � v A_{ϕv} .

If π_{ηv} is a representation of G_{ηv} (F_v), then π_η is a representation of the restricted direct product G_η := � J_v

G_{ηv} (F_v).

102 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

Note, however, that the group G_η need not be the adelic group of a pure inner form of G_0. For example, in the classical group case, G_η need not be associated to a space V equipped with a relevant sesquilinear form over F .

If G_η = G(A) for a pure inner form of G_0, we shall call the representation η = � v η_v coherent. This notion can be explicated as follows. It was shown by Kottwitz [Ko, Cor. 2.5 and Prop. 2.6] that one has a natural map � v H^1(F_v, G_0) −−−→ � v Hom(π_0(Z(^G_0)^{W (Fv )}), C^×) � � Hom(π_0(Z(^G_0)^{W (F )}), C^×)

and the kernel of this map is the image of the natural map

H^1(F, G_0) −→ � v H^1(F_v, G_0).

Now the character η = � v η_v gives rise to an element in ⊕_vH^1(F_v, G_0), and η is coherent if and only if this element is in the image of H^1(F, G_0). Thus, we see that η is coherent if and only if η is trivial when restricted to π_0(Z(^G_0)^{W (F )}).

(v) for each π_η ∈ Π_ϕ, a non-negative integer

m_η = ⟨Δ^∗(η), 1⟩_{Aϕ} ,

where the expression on the right denotes the inner product of the two characters of the finite group A_ϕ. Thus m_η is the multiplicity of the trivial character of A_ϕ, in the representation obtained by restriction of the tensor product of the representations η_v to the diagonal. If η is not coherent, then one sees that m_η is equal to zero, since η is nontrivial when restricted to π_0(Z(^G_0)^{W (F )}) and hence on A_ϕ. When η is coherent, so the adelic group G_η is defined over F , the Langlands-Arthur conjecture for tempered representations predicts that m_η is the multiplicity of the representation π_η in the discrete spectrum of G_η

With the above data, we have:

(2) As G runs over all pure inner forms of G_0 over F , there is an equivariant decomposition: � G L^2_ϕ(G) = � η m_η · π_η.

We denote the representation in Π_ϕ associated to the trivial character by π_0. It is a representation of G_0(A) and is the unique representation in Π_ϕ which is abstractly θ-generic. According to the multiplicity formula in (v), its multiplicity in L^2_ϕ(G_0) is 1, and the conjecture 24.2 then says that π_0 has a nonzero θ-Fourier coefficient.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 103

Though the above conjecture of Langlands and Arthur is extremely elegant, it has a serious drawback: the group L_F is not known to exist. However, in the case of the classical groups considered in this paper, one can present the conjecture on multiplicities in a way that avoids mentioning the group L_F . We do this below. In the case of classical groups, there is a further simplification, as the component groups A_{ϕv} are all elementary abelian 2-groups. In particular, the representations η_v are all 1-dimensional, so their restricted tensor product η also has dimension 1. Hence the predicted multiplicity m_η is either zero or one, the latter case occurring when η has trivial restriction to the diagonal. In the general case, the groups A_{ϕv} can be non-abelian, and both the dimension of the representation η and the dimension m_η of its A_ϕ-invariants can be arbitrarily large.

We now specialize to the case where G = G(V ) is a classical group. Let G_0 = G(V_0) be the quasi-split inner form. Arguing exactly as we did in the local case, one sees that giving a global L-parameter for G

ϕ : L_F −→^LG_0

is equivalent to giving a representation

φ : L_F −→ GL(M)

which is selfdual or conjugate-dual with a specific sign b. The requirement that ϕ is discrete then translates to the requirement that as a representation of L_E ,

M ∼= � i M_i

where each M_i is selfdual or conjugate-dual with the same sign b as M and M_i ≇ M_j if i ≠ j. In this case, the global component group is the 2-group

A_ϕ = A^+_φ = ( � i (Z/2Z)_{Mi} )^+,

where the superscript + is needed only when φ is selfdual.

Now to remove the mention of the hypothetical group L_E, observe that when specialized to the case G = GL(V ), with dim V = n, the Langlands-Arthur conjecture simply says that there is a natural bijection

{irreducible cuspidal representations of GL(V )} � � {irreducible n-dimensional representations of L_F } .

Thus, one may suppress the mention of L_F by replacing the latter set with the former. Hence, in the context of the classical groups G(V ), one replaces the data of each M_i by an irreducible cuspidal representation π_i of GL_{ni} (A_E ), with n_i = dim M_i. Moreover, in

104 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

view of Proposition 7.5 and its analog for symplectic and orthogonal groups, the selfduality or conjugate-duality of M_i with sign b can be described invariant theoretically and hence can be captured by the following L-function condition:

(a) an irreducible cuspidal representation π of GL_n(A) is selfdual of sign � +1 if its symmetric square L-function L(π, Sym^2, s) has a pole at s = 1; −1 if its exterior square L-function L^S(π, ∧^2, s) has a pole at s = 1.

(b) an irreducible cuspidal representation π of GL_n(A_E ) is conjugate-dual of sign � +1, if the Asai L-function L(π, As^+, s) has a pole at s = 1; −1, if the Asai L-function L(π, As^−, s) has a pole at s = 1.

To summarize, a discrete global L-parameter φ for G_0 = G(V_0) is the data of a number of inequivalent cuspidal representations π_i of GL_{ni} (A_E ), with � i n_i = dim M, satisfying the above L-function conditions for each i. The point of this reformulation is that given such a global L-parameter, one still has the data given in (i) -(v) above. More precisely, one has:

(i) The global component group A_φ is simply the 2-group � i(Z/2Z)_{πi} with a canonical basis indexed by the π_i’s.

(ii) For each v, the associated local L-parameter is the representation

φ_v = � i φ_{i,v}

of W D(k_v), where φ_{i,v} is the local L-parameter of the local component π_{i,v} of π_i. The L-function condition presumably forces each φ_{i,v} to be selfdual or conjugate-dual with the given sign b. Moreover, one has a natural homomorphism A_φ −→ A_{φv} = � i A_{φi,v}

arising from the natural map

(Z/2Z)_{πi} → C_{φi,v} → A_{φi,v} ,

obtained by sending (Z/2Z)_{πi} to the central subgroup ⟨±1⟩ in the centralizer C_{φi,v} . Thus, one continues to have the diagonal map Δ.

(iii) For each place v, the local parameter thus gives rise to a local Vogan packet Π_{φv} as before.

(iv) One can now define the global Vogan packet as before.

(v) The formula for m_η is as given above.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 105

The formulation of the Langlands-Arthur conjecture given above amounts to a description of the discrete spectrum of classical groups in terms of the automorphic representations of GL_n. The proof has been promised in a forthcoming book [A3].

In the remainder of this section, we formulate an extension of the Langlands-Arthur conjecture to the case of the metaplectic groups ~Sp(W ).

Motivated by Theorem 11.1, one expects that discrete global L-parameters for ~Sp(W ) should be discrete global L-parameters for SO(2n + 1) with 2n = dim W . Thus, a discrete global L-parameter of ~Sp(W ) should be a multiplicity free 2n-dimensional symplectic representation of L_F : M = M_1 ⊕ · · · ⊕ M_r with each irreducible summand M_i also symplectic. In the reformulation of L-parameters given above, it is thus given by the data of a collection of pairwise inequivalent cuspidal representations π_i of GL_{2ni} (A) with (a) � i n_i = n and (b) L(π_i, ∧^2, s) having a pole at s = 1 for each i.

Using Theorem 11.1 and Corollary 11.2, one sees that such a global L-parameter φ continues to give rise to the data (i) - (iv) above in the context of ~Sp(W ). In particular, one obtains a global Vogan packet Π_φ of irreducible genuine representations of ~Sp(W )(A) with a bijection

Π_φ ←→ Irr � � v A_{φv} � . However, the multiplicity formula given in (v) above needs to be modified. Motivated by results of Waldspurger in the case when dim W = 2, we make the following conjecture.

Conjecture 25.1. Let (φ, M) be a discrete global L-parameter for ~Sp(W ) with associated global Vogan packet Π_φ. Let χ_φ be the character on the global component group A_φ defined by χ_φ(a) = ϵ(M^a, 1/2).

More concretely, if a_i ∈ A_φ is the basis element associated to the factor (M_i, π_i) in M, then χ_φ(a_i) = ϵ(π_i, 1/2). Then

L^2_φ(~Sp(W )) ∼= � η m_ηπ_η

where m_η = ⟨Δ^∗(η), χ_φ⟩.

106 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

We note that Arthur has also introduced nontrivial quadratic characters of the global component group A_φ in his conjectures for the multiplicities of non-tempered representations of linear groups.

We conclude this section with some ramifications of Conjecture 25.1. Given a discrete global L-parameter (φ, M) (relative to a fixed additive character ψ) for ~Sp(W ), with dim W = 2n, note that M is also a discrete global L-parameter for SO(V ) with dim V = 2n + 1. For each place v, the elements in the associated Vogan packets � Π_{φv} (V ) of SO(V ) Π_{φv} (W ) of ~Sp(W )

are both indexed by Irr(A_{φv} ). For a character η_v of A_{φv} , let

π_{ηv} ∈ Π_{φv} (V ) and σ_{ηv} ∈ Π_{φv} (W )

be the corresponding representations. By construction, π_{ηv} and σ_{ηv} are local theta lifts (with respect to ψ) of each other. One might expect that, globally, the submodule L^2_φ(~Sp(W )) of the discrete spectrum can be obtained from � V^′ L 2 φ(SO(V^′)) using global theta correspondence. As we explain below, this is not always the case.

More precisely, if η = ⊗_vη_v is a character of � v A_{φv} , then the corresponding representations π_η ∈ Π_φ(V ) and σ_η ∈ Π_φ(W ) may or may not be global theta lifts of each other. Indeed,

π_η occurs in the discrete spectrum of some SO(V^′) ⇐⇒ Δ^∗(η) = 1

whereas

σ_η occurs in the discrete spectrum of ~Sp(W ) ⇐⇒ Δ^∗(η) = χ_φ.

Thus, if χ_φ is nontrivial, then the subset of η’s which indexes automorphic representations for SO(V ) will be disjoint from that which indexes automorphic representations of ~Sp(W ). In such cases, there is clearly no way of obtaining the automorphic elements in Π_φ(W ) from those of Π_φ(V ) via global theta correspondence (with respect to ψ).

Suppose, on the other hand, that χ_φ is the trivial character, so that

ϵ(M_i, 1/2) = 1

for all the irreducible symplectic summands M_i of M. Then the automorphic elements in Π_φ(W ) and Π_φ(V ) are indexed by the same subset of η’s and are abstract theta lifts of each other. However, to construct L^2_φ(~Sp(W )) from L^2_φ(SO(V )) via global theta correspondence, there is still an issue with the non-vanishing of global theta liftings. In

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 107

this case, the non-vanishing of the global theta lifting is controlled by the non-vanishing of the central L-value L(M, 1/2) = � i L(M_i, 1/2).

Only when L(M, 1/2) is nonzero does one know that L^2_φ(~Sp(W )) can be obtained from � V^′ L 2 φ(SO(V^′)) by global theta lifting (with respect to ψ).

Another observation is that while the packet Π_φ(V ) always contains automorphic elements (for example the representation corresponding to η = 1), it is possible that none of the elements in the packet Π_φ(W ) are automorphic.

We give two examples which illustrate Conjecture 25.1 and the phenomena noted above, in the case dim W = 2. In this case, the conjecture is known by the work of Waldspurger [Wa1, 2].

Example 1: Suppose that (φ, M) is a discrete global L-parameter for SO(3) ∼= PGL(2) and ~Sp(2), so that A_φ = Z/2Z.

Suppose that for 3 places v_1, v_2 and v_3, the local L-parameter φ_{vi} corresponds to the Steinberg representation of PGL(2), and φ_v is unramified for all other v. Then ϵ(M, 1/2) = −1, so that χ_φ is the nontrivial character of A_φ.

In this case, the local Vogan packets (for both SO(3) and ~Sp(2)) have size 2 at the 3 places v_i, and we label the representations by

Π_{φv} (SO(3)) = {π^+_v , π^−_v } and Π_{φv} (~Sp(2)) = {σ^+_v , σ^−_v }, with the minus sign indicating the nontrivial character of A_{φv} . At all other places, the local packets are singletons. Thus, the global L-packet of SO(3) has 8 elements, which we can label as π^{+++}, π^{++−} and so on. Similarly, the global L-packet for ~Sp(2) also has 8 elements, denoted by σ^{+++}, σ^{++−} and so on.

Now observe that a representation in the global Vogan packet for SO(3) is automorphic if and only if it has an even number of minus signs in its label, whereas a representation in the global Vogan packet for ~Sp(2) is automorphic if and only if it has an odd number of minus signs in its label.

Example 2: Suppose again that (φ, M) is a discrete global parameter for SO(3) and ~Sp(2), but now assume that φ_v is reducible for all v. Moreover, suppose that

ϵ(M, 1/2) = −1, so that χ_φ is the nontrivial character of A_φ = Z/2Z. These conditions can be arranged.

108 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

In this case, the global Vogan packets for SO(3) and ~Sp(2) are both singletons, containing the representation π and σ respectively, which are indexed by the trivial character η of � v A_{φv} = 1.

Hence, Δ^∗(η) is the trivial character of A_φ. In particular, π is automorphic for SO(3), whereas σ is not automorphic for ~Sp(2).

26. Revisiting the global conjecture

In this section, we shall revisit the global conjecture formulated in §24. In particular, we shall approach the restriction problem using the framework of the Langlands-Arthur conjecture reviewed in §25.

We start with a pair of spaces W_0 ⊂ V_0 which gives rise to a quasi-split group G_0 = G(V_0) × G(W_0) over F and fix an automorphic generic character θ of U as in the previous section; in particular, θ may depend on the choice of an appropriate additive character ψ in various cases. Given a discrete global L-parameter (φ, M, N) for G_0, there is a corresponding submodule A^2_φ in the automorphic discrete spectrum and we are interested in the restriction of the linear functional F (ν) to this submodule.

Recall that a natural symplectic representation R of^LG plays a prominent role in the global conjecture 24.1. Using the global component group A_φ of the parameter φ, we may refine the associated L-function L(π, R, s) for π ∈ Π_φ, as follows. If a ∈ A_φ, we may consider it as an element of A_{φv} for any v and then choose any semisimple element in C_{φv} projecting to it. Denoting any such element in C_{φv} ⊂ ^G by a again, we see that the subspace R^a is a representation of W D(F_v) under φ_v. Thus, one has the associated L-function

L(π, R^a, s) := � v L(R^a, s)

and epsilon factor

ϵ(π, R^a, s) := � v ϵ(R^a, ψ_v, s).

We are now ready to revisit the global restriction problem. Let us first draw some implications of the various local conjectures we have made so far.

(i) According to our local conjectures 17.1 and 17.3, there is a unique representation π_v in the local Vogan packet Π_{φv} such that

Hom_{H(Fv )}(π_v ⊗ ν_v, C) ≠ 0,

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 109

and this distinguished representation is indexed by a distinguished (relevant) character

χ_v of A_{Mv} × A_{Nv} .

For each v, the representation π_{χv} is a representation of a pure inner form G_v of G_0 over F_v, associated to a pair of spaces W_v ⊂ V_v.

(ii) According to our unramified local conjecture 21.3, for almost all v, the distinguished character χ_v is trivial and the representations π_{χv} , θ_v and ν_v are all unramified. At these places, the pair of spaces W_v ⊂ V_v is simply W_{0,v} ⊂ V_{0,v} and the group G_v is simply G_0(F_v). Thus, we can form the restricted direct product groups � G_A = � J_v Gv;

H_A = � J_v ∩H_v Hv,

and representations � π_χ = ^⊗_vπ_{χv} of G_A; ν = ^⊗_vν_v of H_A,

which are restricted tensor products, defined using the unique line of J_v-invariant or J_v ∩ H_v-invariant vectors for almost all v. The representation π_χ is simply the element in the global Vogan packet Π_φ indexed by the distinguished character

χ = ⊗_vχ_v

of the compact group � v A_{Mv} × A_{Nv} . It is the only (relevant) element in Π_φ such that

Hom_{H(A)}(π_χ ⊗ ν, C) ≠ 0.

With these preliminaries out of the way, there are now three questions to address.

(1) Are H_A → G_A the adelic points of algebraic groups

H = N · G(W ) → G = G(V ) × G(W )

defined over F , associated to a relevant pair of spaces W ⊂ V over E?

In the symplectic case, this question clearly has a positive answer, since there is a unique symplectic vector space in any even dimension over any field. Hence, we focus on the other cases, where the issue is whether the collection (W_v ⊂ V_v) of local spaces is coherent in the terminology of Kudla. Now these local spaces have the same rank as W_0 ⊂ V_0 and the same discriminant in the orthogonal case. Hence, they form a coherent collection if and only if we have changed the Hasse-Witt invariant or the hermitian/skew-hermitian discriminants at an even number of places v. This is

110 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

equivalent to the identity

1 = � v χ_v(−1, 1) = � � � � v ϵ(M_v ⊗ N_v, ψ_v), in the orthogonal and hermitian cases; � v ϵ(M_v ⊗ N_v(μ^{−1}_v ), ψ_v), in the skew-hermitian case.

Note that since χ_v(−1, 1) = χ_v(1, −1) for all v, the coherence condition for the collection of local quadratic spaces {V_v} is the same as that for {W_v}. Thus, we will have a global pair of spaces W ⊂ V with these localizations if and only if

ϵ(π_χ, R, 1/2) = 1.

Assuming this is the case, the second question is:

(2) Does the representation π_χ in the global Vogan packet Π_φ occur in the space A_0(G) of cusp forms?

To answer this question, we exploit the Langlands-Arthur conjecture discussed in §25. Thus, in the orthogonal, hermitian and skew-hermitian cases, we need to see if the distinguished character χ is trivial when restricted to the global component group A_φ via the diagonal map Δ. This amounts to the assertion that, for all a ∈ A_φ,

1 = � v χ_v(a) = � � � � v ϵ((M_v ⊗ N_v)^a, ψ_v), in the orthogonal or hermitian cases; � v ϵ(M_v ⊗ N_v(μ^{−1}_v ))^a, ψ_v), in the skew-hermitian case,

or equivalently, that ϵ(π_χ, R^a, 1/2) = 1 for all a ∈ A_φ.

On the other hand, in the symplectic case, using the multiplicity formula given in Conjecture 25.1, we see that we need the distinguished character to be equal on A_φ = A_M × A^+_N to the character χ_φ × 1 (assuming that M is symplectic and N orthogonal), where χ_φ is the character of A_M defined in Conjecture 25.1. This translates to the same condition 1 = � v ϵ((M_v ⊗ N_v)^a, ψ_v) = ϵ(π_χ, R^a, 1/2).

Finally, assuming that ϵ(π_χ, R^a, 1/2) = 1 for all a ∈ A_φ, so that π_χ occurs in the space of cusp forms, we can ask:

(3) Does the linear form F (ν) have nonzero restriction to π_χ?

The point is that, when the above conditions on epsilon factors hold, there are no trivial reasons for the central critical L-value L(π_χ, R, 1/2) to vanish. Here then is the second form of our global conjecture:

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 111

Conjecture 26.1. Let π_χ be the representation in the global Vogan packet Π_φ corresponding to the distinguished character χ. Then the following are equivalent:

(i) π_χ occurs with multiplicity one in A_0(G) and the linear form F (ν) is nonzero on π_χ (ii) L(π_χ, R, 1/2) ≠ 0.

27. The first derivative We maintain the notation and setup of the previous section, so that W_0 ⊂ V_0 is a pair of spaces over E with quasi-split group G_0 = G(V_0) × G(W_0) over F . For a given discrete global L-parameter (φ, M, N) of G_0, we have a distinguished representation π = π_χ = ^⊗_vπ_v in the global Vogan packet Π_φ, which is a representation of a restricted direct product G_A = � J_v

G_v(F_v)

and is the unique element in the packet such that Hom_{HA} (π ⊗ ν, C) ≠ 0.

In this final section, we specialize to the orthogonal and hermitian cases (i.e. where ϵ = 1) and assume that ϵ(π_0, R, 1/2) = −1 so that L(π_0, R, 1/2) = 0, where π_0 is the generic automorphic representation of G_0(A) with parameter φ. In this case the group G_A does not arise from a pair of orthogonal or hermitian spaces W ⊂ V over E. In Kudla’s terminology, the local data (W_v ⊂ V_v) is incoherent. Nevertheless, we can formulate a global conjecture in this case, provided that the following condition holds:

(∗) There is a non-empty set S of places of F , containing all archimedean primes, such that the groups G_v(F_v) and H_v(F_v) are compact for all places v ∈ S.

This condition has the following implications:

(i) dim W^⊥_0 = 1. Indeed, this follows from the fact that H_v = N_v.G(W_v) and a nontrivial unipotent subgroup N_v cannot be compact. Hence, for all places v, we have dim V_v = dim W_v + 1.

If we consider the orthogonal decomposition V_0 = W_0 ⊕ L

112 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

over E, then since W_v ⊂ V_v is relevant for all v, we have L_v = W^⊥_v .

Thus, though the collection (W_v ⊂ V_v) is not coherent, the collection (W^⊥_v ) is.

(ii) Any archimedean place v of F is real and the space V_v must be definite. In the hermitian case, we must have E_v = C. Hence, in the number field case, F is totally real and, in the hermitian case, E is a CM field. Moreover, at all archimedean places v of F , the generic representation π_{0,v} of G_0(F_v) is in the discrete series, and π_v is a finite dimensional representation of the compact group G_v(F_v) = SO(n) × SO(n − 1) or U(n) × U(n − 1) with a unique line fixed by H(F_v) = SO(n − 1) or U(n − 1).

(iii) At finite primes v ∈ S, we must have dim(V_v) ≤ 4. Indeed, a quadratic form of rank ≥ 5 over F_v represents 0. Hence, for function fields F , we have the following nontrivial cases:

(dim V_v, dim W_v) = � (3, 2) or (4, 3) in the orthogonal case; (2, 1) in the unitary case.

For simplicity, we will assume that F is a totally real number field and S consists only of the archimedean places. In the hermitian case, the quadratic extension E of F is a CM field.

Suppose first that the spaces V_v are orthogonal of dimension n ≥ 3. Fix a real place α. If V_α has signature (n, 0), let W^∗_α ⊂ V^∗_α be the unique orthogonal spaces over F_α = R with signatures (n − 3, 2) ⊂ (n − 2, 2).

If V_α has signature (0, n), let W^∗_α ⊂ V^∗_α have signatures (2, n − 3) ⊂ (2, n − 2).

Since we have modified the Hasse-Witt invariant at a single place of F , and kept the discriminant of W^{∗⊥}_α ≃ W^⊥_v equal to the discriminant of L_α, there are unique global spaces W^α ⊂ V^α over E with localizations � W_v ⊂ V_v for all v ≠ α, W^∗_α ⊂ V^∗_α at α.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 113

We note that we can make such a pair of global spaces for any place α of F , having localizations W_v ⊂ V_v for all v ≠ α, provided that dim W_α ≥ 3. When dim W_α = 2, we can make such a global space provided that W_α is not split over F_α, i.e. for all primes α which are ramified or inert in the splitting field E of the 2-dimensional space W^0. The proof is similar to [Se, Prop 7].

We can use the global spaces W^α ⊂ V^α so constructed to define the groups H^α → G^α = SO(V^α) × SO(W^α) over F . These have associated Shimura varieties Σ(H^α) → Σ(G^α) over C, of dimensions n − 3 and 2n − 5 respectively, which are defined over the reflex field E = F , embedded in C via the place α. The varieties over F are independent of the choice of the real place α, so we denote them simply by Σ(H) → Σ(G), suppressing the mention of α.

Next, suppose that the spaces V_v are hermitian over E_v of dimension n ≥ 2. Fix a real place α and a complex embedding z : E_α → C. If V_α has signature (n, 0), let W^∗_α ⊂ V^∗_α be the unique hermitian spaces over E_α with signature (n − 2, 1) ⊂ (n − 1, 1).

If V_α has signature (0, n), let W^∗_α ⊂ V^∗_α be the unique hermitian spaces over E_α with signatures (1, n − 2) ⊂ (1, n − 1).

Again, since we have modified the hermitian discriminants at a single place α of F , and kept (W^∗_α)^⊥ ≃ W^⊥_v constant, there is a unique pair of global spaces W^α ⊂ V^α over E with localizations � W_v ⊂ V_v, for all v ≠ α; W^∗_α ⊂ V_α^∗ at α.

Again, we can make such a modification at any place α of F which is not split in the quadratic extension E.

As before, we use the global spaces W^α ⊂ V^α to define groups H^α → G^α = U(V^α) × U(W^α)

114 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

over F . These have associated Shimura varieties

Σ(H^α) → Σ(G^α)

over C, of dimensions (n − 2) and (2n − 3) respectively, which are defined over the reflex field = E, embedded in C via the extension z of the place α. These varieties over E are independent of the choice of real place α of F , so we denote them simply by: Σ(H) → Σ(G).

We sketch the definition of the Shimura variety Σ of dimension n − 1 associated to incoherent hermitian data {W_v} of dimension n which is definite at all real places v of F ; the orthogonal case is similar. Take the modified space W^α at a real place α, and let G = Res_{F/Q}U(W^α). We define a homomorphism

h : S_R = Res_{C/R}G_m → G_R = � v|∞ U(W^α_v )

as follows. Let ⟨e_1, · · · , e_n⟩ be an orthogonal basis of W^∗_α , such that the definite space e^⊥_1 has the same sign as the definite space W_α. We set

h(z) = � � � � z/z 1 ... 1

� � � � in U(W^{∗α})

and h(z) = 1 in all the other (compact) components � v≠α

U(W_v).

Let X be the G_R-conjugacy class of h, which is isomorphic to the unit ball U_{n−1,1}(R)/ [U_{n−1}(R) × U_1(R)] in C^{n−1}. The pair (G, X) satisfies the axioms for a Shimura variety [De3, §2.1]. The composite homomorphism

w : (G_m)_R → S_R → G_R

is trivial, and the reflex field of Σ(G) = M(G, X) is equal to E, embedded in C via the homomorphism z extending α. Indeed, the miniscule co-character μ : (G_m)_C → G_C is defined over E:

μ(α) = � � � α 1 ... 1

� � � × 1.

The complex points of Σ(G) are:

Σ(G, C) = G(Q)\[X × G(^Q)].

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 115

Over E, the variety Σ(G) and the action of G(^Q) = � v finite

U(W_v) on it depends only on the incoherent family {W_v}. If π_∞ = ⊗_{v real} π_v is any finite dimensional representation of the compact group � v real

U(W_v), there is a local system F on Σ(G) over E associated to π_∞.

We now return to the study of the L-function L(π_0, R, s) at s = 1/2, using the arithmetic geometry of the cycle Σ(H) → Σ(G) associated to the incoherent family (W_v ⊂ V_v). The representation π_∞ = ⊗_{v real} π_v of � v real

G_v(F_v)

gives a local system F on Σ(G) which contains the trivial local system C when restricted to the cycle Σ(H).

To get the appropriate representation π_f = ^⊗_{v finite}π_v of G(^Q) on the Chow group of Σ(G) with coefficients in F, we need to find this representation in the middle dimensional cohomology of Σ(G) with coefficients in F (which is the “tangent space” of the Chow group). Hence we need Hom_{G(bQ)}(π_f , H^d(Σ(G), F)) ≠ 0 with d = dim Σ(G). We put n = � dim V^α, in the hermitian case; dim V^α − 1, in the orthogonal case, so that n ≥ 2 in all cases. We have � � � dim Σ(G) = d = 2n − 3 dim Σ(H) = n − 2 codim Σ(H) = n − 1.

Now Matsushima’s formula for cohomology shows that dim Hom_{G(bQ)}(π_f , H^d(Σ(G), F)) is equal to the sum of multiplicities in the cuspidal spectrum � π^α

m(π^α ⊗ (⊗_{β ≠ α real}π_β) ⊗ π_f ) · (G(R_α) : G(R_α)^0)

116 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

over the discrete series representations π^α of G(R_α) with the same infinitesimal and central character as π_α. If all of the multiplicities are 1, the middle cohomology of Σ(G) with coefficients in F will contain the motive M ⊗ N over F or E, associated to the parameter of the L-packet of π_0.

On the other hand, the conjecture of Birch and Swinnerton-Dyer, as extended by Bloch and Beilinson, predicts that

dim Hom_{G(bQ)}(π_f , CH^{n−1}(Σ(G), F))

is equal to the order of vanishing of the L-function

L(π_0, R, s)

at the central critical point s = 1/2. If the first derivative is nonzero, we should have an embedding, unique up to scaling

π_f → CH^{n−1}(Σ(G), F)

and the Chow group of codim(n − 1) cycles plays the role of the space of automorphic forms in §26.

The height pairing against the codimension (n − 1) cycle Σ(H), on which F has a unique trivial system, should give a nonzero linear form

F : CH^{n−1}(Σ(G), F) → C

analogous to the integration of automorphic forms over H(F )\H(A). This form is H(^Q)-invariant, and our global conjecture in this setting is:

Conjecture 27.1. The following are equivalent:

(i) The representation π_f occurs in CH^{n−1}(Σ(G), F) with multiplicity one and the linear form F is nonzero on π_f ;

(ii) L^′(π_0, R, 1/2) ≠ 0.

Remark : Just as the cohomology of a pro-Shimura variety associated to a reductive group G over Q carries an admissible, automorphic action of G(^Q), it is reasonable to expect that the Chow groups of cycles defined over the reflex field E will also be admissible and automorphic. We note that this is true for the Shimura curves associated to inner forms G of GL_2(Q): the action of G(^Q) on the Chow group of zero cycles of degree 0 is the Hecke action on the Mordell-Weil group of the Jacobian over Q, which factors through the action of endomorphisms on the differential forms. Here the multiplicity of a representation π_f of G(^Q) on the Chow group in the tower is conjecturally equal to the order of zero of the standard L-function associated to π_f at the central critical point.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 117

As in the global conjecture in central value case, one expects a refinement of the above conjecture, in the form of an exact formula relating the pairing

⟨Σ(H)(π_f ), Σ(H)(π_f )⟩

to the first derivative L^′(π_0, R, 1/2). This would generalize the formula of Gross-Zagier [GZ], as completed by Yuan-Zhang-Zhang [YZZ], which is the case n = 2 where the codimension of the cycle is 1. Such a refined formula in higher dimensions has been proposed in a recent preprint of W. Zhang [Zh].

References

[A1] J. Arthur, On some problems suggested by the trace formula, Lie group representations, II (College Park, Md., 1982/1983), 1–49, Lecture Notes in Math., 1041, Springer, Berlin, 1984.

[A2] J. Arthur, Unipotent automorphic representations: conjectures, Orbites unipotentes et reprsentations, II. Astrisque No. 171-172 (1989), 13–71.

[A3] J. Arthur, Automorphic representations of classical groups, in preparation. [AAG] A. Aizenbud, N. Avni and D. Gourevitch, Spherical pairs over close local fields, preprint. [AB] J.Adams and D. Barbasch, Genuine representations of the metaplectic group, Compositio Math 113 (1998), no. 1, 23-66.

[AG] A. Aizenbud and D. Gourevitch, Multiplicity one theorem for GL_{n+1}(R), GL_n(R)), to appear in Selecta.

[AGRS] A. Aizenbud, D. Gourevitch, S. Rallis and G. Schiffmann, Multiplicity One Theorems, Arxive:

0709.4215; to appear in the Annals of Mathematics.

[B] N. Bourbaki, Elements of Mathematics, Lie groups and Lie Algebras, Chapters 7-9, Springer- Verlag (2005).

[BJ] D. Ban and C. Jantzen, Degenerate principal series for even-orthogonal groups, Represent.

Theory 7 (2003), 440–480.

[C] W. Casselman, Canonical extensions of Harish-Chandra modules to representations of G, Canad. J. Math. 41 (1989), no. 3, 385–438.

[CS] W. Casselman and J. Shalika, The unramified principal series of p-adic groups. II. The Whittaker function, Compositio Math. 41 (1980), no. 2, 207–231.

[De1] P. Deligne, Les constantes des équations fonctionnelles des fonctions L, Modular Functions on one variable, II, pp 501-597, lecture notes in mathematics, vol. 349, Springer, Berlin 1973.

[De2] P.Deligne, Les constantes locales de l’équation fonctionnelle de la fonction L d’Artin d’une reprsentation orthogonale, Invent. Math. 35 (1976), 299–316.

[De3] P. Deligne, Variétés de Shimura: interprtation modulaire, et techniques de construction de modèles canoniques, Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, pp. 247–289, Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc., Providence, R.I., 1979.

[FQ] A. Fröhlich and J. Queyrut, On the functional equation of an Artin L-function for characters of real representations, Inv. Math. 20 (1973) 125-138.

[GT1] W. T. Gan, and S. Takeda, The Local Langlands Conjecture for GSp(4), to appear in Annals of Math.

[GT2] W. T. Gan, and S. Takeda, The Local Langlands Conjecture for Sp(4), International Mathematics Research Notices, doi:10.1093/imrn/rnp203.

[GJR1] D. Ginzburg, D. Jiang, and S. Rallis, On the nonvanishing of the central value of the Rankin- Selberg L-functions, J. Amer. Math. Soc. 17 (2004), no. 3, 679–722.

118 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

[GJR2] D. Ginzburg, D. Jiang, and S. Rallis, On the nonvanishing of the central value of the Rankin-Selberg L-functions, II, Automorphic Representations, L-functions and Applications: Progress and Prospects, 157-191, Ohio State Univ. Math. Res. Inst. Publ. 11, de Gruyter, Berlin 2005.

[GJR3] D. Ginzburg, D. Jiang, and S. Rallis, Models for certain residual representations of unitary groups, AMS Contemporary series (Gelbart volume); to appear (2008).

[GP1] B. Gross and D. Prasad, On the decomposition of a representation of SO_n when restricted to SO_{n−1}. Canad. J. Math. 44 (1992), no. 5, 974–1002.

[GP2] B. Gross and D. Prasad, On irreducible representations of SO_{2n+1} × SO_{2m}. Canad. J. Math.

46 (1994), no. 5, 930–950.

[GR] B. Gross and M. Reeder, Arithmetic invariants of discrete Langlands parameters, to appear in Duke Mathematical Journal, available at http://www.math.harvard.edu/ gross/preprints/adjointgamma3.pdf.

[GR2] B. Gross and M. Reeder, From Laplace to Langlands via representations of orthogonal groups, Bulletin of the AMS 43 (2006) 163-205.

[GZ] B. Gross, and D. Zagier, Heegner points and derivative of L-series, Invent. Math 84 (1986), no. 2, 225-320.

[GPSR] S. Gelbart, I. Piatetski-Shapiro and S. Rallis, Explicit constructions of automorphic Lfunctions, Lecture Notes in Mathematics, 1254. Springer-Verlag, Berlin, 1987, vi+152 pp.

[GS] W. T. Gan and G. Savin, Representations of metaplectic groups I: epsilon dichotomy and local Langlands correspondence, preprint.

[HKS] M. Harris, S. Kudla and W. J. Sweet, Theta dichotomy for unitary groups, J. of the AMS, vol. 9, No. 4 (1996), 941-1004.

[HT] M. Harris and R. Taylor, The geometry and cohomology of some simple Shimura varieties, With an appendix by Vladimir G. Berkovich, Annals of Mathematics Studies, 151. Princeton University Press, Princeton, NJ, 2001.

[He] G. Henniart, Une preuve simple des conjectures de Langlands pour GL(n) sur un corps padique, Invent. Math. 139 (2000), no. 2, 439–455.

[Ho] R. Howe, Transcending classical invariant theory, J. Amer. Math. Soc. 2 (1989), no. 3, 535– 552.

[II] A. Ichino and T. Ikeda, On the periods of automorphic forms on special orthogonal groups and the Gross-Prasad conjecture, Geometric and Functional Analysis Vol. 19 (2010), No. 5, 1378-1425.

[JPSS] H. Jacquet, I. Piatetski-Shapiro and J. Shalika, Rankin-Selberg convolutions, Amer. J. Math.

105 (1983), no. 2, 367–464.

[JR] H. Jacquet and S. Rallis, On the Gross-Prasad conjecture for unitary groups, to appear. [JS] H. Jacquet and J. Shalika, Rankin-Selberg convolutions: Archimedean theory, Festschrift in honor of I. I. Piatetski-Shapiro on the occasion of his sixtieth birthday, Part I (Ramat Aviv, 1989), 125–207, Israel Math. Conf. Proc., 2, Weizmann, Jerusalem, 1990.

[JSZ] D. H. Jiang, B. Y. Sun and C. B. Zhu, Uniqueness of Bessel models: the archimedean case, available at http://xxx.lanl.gov/pdf/0908.1728.

[K] S. Kudla, On the local theta-correspondence, Invent. Math. 83 (1986), no. 2, 229–255. [K2] S. Kudla, Splitting metaplectic covers of dual reductive pairs, Israel J. Math. 87 (1994), no.

1-3, 361–401.

[KR] S. Kudla and S. Rallis, On first occurrence in local theta correspondence, Automorphic representations, L-functions and applications; progress and prospects, 273-308, Ohio State Univ. Math. Res. Publ., 11, de Gruyter, Berlin, 2005.

RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 119

[Kh] M. Khoury, Multiplicity one results and explicit formulas for quasi-split p-adic unitary groups, thesis, Ohio-State University (2008).

[Ko] R. Kottwitz, Stable trace formula: elliptic singular terms, Math. Ann. 275 (1986), no. 3, 365–399.

[KMRT] M-A. Knus, A. Merkujev, M. Rost, J-P. Tignol, The book of involutions, American Mathematical Society Colloquium Publications, 44, AMS, 1998.

[KMS] S. Kato, A. Murase and T. Sugano, Whittaker-Shintani functions on orthogonal groups, Tohoku Math. J. 55 (2003), 1-64.

[Ku] P. Kutzko, The Langlands conjecture for GL_2 of a local field, Ann. of Math. (2) 112 (1980), no. 2, 381–412.

[LL] J.-P. Labesse and R. Langlands, L-indistinguishability for SL(2), Canad. J. Math. 31 (1979), no. 4, 726–785.

[MiSt] J. Milnor and J Stasheff, Characteristic classes, Annals of Math Studies 76, Princeton University Press, 1974.

[Mo1] C. Moeglin, Classification et changement de base pour les sries discrtes des groupes unitaires p-adiques, Pacific J. Math. 233 (2007), no. 1, 159–204.

[Mo2] C. Moeglin, Classification des sries discrtes pour certains groupes classiques p-adiques in Harmonic analysis, group representations, automorphic forms and invariant theory, 209–245, Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap., 12, World Sci. Publ., Hackensack, NJ, 2007.

[MS1] A. Murase and T. Sugano, Whittaker-Shintani functions on the symplectic group of Fourier- Jacobi type, Compositio Math. 79 (1991), 321349.

[MS2] A. Murase and T. Sugano, Shintani functions and automorphic L-functions for GL(m), Tohoku Math. J. 48 (1996), 165202.

[MVW] C.Moeglin, M.-F. Vigneras and J.-L. Waldspurger, Correspondances de Howe sur un corps p-adique, Lecture Notes in Mathematics, 1291. Springer-Verlag, Berlin, 1987. viii+163 pp.

[MW] C. Moeglin and J.-L.Waldspurger, La conjecture locale de Gross-Prasad pour les groupes spéciaux orthogonaux: le cas général, preprint.

[MW2] C. Moeglin and J.-L.Waldspurger, Spectral decomposition and Eisenstein series: une paraphrase de l’Écriture, Cambridge Tracts in Math. 113, Cambridge Univ. Press (1995).

[P1] D. Prasad, On the local Howe duality correspondence, Internat. Math. Res. Notices 1993, no.

11, 279–287.

[P2] D. Prasad, Invariant forms for representations of GL_2 over a local field, Amer. J. Math. 114 (1992), no. 6, 1317–1363.

[P3] D. Prasad, Theta correspondence for Unitary groups, Pacific J. of Math. 194 (2000), 427-438. [R] S. Rallis, On the Howe duality conjecture, Compositio Math. 51 (1984), no. 3, 333–399. [Ro] J.Rogawski, Automorphic representations of unitary groups in three variables, Annals of Mathematics Studies, vol 123, Princeton University Press, 1990.

[S] Binyong Sun, Multiplicity one theorems for symplectic groups, arXiv: 0903.1417. [SZ] Binyong Sun, Chen-Bo Zhu, Multiplicity one theorems: the Archimdean case, arXiv 0903.1413. [SZ2] Binyong Sun, Chen-Bo Zhu, A note on special orthogonal groups following Waldspurger, preprint.

[Sa] F. Sauvegeot, Principle densité pur les groupes réductifs, Compositio Math. 108 (1997), No.

2, 151-184.

[Se] J.-P. Serre, A course in arithmetic, Translated from the French. Graduate Texts in Mathematics, No. 7. Springer-Verlag, New York-Heidelberg, 1973. viii+115 pp.

[Sp] T.A. Springer, Linear Algebraic Groups, second edition, Progress in Mathematics, vol. 9, Birkhauser, 1998.

120 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

[Sw] J. Sweet, Functional equations of p-adic zeta integrals and representations of the metaplectic group, preprint, 1995.

[T] J.Tate,“Number theoretic background,” in Automorphic forms, Representations, and Lfunctions, Proc. Symposia Pure Math., AMS, 33, 3-26 (1979).

[Vo] D. Vogan, The local Langlands conjecture, Contemporary Maths, AMS, 145, 305-379 (1993). [W1] N. Wallach, Real reductive groups. II, Pure and Applied Mathematics, 132-II. Academic Press, Inc., Boston, MA, 1992. xiv+454 pp.

[W2] N. Wallach, C^∞ vectors, Representations of Lie groups and quantum groups (Trento, 1993), 205–270, Pitman Res. Notes Math. Ser., 311, Longman Sci. Tech., Harlow, 1994.

[W3] N. Wallach, On the constant term of a square integrable automorphic form, in Operator algebras and group representations, Vol. II (Neptun, 1980), 227–237, Monogr. Stud. Math., 18, Pitman, Boston, MA, 1984.

[Wa1] J.-L. Waldspurger, Correspondance de Shimura, J. Math. Pures Appl. (9) 59 (1980), no. 1, 1–132.

[Wa2] J.-L. Waldspurger, Correspondances de Shimura et quaternions, Forum Math. 3 (1991), no.

3, 219–307.

[Wa3] J.-L. Waldspurger, Démonstration d’une conjecture de dualité de Howe dans le cas p-adique, p ≠ 2, in Festschrift in honor of I. I. Piatetski-Shapiro on the occasion of his sixtieth birthday, Part I (Ramat Aviv, 1989), 267–324, Israel Math. Conf. Proc., 2, Weizmann, Jerusalem, 1990.

[Wa4] J.-L.Waldspurger, Une Formule intégrale reliée à la conjecture locale de Gross-Prasad, to appear in Compositio Math.

[Wa5] J.-L. Waldspurger, Une Formule intégrale reliée à la conjecture locale de Gross-Prasad, 2ème partie: extension aux représentations tempérées, this volume.

[Wa6] J.-L.Waldspurger, Calcul d’une valeur d’un facteur epsilon par une formule intégrale, preprint.

[Wa7] J.-L.Waldspurger, La conjecture locale de Gross-Prasad pour les représentations tempérées des groupes spciaux orthogonaux, preprint.

[Wa8] J.-L. Waldspurger, Une variante d’un résultat de Aizenbud, Gourevitch, Rallis et Schiffmann, preprint.

[We1] A. Weil, Basic number theory, Third edition, Die Grundlehren der Mathematischen Wissenschaften, Band 144. Springer-Verlag, New York-Berlin, 1974. xviii+325 pp.

[We2] A. Weil, Sur certains groupes d’opéateurs unitaires, Acta Math. 111 1964 143–211. [Y] S. Yamana, On the Siegel-Weil formula for quaternionic unitary groups, preprint. [YZZ] X. Yuan, S. W. Zhang and W. Zhang, Heights of CM points I: Gross-Zagier formula, preprint, available at http://www.math.columbia.edu/ szhang/papers/HCMI.pdf.

[Zh] W. Zhang, Relative trace formula and arithmetic Gross-Prasad conjecture, preprint (2009). [Z] C. Zorn, Theta dichotomy and doubling gamma factors for ~Sp_n(F ), to appear in American J. of Math.

W.T.G.: Department of Mathematics, University of California at San Diego, 9500 Gilman Drive, La Jolla, 92093

E-mail address: wgan@math.ucsd.edu

B.H.G: Department of Mathematics, Harvard University, Cambridge, MA 02138 E-mail address: gross@math.harvard.edu

D.P.: School of Mathematics, Tata Institute of Fundamental Research, Colaba, Mumbai-400005, INDIA

E-mail address: dprasad@math.tifr.res.in