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Throughout n is the dimension of the QFT that is acted on

Definition: A quiche (o, p) is an (n + 1)-dimensional topological field theory o together
with a right topological boundary theory p

Definition: A (o, p)-module structure on an n-dimensional field theory /" is a pair (F',6)
in which F' is a left o-module and 6 is an isomorphism

0: /)®Uﬁi>

® There are well-developed (and well-developing) mathematical foundations for TFT
® pis an important part of the story; o alone does not suffice

® There is a rigorous calculus of defects in the (o, p)-theory
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Finite gauge theory

Let GG be a finite group. We give three constructions of the G-quiche (o, p) for any n:
(1) Finite path integral
(2) Cobordism hypothesis 1: o(pt) = bundles over G (and also specify p(pt))

(3) Cobordism hypothesis 2: o(pt) = Rep(G) (and also specify p(pt))

One goal: generalize these constructions to an arbitrary compact Lie group G
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Fluctuating fields: P — M principal G-bundle in o-bulk
s:0'M — P

oy trivialization on p-boundary

The map (M, ' M) —> Bung(M, ' M) induces a map from a bordism higher category to a
higher category of correspondences of groupoids

Quantization consists of linearizing these correspondences
A rigorous treatment is in progress by Scheimbauer and Walde
For example, if Y is a closed n-manifold in the (n + 1)-dimensional theory o, then the

quantization of Bung(Y) is
o(Y) = Fun(Bung(Y))
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To apply the cobordism hypothesis, we need to specify:
(i) an (n + 1)-category C

(ii) an object = € C
(iii) a 1-morphism f: 2z — 1
(We do not tackle tangential structures in this lecture)
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x is the quantization of Bung(® ) ~ %//G

/ is the quantization of Bung( ”—‘ / \

Bung( e Bung (0) *//G
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x is the quantization of Bung( e ) ~ %//G

/ is the quantization of L] a—— o
Bunc( Bung(0) /G %
e L C=Alg z = Cj&] f = regular module
Cr=1E54 x = Rep(G) f = underlying vector space
n=2 C = Alg(Cat) z = Vect[G] f = regular module

C = Alg(Cat) x = Rep(G) f = fiber functor
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Defects in the sandwich presentation

In the next few slides I illustrate the sandwich presentation; here we set some notation

m=1s 9K state space
U:R— U(H) time evolution
p: G— U(H) symmetry representation

n = 2: a 2-dimensional Wick-rotated QFT

The manipulations that follow apply to arbitrary compact Lie groups once (o, p) is defined
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Selection rule in n =1

G x G°P acts on observables; assume O; transforms in a representation M;. Then
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For any 7-finite space X there is an (n + 1)-dimensional TFT constructed by quantizing
mapping spaces into X (finite gauge theory is X = BGQ)

The partition function on a closed (n + 1)-manifold W is

3 @) En@ e
#m1(XV, 6) H#m3(XV, 6)

[plemo(XW)
The vector space of states on a closed n-manifold X is
Fun(XY) (locally constant functions)

Remarks: (1) r-finiteness is not used in dimensions < n
(2) It would also be used to define a Hilbert space structure on Fun(X™X)

One construction of Lie group quiche we indicate uses this relaxation of m-finiteness
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Generalization to a compact Lie group G
We generalize much of the preceding to compact Lie groups G using TET technology

Two new features: (i) o is a once-categorified n-dimensional TFT (Stewart)
(ii) Derived geometry plays a key role

o has a semiclassical heuristic description as a topological limit of pure Yang—Mills theory,
which is a BF theory (Brennan—Sun, Antinucci—Benini, Bonetti-Del Zotto—Minasian,
Apruzzi-Dondi-Extebarria—Lam—Schéafer—-Nameki, . . . )

Topological limit of YM is BF:

(B A Fa)+eXB A «B)
V w A € Buny,
1 Be *Hg")

Part of our work is to define BF as an extended TFT

Some related ideas appear in recent papers of Jia—Luo—Tian—Wang—Zhang and Stockall-Yu
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Compact Lie group symmetries in quantum mechanics (n = 1)

I state space
U: R— U(H) time evolution
G compact Lie group

p: G— U(H) symmetry representation

2d Yang-Mills is a theory one knows precisely (Migdal, ..., Wedeen)

25) ~ VZV: <dimW>2_2g A (_ €2 Area(E)C2(W))

Vol G 2
irrep
5 2—2g
dim W
o(Xg) = (11_1}(1] Ze(Xg) ~ Z < \1/1;11G > diverges if g < 1

w

irrep



Remark: For any (n + 1)-dimensional TFT ¢ and X" closed, o(S! x X) = dimo(X)
is oo if the state space o(X) is co-dimensional (¢ = 1 on previous slide)



Remark: For any (n + 1)-dimensional TFT ¢ and X" closed, o(S! x X) = dimo(X)
is oo if the state space o(X) is co-dimensional (¢ = 1 on previous slide)

In these cases o can at best be a once-categorified n-dimensional TFT



Remark: For any (n + 1)-dimensional TFT ¢ and X" closed, o(S! x X) = dimo(X)
is oo if the state space o(X) is co-dimensional (¢ = 1 on previous slide)

In these cases o can at best be a once-categorified n-dimensional TFT
For o = 2d YM,,, we have

o(SY) = Fun(G)“

o(pt) = Fun(G)

the latter as an algebra under convolution



Remark: For any (n + 1)-dimensional TFT ¢ and X" closed, o(S! x X) = dimo(X)
is oo if the state space o(X) is co-dimensional (¢ = 1 on previous slide)

In these cases o can at best be a once-categorified n-dimensional TFT

For o = 2d YM,, we have
o(SY) = Fun(G)“
o(pt) = Fun(QG)
the latter as an algebra under convolution

The vector space of p-defects supported at a point is Fun((); to get the usual codimension
one defect labeled by , we must take Fun(G) to be a space of distributions on G

y—— i3




Remark: For any (n + 1)-dimensional TFT ¢ and X" closed, o(S! x X) = dimo(X)
is oo if the state space o(X) is co-dimensional (¢ = 1 on previous slide)

In these cases o can at best be a once-categorified n-dimensional TFT

For o = 2d YM,,, we have
o(SY) = Fun(G)“
o(pt) = Fun(G)

the latter as an algebra under convolution

The vector space of p-defects supported at a point is Fun(('); to get the usual codimension
one defect labeled by , we must take Fun(G) to be a space of distributions on G

Remark: Just as in (co-dimensional) representation theory, dense inclusions give rise to
equivalent representations. Example: the regular representation of G' can be

Fun(G) = P W@ W* c C%(G) = C°(G) = L*(G) = C~(G)
w

irrep



n = 1 quiche (o, p) via cobordism hypothesis

Any algebra is 1-dualizable in Alg(€’) for any €, so determines a 1d theory



n = 1 quiche (o, p) via cobordism hypothesis
Any algebra is 1-dualizable in Alg(€’) for any €, so determines a 1d theory

If ¢ is a symmetric monoidal 1-category, then Alg(€’) is a symmetric monoidal 2-category
and the resulting theory is once-categorified 1-dimensional



n = 1 quiche (o, p) via cobordism hypothesis

Any algebra is 1-dualizable in Alg(€’) for any €, so determines a 1d theory

If ¢ is a symmetric monoidal 1-category, then Alg(€’) is a symmetric monoidal 2-category
and the resulting theory is once-categorified 1-dimensional

Construction (2): € = Alg(Vect) o(pt) = C~*(G) convolution algebra of distributions
p(pt) = right regular module of C~%(G)



n = 1 quiche (o, p) via cobordism hypothesis

Any algebra is 1-dualizable in Alg(€’) for any €, so determines a 1d theory

If ¢ is a symmetric monoidal 1-category, then Alg(€’) is a symmetric monoidal 2-category
and the resulting theory is once-categorified 1-dimensional

Construction (2): € = Alg(Vect) o(pt) = C~*(G) convolution algebra of distributions
p(pt) = right regular module of C~%(G)

Construction (3): € = Cat o(pt) = Rep(QG)
p(pt) = underlying vector space



n = 1 quiche (o, p) via cobordism hypothesis

Any algebra is 1-dualizable in Alg(€’) for any €, so determines a 1d theory

If ¢ is a symmetric monoidal 1-category, then Alg(€’) is a symmetric monoidal 2-category
and the resulting theory is once-categorified 1-dimensional

Construction (2): € = Alg(Vect) o(pt) = C~*(G) convolution algebra of distributions
p(pt) = ght regular module of C~*(G)

Construction (3): € = Cat o(pt) = Rep(QG)
p(pt) = underlying vector space

Remark: We must include co-dimensional reps in Rep(G), and then prove that the
suitably defined Rep(G) is dualizable in a suitable 2-category of categories
(Scheimbauer—Steffens—Stewert—Van Dyke)



n = 1 quiche (o, p) via cobordism hypothesis

Any algebra is 1-dualizable in Alg(€’) for any €, so determines a 1d theory

If ¢ is a symmetric monoidal 1-category, then Alg(€’) is a symmetric monoidal 2-category
and the resulting theory is once-categorified 1-dimensional

Construction (2): € = Alg(Vect) o(pt) = C~*(G) convolution algebra of distributions
p(pt) = ght regular module of C~*(G)

I

Construction (3): € = Cat o(pt) = Rep(QG)
p(pt) = underlying vector space

Remark: We must include co-dimensional reps in Rep(G), and then prove that the
suitably defined Rep(G) is dualizable in a suitable 2- category of categorles
(Scheimbauer—Steffens—Stewert—Van Dyke)
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Point p-defects: (2) elements of C~*(G) or (3) Endgep()(underlying v.s.) = v.s. of reg rep
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From BF theory to flat connections
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As motivation, we briefly give the semiclassical description of (o, p, ') via BF theory:

A € Buny,
B e Q" (g

s flat section

A B N A)

F couples via usual mechanism of symmetry: A as a background gauge field
Equations of motion tell that A is a flat connection (inside all connections)

Lesson: Build (o, p) from flat connections as sitting inside all connections
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Remarks: (i) Heuristic is that all connections enter to write (infinite) partition function
and to implement unitarity

(ii) Cannot gauge with flat connections—need to integrate over all connections

Deformation complex of flat connections inside all connections:

0— Q%) — Q') — Qseals) —0

closed

stacky <~~~ geometric ~~r derived

Equivalent to de Rham complex:

0—0°(g) —= Ql(g) — 2

closed (g )

ey

0 — Q°%(g) — Q'(g) —— Q*(g) Q(g)

The BV presentation of BF theory has fields corresponding to the de Rham complex
(Cattaneo—Rossi, Cattaneo-Mnev—Reshetikhin, ...)
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Fluctuating fields: P — M, V principal G-bundle with flat connection in o-bulk
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a higher category of correspondences of groupoids
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(1) (Nonfinite) path integral construction of (o, )

Fluctuating fields: P — M, V principal G-bundle with flat connection in o-bulk
s:0'M — P

oy Jflat trivialization on p-boundary

The map (M, &' M) — Bun#*(M, o/1/) induces a map from a bordism higher category to
a higher category of correspondences of groupoids

Quantization consists of linearizing these correspondences, and the ongoing work of
Scheimbauer—Walde needs to be extended to non m-finite spaces

For example, if Y is a closed n-manifold in the (n + 1)-dimensional theory o, then the
quantization of Bung(Y) is
o(Y) = Fun(Bung(Y))
Many choices for a topological vector space of functions, e.g., n =1, Y = ¢——s :
Fun(G) = @ WRW* c C*(G) CY G eilEgsE " (()
w
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A bit of a digression that lends insight to n = 2 case, on which we focus for concreteness
The “level” information is the standard symmetric R-valued pairing on Lie(T*G) =~ g @ g*

A T*G-connection is equivalent to a G-connection and a section of the coadjoint bundle:

P ©=A4A+B Ae0l(g), B e k(g%
silg*
\ 22
T*G P s*0@=A+B Ae Conny(P), BeQj(gh)
/
M

5\ SRCIRNY SEPT
Chern—Simons form: (Fg A ©) — 6<6 A[OAB] = 2ABAFa)+d{BAA

Equations of motion again lead to flat connections



(2) Cobordism hypothesis construction of (o, )

o(pt) is a quantization of (flat) connections on pt, which is *//G



(2) Cobordism hypothesis construction of (o, )
o(pt) is a quantization of (flat) connections on pt, which is *//G

Two motivating cases: (n = 1) G arbitrary compact Lie and (n = 2) G finite:

C~%(G) convolution algebra of distributions (G cpt Lie)

(n=1) € = Alg(Vect) o(pt
( right regular module of C~%(G)

p(pt
(n=2) C = Alg(Cat) o(pt
p(pt

= Vect[G] convolution algebra of sheaves (G finite)
right regular module of Vect[G]

)
)
)
)



(2) Cobordism hypothesis construction of (o, )
o(pt) is a quantization of (flat) connections on pt, which is *//G

Two motivating cases: (n = 1) G arbitrary compact Lie and (n = 2) G finite:

~®(G) convolution algebra of distributions (G cpt Lie)

(n=1) € = Alg(Vect) a(pt
( r1ght regular module of C~%(G)

p(pt

)
)
(n=2) €= Alg(Cat) o(pt) = Vect[G] convolution algebra of sheaves (G finite)
p(pt) = right regular module of Vect|[G]

Proposal: (n = 2) o(pt) is a convolution algebra of sheaves of topological vector spaces
on G, and p(pt) is the right regular module



(2) Cobordism hypothesis construction of (o, )
o(pt) is a quantization of (flat) connections on pt, which is *//G

Two motivating cases: (n = 1) G arbitrary compact Lie and (n = 2) G finite:

~®(G) convolution algebra of distributions (G cpt Lie)
r1ght regular module of C~%(G)

(n=1) € = Alg(Vect) o(pt
p(pt

)
)
(n=2) €= Alg(Cat) o(pt) = Vect[G] convolution algebra of sheaves (G finite)
p(pt) = right regular module of Vect|[G]

Proposal: (n = 2) o(pt) is a convolution algebra of sheaves of topological vector spaces
on G, and p(pt) is the right regular module

Of course, this is empty w/o details and dualizability theorems, which are a part of higher
algebra in development by Scheimbauer—Steffens—Stewart
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o(pt) is a quantization of (flat) connections on pt, which is *//G

Two motivating cases: (n = 1) G arbitrary compact Lie and (n = 2) G finite:

~®(G) convolution algebra of distributions (G cpt Lie)
r1ght regular module of C~%(G)

(n =1) € = Alg(Vect) o(pt)
p(pt)

(n=2) €= Alg(Cat) o(pt) = Vect[G] convolution algebra of sheaves (G finite)
p(pt) = right regular module of Vect|[G]

Proposal: (n = 2) o(pt) is a convolution algebra of sheaves of topological vector spaces
on G, and p(pt) is the right regular module

Of course, this is empty w/o details and dualizability theorems, which are a part of higher
algebra in development by Scheimbauer—Steffens—Stewart

Similarly, for arbitrary n we put o(pt) a higher category of sheaves of higher categories
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(3) Another cobordism hypothesis construction of (o, )
We have already seen this construction in low dimensions, first for G finite

(72 = R G o(pt) = Rep(QG) p(pt) = underlying vector space
(n = 2§ = C=tAlo{@an)] o(pt) = Rep(G) p(pt) = fiber functor

and then for G compact Lie

(=S i o(pt) = Rep(G) p(pt) = underlying vector space
Rep(G) is an E,_;-algebra in Cat for all n
This leads to a dual construction of (o, p) via the cobordism hypothesis once dualizability

results in progress by Scheimbauer—Steffens—Stewart—van Dyke are in place, where now we

set o(pt) = Rep(G)



Codimension one p-defects in (o, p)

For the remainder of the lecture we restrict to n = 2



Codimension one p-defects in (o, )

For the remainder of the lecture we restrict to n =

In Construction (2) with o(pt) = Shv(G) € Alg(Cat), the link ~———= evaluates to the
underlying category Shv(G) € Cat



Codimension one p-defects in (o, )

For the remainder of the lecture we restrict to.n = 2

In Construction (2) with o(pt) = Shv(G) € Alg(Cat), the link =———= evaluates to the
underlying category Shv(G) € Cat

Skyscraper sheaves , are the usual codimension one defects for a group element



Codimension one p-defects in (o, )

For the remainder of the lecture we restrict to.n = 2

In Construction (2) with o(pt) = Shv(G) € Alg(Cat), the link =———= evaluates to the
underlying category Shv(G) € Cat

Skyscraper sheaves , are the usual codimension one defects for a group element

We already saw these codimension one (point) p-defects in case n = 1
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Point p-defects in (o, p)

We compute this vector space V first using direct quantum Constructions (1) and (2), and
then by geometric quantization in BF (T*G Chern—Simons) theory
- P

The link is (D2,1/S” 1); the stack of flat G-connections (Construction (1)) is *

The derived stack of flat G-connections has tangent complex (Q‘(DQ, ) d), whose
nonzero cohomology is H?(D?, 5';g) = g

This is in degree +1, so the vector space of C-valued functions on the derived stack is

V = (0.0)(D?,5) = Sym® (g [+1])

which is (secretly) an exterior algebra
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Construction (2) begins with o(pt) = Shv(G) € Alg(Cat), (o,p)(e—=) = ShV(G)Shv(G)

Now successively compute

(ouap){ Cormn) o= SNRalE s 5oty
(c,p) ( ﬁ) =C. € Shv(G)

V = (o', /)) (Q) = REnd((Ce)

Resolve C, to compute

V = Sym*®(gc[-1])
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The seemingly discrepant answers
V = Sym* (g [+1])
V = Sym*® (g(c[—l])

can be viewed as geometric quantizations with two different polarizations, related by
Fourier transform

The classical equations of BF theory on (D?, S') are

Iy =0
daB =0
s*A=0

The moduli stack of solutions is #//g* (from B-field gauge transformations), while the
derived moduli stack of solutions includes H?(D?,5";g) = g in degree +1, which combine
to the symplectic vector space

" [+L]-Srg ]
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Let M be a Calabi—Yau manifold equipped with a holomorphic G-action, and define a
topological field theory /' (with codomain a 2-category of derived categories) by /(pt):

F(pt) = D° Coh(M)
F(8Y) = H*(M; ATM[-1])

The G-action induces topological point defects (£ € g) — (ge HO(M; TM[-1]))

o
F’




An example of nonzero derived point defects
We realize these point defects in a (derived) topological field theory /', the B-model

Let M be a Calabi—Yau manifold equipped with a holomorphic G-action, and define a
topological field theory /' (with codomain a 2-category of derived categories) by /(pt):

F(pt) = D° Coh(M)
F(SY) = H*(M; N°TM[-1])

The G-action induces topological point defects (f € g) — (ge HO(M; TM[—l]))

Example: M = E an elliptic curve, G = E acts by translation. Let p € H S (B O
be a principal part and fix £ € Lie(E), which induces & € H°(E; TE[-1]).
Then the correlation function on S? with the two point defects &, p equals
the sum of the residues of Lg(p dz®2)




