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QUANTUM THEORY IS PROJECTIVE; QUANTIZATION IS LINEAR

THE ANOMALY OF A QUANTUM THEORY EXPRESSES ITS PROJECTIVITY

Anomalies are not necessarily associated with symmetry, nor with fermions
Usual data of a quantum mechanical (QM) system: (3, U,), linear space and time evolution
Instead, one can derive states and observables from a projective space P in place of H
The projectivity, or anomaly «, is the obstruction to linearizing P

This is more interesting for families of QM systems or a QM system with symmetry
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A family of QM systems has data a fiber bundle of projective spaces P — S

= PH
S

The obstruction to a linearization is a gerbe over S: a once-shifted line bundle over S

A linearization is a vector bundle H — S and an isomorphism P

Remark: A line bundle over S is a family of invertible QM systems
The obstruction is more familiar if S = *//G: a central extension 1 - C* — o T redtadg)

Example: The harmonic oscillator: G = symplectic group and G = metaplectic group
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Wick-rotated QFT as a linear representation
Graeme Segal (mid 1980’s): Wick-rotated QFT is a representation of a bordism category
There are two “discrete parameters” that specify the species of bordism category: n,F
n is the dimension of “spacetime”

Man,, category of smooth n-manifolds and local diffeomorphisms

sSet category of simplicial sets
Definition: A Wick-rotated field is a sheaf
F: Man)P? — sSet

Examples: Riemannian metrics, G-connections, R-valued functions, M-valued
functions, orientations, spin structures, gerbes, ...

F can be a collection of fields; F(M) is the simplicial set of fields on an n-manifold M
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Vect

F: Bord,, () — Vect

bordism category

dimension of spacetime

background fields (orientation, Riemannian metric, .. .)

linear category of topological vector spaces and linear maps

linear representation of bordism category
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Wick-rotated QFT as a projective representation; the anomaly

Proj category of (holomorphic) projective spaces and holomorphic maps
Vect category of topological vector spaces and linear maps
Line category of complex lines and invertible linear maps

Line Vect Proj ¥ (Line)

e

Line —— Bord, (¥) —— Bord,,(¥)
\—/

Projective theory F
Its = and resulting extension of the bordism category
Trivialization of o = linearization of F to F'

Ratio of trivializations: an invertible n-dimensional theory



Line

Anomaly as an invertible field theory

Vect

A

J F

Proj ¥ (Line)

Ir

Line —— Bord,,(¥) —— Bord,(%)
\/

Y (Line) is a groupoid of gerbes, a categorification of Line

The

An n-dimensional

is a once-categorified n-dimensional invertible field theory

theory F relative to

assigns F(X"): C — for X" closed

To Y™ ! closed, F assigns a projective space with projectivity

Ratios of trivializations of

: a standard type of n-dimensional invertible theory
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(2) Groups of symmetries and anomalies
G (finite, Lie, “higher”) group of symmetries of F' over background fields F

Couple F to a background gauge field: (i) ¥ ——~F  (ii) extend F over J to F over

|

ByG

't Hooft anomaly: o once-categorified invertible over F , trivialized over &

It could happen that « is pulled back from the base; this corresponds to a projective action
of G and is the situation we generalize to algebras of symmetries

Example: G finite, a given by a Dijkgraaf-Witten cocycle
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(3) Algebras of symmetries in quantum theory

In QM, algebras of operators were there from the beginning (von Neumann)

Example: G finite group ~~ C[G] group algebra
G central extension ~~> C[G] twisted group algebra
C[G] and C[G] are different algebras: e.g., G = Z/nZ x Z/nZ, G =Heisenberg

In QFT, with Greg Moore and Constantin Teleman we introduced quiches:

(i) generalization of abstract algebras in QM
(ii) defects generalize elements of abstract algebras

(iii) use Topological Field Theory technology to compute universal relations among defects
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Quiche: (o, p) in which o is an n-dimensional once-categorified topological field theory
p is a topological right relative theory (Will Stewart thesis)

(0, p)-module: /' n-dimensional field theory
A (0, p)-module structure on ' is (F',6) in which
Fisa (nontopological) left relative theory for o

0 is an isomorphism 0 /)@Uﬁ Tutes (sandwich presentation)
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A small variation leads to the notion of a (¢, p)-module structure on an anomalous
theory F' with anomaly
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A small variation leads to the notion of a (o, p)-module structure on an anomalous
theory /' with anomaly
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There is a useful class of TFT’s called finite homotopy theories, which are constructed by
finite quantization using w-finite spaces

Example: For a finite (higher) group G—with or without a cocycle—o is the associated

finite gauge theory, and it extends to a full (n + 1)-dimensional TFT; the
corresponding 7-finite space is BG
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(4) Anomalous algebras of symmetries (ongoing new work)

We now come to the central issue addressed in the new work
Question: What is the 't Hooft anomaly of a quiche (acting on a field theory)? OR...

Question: What is a projective action of a quiche on a field theory and an associated
anomaly?

Example: The quiche associated to a finite group G and to a finite group G with a
Dijkraaf-Witten cocycle are not obviously “twisted” versions of each other

Remarks: e We use extra structure on a quiche to express anomalous symmetries
® There is a geometric and an algebraic version of the extra structure

e “Anomaly” is a relative notion in this context, not an absolute notion
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Preliminary: Dirichlet and Neumann boundary theories

¢ ‘Dirichlet’ and ‘Neumann’ are well-established terms for boundary
conditions in PDE; they are less apt and less universal here

e For a quiche (o, p), the general definition that p be Dirichlet will be in
the paper; one consequence is that the (1---n) theory defined by
p' o p is isomorphic to the truncation of o

Let o be a topological field theory (once-categorified n-dimensional or (n + 1)-dimensional)
Dirichlet: e A boundary theory is Dirichlet if it is generating in some sense
e If o(pt) is an algebra, then the regular module is Dirichlet

e If a path connected m-finite space X defines a finite homotopy TFT,
then a basepoint in X determines a Dirichlet boundary theory
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Suppose p is a Dirichlet (right) boundary theory of o

Definition: A (left) boundary theory e of o is Neumann (relative to p) if p ®q € is
isomorphic to the trivial n-dimensional theory

o(pt) is an algebra and p(pt) is the regular module = ¢(pt) is an augmentation of o(pt)
Augmentations, and more generally Neumann boundary theories, may not exist

Remark: We freely move between right and left boundary theories by taking adjoints



Geometric picture

(o,p) mn-dimensional quiche; for convenience, suppose o is a full (n + 1)-dimensional theory

Extra hypothesis: (a,@ is the dimensional reduction of an (n + 1)-dimensional
qui? e (6@ with respect to a Neumann boundary ¢ and its dual ¢ *:
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Geometric picture

(o,p) mn-dimensional quiche; for convenience, suppose o is a full (n + 1)-dimensional theory

Extra hypothesis: (o,p) is the dimensional reduction of an (n + 1)-dimensional
quiche (7, p) with respect to a Neumann boundary ¢ and its dual ¢ ”:

(0, p) = <El(6,0)|€7)

A

Definition: A twisted version of (o, p) is a quiche of the form c’
N
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where ¢’ is another Neumann boundary theory and :;v 5
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Geometric picture

(o,p) mn-dimensional quiche; for convenience, suppose o is a full (n + 1)-dimensional theory

Extra hypothesis: (o,p) is the dimensional reduction of an (n + 1)-dimensional
quiche (7, p) with respect to a Neumann boundary ¢ and its dual ¢ ”:

(o, p) = <€l(6,p)|€7)
Definition: A twisted version of (o, p) is a quiche of the form
(o', 0') = <€l(e, P)IEY),
where ¢’ is another Neumann boundary theory and

(0, p) = E1(6,P)E™)

Example: G finite (higher group), o, ¢ finite gauge theories, ¢ usual Neumann, ¢’ Neu-
mann with DW cocycle



Geometric picture: variation

(0,p) mn-dimensional quiche; for convenience, suppose o is a full (n + 1)-dimensional theory

Extra hypothesis: (o, p) is the dimensional reduction of (4, /) with respect to a Neu-
mann boundary ¢ and another boundary theory B:

(0, p) = <El(6,0)|B)
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Geometric picture: variation

(0,p) mn-dimensional quiche; for convenience, suppose o is a full (n + 1)-dimensional theory
Extra hypothesis: (o, p) is the dimensional reduction of (4, /) with respect to a Neu-

mann boundary ¢ and another boundary theory B:
(0, p) = <El(6,0)|B)

Definition: A twisted version of (o, p) is a quiche of the form

(o', p) =<€l(5, p)IB),

where ¢’ is another Neumann boundary theory and
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Geometric picture: variation

(0,p) mn-dimensional quiche; for convenience, suppose o is a full (n + 1)-dimensional theory

Extra hypothesis: (o, p) is the dimensional reduction of (4, /) with respect to a Neu-
mann boundary ¢ and another boundary theory B:

(0, p) = (€|(5, 0)|B)
Definition: A twisted version of (o, p) is a quiche of the form
(o', p') = <€(6,0)IB),
where ¢’ is another Neumann boundary theory and

(0, p) =<€'1(8,0)|B)

Zesting: We encounter a parametrized family with o, & finite gauge theories, ¢, ¢ usual
Neumann, but in the family ¢’ is twisted with respect to ¢



Algebraic picture

There is a corresponding algebraic picture based on the following idea: A “twisted version”
of an algebra A is an invertible A-bimodule M (Example: A = C'(X) is an algebra of
functions on a space X and M is the bimodule of sections of a line bundle L — X)
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Algebraic picture

There is a corresponding algebraic picture based on the following idea: A “twisted version”
of an algebra A is an invertible A-bimodule M (Example: A = C(X) is an algebra of
functions on a space X and M is the bimodule of sections of a line bundle L — X)

The extra structure on a quiche (o, p) is an algebra structure (in the higher category of
quiche), and then a twisted form is an invertible (o, p)-bimodule
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(5) Zesting of fusion categories (ongoing new work)

& =G x P “cross product” of a finite group G and a fusion category ®P;:

=P o,

geG

Each @, is an invertible ®;-bimodule, and the structure is a homomorphism
a: G — BrPic(9)
into the Brauer-Picard 3-group (Etingof-Nikshych-Ostrik)

Interpret as a G-action on ®;—a fibering of ®; over BG—and so express ® as a quotient
(gauging) of ®; by G, best in terms of the corresponding 3d Turaev-Viro theories
, T3(®1) and the 4d finite gauge theory §4(BG) with augmentation (Neumann bdy) e:

T3(Pq)

A
o

= €®g, (Ba)



The homotopy groups of BrPic(®;) are expressed in terms of the Drinfeld center Z®;
9 (CX (/V
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where A is the group of invertible objects of Z®1, and there is a quadratic function
q: A —> C* that defines the 2-group truncation Z
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The homotopy groups of BrPic(®;) are expressed in terms of the Drinfeld center Z®;
T2 (CX
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™ A
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where A is the group of invertible objects of Z®1, and there is a quadratic function
q: A —> C* that defines the 2-group truncation Z

A zesting is another homomorphism
o' G —> BrPic(®,)
such that mpa’ = mpa, so o/ — a is an extension of G by T

The data of o/ — a is a cocycle A € Z2(BG; A) and a cochain v € C3(BG;C>)
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B?A

There is a fibering of ®; over X that expresses the action BrPic(®;) C @,
Pull back via moBa: BG — B and truncate the top piece to obtain (X, ) m-finite

Since myBa lifts to Ba: BG —— X, there is a fibering of ®; over BG, the a-action in
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Set Ty = mo Aut(Z®;), so the Postnikov tower of X = B(BrPic(®,)) is:

BRC < /=
wl
B2A X —— S B B2 Xt BACX

Al M |
e —— B ye—ms D1 A

There is a fibering of ®; over X that expresses the action BrPic(®;) C @,

Pull back via moBa: BG — By and truncate the top piece to obtain (X, p) m-finite

Since myBa lifts to Ba: BG —— X, there is a fibering of ®; over BG, the a-action in
T3(®) = € ®g,(5g) T3(P1)

The lift also induces a section f,: BG —— X



m-finite space X with cocycle u
m-finite map

trivialization of f*u: 7 = f*u
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T trivialization of f*u: 7 = f*pu

(f,7) determines a boundary theory /3,1 (f.7) for the finite path § quantization @, (X, 1)
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(860 m-finite space X with cocycle u
fYy—2Xx m-finite map

T trivialization of f*u: 7 = f*pu

(f,7) determines a boundary theory /3,1 (f.7) for the finite path § quantization @, (X, 1)

The sandwich T3(®) = ¢ ®s, (BG) T3(®1), with a dash of the regular boundary theory, can

be expressed en croute (in quiche):

By,
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For zesting purposes we replace gauge theory Q4(BG) with Q4(X, 1) . ..
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The map B« induces a trivialization 7 of fXu
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The map B« induces a trivialization 7 of fXu

The pair (f,,7) determines a boundary theory for Q4(X, 1) and the presentation:
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The map B« induces a trivialization 7 of fXu

The pair (f,,7) determines a boundary theory for Q4(X, 1) and the presentation:
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Zesting is the replacement a ~~~> o' and o ( [y, 7) ~~~> ([0, 7')



Zesting and anomalies
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To interpret zesting as a change of Neumann boundary conditions, assume G C A is trivial



Zesting and anomalies
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To interpret zesting as a change of Neumann boundary conditions, assume G C A is trivial

Then X ~ B?A x BG and we exchange the roles of base and fiber



Zesting and anomalies
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BG 5B A

To interpret zesting as a change of Neumann boundary conditions, assume G C A is trivial
Then X ~ B?A x BG and we exchange the roles of base and fiber

So X is a finite homotopy version of a family of BG with 't Hooft anomalous (u) BA-action
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Zesting and anomalies
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To interpret zesting as a change of Neumann boundary conditions, assume G C A is trivial
Then X ~ B?A x BG and we exchange the roles of base and fiber
So X is a finite homotopy version of a family of BG with 't Hooft anomalous (u) BA-action

The semiclassical boundary conditions f., f.: BG — B?A x BG are a family of
Neumann conditions id z¢ for G-gauge theory
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Zesting and anomalies
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To interpret zesting as a change of Neumann boundary conditions, assume G C A is trivial
Then X ~ B?A x BG and we exchange the roles of base and fiber
So X is a finite homotopy version of a family of BG with 't Hooft anomalous (u) BA-action

The semiclassical boundary conditions f., f.: BG — B?A x BG are a family of
Neumann conditions id z¢ for G-gauge theory &
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Zesting: change of a family of Neumann conditions:
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