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Introductory Remarks

These lecture notes constitute a brief introduction to stochastic analysis
on manifolds in general, and Brownian motion on Riemannian manifolds in
particular. Instead of going into detailed proofs and not accomplish much,
I will outline main ideas and refer the interested reader to the literature
for more thorough discussion. This is especially true for the last lecture, in
which I only discuss the flat space case. Therefore it should be only served
as a guide to what one should expect for the path and loop spaces over a
Riemannian manifold.

I thank Professor I. Shigekawa and other Japanese probabilists for invit-
ing me to participate the Summer School in Kyushu.






Lecture 1. Brownian Motion on a Riemannian
Manifold

1.1. Brownian motion on euclidean space

Brownian motion on euclidean space is the most basic continuous time
Markov process with continuous sample paths. By general theory of Markov
processes, its probabilistic behavior is uniquely determined by its initial dis-
tribution and its transition mechanism. The latter can be specified by either
its transition density function or its infinitesimal generator. For Brownian
motion on ", its transition density function is the Gaussian heat kernel

(111) (t )— i "2 —|z—yl|?/2t
b p 71.72/ - 27Tt € ’

and its infinitesimal generator is half of the Laplace operator:

n 2
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The law P, of Brownian motion starting from x is therefore a probability
measure on the euclidean path space C(Ry,R™). If we use E, to denote the
integration with respect to IP,, then we have Dynkin’s formula

E.f(X:) = f(a) + / AF(X
Here X stands for the so-called coordinate process on C(R,R"™):
X(w) = X¢(w) =wy, w€CRy, R,

Dynkin’s formula is the starting point of applications of Brownian motion
to analysis. If we want to do stochastic analysis (as opposed to analysis),
then we need Itd’s formula:

F(X0) = £(Xo) + / VX, / AS(X

This formula can be regarded as a microscopic formulation (a refinement) of
Dynkin’s formula. Lying between the two is the martingale characterization
of Brownian motion:

f(Xy) = f(Xo) + martingale + 1/lt Af(Xs)ds
2 Jo
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7 LECTURE 1. BROWNIAN MOTION ON A RIEMANNIAN MANIFOLD

All these formulations (Dynkin’s formula, 1t6’s formula, martingale charac-
terization) are equivalent in the sense that each one of them defines uniquely
the probability measure P, under which the coordinate process is a Markov
process with the Gaussian transition density function (1.1.1).

All of the above formulations of Brownian motion will find its counter-
part when R" is replaced by a Riemannian manifold.

As a way of thinking, it is useful to regard paths of Brownian motion
as the characteristic lines of the Laplace operator A. Since A is an elliptic
operator, we know that it has no real characteristic lines in the classical
sense. It is a basic fact in the theory of partial differential equations that
the solution of the initial value problem is a weighted average of the data on
the characteristic lines emanating from the point at which we are seeking
solution. Take, for example, the initial value problem for the wave equation

Pu  0%u ou

52 = 92 u(0,z) = f(x), %(Oa z) = 0.

The characteristic lines of the wave operator are x +¢ = const. The solution
of the problem is

t —t
ity = LD S =0)
which is the expected value of the initial value f(x +t) and f(x —t) on
the characteristic lines from (x,t) as if we assign each characteristic line the
probability 1/2. Now consider the Dirichlet problem on the smooth domain
D in R™:

u=f on dD.

Each curve X starting from z meets the boundary at X,,, where 7p is the
first exit time of D:

{Au—O on D,

Tp=inf{t >0:X; & D}.
The value of the data for this “characteristic line” is f(X;,). The prob-
ability is assigned to these “characteristic lines” according to the law of

Brownian motion P,. In analogy with the case of the wave equation, we
arrive heuristically the formula

up(z) =B, f(X7,), €D,

which is Doob’s representation of the solution of the Dirichlet problem.

1.2. Laplace-Beltrami operator and the heat kernel

As we have seen in SECTION 1.1, the Laplace operator and the Gauss-
ian transition density function (heat kernel) are the basic analytic objects
associated with Brownian motion on R"™. Of the two, the Laplace operator
is the more fundamental one and the heat kernel can be obtained as (mini-
mal) fundamental solution of the heat equation associated with the Laplace
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operator, namely, the function p(¢,x,y) is the smallest positive solution of
the following initial value problem:
ap 1
—=-A li t =0, (y).
oc = gt lmp(tz.y) = 0.(y)

The counterpart of the Laplace operator on a Riemannian manifold M
is the Laplace-Beltrami operator Ajys, which will serves as the infinitesimal
generator for Brown motion on M. This operator can be briefly described
as follows. We denote the Riemannian metric on M (-,-);. The gradient
gradf of a function f on M is a vector field on M defined uniquely by

(grandf, X) = X(f), X € I(M).
[Here I'(M) is the space of smooth vector field on M.] The divergence divX

of a vector field X is characterized by

X(f)du = —/M fdivX du.

Here p is the Riemannian volume measure. The Laplace-Beltrami operator
is

M

A f = div(gradf).

In local coordinates 2!, - - - , 2", the Riemannian metric is written in the form
ds® = gijdxtda’.

The Laplace-Beltrami operator is given by
1 0 i Of
Ayf=—=— VG’ = ].
M= e b <‘F9 ay)
Here G is the determinant of the matrix {g;;} and {gij} is its inverse. We

have )
g F L 0f
A =gV —2 4=
mf=9g 0xtOxI tb oxt’

where

1 9(VGg")
VG 0zd
where I''jk are the Christoffel symbols of the metric ds? in the local coor-
dinates. Therefore Ay is a second order, strictly elliptic operator.

The construction of the heat kernel (minimal fundamental solution)
p(t, x,y) associated with the Laplace-Beltrami operator is not a trivial task
and belongs to the fields of partial differential equations and differential ge-
ometry. It is carried out in great detail in Chavel[1]. We will see later that
the theory of stochastic differential equations allows in some sense avoid this
construction.

A general stochastic differential equation in Stratonovich formulation
has the form

b= = g'" I jk,

dXt = Va(X)t o} tha + ‘/O(Xt) dt.
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It generates a diffusion process (i.e., Markov process with continuous sample
paths) whose infinitesimal generator is

l
1
L:§§ 1V§+V0.
=

Thus it has the form of a “sum of squares.” Unfortunately, on a general Rie-
mannian manifold, there is no natural way of writing the Laplace-Beltrami
operator as a sum of squares. Such a representation of Ay is possible if M
is embedded isometrically in some euclidean space Al. For a point € M,
let P, denote the projection of the unit coordinate vector &, on the tangent
space T, M. We obtain in this way [ vector fields P, on M. It can be shown
that ([11], 77-78)

l
Ay=> P
a=1

According to Nash’s theorem, one can always embedd a Riemannian man-
ifold isometrically in some euclidean space. This fact and the above ex-
pression for Ajs can be used to give an extrinsic construction of Brownian
motion on M.

1.3. Brownian motion on a Riemannian manifold

We define Brownian motion on M to be a Markov process whose transi-
tion density function is p(t, x, y), the heat kernel associated with the Laplace-
Beltrami operator. General theory of Markov processes shows how such a
process can be constructed, see Chung[4]. It turns out to be a diffusion
process, i.e., a strong Markov process with continuous sample paths.

On a general Riemannian manifold it may happen that

/ p(t,z,y)dy < 1.
M

Probabilistically this means that Brownian motion may not run for all time.
More precisely, there is a finite stopping time e, called the lifetime of Brow-
nian motion such that

lim X; = .

i X = oo
where M = M U{oons} is the one-point compactification of M and the above
limit is understood in the topology of M. Intuitively speaking, Brownian
motion may go off the manifold in a finite amount of time. Naturally this
case does not happen if M is compact. We have

P.{e>t} = /Mp(t,ac,y) dy.

When P, {e < oo} =1 for some z and ¢ (hence for all 2 and t), we say that
the manifold M is stochastically complete. We will address the question
when a Riemannian manifold is stochastically complete.
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Once Brownian motion is constructed as a diffusion processes with tran-
sition density function p(t, z,y), the fact that p(¢, x,y) is the minimal fun-
damental solution of the heat equation for the Laplace-Beltrami operator
give immediately Dynkin’s formula

E,f(X,) = f(z) + E, /0 Aprf(X,) ds

for all reasonable functions on M, say smooth with compact support. With-
out little extra effort, this can be expended to read

(131)  F(X) = f(Xo)+ M + /Af ds, 0<t<e.

Here M/ is a (local) martingale depending on f. The quadratic variation
process of M/ can be identified.

ProproOsSITION 1.3.1. We have
t
)= [ 1950x)Ps
0

PRrOOF. We decompose f(X;)? in two ways. First, we use It6’s formula
and (1.3.1) to obtain

F(X0)? = F@)? +2 / f(x (M),

= @22 [ J0c)ar! + / XA S (X)) ds + (M)
0 0

Second we use (1.3.1) with f replaced by f2 and obtain

F)? = fa)? + M + / Anr(2)(X

Equating the bounded variation parts of the two expressions, we have

(M) = 1/ {AM(f)(Xs) = 2f(X)Amf(Xs)} ds.

Finally,
m(f?) = 2fAnf =2V [
O

We thus have established the following fact about Brownian motion on
M:

t
FO) = 7o)+ M + 5 [ Aup(Xds,  0<t<e
0

with where M7 is a local martingale with

(M), = /0 IV £(X,)ds.
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This is property of Brownian motion is sufficient for most applications in
analysis and geometry, for in these applications we rarely need to know
the joint distribution of the martingale M/ and the stochastic integral

t
/ Apf(Xs)ds. For more delicate stochastic analysis, we need to have
0

an explicit description of the martingale M. If M = R™, we have

M = /0 VAL, dX).

In the present formulation of Brownian motion, there is not a direct way of
writing down M I

1.4. Brownian motion by embedding

If M is a submanifold of a euclidean space R!, Brownian motion on
M can be obtained by solving a stochastic differential equation on M. In
SECTION 1.2 we mentioned that the Laplace-Beltrami operator Aj; can be
written in the form of a sum of squares:

l
AM = Zpgu
a=1

where P, is the projection of the ath coordinate unit vector &, on the
tangent space T, M. Each P, is a vector field on M. Consider the following
Stratonovich stochastic differential equation on M driven by a I-dimensional
euclidean Brownian motion W:

(1.4.1) dX; = Po(X,) 0 dW?,  Xo€ M.

[The summation convention is used.] This is a stochastic differential equa-
tion on M because P, are vector fields on M. Extending P, arbitrarily to
the whole ambient space we can solve this equation as if it is an equation on
R! by the usual Picard’s iteration. It can be verified that if the initial value
X lies on the manifold M, then the solution lies on M for all time:

P, {X;eM forallt<e|lXoe M}=1,
see [11], 22-23. Furthermore, the solution is a diffusion process generated

by (1/2) 3L _, P2 = (1/2)A ;. Using Itd’s formula we have

a=1" o
t
F(Xe) = f(Xo) + M + %/ Anf(Xs)ds, 0<t<e,
0

where

M/ = /0 (Puf(X.), dWS).

EXAMPLE 1.4.1. (Brownian motion on a sphere) Consider the unit sphere
S™ canonically embedded in R**!. The projection to the tangent sphere at
x is given by

Px)é=¢— (& x)x, €S, ¢eR'L



1.5. BROWNIAN MOTION IN LOCAL COORDINATES 12

Hence the matrix P = {Py, -+, Py41} is
P(QE)” = 6ij - acimj.

Brownian motion on S™ is the solution of the stochastic differential equation
t
XZ:X(I]—F/ ((Sij—X;Xg)OdWSJ, Xp e S™.
0
This is Stroock’s representation of spherical Brownian motion.

The representation 1.4.1 is a good way to visualize Brownian motion
on M as a pathwise object (rather than a measure on the path space
C(R4,M)). It is an extrinsic representation because it depends on the
embedding of M into some euclidean space R!. It has the drawback that
the equation (1.4.1) is driven by a Brownian motion W whose dimension
[ is in general larger than the dimension n of the manifold M, whereas in
some sense Brownian motion on M should still be an n-dimensional object.
Full strength of Brownian motion on M can only be revealed after we write
it faithfully as an n-dimensional object, i.e., as the solution of a stochastic
differential equation driven by an n-dimensional euclidean Brownian motion.

1.5. Brownian motion in local coordinates

As we have mentioned in SECTION 1.2, the Laplace-Beltrami operator

can be written as
1 0 2 Of
A =— " [VGg" == ).
wuf VG 0xI ( tg 8x1>

This gives a way of constructing Brownian motion valid up to the first time

it exits from the local coordinate chart. Let o = {Uf} be the unique sym-

metric square root of g~ = { g% } Consider the solution of the stochastic
differential equation for a process X; = {th, e Xt"}:

) ) 1.
dX{ = o}(Xe) dB] + SV (Xy) dt.

Then it is easy to verify by Itd’s formula that X is a diffusion process
generated by (1/2)Aps, ie., X is a Brownian motion on M. Brownian
motion can be studied this way by choosing an appropriate local coordinate
system in which the Laplace-Beltrami operator Aj; takes special a special
form.






Lecture 2. Brownian Motion and Geometry

We study the effect of curvature on the behavior of Brownian motion
and hope that it will lead to interesting results about the manifold itself. We
will concentrate some problems which can be studied through the distance
function r(x) = d(x,0), where o is a fixed point on the manifold. In this
respect, the radial process 1, = r(X};) is a natural object of investigation.
We often compare this process with the same process on a radially symmet-
ric manifold satisfying certain curvature conditions. On such a manifold,
problems often becomes one-dimensional and can be solved explicitly.

2.1. Radially symmetric manifolds

A radially symmetric manifold M has a distinguished point o, call the
pole of M. In the polar coordinates (r,d) induced by the exponential map
exp, : R™ — M based at o, the metric has the following form

ds? = dr* + G(r)*d6>.

Here df? denotes the standard Riemannian metric on the n — 1-sphere "1,
and G is a smooth function on an interval [0, D) satisfying

G(0)=0, G'(0)=1, 0<r<D.

In terms of these coordinates, the Laplace-Beltrami operator has the form
The Laplace-Beltrami operator has the form

1
2.1.1 Ay =Ly + —— Agnos,
(2.1.1) M + G e

where L, is the radial Laplacian

- (3) ve5E

and Agn-1 is the Laplace-Beltrami operator on S?~!. The main feature
of this case is that the radial component is completely decoupled from the
angular component and the angular component is a scaling of A, sn—1 with
the scale 1/G(r)? depending on the radial component. In the terminology
of differential geometry, the metric ds? has the form of a warped product.
Let X; = (r¢,6;) be a Brownian motion on a radially symmetric manifold
M written in polar coordinates. Using polar coordinates, we find that the

14



15 LECTURE 2. BROWNIAN MOTION AND GEOMETRY

radial component is the solution of the stochastic differential equation:
n—1 [1G'(rs)

2 0 G(rs)
where W is a 1-dimensional Brownian motion. The angular component can

also be described easily. Let ¥ = {Y¥;} be a Brownian motion on S"~!
independent of W (hence also independent of {r;}). Define a new time scale
_ t o ds

0 G(re)*’
and let §; = Y], be the time change of the spherical Brownian motion Y.
Then X; = (r¢,0;) constructed this way is a Brownian motion on M (see
[11], 84-85). From this description of Brownian motion it is clear that the
behavior of Brownian motion on a radially symmetric manifold is controlled
by and large by its radial process. The radially process is a one-dimensional
diffusion process, which has been well studied in probability theory.

Let’s study a special case more closely. A complete, simply connected
manifolds of negative sectional curvature is called a Cartan-Hadamard man-
ifold. Suppose that M is such a manifold with constant negative curvature
—-K? (space form). Then it is a radially symmetric manifold with the metric
ds? = dr? + G(r)2df? is given by

(2.1.2) re =10+ Wi + ds,

(2.1.3) Iy

sinh Kr

7
The behavior of Brownian motion on this manifold is typical for Brownian
motion on Cartan-Hadamard manfiold whose curvature is pinned between
two negative constant.

The radial process is the solution of

r)=

-1
dry = dW; + nTK coth Kr; dt.

We write the equation in the form
(n—1)
2
We have coth Kr; > 1 for all ¢ because r; > 0. Hence

(n—1)

Tt:Wt+

t
/ K coth Kryds.
0

(2.14) Tt 2 0 =+ Wt + TKt
According to the law of the iterated logarithm,
W,
lim sup ——t -

t—oo V2t Inlnt ’
Thus the term 79 + W, on the right side of (2.1.4) is of lower order than the
last term and we have (with probability one) ry — oco. Now that coth K'ry —
1 as t — oo, from

%% -1NK [t
r_rntW (o )—/cothKrsds
t t 2t/
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we find the asymptotic behavior of the radial process

.ot (n=1K
2.1. lim — = ———.
(2.1.5) A=y
We now examine at the angular process. From the above discussion, we
know that it is a time-change of a Brownian motion on the sphere S*~!. In

the present case, the time change is

t K 2
Iy = — | ds.
K /0 (sinhKrs) 5

From (2.1.5) the integral converges as ¢ | co. It follows that
(2.1.6) lim 6, = Y;_
t—oo

(2.1.5) and (2.1.6) give a fairly good picture of the asymptotic behavior
of Brownian motion on a complete, simply connected manifold of constant
negative curvature.

See [12] for more recent work on angular convergence of Brownian mo-
tion and its relation with the Dirichlet problem at infinity for Cartan-
Hadamard manifolds.

2.2. Radial process

The concept of a radial process can be introduced for Brownian motion
on a general Riemannian manifold M. Fix a reference point o € M, and
let 7(xz) = d(z,0) be the Riemannian distance between x and o. We define
the radial process 1, = r(X;). It is natural to try to use Itd’s formula to
decompose this into a martingale part and a bounded variation part. The
function r : M — R, has a well behaved singularity at the origin. In
particular,

n—1

Apyr ~ near r = 0.

This singularity will not cause any problem for us because, except for the
trivial one-dimensional case, Brownian motion X never hits o for ¢ > 0.
However, x — 7(z) is not a smooth function on M\ {o}. Differential geom-
etry ([8] tells us exactly where it is smooth.

For simplicity we assume that M is geodesically complete. Every ge-
odesic segment can be extended in both directions indefinitely and every
pair of points can be connected by a distance-minimizing geodesic. For each
unit vector e € T, M, there is a unique geodesic C, : [0,00) — M such that
C.(0) = e. The exponential map exp : T,M — M is

expte = C(t).

If we identify T, M with R™ by an orthonormal frame, the exponential map
becomes a map from R™ onto M. For small ¢, the geodesic C¢[0,?] is the
unique distance-minimizing geodesic between its endpoints. Let t(e) be the
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largest ¢ such that the geodesic C.[0, ¢] is distance-minimizing from C.(0) to
Ce(t). Define

C, = {t(e)e:e € T,M, |e| =1}.

Then the cutlocus of o is the set C, = exp C~'O. Sometimes we also call C~'O
the cutlocus of 0. The set within the cutlocus is the star-shaped domain

Eoz{teeToM: e€T,M,0<t<t(e)),le]=1}.

On M the set within cutlocus is E, = exp EO. We have the following basic
results from differential geometry (see [8] [2] [3]).

THEOREM 2.2.1. (i) The map exp : E,— E,isa diffeomorphism.

(ii) The cutlocus C, is a closet subset of measure zero.

(i11) If v € Cy, then y € Cy.

(iv) E, and C, are disjoint and M = Ey U C,. O

According to the above theorem the polar coordinates (r,6) are well
behaved on the region M\C, within the cutlocus. The set they do not cover
is the cutlocus C,, a set of measure zero. The radial function r(z) = d(z, o)
is smooth on M\C, and Lipschitz on all of M. Furthermore, |Vr| = 1
everywhere on M\C,.

If X is a Brownian motion on M starting within E,, then, before it hits
the cutlocus C,,

1 t
(2.2.1) r(Xy) = r(Xo) + Wi+ 5/ Anr(Xy)ds, < Te,,
0

where T, is the first hitting time X of the cutlocus C, and W is a martin-
gale. Its quadratic variation is

t t
<W>t:/0 F(r,r)(XS)ds:/O |Vr(X,)|?ds = t.

Hence by Lévy’s criterion, W is a Brownian motion. (2.2.1) shows that
the behavior of the radial process is largely controlled by the Laplacian of
the distance function Ajsr. In practice we try to bound Ajsr by a known
function of r and then control r(X;) by comparing it with a one-dimensional
diffusion process.

(2.2.1) is good enough if the cutlocus C, is empty, e.g., if M is a Cartan-
Hadamard manifold. What happens to the when Brownian motion crosses
the cutlocus? Very complicated. A very detailed study of this problem can
be found in [6]. In most cases, the following result due to W. Kendall is
sufficient.

THEOREM 2.2.2. Suppose that X is a Brownian motion on Riemannian
manifold M. Let r(x) = d(z,0) be the distance function from a fized point
o € M. Then there exist a one-dimensional euclidean Brownian motion
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W and a nondecreasing process L which increases only when Xy € C, (the
cutlocus of o) such that

1 t
T(Xt):TO+Wt+§/ AA,[T(XS)dS—Lt, t<e.
0
According this theorem, we always have a lower bound
1 t
re <ro+ Wi+ 5/ Ayr(Xg)ds, t<e.
0

If we need to bound the radial process from above, we have to assume that
the cutlocus is empty. In this case,

1 t
T(Xt):T0+Wt+§/ Apyr(Xs)ds, t<e.
0

2.3. Comparison theorems

The next step is to study the Laplacian Apsr of the distance function.
The goal is to bound Ajsr by a simple function of r. There is a host of
Laplacian (more generally, Hessian) comparison theorems of this type one
can draw from differential geometry (see [3] [15]). We cite two simple
ones which compare an arbitrary Riemannian manifold with manifolds of
constant curvature (see [15]).

THEOREM 2.3.1. Let Kp(x) denote any sectional curvature at x € M
and assume that

—K? < Kpy(z) < K3
Then we have at any smooth point of the distance function r(z),

(n — 1)Ky cot Kor(z) < Apyr(z) < (n— 1)K; coth Kqr(z).

This result can be used to control the radial process, or more precisely,
to compare the radial process on M with those on manifolds of constant
curvatures K? and —K2. Let’s first bound the radial process from below.
We have

1 t
Ty §T0+Wt+§/ Apr(Xs)ds.
0

Next, consider the equation
1 n—1 [ 1
ry =10+ Wi+ — / K coth K7y ds.
0

rtl is the radial process of a Brownian motion on the space form of constant
curvature —K?. Note that it is driven by the same Brownian motion W.
Since we have Ayr(z) < (n—1)K; coth Kqr(x), the drift of r is smaller that
the drift of r}. By the standard comparison theorem for one-dimensional
processes (see [13]), we have r; < 1} for all t > 0.
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Next, if M does not have cutlocus, or if t < T, we have
1 t
re =19+ Wi+ 5/ A]w?“(XS) ds.
0
This time we compare with the process r? determined by
2 n—1 [ 2
ry =10+ Wi+ T/ Ky cot Kors ds.
0

r? is the radial process on the (n — 1)-dimensional sphere of radius 1/K>.
By the same argument as before, we have r; > r? .
Let’s see two applications. The next result is due to S. T. Yau.

THEOREM 2.3.2. Let M be a complete manifold whose sectional curva-
ture is bounded from below by a constant. Then it is stochastically complete,
i.e.,

/ p(t,z,y)dy =1
M
for all x € M,t > 0.

PrOOF. If M is not stochastically complete, that Brownian motion
blows up with positive probability, i.e., it goes to infinity in finite amount
of time. Suppose that Kj/(z) > —K?2. Then we have shown that r; < rZ. If
¢ goes to infinity in finite amount of time, certain 72 will do the same. But
we have shown that r; ~ (n — 1)Kt/2 as t — oo, which means that 2 does
not blow up. Nor will 7. O

We say that Brownian motion on M is transient if for some z € M
(hence for all z € M),

P, {lith = ooM} =1.
tTTe

Otherwise, we say Brownian motion is recurrent on M. There is a simple
analytic criterion for recurrence and transience. Let

G(z,y) = /Ooop(t,x,y) dt

be Green’s function of M. Then Brownian motion on M is transient if and
only if G(x,y) < oo for some pair of points x # y (hence for all such pairs
of points). It is well known that euclidean Brownian motion of dimension 1
and 2 is recurrent, and of dimension 3 or higher is transient.

THEOREM 2.3.3. Suppose that M is a Cartan-Hadamard manifold of
dimension greater than 2. Then Brownian motion on M is transient.

PROOF. M does not have cutlocus and Kjys(z) < 0. Therefore ry > rf,
where 72 is the radial process of euclidean Brownian motion of dimension
n. Since r? — oo as t | oo, we must have r; — oo as t 11 e, which means

Brownian motion on M must be transient. O

More refined results along these lines can be found in [11].
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From a theoretical point of view, the most satisfactory construction of
Brownian motion on a manifold is that of Eells-Elworthy-Malliavin.

3.1. Orthonormal frame bundle

Let 0,(M) be the set of orthonormal frames of the tangent space T, M.
The orthonormal frame bundle

xeM

has a natural structure of a smooth manifold of dimension n(n 4 1)/2. Let
7w : O(M) — M be the canonical projection. Each element u € (M) is
therefore an isometry

w:R" — T M.

Let u € O(M) and mu = z. The fibre 712 = 0, M is naturally a smooth
submanifold of dimension n(n — 1)/2. Its tangent space V,0(M) is a sub-
space of the same dimension of the full tangent space 7,0 (M). A curve {u;}
in (M) is horizontal if u; is the parallel transport of ug along the projection
curve {mu;}. The set of tangent vectors of horizontal curves passing through
a fixed point u € &(M) is the horizontal subspace H,,&(M) of dimension n
of T,,0(M) and we have the relation

and the projection 7 : (M) — M induces an isomorphism 7, : H,,0(M) —
T.M. On the orthonormal frame bundle, we have n well defined horizontal
vector field H;. At each u € 0(M), H;(u) is the unique horizontal vector
in H,O(M) whose projection is the ith unit vector ue; of the orthonormal
frame; i.e.,

T H; (1) = ue;, H;(u) € H,O(M).
The operator

Apony = Y H}
i=1

is called Bochner’s horizontal Laplacian on ¢(M). The Eells-Elworthy-
Malliavin construction is based on the following relation.

20
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ProrosiTION 3.1.1. For any smooth function f on M, we have
Ap f(x) = Agan (f o m)(w)
for any u € O(M) such that Tu = x.

3.2. Eells-Elworhthy-Malliavin construction of Brownian motion

We note that Agyy) is in the form of the sum of n squares, where n is
the dimension of the manifold M. Of course the price to pay is that it is an
operator on a much larger space ¢ (M) instead of on the manifold M itself.
Consider the following stochastic differential equation on €'(M):

n
dU; =Y Hi(U) 0 dW}.
i=1
It is driven by an n-dimensional Brownian motion W. A solution of this
equation is called a horizontal Brownian motion (on €¢(M)). It is a diffusion
process generated by Ag(yr). 1t0’s formula takes the following form:

n t . 1 t
) = PO+ Y [ @i+ [ Ao as
i=1

where F' is a smooth function on (M ). Now, if we apply this to a function
of the form F = f o, the lift of a smooth function f on M, then by
ProrosITION 3.1.1,

n t ; 1 t
FOK) = )+ 32 [ om0 W+ [ A .

Here X; = wUy is the projection of the horizontal Brownian motion U; on
the manifold M. It follows that X; is a Brownian motion on M starting
from Xy = 7wlp.

Suppose that we want to construct a Brownian motion starting from
x. We fix an orthonormal frame u € &(M) over z, i.e., mu = x. There is
a unique horizontal Brownian motion U; starting from the frame u. The
projection X; = wlU,; is a Brownian motion from z. This Brownian motion
is not uniquely determined by the driving Brownian motion W because
the initial frame u can be chosen arbitrarily. Of course, the law of X is
completely determined by the initial point x and does not depend on the
choice of either u or W. Once a frame u is fixed, W +— X establishes a
measure preserving map

S (Po(R™), p) = (Pe (M), v),

where p is the Wiener measure on the euclidean path space P,(R™) =
Co(R4,R™) (the law of euclidean Brownian motion) and v is the law of
Brownian motion on M starting from x. The map J is usually called the It6
map for the reason that it is obtained through solving an It6 type stochastic
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differential equations. We will see later that this map is invertible. The
image X = JW is called a stochastic development of W.

3.3. Stochastic horizontal lift

In differential geometry, a smooth curve on M can be lifted to a hori-
zontal curve with the help of the Riemannian connection (or equivalently,
the concept of parallel transport). If ¢ : I — M is such a curve, we choose
a frame u(0) over ¢(0 and simply let u(t) be the parallel transport of u(0)
along ¢0, t], which is accomplished by solving an ordinary differential equa-
tion in local charts. The lift {u(t), t € I} in turn defines a smooth curve w
in R™ by

w(t) = u(t) " Le(t).

The curve w is called an anti-development of ¢. The standard reference for
this part of differential geometry is [14].

A similar procedure can be carried out if the smooth curve c is replaced
by a Brownian motion, or more generally, a semimartingale X on M. We
expect that the horizontal lift U of X is obtained by solving a stochastic
differential equation driven by X. Unlike a smooth curve on M, a semi-
martingale on M is not a local object. A construction of U using local charts
is possible but technically unwieldy. If we assume that M is embedded in
some euclidean space, then a relatively clean construction is possible.

Before we proceed further, let us give the definition of a semimartingale
on M. Let (2, Z,,P) be a probability space with filtration %, = { %, t > 0}.
A semimartingale X = {Xy, t > 0} on M is an M-valued, .#,-adapted pro-
cess such that {f(X;), t > 0} is a real-valued semimartingale for all smooth
functions f on M.

Let M be a submanifold of R and recall that P, (z) is the projection
of the ath coordinate unit vector &, to the tangent space T, M at x € M.
Suppose that X is a semimartingale on M. Since M is a submanifold of R,
X can be regarded as a semimartingale on R!, i.c., X = {X17 . 7Xl}. Let
P*(u) be the horizontal lift of P,(7wu) to u € O(M). Then we obtain [ hor-
izontal vector field. Consider the following stochastic differential equation
on (M) driven by X:

l
(3.3.1) AUy = > Pi(Uy) 0 dX7.

a=1
It has a unique solution once an initial frame Uy is given.

THEOREM 3.3.1. The solution of (8.3.1) is a horizontal lift of X to
O(M).

PrOOF. We sketch a proof, see [11] for details.
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The proof is based on the following identity which holds for any semi-
martingale X on M:

l t
(3.3.2) X = Xo+ Z/ Po(X,) 0 dX2.
a=1 0

This can be regarded as a stochastic differential equation for X on M.
Laurent Schwartz observed once that every semimartingale on a manifold
M is a solution of a stochastic differential equation on M.

Let f: 0(M) — M C R! be the projection 7 : @(M) — M regarded as
an Rl-valued function on &(M). Let Y; = f(U;) = nU;. We have to show
that ¥; = X;. Apply Itd’s formula to f(U;), we obtain

l
Y=Y+ Y Pif(Us)odX.
a=1

A not so difficult calculation shows that
P f(u) = Po(mu).

Hence
l
Y, =Yy + Y Pa(Yi) 0 dX.
a=1

Therefore Y satisfies the same stochastic differential equation as X (see
(3.3.2)). By the uniqueness of solutions we must have X =Y = 7U; namely,
U is a horizontal lift of X. O

Once we have found the horizontal lift U of X, it is not hard to write
down the anti-development of X:

t
Wy = / U7 P, (U) 0 dX2.
0

It can be verified easily that this Rl-valued semimartingale drives an equa-

tion for U, namely,
n

AU, =Y Hy(U) o dW}.
i=1
Furthermore, if X is a Brownian motion on M, then W is a Brownian motion
on R™. This can be verified using Lévy’s criterion.
The correspondences

We—U-+—X

are very useful because it converts a manifold-valued process X into a eu-
clidean space valued process W, which is much easier to handle. We em-
phasize two points: (1) these correspondences are valid for any M-valued
semimartingale X; (2) they depend on the connection we have used to define
horizontal lift for vectors. Here we used the Riemannian connection, but the
whole construction can be carried out for any affine connection V. In this
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case the orthonormal frame bundle &(M) should be replaced by the general
linear frame bundle F'(M), otherwise everything remains the same.

3.4. Stochastic integrals on a manifold

As applications of the concepts of stochastic horizontal lift and anti-
development, we define some stochastic integrals on a manifold.

Let X be a semimartingale and U and X its horizontal lift and anti-
development, respectively. Let 6 a 1-form on M. The stochastic line integral
of 6 along X|[0,t] is defined by

n t
0 = / O(Use;) o dWL.
/X[o,t] ; 0 ( ) )

It can be verified that this definition is independent of the choice of the
connection. It is possible to write some other definitions in which the con-
nection does not show up. For example, if M is a submanifold of R, then

we have
l

/xm] - Z/Ote(Pa)(X) o dX{.

a=1
If = df is an exact 1-form, then

/ 0= F(X) — [(X0).
X[0,4]

Another interesting fact is that the stochastic anti-development W itself is a
stochastic line integral. Let © be the R"-valued solder form on &(M), i.e.,

O(Z)(u) = u'r.Z, Z c I'(O(M)).

W, = / 6.
Ulo,1]

Let h be a (0,2)-tensor on M. The h-quadratic variation of X is defined
by

‘We have

t t
/h(dXs,dXs):/ h(Use;, Use;)d(W*, W),
0 0
Again we have
t t
/h(dXs,dXs):/ h(P, Ps)(X,) d(X7, X7,
0 0

so the definition is independent of the choice of the connection.
If we take h = df1 ® dfs for some smooth functions fi, fo on M, then

/0 (df ® df)(dX o, dX,) == (f1(X), (X))

These concepts are useful in the study of manifold-valued martingales.






Lecture 4. Analysis on Path and Loop Spaces

Let P,(M) = C,(]0,1], M) be the space of continuous functions from
[0,1 to M starting from a fixed point 0 € M. The loop space is L,(M) =
{y € Po,(M) : v(1) = 0}. These are typical examples of infinite-dimensional
space. We want to do analysis on these space. The measure we use for
P,(M) is the Wiener measure v, the law of Brownian motion on M starting
from o. For the loop space L,(M), we use the law v, of Brownian bridge
based at 0. To do analysis, we need the concept of a gradient operator. Due
to time limit, we will only discuss the case of the flat path space P,(R™). For
generalization of the results discuss here to a general Riemannian manifold
see [11].

4.1. Quasi-invariance of the Wiener measure

If an h € P,(R") is absolutely continuous and h € L2(I; R") we define

1
Ay = ,// V|2
0

otherwise we set |h|;z = 0o. The (R™-valued) Cameron-Martin space is
H ={h € P,(R") : |h|p < oo}.
THEOREM 4.1.1. (Cameron-Martin-Maruyama) Let h € 7 and
Ehw =w+h, w € P,(R™)

a Cameron-Martin shift on the path space. Then the shifted Wiener measure
p = o (&,)71 is absolutely continuous with respect to y and
du”

(4.1.1) i

() = exp [<hs,w>,;f - %\h|34 .
Here 1
(hw) o = /0 (s o).

Cameron-Martin shifts are the only shift which preserves the measure
class of the Wiener measure. More precisely we have the following converse
of the above theorem.

26
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THEOREM 4.1.2. Let h € P,(R™), and let
Ehw=w+h, w € P,(R™)

be the shift on the path space by h. Let u be the Wiener measure on P,(R%).
If the shifted Wiener measure p = o (&)~" is absolutely continuous with
respect to u, then h € 7.

PROOF. We show that if h ¢ #, then the measures p and p” are
mutually singluar, i.e., there is a set A such that pA = 1 and p"A = 0.
Let

1 .
<f7g>M:A fsdgs7

whenever the integral is well defined. If f € # such that f is a step function
on [0,1]:

-1
f= Z fllsisin)s
i=0

where f; e R" and 0 = sp < 81 < -+- < 5y = 1, then

-1
(f:h)p =D fi (hsyery = hs,)
=0

is well defined. It is an easy exercise to show that if there is a constant C'
such that

(f:h) e < Clflwe

for all step functions f , then h is absolutely continuous and h is square-
integrable, namely, h € JZ.
Suppose that h & 5. Then there is a sequence {f;} such that

lfile =1 and (A, fi),, > 2l

Let W be the coordinate process on P,(R?). Then it is a Brownian motion
under p and the stochastic integral

(i W) = /O )

is well defined. Let
A ={{fi, W), <1}

and A = limsup,_,, 4;. Since |fi|» = 1, the random variable (f;, W), is
standard Gaussian under p; hence

A >1— e /2,
This shows that A = 1. On the other hand,
P A= {(f, W+ R) p <1 < p{{fis W) < =1}

Hence phA; < e /2 and puPA = 0. Therefore p and p” are mutually
singular. O
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The above quasi-invariance result can be carried over to the flat loop
space. Let
Hy={heH :h(l)=0}.
We will show that the Wiener measure 1, on L,(R") is quasi-invariant under
the Cameron-Martin shift & : L,(R") — L,(R") for h € .
Let {ws} be the coordinate process on the space P,(R™) and consider
the stochastic differential equation for Brownian bridge

sd.
dys = dws — ;l i

Y0 = 0.
— S

The assignment Jw = 7 defines a measurable map J : P,(R") — L,(R").
The map J can also be viewed as an L,(R™)-valued random variable. Sup-
pose that h € 7. A simple computation shows that

Vs + hs

d
1—s

d{75+h5} :d{wb‘*’kb}*

where

k:s:hs—i-/ das dr.
O 1

-7
This shows that through the map J, the shift v +— v + h in the loop space
Lo,(R™) is equivalent to a shift w — w + k in the path space P,(R™). The
following lemma shows that the latter is a Cameron-Martin shift.

LEMMA 4.1.3. (Hardy’s inequality)

A
o |1

S

2 1
ds < 4/ |s|2ds.
0

PRrROOF. We have for any t € (0,1),

t 2 t
/ s dS:/ Ihy|2d [—1 }
0 0 1—s

1-s
ty 2
:2/ R
0

1—s5 1—-t
1 t
<
—2/0 1—

In the last step we have used inequality

: b |hu?
d$+2/ s+ 1t
S 0 1—t¢

1
2ab < §a2 + 202
Therefore

2 t 2
s , 2|h

ds§4/ |hs|?ds + [hl”,

0

I
o |1 1—t

The desired inequality follows by letting ¢ — 1 in the above inequality

because
1
/ hsds
t

> 1

1-¢t 1-¢

2 1
g/ |hs|?ds — 0.
t
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The lemma implies that k € 7. Define the exponential martingale

s 1 £
€s = exp [/ (krydws) — 5/ |k7|2dr} .
0 0

Let 4% be the probability measure on P,(R") defined by

it

4.1.2 — e
(4.1.2) T

By the Cameron-Martin-Maruyama theorem, ;¥ is the law of w4 k. Since it
is absolutely continuous with respect to u, the random variable w — J(w+k)
is well-defined and

(4.1.3) J(w+k)=~+h.
Let u! be the law of the shifted Brownian bridge v + h. Then

pi(C) =po(C = h) = p(J'C — k)
=M (J7C) = pler; J7HC)
=po(e1 0 J;C),

where we have used (4.1.3) and (4.1.2) in the second and the fourth steps,

respectively. Now it is clear that u? and g, are mutually equivalent on
L,(R™) and

duh
4.1.4 9 = J.
(4.1.4) . = 1O

Finally it is easy to verify that

1 . 1 . 1 . 1 .
(4.1.5) /(ks,dws>:/ (hs, dys), / |ks\2ds:/ |hs|?ds.
0 0 0 0

This means that

1. 1 /L.
e1(Jy) = e1(w) = exp {/ (hs, dvs) — 5/ ‘hs‘st} .
0 0
We have proved the following result.

THEOREM 4.1.4. Let h € £, and "y = v+ h for v € Lo(R™). Then
the shifted Wiener measure u = p, o (€")™1 on the loop space L,(R™) is
equivalent to p, and

[ [0 o
= hs,dvs) — = hg|“ds]| .
dito exp A (hs, ds) 2 Jo |hs|"ds
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4.2. Gradient operator

We now define the gradient operator in the path space P,(R™). By
analogy with finite dimensional space, each element h € P,(R™) represents
a direction along which one can differentiate a nice functions F' on P,(R™).
Naturally the directional derivative of F' along h should be defined by the
formula

(4.2.1) DyF(w) = lim Flwt ﬂ? — Flw)

if the limit exists in some sense. The preliminary class of functions on
P,(M) for which the above definition of Dy F' makes immediate sense is that
of cylinder functions.

DEFINITION 4.2.1. Let E be a Banach space. A function F' : P,(R") — E
s called an E-valued cylinder function if it has the form

(4.2.2) F(w) = fwe, -+ ,ws,),

where 0 < s1 < -+ < 5; < 1 and f is an E-valued smooth function on
(R™)! such that all its derivatives have at most polynomial growth. The set
of E-valued cylinder functions is denoted by C(E). Typically E = R, R", or
H. We denote C(RY) simply by C.

If F € C is given by (4.2.2), then it is clear that the limit (4.2.1) exists
everywhere and we have

l
(4.2.3) DpF(w) =Y (VIF(w),hs,)zn,

i=1
where
ViF(w) = Vif(ws, -, ws)

Here Vif denotes the gradient of f with respect to the ith variable.
It is natural to define the gradient DF of a function F' € C to be an
¢ -valued functions on P,(R™) such that

(DF(w),h)r = DpF(w).

A simple calculation shows that

l
(4.2.4) DF(w)s = Z min(s, s;) V' F(w)
i=1
and
1 L 2
(4.2.5) IDFP(W)% = (si —si1)| YV F(w)| .
i=1 j=i
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4.3. Integration by parts

We will use the notation
(F,G) = / F(w)G(w)p(dw).
P,(R")

THEOREM 4.3.1. Let F,G € C and h € 7. Then
where

1
D;:-Dh-i—/ {hy, duss).
0

PROOF. Let é"w = w + th and p" = po (5”’)_1. Then p'* and pu are
mutually absolutely continuous. We have

d th
/ (F o &) Gy = / F(Go &™) dpu — / F(Go 5*”1)57(1#.

We differentiate with respect to ¢t and set ¢ = 0. Using the formula for
the Radon-Nikodym derivative (4.1.1) in the Cameron-Martin-Maruyama
theorem we have at ¢t =0

d dp,th 1,

fad = hs, dws) = (h 2
G {8 = [ i) = s

The formula follows immediately. O

To understand the integration by parts formula better, let’s look at
its finite dimensional analog and find out the proper replacement for the
stochastic integral in Dj. Let h € RY and consider the differential operator

N4
Dh:Zthxi.
=1

Let u be the Gaussian measure on RV, i.e.,

N/2
dp (LN e,
dx 2

[dx is the Lebesgue measure.] For smooth functions F,G on RY with com-
pact support we have by the usual integration by parts for the Lebesgue
measure

where Di = —Dj, + (h,z) at x € RY.

REMARK 4.3.2. Since Dy, is a derivation we have

DG = —D,G + (Di1)G.
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Therefore to find the formal adjoint of Dy, it is enough compute Dj1, which
is denoted by div(Dp,) or §(h) by various authors. We have

1
Di1(w) :/0 (e, deos).

An integration by parts formula for the gradient operator D can be
obtained as follows. Fix an orthonormal basis {hj} for 5. Denote by
Co(J) the set of J-valued functions G of the form G = 3, GjhI, where
each G € C and almost all of them are equal to zero. It is easy to check
that Co(o#) is dense in LP(u; ) for all p € [1, 00).

Since DF = Zj(Dth)hj in L2(u; ), we have

(DF,G) =Y (DyF,Gy) = (F, D}, Gy).
J J
The assumption that G € C,() means that the sums are finite. Let

o0 o0 [e ) 1
D'G=Y Dj;G;=-> DG+ G; / (h, dws).
=0 =0 j=0 0
We rewrite this formula in a more compact form. If
J =Y Jh! @ hF
Jik

is an J€ Qg F¢-valued function, we write

TraceJ = Z Jjj-
=0

For G = Y, Gxh’/ we define its gradient to be
DG = (Dy,,Gy)l? @ h*.
Jk
Then it is clear that
Trace DG = ZDth
J
For G =37, G/ we define

/OGS,de ZG/ I duoy).

[This is a term-by-term integration with respect to a specific basis for 2,
not anticipative stochastic integrall] Then we can write

1
(4.3.3) D*G = —TraceDG +/ (G, dws).
0
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THEOREM 4.3.3. Let F' € C and G € Co(). Then
(DF,G) = (F,D*G),
where D*G is given by (4.3.3).

The Gradient operator can also be defined on the loop space L,(R").
Its integration by parts formula takes the same form as in the path space.

4.4. Ornstein Uhlenbeck operator

Let Dom(£) = Dom(D) and define the positive symmetric quadratic
form £ : Dom(&) x Dom(€) — R by

E(F,F) = (DF,DF) (. = E|DF

Then (€,D(E)) is a closed quadratic form, i.e., Dom(€) is complete with
respect to the inner product

&1(F,F) = £(F,F) + (F,F).

Furthermore the pair (£, Dom(€)) is a Dirichlet form; see [9].
By general theory of closed symmetric forms (Fukushimal9], 17-19),
there exists a non-positive self-adjoint operator L such that Dom(&) =

Dom(y/—L) and
(4.4.1) E(F,F)=(V—LF,v/—LF).
L is called the Ornstein-Uhlenbeck operator on the path space P,(R™). In
fact we have L = —D*D, where D is the gradient operator and D* its
adjoint.

The Ornstein-Uhlenbeck operator is an infinite-dimensional generaliza-
tion of the usual Ornstein-Uhlenbeck operator on R!:

2
B2

d? d
L=-DD="2 2%
d? ~ Vdz
where
_d r__ 4
T dx’ T ode

D* is the adjoint of D with respect to the standard Gaussian measure p on
R

du e—%%/2

dz — or

It is a classical result (see [5]) that the Hermite polynomials

1 N N
Hy(z) = %eﬁﬂ;;—[v e 2, NeZy
form a complete set of L?-eigenfunctions for the self-adjoint operator L on
LA(RY, p):
LHy = —NHy, NEZ+.
Returning to the path space, for simplicity we will assume in the follow-
ing that the base space has dimension n = 1. Let {hz} be an orthonormal
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basis for 5. Then the {(hi, w)H} is i.i.d. sequence with standard Gaussian
distribution. Hence the map T : w — {(h’,w)} is an isometry (measure-
preserving map) between the two measure spaces (f is the Gaussian measure
on R%+). With this isometry in mind, the following construction is in order.

Let Z denote the set of indices I = {n;} such that n; € Z; and almost
all of them are equal to zero. Denote |I| =n; +ng+---. For I € Z define

Hyw) = T Ho (00

Then the fact that the Hermite polynomials {Hy, N € Z;} form an or-
thonormal basis for L?(R, ) implies immediately that {H;,I € Z} is an
orthonormal basis for L?(P,(R), x). Moreover, the eigenspace of L for the
eigenvalue N is

Cn = the linear span of {Hj:|I|= N}
and
L*(P,R),u) =Co@C1DCr® -+ .
This is the Wiener chaos decomposition. The following theorem completely
describes the spectrum Spec(—L) of —L.

THEOREM 4.4.1. Spec(—L) = Z4 and Cy is the eigenspace for the eigen-
value N. Let Py : L?(P,(R), 1) — Cy be the orthogonal projection to Cl.
Then

o0
LF = — Z NPyF.
N=0

Note that all eigenspaces are infinite dimensional except for Cy = R.

Let 2, = etL/2 in the sense of spectral theory. The Ornstein-Uhlenbeck
semigroup {2} is the strongly continuous L?-semigroup generated by the
Ornstein-Uhlenbeck operator. Clearly,

P F =e NP FeCy.
Each & is a conservative, L?-contraction, i.e., ;1 = 1 and ||P,F||2 < ||F||z.
PROPOSITION 4.4.2. The semigroup {2} is positive, namely Z+F > 0

if > 0. For each p € [1,00], the Ornstein-Uhlenbeck semigroup {2} is a
positive, conservative, and contractive LP-semigroup.

PRrOOF. The positivity follows from the fact that the semigroup comes
from a Dirichlet form, see [9], 22-24. The LP-contraction follows from the
positivity and L?-contraction. O

4.5. Logarithmic Sobolev inequality

Infinite dimensional analysis, Sobolev inequalities in general do not hold.
In their stead, under certain conditions, we can prove a weaker inequality
called logarithmic Sobolev inequality. In its form presented here the inequal-
ity is due to E. Nelson.
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THEOREM 4.5.1. Let p be the standard Gaussian measure on RY and
V the usual gradient operator. Suppose that f is a smooth function on RN
such that both f and V f have at most polynomial growth. Then we have

@sa) [ IPeglsidus [ VR If o]

Here || f||2 is the norm of f in L*(RN, p).

PRrROOF. For a positive s let us be the Gaussian measure

1\ 2
plde) = () e,

2ms

where dz denotes the Lebesgue measure. Then p = p1. Let ¢ = f2 and
Pagta) = [ gta =l

Consider the function Hy = Ps¢(P1—sg), where ¢(t) = 27 'tlogt. Differenti-
ating with respect to s and noting that A commutes with Ps; we have

dH; 1 1 /
a5 2PSA¢(P1*SQ) - 2Ps {¢ (Plfsg)Aplfsg}
1
= P (Pg)APLg+ ¢ (Pi_sg) VP
1
*§Ps {¢/(P1—59)AP1—59}
1
= §P9 {¢//(P1—sg) |VP1—sg|2}
2
< lp {(Pl_sw) }
-4 Pl—sg
< PP _|Vf]*}
= P|VfJ>2

Here we have used the fact that |[VPi_sg| < P1_4|Vg| in the fourth step and
the inequality

(Ps—r|Vg|)? < 4PsrgPsy|V f|?
in the fifth step, the latter being a consequence of the Cauchy-Schwarz

inequality. Now integrating from 0 to 1 we obtain the desired result imme-
diately. O

Translating the finite dimensional logarithmic Sobolev inequality in The-
orem 4.5.1 to the path space P,(R™) we obtain the following result.

THEOREM 4.5.2. If F € Dom(D), then we have

@s2) [ (FPloglFldus [ DFRdu |FI3los ]l
P, (R™) P,(R™)
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ProOOF. We assume n = 1 for simplicity. The set of functions of the
form

F(w) = f(<h17w>%7 Tty <h07w>ﬁf’)
is dense in Dom(D). For such an F', we have

l
DF@) =3 fu (w)h'.
i=0

It is then clear that

IDF (W) = [V (R0, w) s+, (W, w) )]
On the other hand, the distribution of {(ho7 WYy, (R w)%ﬂ} is the stan-
dard Gaussian measure on R*!. Therefore (4.5.2) reduces to (4.5.1). O

There is a general result due to L. Gross which says that a logarithmic
Sobolev inequality is equivalent to an hypercontractivity property of the
corresponding semigroup.

THEOREM 4.5.3. Let (£,Dom(E)) be a Dirichlet form on a probability
space (X, B, ) and { P} be the associated semigroup. The following state-
ments are equivalent for a positive constant C' .

(I) Hypercontractivity for {Z:}: || Pllqp = 1 for all (t,p,q) such that
t>0,1<p<qand

/¢ > E
S —
(II) The logarithmic Sobolev inequality for &:
E (F?’InF?) <2CE(F,F) + EF? mEF>.
PROOF. See [7] or [11]. O

THEOREM 4.5.4. The Ornstein-Uhlenbeck semigroup {2} is hypercon-
tractive. More precisely || P||qp = 1 for all (t,p, q) such thatt > 0,1 <p < gq
and

et > q;l
S —
4.6. Concluding remarks

For a compact Riemannian manifold, a logarithmic Sobolev inequality
for the gradient operator on the path space is known [11]. In the proof of
the logarithmic Sobolev inequality presented here, we have taken advantage
of the Gaussian structure of the underlying linear Gaussian structure. For
a general manifold a completely different approach is needed. In general a
logarithmic inequality implies the existence of a positive spectrum gap. In
the flat case we simply verify this fact by direct computation. A parallel
(or maybe not so parallel) theory for a manifold with boundary is a current
area of active research.
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For the flat loop space L,(R™) the theory is the same as the flat path
space because from the Gaussian point of view, the path and loop spaces
are isometric. For a general loop space L,(M), where M is a compact
Riemannian manifold, S. Aida proved that the 0-eigenspace of the Ornstein-
Uhlenbeck operator L is simple for each homotopy class. Even for simply
connected M, A. Erbele proved that there is in general no positive spectral
gap. It is believed that this anomaly is due to the presence of negative
curvature on M. Therefore the current effort is aiming at proving the exis-
tence of a logarithmic Sobolev inequality for a compact, simply connected
manifold of positive curvature.
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Lectures
Probability Summer School
Kyushu, August 19 to 22, 2003

Spatial and Harness processes,
random trees and Poisson approximation

Pablo A Ferrari
Universidade de Sao Paulo

First lecture: Spatial processes. Construction and perfect simu-
lation. We present a construction that is at the same time a perfect sim-
ulation algorithm for measures that are absolutely continuous with respect
to some Poisson process and can be obtained as invariant measures of birth-
and-death processes. Examples include area- and perimeter-interacting point
processes, invariant measures of loss networks, and the Ising contour and ran-
dom cluster models. It directly provides perfect samples of finite windows of
the infinite-volume measure and it is based on a two-step procedure: (i) the
construction of the (finite and random) relevant portion of a (space-time)
marked Poisson processes (free birth-and-death process), and (ii) a “clean-
ing” algorithm that trims out this process according to the interaction rules
of the target process. The first step involves the generation of “ancestors”
of a given object, that is of predecessors that may have an influence on the
birth-rate under the target process. The second step, and hence the whole
procedure, is feasible if these “ancestors” form a finite set with probability
one. We present a sufficiency criteria for this condition, based on the absence
of infinite clusters for an associated (backwards) oriented percolation model.

This lecture is based on the papers math.PR/9806131 and math.PR/9911162
in collaboration with Fernandez and Garcia.

Second lecture: Harness processes and Gaussian massless ran-
dom fields The state space of Hammersley harness process is RZ" and
the time is continuous. At rate 1 the height at each site z of Z¢ is substi-
tuted by an average of the heights of the neighboring sites plus a centered
random variable. The average is taken with some given translation invari-
ant stochastic matrix P = (p(z,y)) with p(z,z) = 0. When the noise is
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Gaussian with variance 1/8, the dynamics turns out to be the Glauber dy-
namics for the Gaussian massless random field related to the Hamiltonian
H(n) = Y plx,y)(n(z) — n(y))?* at inverse temperature 3. We propose a
Harris graphical construction of the Harness process that allows to construct
the equilibrium state as an almost sure limit of proceses “from the past”,
gives speed of convergence to equilibrium and almost sure thermodynamical
limit for the Gaussian field. Some of the results can be exported to the non
Gaussian case where the invariant measure is not explicitely known.

This lecture is based on joint work with Beat Niederhauser. There is no still
paper available, but a draft of the slides can be found in here.

Third lecture: Poisson trees and Brownian webs We construct graphs
whose vertices are the points of a homogeneous Poisson process. Under our
construction in d = 1,2 the resulting graph is a unique tree with finite
branches. The result is then used to enumerate the points of the Poisson
process in an “origin independent” way. In four or more dimensions our con-
struction produces infinitely many trees. We also describe the convergence
of the trees to the so called Brownian web, when the intensity of the Poisson
process and the construction of the trees are suitable rescaled.

This lecture is based on the paper math.PR/0209395 in collaboration with
Landim and Thorisson.

Fourth lecture: Poissonian approximation of a tagged particle The
famous Burke’s theorem of queuing theory says that Poisson arrivals to a sta-
tionary M /M /1 queue produces Poisson departures. We present an extension
of the Burke’s theorem to a family of zero range processes and then apply it
to the problem of a tagged particle in asymmetric nearest neighbors simple
exclusion process, as follows. We consider the position of a tagged particle in
the one dimensional asymmetric nearest neighbors simple exclusion process.
Each particle attempts to jump to the site to its right at rate p and to the
site to its left at rate q. The jump is realized if the destination site is empty.
We assume p > ¢g. The initial distribution is the product measure with den-
sity A, conditioned to have a particle at the origin. We call X; the position
at time ¢ of this particle and construct in the same space X;, Ny, a Poisson
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process of parameter (p — ¢)(1 — \) and By, a stationary process satisfying
E exp(0|By|) < oo for all § > 0 satisfying

Xt:Nt_Bt+BO

forallt > 0. Asa corollary we obtain that —properly centered and rescaled—
the process {X,} converges to Brownian motion.

This lecture is based on the papers ff1 and ff2 in collaboration with Fontes.
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HIF 2 (0K - BAAE)

B X

1 FC &I 42

2 BB Fermion JIE (Determinantal ) 44
21 TAT AT oo 44
2.2 B Fermion JEE . . . . 45
2.3 Fermion MIFEICBIT 2 MHBIARZEZ . . . . . . 49

3  Fermion JIE & Boson BIE & ZFD—f%1L 50
3.1 —MROERNCEBIF B Fermion IEE . . . . .. 50
3.2 Boson MIEEE a-Boson HIEE . . . . ... 52
3.3 GaussHE Boson MIEE . . . . L 54

1 FU®IC

1 95 0ERICETH (FRFR) DALY P VORETINRIIED 7- HIZ Wigner 257 ¥ & L T5% H A
L, Wigner OEMRIZFEHL 72 [45] D% & > F I 7 v ¥ LT5I ORI YL & BUEO W3¢ % A THIC
PR >Tw2, $dH 3 5% LTHIOTTHEIZ GUE BFEVEFINRTHE I ERNDr>TETND,
GUE &% N x N-Hermite f7512k Hy 1287 AJE

Pn(dX) o< exp(—Tr(X?))dX (1.1)

AT 7 v ¥ KTHITH B, Hermite 751 X DTG DI &, LEAOIEAED DOET & B
ReX;;,ImX;; (1 <i<j<N), AT X (1 <i<N)D N? HOIESILHERLDT, Hy 3H
MR RV LRAY, dX 329 REEED Hy FO Lebesgue I

N

dX =[[dXux ][] d(ReX;)d(Im X))

i=1 1<i<j<N
THD. Tr(X?) BEETD 2FAITH 2 Z LISTERTHIUL, (1.1) 1%, HET Re X5, Im X5 (1 <i < j < N),
Xy (1 <i < N) PR 1 RITD Gauss BHIHE>TH B I L2 EKRT 5,

Hy DIED N BOEEEME ¢ = (z1,...,25) D RN IZBT 25 CHFMLL 72) SAi%EE,

pn(z) = py(@1,...,2N)

N
Zyt H (z; — x;)? exp ( me)

1<i<j<N i=1

= det (K(N)(xi,zj))N

i,j=1
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L) IR BIATAC 4 3 T L SRIS TV B [20), 727 L,

N-1
EM(zy) = > on@)en(y)

k=0
_ (N on(@)en 1) — en-1(@)en (y)
- 2 T—y

EERINDIENMETH D, FTo op(x) IFIEBULI N7 Hermite BIZLT,
1 2

on(2) = (e M)

I&oTEZ6M %, Hy(z) \& Hermite ZIHF

2 k 2
Hy(z) = (—1)Fe® %e_x
THA e dr KT 3 ERLHATH 2, KW (z,y) IOV THO D HOERRIERSHRKCHLA
Christoffel-Darboux DA K 5 [39].

W HZSNIMEREERED N —n HOEBEMY T2 LIk o SHBEBEBDEO NS, n i
BRI E U TO X )b DTH 5,
pglf\’)(ml, cey X)) = ﬁ /RN?H pN(Z1,. .., &N )dTpy1 ... day (1.2)
ko TEET 2. ORIV OMEREREBI%E (FHBIBIE) 23 TR 2 X 9 IZ Fermion HIEEDORHTH D,
GUE D [E & fti534id Fermion I E 72 2 2 Ebh 5,

Hermite B DOWHRIMIZFEL < HIFESNTED (cf. [20]), ZDFERZHGEE KN (z,y) DAT—Y v
JHRRDSEIR SN 5,
tElL,

AN = AN
sinm(x —y)

7r(:1/. — y) = Kszne(w’ y)

Nlim aNK(N)(ozN:c,ozNy) =

Lk, Ksime(x y) IZIERZE WIS,
$7- ﬁsz LB,
Ai(2)AT (y) — AV (2)Ai(y)
r—y
= :KA"y(x,y)

Jim BNEM (V2N + Bz, V2N + Byy)
—00

LR, KA (z,y) 1 Alry B & RN S ([11, 42]). 7L,
KA"y(Lz) = Ai'(2)? — Ai"(2)Ai(z) = A (2)? — zAi(x)?.

D fTilie % 2 & 9. JEAEM Hermite {75147 X*X OJCEIT 2 Z LICHEREL T, a> -1
& ¥ % & SIEREMTIIDZERMIC

exp(— Tr(X* X)) det(X* X)*dX (1.3)

I Ll 3 2 R34 % % 2 72 b DI Laguarre Ensemble & ki %, 72701, dX XEETHI2EED
Lebesgue M., 2ot & X*X OEAMEIZIEA L % D Z D43Aild GUE & HRRICITFIROEE .

un(x) = pn(z1,...,2N)

Zyt H (z; — x5)? H x$ exp < sz>

1<i<j<N i=1

N

det <K<N)(xi7xj))

i,j=1
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RS KON (2,y) = Yn ) oi (@l (y) TH B, 2L, i (@) = LY (@)ae ™ T LY (z)
[E Laguarre ZIEHATHSD, DFD, (0,00) IZBIFBHEA % dr ICBT 2 EZLLHAT
% dF

Li @) = = e

THAGNG, =1y £BLL

Jo(VE)VII,(VY) — VI (VE) Ja(VY)
2(x —y)
— ZKBSSSCI(I,Z/)

lim v KN (v, ynvy)
N —o00

E7%, 2T J, i3 Bessel BIBTH 2. KPBessel(z,y) 13 Bessel B & MHEIL % (cf. [42]).
X 11 IS ORI KM, Kane, K airy, Kpessel %28 206 & % 2 ROEARE TRTHEMERAHEIC
BoTWVE I EITHERT 2.

ARHHHTIE £7 Fermion JIEDMEEIC DWW T (RHCHERDG ) BEL (iR, ZOHBWTH 3 o-
Boson JIEEIZ DWTHE Z 7\, F72 Z Dfih Wishart BFEPRBL R E a-Boson HIEE & DRIRS®, Tracy-Widom
DAE Airy L EICOVTHEZ 0,

2 BEEX Fermion A (Determinantal )

21 FPATAF
%3 Fermion HIED 7 A 7 4 7% fHHUCHIHL X 5.

ZO DT
1— _
K- a b K- a b
c d —c 1-—d

ZHABEL T, {0,1}% LOBE plzize) 2L TOXIICED S ¢

(1) 120 DIEIZ & ST K, I — K 26 &5 72214 K172 %5 2, K@#2) ¢ 1{7HIF 2, = 1,0 12
oTK,I-KD1TFHET S, K@) 0 247 HIF 2o = 1,0 12> T K, I - K D 2fTHE T 5.
(2) plzizs) = det(K@12)) L5E@d 2, HARMIZIZATH] K (@1e2) 13

KD _ a b F(10) _ a b FO1) _ l1—a -b F(00) _ l—-a —b
c dJ’ — 1-4d)’ c d)’ —c 1-—d

&ih,
p(11) = det KOY = ad — be,  p(10) = det K19 = a(1 — d) + be,
w(01) = det KOY = (1 — a)d + be, p(00) = det K = (1 — a)(1 — d) — be.

LED D, FTHRDSEGHMEC LD pu(11)+pu(10) = C;i)mumn+ﬂmm<10“ 1?1—a

THE0H
#(11) + p(10) 4 p(01) + p(00) =1
THDHIEWbD D, £TXTD z120 € {0,112 ITNL T p(zaz) >0 &% 2720 DMEAITFEM
0<a,d<1, bceR,
—min((1 — a)d,a(1 — d)) < bc < min(ad, (1 — a)(1 — d))
ThHD, DFY, KD LOFHEHLTEE, p3EA (0,1} LOMERSFEEDDL, COTAT4T%
—MEDHEITHRRL & 9.



2.2 BB Fermion AIE

DT, RE®AWRZESGLE L, BEZEMNE Q=Q(R)={¢: R— {0,1}} & L HEEH{HHEZ At THitH
EREARRT, £ DARE R DFTEAEOIETUIRLIFRE LS 2F L HEREM Q L 2H—HT
2. REFRFEEL TS (IBEX) BETI K = (K(2,9))eyer DU TOREZ WL TE T2,

RE 2.1. (FBEDEWIZHES R DERIBDES Ao, Ay 1THL T,

Iz, — K, _KAUA1> -0

det(Pa,(In — Kp) + Pr, Kp) = det
’ ' Ka,n, K,

WBIRD LD, L,
A=AgUAy, Kppn :=PyKPy, Kp:=Kpp
&9 5.

Ao, Ay ZHWICHESR ROGREASTESLET S, £ : Q- {0,1} I LTA) ETO0,A; ET1 ERBX
9 BB AR D & 75 B IEHEA 0/l %

M 1M —feeQ; €(x) =i ifz el i=0,1}

£E9%. £ Q hoffbaeke C LT3,
C Lo GRSz

p(0%1A1) = det(Py, (In — Ka) + Pa, Kn),
w@) =1

Lo TEETS. 7L, A=A UA,. CDEERDI LD S,
WA 2.2, {u(0%12); Ag, Ay € R, AgN Ay = 0} ZROBHRTIEFG : (LREOA VIS KR BRETES
A, A CR & A= AgUA ITEENRWEED 2 € RICHL T,

(b e (U R ST (VS DR
3512,

> p(0t1t) =1, (2.1)
AgUA1=A

AR GEHHIE N = A Ik BIRNE. N =0 D ElE (1 - K(z,2) + K(z,2) =1 X DWS, Fi-
N=|Al FCELVERETS. A=AU{z} &L T

K b
Ki= (tc k)

L. BEL, K=K, k=K(z,z) £LTw3, 0L SHROLEBRAMLD
N(OAou{z}lAl) +M(OA01A1U{1})

Py K+ Py (I —K) Pp,b— Py b Py, K+ Py (I —K) Pap,b— Py b
det( A K+ i\o( ) A11 k/\n >+det< A K+ t/\n( ) Pa, ) Ao>
—C — C

ot (PAlK + Py (I—K) Pyb—Pyb

=det (Py, K + Pp,(I — K
" : ) (PouK + Pay(I = K)

= p(0M1hy),

Yo TE—DTRIFFTHEINS, ZOHDTFRIZIDOI EZEYIEL THOIUL v, O
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IR 2.9, Lot 22 0K (2.1) BROFEOKN LA (A=K, B=1-K) £t%>T»5 {LED
|A] x |A] ZATFI A, B 12/ C,

> det(Py, A+ Pa,B) = det(A + B)
AoUA =A
N RYASH
fii# 2.2 & Kolmogorov DIRIRERD & ROKGHRE G2,

EE 2.4, K I3 RE 2.1 27T T3, ZDEE, Q ED Borel HERHE px THRRICHAEDS
pxc (020 181) = det(Pp, (In — Kp) + Pa, K»)
ko THEZONZ LD —DOFETS .

COEBUIZEDVBRSNS Q= Q(R) L® Borel #ERMEE py % K ISHHBET 2 BE# Fermion WIEE & &k &
N e

DFDZ EICiEEL &9,
IR 2.5 K RE 2.1 it/ T - K bli7ed, TOLE uxg 35 Q36— 1-¢E€Qick?
ur DAL 2, ZOHEEZ RPHHRTHI I EICE>T0 3,

STHEADNEII OB THEIETE 3.

8 2.6. FHEADOHEIILTO X ) ZHlFRZ &,

w(02018) = det(Py,(In — Kp) + Pa, K»)
det(J[A]a,)det(Ip — Kp), Ip — Kp BT L &
- {det((,][A]l)AD)det Kr, EKaDHOL Z
(=1)!Aol det(Kp — Pp,)
(=)l det(Iy — Ko — Py,).

7L, JA) = Ka(Ip — Ka) 7Y, JA] 7 = (Ia — Ka) K

FEHL. In — Ky 3iicd s L9 5,

det(PAO (IA - KA) + PAlKA) det(PAO + PALJ[A]) det(IA — KA)
det(Pa, + Pa, J[A]Pa,]det(Ix — Kp)

= det(J[A]Al)det(IA - KA).

Ky DH[HDOEGES o7 S Rk 7 (PA1 _PA0)2 =1\ THDHZEICHERELT,

det(PAo ([A — KA) + PAlKA) = det(PAU — PA1)2(PA0 (IA — KA) + PALKA)
det(Pa, — Pa,)det(—Pay(In — Kp) + Pa, KQp)
(—1)!Aol det(Kp — Py,).

|

Bl 2.7. (1) K (& 2(R) Lo Hermite {EHI#ET, O< K <I %2ilirzTE$ 5. 20L&, Filf2.6 ks
Tiu K13 RE 2.1 2732 L0800 5,
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(2)R=Z'tF%. KIiI|K|<1T, I5IC totally positive TH 575, 2Fh, fEEOneN &
EED z1 <m < <y &1 <y < - <y KL T

det(K(xl-, yj));l,jzl >0

T35, ZOEE KT RE 2.1 27T
(3) (1) O¥FlRBGTHS. R=2 T2, k: T?—[0,1] IKHL T,

d
k(z) = (%) ” k(0)e™’ds, x € Z°

I ko TEREL, Toeplitz {EHFE K : (3(Z9) — (2(Z9) %

Kf(@) =) k@ —y)f()
yeZd
Y% EARE 2.1 DEAFE 7T DT, RN jp BHES 5. BIROAT XD 29 OFFRBENBIL THRZ
BRI 22, it k=a (0<a<1) ET2E K=ol £%40, WET2 ux 1 (o, 1 — a)-Bernoulli
HIEEE 725,

B 2.8. (ct.[24)) MEFEHRY 57 G = (V,E) BEA SN E EZDENY 5 7 TTRTOME GUARE 21
KEWI, 257 GREASNE S

17 T = 0(6)7
M(z,e) = ¢ -1, 2 =t(e),
0, otherwise

WKLo TEES V| x | BT M ZEEGATHIE WS, 1751 M OFELE |V -1 1B L v, 751 M 0 117
25 |V -1 {THETOITRZ FLTIRS N 2 5UH%EM V i3 RIPI = (2(B) a2z % T, 2(F) »
5 V ~NOEZHIZ T 2 Fermion WX 77 7 G DR EO—pAfit ¥ 3, LA G DA
HARDEEITI M O 11706 V|- 1{THETR L DRELTHBONDS (V|- 1) x |E|-H2115 N 23
HwhE det NN* ILk>THEZoN 3,

XC, & D Laplace £z GHHL X 9.

EIE 2.9, K I3 IKE 2.1 27333,

/ e~ &N u(de) = det(I — K (1 — e~ /@), (2.2)
Q

72721, supp f IFHBREEST (& f) = Zf(x)f(:r) THD, T (1—e @) FHIRMEHAE.

TER

FEFH. supp f=A £ 9%, HEE 23 LD

/ e (&) pu(de)
Jo

Z e Engl f(z)lu(of\ull\l)

AogUA1=A

= > e Zeen I det(Py, (In — Ka) + Pa, Ka)
AgUA=A

= > det(Py,(In — Kp) + Pre T Ky)
ApUA1=A

= det(lp — Kp +eifKA).
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Z D Laplace Z#an 3 (2.2) kD E— XV bR E 2. HlZIT,

% 2.10. (&, f) DFHIZ

/Q W)€ 1) = 3 K(w2)f(a).

TER
FHZ A I2dH 2 1 DIHEDTFIIE Te(Kp) =Y, 00 K(z,2) THA51 5,
A, R (2.2) BT fOfRb DI tf ELT, t=0 THITIUL X, O

191 Kp OREEUE A WORFOMEE (1 DEE) ISRHEL, 1751 In — Ka OREEUZ A WD 0 DfEHucxt
L T35,

W 2.11. (1) rank Ky =n £ T5& pu(€(A) <n) =1. F/ rank(Ip — Kp) < m % 61E p(é(A) >
N-—m)=1. %L £A)={1A) TAND 1DEEEH S DT,
(2) B K 28 rank K =n OHFETH L L EE, pl(R)=n)=1<%t%2%,

AEW. rank Ky =n &%, |A1| > n+1 DL EF55 Py, (In — Kp) + Pa, Ka @ |A] x [A] MTHI Py, Ky
DRI T RIUEBRR7 FADPTEET S, Lo THFIRIZ 0 L7 0, p0to1M)=0E%2%, OF
D wEA)>n+1)=0THs05TREHRS., HBEDLFE o7 AR O

LOMBEIZROEFD S BHES.
Wl 2.12. fEED ACR(Al=n) £ E>0IIRL T,

HEN) =k) = det(Iy — Kn) Te(AFJ[A])

> Iy ITa-w

JC{1,2,...,n}j€J  jeJe

ZIT AL A 1 Ky OEGTH 2, Iy — Ky BADETA 0 E Fi3 2fTHOEKTHMRT 5. FHC
p(E(A) = 0) = det(Ix — Ka).

BT L CASN TV 3 X 91T Fermion 1Z Pauli DHEMBENC L 7223V, DR 7235 U IREEIC A
22 L3 oD, 2D LD S Fermion ML Z DS E MR £ 72 Fermion ML 2% &\ ) 3#F
LWitEE% b,

EE 2.13. Ald R ORI ESL TS, (1) >0 £ T 5,
) =p- 1) =p(- [ €=10n A)

EHTICE#R T 21750 KA IS 2 Fermion MIEE 2%, A={x1,...,2,} £ET 2L

KAwy) = (det(K (wi,z))ir)
K(z,y) K(z,z1) - K(z,z,)
K(r1,y) K(zi,21) - K(z1,25)
x det . . ) .
K(xmy) K(xn:ml) K(xnvl'n)

= K(z,y) = (K(x,"), K; K(-y)).

772U, K(z,)) = (K(z,2;))", K(,y) = (K(z;,y)), TH 5.
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iR 2.14. {0, 1} LORMERME 4 1oL T, & 5175 K BEEL TERD R OFRTTES ACR
XL T

p(A) = p(1%) = det(K (2,y)),yen
DO DET S, ZOLE, p 3T K ST 2% Fermion MIEEE 2 5.
GEHA. A 2.2 DFERH & [FkRIC BAfR

det A + det 4 b =det A
c d —c 1—-d

ERDBHE TR COFEADMELI TG EHTE D, O
EM 2.18DFEH. A= {a} DBERETRT. A L EWICER AITHL T,
#(IAU{G}) = det(K(mvy))myEAu{a}

Ths. ZDEE, p(1?) = K(a,a) >0 TH2 I EICHERL TH o 111 K(z,a)/K(a,a) 2207 TH = f7
»oEIE, D (2,y) BAE K4 (z,y) €% D, (z,a) KE (a,a) RALUNATRTOICRS, £oT

N(lAU{a}) = det (K" (z,y))z,yen - K(a,a) = det(K*(2,y))z,yen 'N(l{a})

THADOHIE2.14 2 v 2 Lz s, O

2.3 Fermion BIEICET 2HEFREIR

DIFCId K 3 Hermite fEHIZETH 5 2 L 2RET 5. FREGOMEICBIL TUTFD & 9 2HBEA% A
EUNASR

W& 2.15. (1) A, BIRHWICELFRESGLT 5L
p(1498) < p(1) - p(1?).
bot I A B REREOEREARL TS L
pAYP)ANE) < p(1) - p(17),
(2) VT DOAREAD R 720,
p(08) (1) < (00 1) < {p(0M0) (1) }12,

AR, DA ERDFEINC I BT D & ) 2ATHIFUC BT 2 AER2 Feiud v 2 591 A, C 13 IERE M
ThHorET DL

*

det A B < det AdetC, det 4 B > det Adet C
C B* C

DIRY 3D, O
R 2.16. K 5 Toeplitz fTAITEE 2 L ElF> 7Dy ok =28

1
lim —— Z (080141 Jog (080 141)
A= AL A

KXo TERSNZY, @l 2.15(2) DAL S K#£0,I 55 IEDIY FubE—%25DZ LRI N
% (24, 25, 36).
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EIZATQDE R ED {0, 1}-ER%TH > 7h 6 BABIAF T Q X PEFHESAICR 2. Ac B(Q)
WKXHLT, E€cAPDE<nRolEneALbeE, Aldincreasing TH2BEVH, vk Q
DMEFRMELL § %, LHED increasing % A IZXWL T, p(d) <v(A) LH2LE, p<v &hL,

WRE 2.17 ([38]). p,v 1d Q FOMERYEL T2, u<v THELODOBEAGEME, p & v OWHRLR A Y
TV IDFET LI THD, 7KL, Ay 7V 7 POUHHTH S Eidsupp P C {(€,1) € QxQ; € <7}
ERBEEE VW),

XTHI 2.7 D Toeplitz fTHIDHA%EEZL LS. &k : T — [0,1] 75 %E % % Fermion HIfE% pg £ KL
COLEUTOZENRMSN TS [24],

M 2.18. 0< ki <hy <1 %50 pg, < pug,.

COIEDS 0<k <k S1RSWE pg & pp EDWGEA YTV Y PDIHET 5. BIZIX, 0<p<1
Ll ki=phky £32. ZOLEUTOEICLTAYZ VY I 2KTES, & Q0 —Q % Q Lok
WBZNZN (p,1 —p)-~ N XA L pp THIMRERET S, TOLE, min(E,n) =& n (FHRTD min
% &ED) DI pp ITEL W,

PIRE 2.19. 0< ki <k <1 DEE, MU g, & pp, EOWPEED v 7)Y IV EHIKTE 2702

3  Fermion AIE & Boson BIE & ZD—i&1b
3.1 —fRDOZEMICH T B Fermion HIE

R Z2WHIEZFFORA a7 g AL 72 /ME L, 20 1D Radon JlE%E A(dz) £ LT, BUTHE
ET 5. R EOIEEIEME Radon MEZE R EORFIHERAMEL VW, 2024f% Q=Q(R) Lt£bT.
Q IIFBEMAHZ Wi B(Q) 1 MAHY Borel BAKL T2, Q DEFK 1 £=3,6,, DT B LI
FELTEL (FEAPH 2HAIEI S EARL T, BOELAZMA3.) 1% (Q,B(Q)) LR

WEEET2E %, (QBQ).) ZIBRELIEIY Y LEELS
EeQ LBV Y kK f e C.(R) ITHL T,

€.f) = /R @)y = 3 (@)

z€E

LB, EhMHC £ Q EANaY A2 b A £, € Cu(RY) KR T,
<£n7fn> = Z fn(xlvuu,mn)

11,12,4..1,,€§:Eb)5:i£i7§:6
EBL. IR EEHRRT.

T 3.1. £55D f, € Co(R™) ITHL T,
/u(dﬁ)@mfn):/ M(dzy - day) fu (@1, ... T0)
Q R™

ZWited R EOREE N, (dvy - - - dwy) DFEETIUL, ZNE € O n BRI L /S RS Ay 13
MEE BV, 51T, A\, DAO (L THuxEficHh 3 & &,
d\,

m(xl,...,xn)

on(T1,. .y Tp) =
% on KM E SR, SR Yy 7123
An = /J(df)fn
/,
THD, IITC, EEL MM (1.2) TERL DD L KT 3.
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FOBFLZ Laplace 254
Lu(f) = /Q u(d€) exp(—(6, 1)) € CHR)
WKLo T—BIREINSG, KA TLS X HIFEEHE v OF 7 > sUBFE IT, O Laplace 23
| etayesn(—(c. ) = exp (- [a-e @) (3.1)

STCEH 2.9 D Laplace 2D ZERL TUTD X ) 2hilz4 5.

EIE 3.2 ([34, 35, 37]). L?(R,d\) LORIEAHE K @3RIV —AE»r>HEREKTO<SK<I %
M7z3TdbnETE, ZDE E Laplace B3

/Q s (d€) exp(—(€, 1)) = Det(I - K,) (3.2)

E5 Q=Q(R) LOMWSRNE nr XME—HFET S, %L, feCHR)Zav 7 Bz bOMER
DIFCCERBIE, ¢ =1 —exp(—f), K, = VoK Jp. FALRIEIERAFE K, D Fredholm 1513, &
512, n ROMEBIBAUI DT TEH 2 6 5%,

pn(T1, oy xn) = det(K(zi,x;))f 21
= Z sgn(o) K (21, 2401)) -+ K(Tn, To(n))-

ceS,

HE 8.9 22 THRONHERNER [26, 27] 1CHE5 T Fermion SRR D L < 1 Fermion JIEE & WER2Z, 3
% 2 A B Fermion HIEIZ 2 O EBOR A BATH 2.

FEBHIZBUF @ & 9 12 L T Kolmogorov DIRIREBIC & 2 (cf.[21]). FTHREA A LOREZEMZ Q(A)
ETBEQN) I USL A ~ ER—EN S, 22T ~ BERoBRICHET 2 AMBEREHo LT, X
T UL A" LOXITRBIE o %

onx(@r,. ) = Det(l — Kp)det(J[A] (i, 2;))7- on A",
oa k() = Det(I — Ku) on A® = {0},

WKLo TERTS, L, JAl=K I -K)\)™' &T3, Z0LE, Q) LOMERHE uy x %

/ i 1 (d€) exp(— (€. )
Q(N)

oo 1 n
= Z nl / oA K(T1,. ., Tn) eXp <_ Z f(mk)> AF" (dy -+~ davn)
n=0 = JA" k=1

L¥ 5. JA DBFEEHETH I EDS oax >0 RIS HTH S, Z0E XL TOMBERD Lo,

fHE 3.4. fP R EDav 7 FHEE O OIFEERBKE 5. suppfCA LT 5L
| nldg) esp(—6.1) = Det(r — K,). (33)
QA)

7EL, p=1—e7.

LK DRFTE L —AETH 2 13, TREOaAV N7 P EAACRICNLT, Ky =1,K1y b L —RGEFHAFZTHE 2 & LT
#7535,
2Determinantal JIJE & A TV 3 3CHR D %\,
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GEBH. suppf C A T 2L,

Det(I — K,) = Det(I — Kx)Det(I + (J[A]).-r)
= Det(I — Ky)

X {1 + Z:l % /A det <(J[A})e*f(xi-‘xj))ltjzl)\‘@"(dm . --dxn)}

= Det(I — KA)

— 1
X {1 + Z ﬁ /A" dCt(J[A](.’E“m]))?J:l exp (—
n=1 pa

= nzzo%/m oAk (T1,. .., @) €exXp (;f@m) A8 (dxy - - - day,)

/ i1 (d€) exp(— (€, ).
Q(A)

n

f(xk)> A2 (dzy - dmn)}

EBDav 7 v E% b OJEEEGRE f ITNL Tsuppf C A C A %5613,
/ i < (dE) exp(— (€, ) = / i 1 (dE) exp(—{€. f)) = Det(I — K,)
Q(A) Q(A)

EB LD, WHERMEDR {ua k} BIEEFETH 5. LT Kolmogorov DILHREMIC & h E#l%E 15
(cf[21]). DA EDFEBING Ky DSEAME1 2750 E2REL TR 328, BIZIE sKy 25ATs 11D
MR % & 2 4UE &,

Bl 3.5. 1fiTHIF 72 GUE & Laguarre ensemble Df7714 4 X N BERAKTERDON % 3 2DRI5 %L Z
NZN R LD Fermion M2 E&RL HIETH 5. Kne(w,y) OHEIEATBEAZL L MBI R 5, &
ST Kagry(z,y) OBERHER | TRAWMOK T#EL, GUE ORKEFHEICHIGT 250TH S, &
51 Kpessel(2,y) DEEIE (—00,0) ICRFIXEIEL &V,

f13.6. R=UN B, L33, fliliotolc B;~E 325, K3 L2(R) ~2@Y, L2(E) Lok L —
AROBEREHFELE T 5. BRI K(z,y) = (Krs(2,9))1<rs<n, 2,y € E 127D, HBIBEI

1 1 N N 1 1 N N
Prl(zg),...,z,gl>7...7x§ )7...,.'L‘§€N)) = Dk, kN(x§)7...,z,(€1)7...,;L'<1 )7,,,7x§m))

det(Kyps (2, 25 )1<p0<N 1< <k 1< <k,
iZkoThHE2oNS, L, kitke+- - +ky=n.

FEIRE 3.7. VN MATIHERZ B DD Poisson 23 ARICINE T % & \» 9 Poisson DA FOEA & [FERDE % 1
D H 285512 Kine WY % Fermion HIE~DORRERE L CEXLTE 2002

3.2 Boson AIE & a-Boson HIE
Laplace ZH#aDFIZEH L T Fermion HIEEIZ DI T D X 9 75T Boson HIEEICIRIEI 11 %,

FEIE 3.8 ([35]). L3(R,d\) LoOBESEMFE K ZETE L — AP ODHOARKETK > 0 2 Tbo L
T3, av Ay iRz OMEROIFAHERE f € CF(R) ITNL T Laplace 253

/Qu(dé) exp(—(&, f)) = Det(I + K,) ! (3.4)
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L% Q=Q(R) hOMRMENSHE—FET S, 51, n ROMHBBEEIEIMUTTEZoN S,

pn(x1,.. . 2n) = per(K(iUnﬂCj))f] 1
= Z K(Ilvxa(l)) (‘TTHxa(n))
ocES,

Laplace ZH#aDTEh & HIXC KD & 9 ICfi#EE — LT 2 2 LB HEZ 615 [35).

RI%E 3.9. L?(R,d)\) LORSEHE K 3FEATN L —2E»p  HOAKR T K > 0 2ili-Tdb0L 35, 2
DE FRDIFD Laplace A

/Q o (AE) exp(— (€, ) = det( + k)1, (3.5)

2RO Q = Q(R) LOMERNELIIHFIET 22?2 b L HFETIUL n ROMBEBEEIMTTEA 5N S,

deto (K (zi, ;)7

i,j=1

Z ad(a)K(l‘h xa(l)) e K(f,u l'a(n))‘
oES,

7L, d(o) \FiE# o ZHMORE L ThH 6 b TOICKLELRHIROBRNOMES, Fric

pr(T1,...,Tn)

det 1A =det A, detoA = [Jai, det;A=perA.
i=1
BL pox WEETSE ZITIE o-Boson flIEEE K AT LICT 2. bbb AA, a=41 DL ZiX Fermion
BEE Boson HIEEIZMIGL T, a=0 DL EFMRZE & o7 b D & A1 Poisson HIEEIC MIGT .

R D3—RiD 6 72 288103 (3.5) DA —MBAL I N7 DA D Laplace 4% 5.2 %. k-7, (3.5)
DA ADIEZR 5347 D Laplace ZHUZ % 5 7= D D MEA535H1E, a€ {—1/m;m e N}U[0,00) TH S, B
BIZELIZ a>0IconTEZLLIEICTS,

ST Jo[A] = Ka(I + aKp) Ve &L,

oA,k (T1,. . Tp) Det(I + aKy) " /*deto(Jq [Al(zi, z5)); ;= on A",
orax(®) = Det(I+aky) " on A= {p}.

KE->TEET S, QA) LOMEE p o x %

/ o1 () exp(— (€, £))
QA)

Zn'/ oAk (T1,. . Tp exp( Zf(ack )/\®" (dxzy -+ day).
" Pt

£95%,
Fredholm fFFIRIC D W T TOREMARD D 722, 4k (1 —2)~* OEAXARDBRKIGAD %
t<dh 3.

FEIE 3.10. J 13 L2(R,\) LD ML —ABOBSEAFEL TS, |ad] <1 %51
- 1 ' n n
Det(l — ) o= 3" /m deta (J (i, 23))] 5y A" (day -+ - ), (3.6)
n=0

a€{-1/m; meN} DL ZL |a]J|| <1 DEHELEL T (3.6) 13K D,
3d(o,n) =d(oc™1n) LB L S, LOMEEL % 2,
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DT LICERT DL,
[ insd)esp(—(& ) = Det(T +ak,) /e
Q)

E% %, %D, Fermion HIFEOHA L FRIZL T op ok (T1,...,2,) DIFAWIRIEINIUL Q LOTHE
BRWMIEL 1 ¢ DIETH 2 EDRDD 5. HIZIE det, DEFRLD J,[A] BIEATIITHIUL LOIEAMETH
oD THA.

LOBREZET2EMUTOL ) RMENEZ NS,

FIRE 3.11. >0 & 9%, MUTORMER 2 FMABEILT % & 9 % o DRI ?
Pk PERD K > O IZHL THIET % <=deto A > 0 MERD A > O 1L THED 32D

a=+1 D& ZIFHURBNZMEE (per A > det A > 0, VA > O) 2 SHERMEE pyy x DFER DD
Y, Laplace ZHDIE & ZDMEN S a € {£1/m, ; m € N} D& Eld py g DEAIAALE L CTHERMEE
et fm, i SRR S AU TR B D MEDS B E RN 1T 5.

FE 5.12. EOERL REOMEREHOE L LHEDE 25 ac {-1/m;m e N}U{0}U{2/m; m € N}
DLAIT DWW CHE 311 EEWICRIN TS, BOBAIC OV TI a e {—1/m; m € N} DUMHIA
MRS 5.

3.3 Gauss %<& Boson HIE
ST a=20u6%%2 %), ZOLAIE Gauss & BHELERRH 5 (9, 35,
FHE 3.13. {X(2)}eer EF 0, O K O Gauss Bt §2 &
E[Mx2(dS)] = pia,x (df) (3.7)

L%, 1L, Ty I3 intensity X(z)? - Mdx) ® Q LD Poisson IEETH D, E 1 Gauss B X(z) I
£ HobT.

AERH. (3.1) I2TERL T Laplace Z2#a% 1H T2 LA TD X HICh 2 2 L6 EHIIRIN S,

E[ /Q nxz<df>exp<—<s,f>>} - E[exp— [ = e @A)

= Det(I+2(1—ef)K)"/2

|

% 3.14. n RIEEEMETI A WL TFE 0 THESBITIN A TH % Gauss WERERE (Z1,...,2,)
ET5L

detyA = E[Z2---Z2] > 0

THh 54,

AHEDR L B0 T 2 TD dety 1d regularized determinant Tld 72 <, deto D o =2 DHETH S,
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