Math 212a: Advanced Real Analysis

Suggested solutions to Homework 6

Problem 35. Let A C R™ be a lattice (a discrete subgroup whose quotient R™ /A is compact),
and let V' be the volume of R"/A. Let

N ={zeR": (x,y) € Zforally € A}

be the dual lattice, let f € S, be a Schwartz function and normalize the Fourier transform
(at variance with Rudin) by:

J/c\(t) = /f(x) exp(—2m(x,y))dz.

Prove that:

Y @)=V f).
A A

Solution. Write A = @) _, Zvy. Let m: R™ — R"/A be the projection map. Define
(mf)(@) := > _ f(w+y).
yeA

Since f is Schwartz, the series above is absolutely convergent to a continuous function periodic
with respect to A (hence one on R"/A). We can also define for a continuous function g on
R™/A, the pullback 7*g = g o w. It is clear that for any f € S,, and g € C(R"/A),

(fv 7T*g) = (W*fv g)

where the pairing are defined as the L? pairing on the corresponding spaces. Set F' = 7. f,
then it has a Fourier series expansion (which converges to x pointwise)

F(.ﬁ) _ Z at€27ri<t,m>’

teN’
where
a = V—l F(x)e—Qm‘(t,x)de _ V_l(F, e—27ri(t,:c)) _ V_l(f, e—27ri(t,x)) _ V_lf(t).
Rn/A
Hence Yo, o) f(@) = F(0) =Y cpae =V 1>, c0 F(t), as desired. O
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Problem 38. Show there is a smooth function f(z) on R that belongs to every Sobolev
space H® but which is not a Schwartz function.

Solution. Take f(x) = 1/(1 4 x?). This is smooth. Clearly f(z) = O(1/2?) when |z| >> 0.
Thus f € L*(R) = H°. Tt is easily verified that for any integer n > 0, we also have
|D"f(z)| = O(1/2?) when |z| >> 0. This implies D"f € L?(R) for all n > 0. Thus f € H"
for all integer n > 0. From the relation H® C H! for s > t we immediately conclude that f
lies in every Sobolev space. But f is not rapidly decreasing, and hence not Schwartz.

Alternatively, we've calculated f in the last homework. Note that f(t) = /m/2e M is
rapidly decreasing but not smooth. Thus f is in H" for all integer n > 0 but not Schwartz. [

Problem 40. Show that f(z) = e” cos(e”) is a tempered distribution on R, but g(x) = €* is
not.

Solution. Let h(x) = sin(e®), then h' = f. Let ¢ € S;. We then have, as h is bounded and
¢’ is rapidly decreasing,

/ f(@)¢(x)dr = — / hz)¢' (z)d.

Again, as h is bounded, we conclude that the right hand side is bounded in absolute value
by C'sup,eg |(1 + 22)¢/(x)|dx. This shows that f defines a tempered distribution.

On the other hand, define a function ¢ € S as follows. Choose a positive smooth function
) compactly supported on [0,1/2] with [¢ =1 and define ¢(z) = Y oo ¢(x —n)e *. Then

/ g(x)d(w)ds = 31 = o0,
n=0

and hence g is not tempered. O

Problem 41. Let f(z) = Cexp(—2%/2) on R, where C is chosen so that ||f]2 = 1. (a)
Show that the uncertainty principle is sharp for f, in the sense that 1/2 = (AP)(AQ).
(b) Show that if f € S(R), [|f]l2 = 1, and (P) = (@) = 0, and 1/2 = (AP)(AQ), then
f = Cexp(—ax?/2) for some C and a. (Hint: when is the Cauchy-Schwartz inequality an
equality?)

Solution. (a) Indeed, as (Pf)(x) = —if'(z) = iCzexp(—2%/2), (Qf)(z) = Cxexp(—2?/2),
we have Pf = iQf, (Pf,f) = (Qf, f) = 0, (Qf, Pf) = —(Pf,Qf). Following the proof of
the Uncertainty Principle, we have 1 =2|(Qf, Pf)| = 2||Qf||||Pf| = 2(AP)(AQ).

(b) Going through the proof of the Uncertainty Principle, we need (Pf,Qf) = —(Qf, Pf),
and that @Qf is proportional to Pf (since ||f|l2 = 1 and f € S(R), neither Qf nor Pf can
be the zero function). This gives an ODE f/(z) + ax f(x) = 0 for some constant a. Solving
the ODE gives f(x) = Cexp(—axz?/2) for some constant C. Since (Pf,Qf) = —(Qf, Pf),
we need that a is real; but f is also Schwartz, so a > 0. O



Problem 42. (The quantum harmonic oscillator) Define operators on f(z) € S(R) by
Hf =2*f—D?*f, Rf=uaf—Df, and Lf=uxf+Df

where D = d/dzx. (There are the Hamiltonian, raising and lower operators. The eigenvalues
of H are the energy levels of the system, which are quantized)

(a) Prove that H = (LR + RL)/2.

(b) Prove that I = (LR — RL)/2.

(c) Show that fo(r) = exp(—x?/2) satisfies H fo = fo and Lf = 0.
)

(d) Define f,(x) = R"(fo) for n > 0, and show that f,(z) = P,(x)fo(x) where P,(z) is a
polynomial of degree n.

(e) Show that H f, = (14 2n)fy.
(f) Show that f, = (—i)"f,.
Solution. (a, b) Given f € S(R), we have L(Rf) = 2°f — aDf + f + aDf — D*f =

2?2f+f—D?f,and R(Lf) = 2®f+aDf—f—xDf—D?f. This then gives (LR+RL)f = 2Ef
and (LR — RL)f =2f.

(c) Hfy = 2?exp(—12/2) — D(—xexp(—12/2)) = exp(—2?/2) = fo. Alternatively, note that
Lfy =0 and hence H fy = fo + RLfy = fo.

(d) Inductively, f, = xfp—1 — Dfy—1 = (22P—1 — P _;) fo. Thus P,, = 2zP,_1 — P} _, with
Py(x) = 1. The claim then follows.

(e) We can prove that P), = 2nP,_; by induction. Indeed, Pi(x) = 2z and P| = 2F,.
Moreover, P; , = 2P, + 2zP; — P! = 2P, + 2n(22P,_1y — P,_;) = (2n + 2)P,. Thus
H fo = 22 Pofo — Pllfo— 2PLf5 — Paf = (Pu+20P) — PU)fo = (Plivy — Pa)fo = (1+20) fu.

Alternatively, note that Lf, = LRf,_1 = RLfy_1 4+ 2fn_1 = R?’Lfp_o +4fp 1= =
R"Lfo+2nfn—1=2nfn_1. Hence Hf, = fn+ RLfn, = fn+2nRfp—1 = (1 +2n)f,.

(f) Note that fo = fo, and fo, = Rfny_y = if, | — itfo_1 = —iRfp_q = - = (—i)"R"Jy =
(—1)" fn. O

Problem 43. Let H® denote the Sobolev space on R™. (a) Show that a tempered distribution
f belongs to HY, N > 0 an integer, if and only if D*f € HY for all o with || < N. (b)
Show that H® = (I — A)H?. (c) Show that there is no linear differential operator such that
H° = P(D)H'.

Solution. (a) We've shown one direction in class. On the other hand, assume f € S), such
that Df € H° = L2(R") for all a with |a| < N. Since D®f = (it)*f, we have

/ 21 F(0) Bdm (1) < oo.
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Here for an multi-index o = (a1, ..., ap), t* =71 - - t9". Since

A+ =@+ -+ )V = D Ca(t™)?
lo|<N

we have

/<1+m WNIF(t) Pdm) Zc/w F)Rdm(t) <

|a| <N

Hence f € HV, as desired.

(b) By (a), we have (I A)H? c H°. Conversely, take a L2 function f. Then f is also L2,
and so is f(£)/(1+ [t[2). Let g € H® be such that g(t) = f(¢)/(1 + |¢|?). Clearly g € H2.
Moreover, as distributions (I — A)g = f. Thus H C (I — A)H?.

(c) Clearly this is possible in dimension n = 1. Simply take P(D) = I + D. Let us thus
assume n > 2.

Suppose otherwise. By taking Fourier transform, we have H? = P(it)l/'{\l. First note
that the polynomial P has to be linear. Otherwise, suppose P is of degree k > 2. choose
f € H! with f(t) = (1 + |t[*)"Y/?2 /=€ Then f € H'. Consider a change of variable
s1 = t1,s5 = t; —t; for j > 2. Write P(it) = Zfzopl(s%...,sn)tﬁ, with pp = ¢ # 0
is a nonzero constant, p; is a polynomial of degree at most k — [. Consider the region
Qs := {(t1,82,---,8n) 1 t1 > 0,]s;| < dt1}. On this region | P(it)| > Ct¥ when ¢, is sufficiently
large and ¢ > 0 sufficiently small. Now

/ [PaP / C2aal* /°° C2(20)n 3k Hn !
05 (1+ ’t’2)1+n/2+e - Qs (1+ ‘t‘2)1+n/2+e ~—Jo (1+n(1+5)t%)1+n/2+e

which is not integrable when € > 0 is small.

Then P(it) = Py(t) + iP2(t) + ¢ where Pp, P> are homogeneous polynomial of degree 1
with real coefficient; at most one of them is zero. Take f € H? with f(t) = (1 + |t|?)""/4.
If P1 and P are linearly independent, then P (t) +i/%(t) = —c defines a affine subspace. At
these points 1/|P(it)|? is not integrable, and hence f( )/P(it) is not L%, a contradiction.

Otherwise, | P(it)|> < C(1+ Py(t)?) for some constant C' (WLOG, assume P; is nonzero).
Choose an orthonormal change of coordinate s = At so that s; is a constant multiple of P; (t).
Define Q = {s : |s1| < |3]'/?}, where 5 = (s3,...,5,). Then

[ o
S14S8 ,
o ‘P ” )I? met S (14 2[52)n/202¢ 00 = s (14 2[5]2)n/2 42

which is not integrable when € > 0 is small. O




