
Topology

Math 131: Homework 11
Due Tuesday, 17 November 2013

Below, the sphere will be considered as a set Sn�1 ⇢ Rn, so x 7! �x is the
antipodal map.

1. Let f : S1 ! S1 be a map such that f(x) = f(�x) for all x 2 S1 ⇢ R2. Show
that deg(f) is even.

2. A group G acts evenly on X if every x 2 X has a neighborhood U such that
U \ gU = ; provided g 6= id.

Prove that if G acts evenly by homeomorphisms on a connected space X, then
p : X ! X/G is a covering map with Galois group G.

3. Let T = R2/Z2 be the torus. Let A 2 M2(Z) be a matrix, and let ef : R2 ! R2

be the corresponding linear map. Prove that ef is the lift of a continuous map
f : T ! T . In terms of A, when is f a homeomorphism?

4. Let ↵(p) = �p in the group law on T = R2/Z2. Then ↵ gives an action of
G = Z/2 on T . Show that T/G is homeomorphic to S2. Is the projection
T 7! T/G a covering map?

5. Let X = R2 � {0} and let f : X ! X be given by f(x, y) = (2x, 2y). Then
f generates an action of G = Z on X. Describe the quotient space X/G as a
well-known surface.

6. Now let G be generated by f(x, y) = (2x, y/2). Show thatX/G is not Hausdor↵.

7. The Klein bottle can be described asX = R2/G where G is a group of isometries
acting evenly on the plane. Assume G contains the subgroup H = Z2 (acting
by translations) with index two. What additional isometry can you add to H
to get G? Describe in concrete terms all the elements of your group G.

8. Let X be the quotient of the heptagon by the indicated gluing instructions.
Draw a picture of a subset of R3 that is homeomorphic to X. Bonus: hand in
a physical model of X.


