MATH 123: HW 4 SOLUTIONS AND COMMENTS

DORA WOODRUFF

1. PROBLEM 1

1.1. Comments: None in particular; people did well on this question! The trick of noticing
that o(a) = |ad’| cleans up some computations.

1.2. Solution: Notice that o(a) = |ad’|, where o’ = x — yv/3. So, we have

o(ab) = |ab(ab)'| = |aad’bd'| = o(a)c(b)
We can write

a
E:$1+$2\/§

where z1, 22 € R. We can always find, for any real x, n € Z such that |z —n| < % Choose
such nq,ny for x1, x9, and consider ¢ = ny + nsv/3. Notice that
a(§ —c) =0 — (i +n2V3)) = o (1 =) + (2 = 12)V/3) = [(21 — 11)* = 3(x2 — ns)?| <
max((xl — nl)z, 3(3(32 — TL2>2) S %
So, we can write a = be + 1 where o(r) = o(a — be) = o(b)o(% —¢) < 30(b) < o(b) as
desired.
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2. PROBLEM 2

2.1. Comments: There was some confusion related to what I + J = A means (it does not
mean that each element of A can be expressed uniquely as a sum of an element of I and an
element of J, nor does it mean that I and J do not intersect - they must intersect at 0 at
least!)

2.2. Solution: a) Choose (m,n) € A/I x A/J (where m,n € A are chosen as representa-
tives of cosets). Since I + J = A, we can write m = iy + j1, n = is + jo for i, € I,j, € J.
Then, ¢(j1 + i) = (m,n), because j; + iy =m mod [ and j; +is =n mod J.

b) Our polynomial should have v/2 as a root, and should give 1 when we plug in i. 22 — 2

has /2 as a root, and gives —3 when we plug in 4, so dividing by —3, a good choice is
=22 -2)

p(z) = —3(z :
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3. PROBLEM 3

3.1. Comments: [ was a little nitpicky here; this kind of argument doesn’t work in an
arbitrary ring, so your proof should make it clear which specific properties of K|[z| you are
using. E.g. if you assumed without justifying at all that [[p; + 1 is divisible by some
irreducible, I may have taken off a point.

3.2. Solution: Suppose for contradiction that there are finitely many monic, irreducible
polynomials py (x), p2(x) ... pn(x) € K[z]. There is definitely at least one, for example p(z) =
x, so we can take P(z) = 14 [[, pi(x). P(x) is still monic. Since K[z] is a UFD, we can
factor P(x) into prime elements, which must be irreducible polynomials in K [x] (and we can
assume they are monic, since K is a field and P(z) is monic). However, since p;(x) does not
divide 1, p;(x) cannot divide P(x), so some monic irreducible not from our list must divide
P(x), which is a contradiction.
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4. PROBLEM 4

4.1. Comments: almost everybody got this problem right, but some solutions were more
complicated than others; if you didn’t notice that you could use Eisenstein’s Criterion, you
probably had to do something annoying. Also, several people seemed to think that the
coefficients all have to be nonzero in order for Eisenstein’s Criterion to apply, which is not
true! The nice thing about 0 is that anything you want divides it...

4.2. Solution: Since a > 1 and Z is a UFD, some prime p divides a. Since a is squarefree,
p? does not divide a, and p divides all non-leading coefficients since p|0. Therefore, applying
Eisenstein’s Criterion with p, we see that 2™ — a is irreducible. (Technically, as stated in the
notes Eisenstein’s Criterion is for polynomials in Q[z], but clearly if 2" — a is irreducible over
Qlz], it is irreducible over Z|x]).
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5. PROBLEM 5

5.1. Comments: There were several ways to approach the first part, such as analyzing the
coefficients of a product pg, but the cleanest way is to exploit the fact that K[t| is a UFD.

Similarly, you can approach the second part either by proving that Kt,¢71] is a Euclidean
Domain, hence a PID, or by showing directly that it is a PID using the fact that K[t is a
PID. The latter is quite a bit easier (coming up with a size function and an algorithm is a
lot of work).

A very small mistake a lot of people made in this part was assuming that all ideals in K[t, ¢™!]
are finitely generated, which is not clear a priori (such rings are called Noetherian, and not
all rings are Noetherian). But all proofs that assumed this were easily alterable/didn’t really
rely on the assumption.

5.2. Solution: a) Elements of the form ct* are definitely units, with inverse ¢=1¢=*. We will
show that these are the only units. Suppose pg =1 in K[t,t"!]. Choose n,m > 0 to be the
smallest integers such that t"p,t"q € K[t|]. Then, we have that

(t"p(x))(t"q(x)) = t""" € K[t]
Since Kt is a UFD, and t™*™ factorizes as the product of m + n t’s, we must have that
t"p(z) and t™q(x) are both of the form ct*, as desired.

b) Let I C KJ[t,t'] be an ideal. Consider I N K[t], which is an ideal of K[t]. K]Jt] is a
PID, so I N K[t] = (p) for some p. However, for any ¢ € I, for large enough N we have
tNq € K[t], so tNq = hp for some h € K[t]. Then, we have ¢ = tVhp, so q is a multiple of
p too. Therefore, p generates I in K[t,t7!], as desired.
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6. PROBLEM 6 (BOoNUS)

6.1. Comments: The most common errors were just not checking details: e.g. it does not
suffice to check that ¢(z* +y* — 1) = 0 to conclude that (z*+ y* — 1) = ker(¢) (you need to
justify why (22 + y? — 1) D ker(¢) too).

6.2. Solution: a) We consider the surjective homomorphism ¢ : R[z,y] — A given by send-
ing © — cos(t) and y — sin(t). By the First Isomorphism Theorem, we want to show that
ker(¢) = (2 +y? — 1). Since cos?(t) + sin®(t) = 1, we know (22 + y? — 1) C ker(¢), so it
suffices to show that ker(¢) C (2% +y? — 1).

Suppose that ¢(p(z,y)) = 0. Using the relation 22 4+ y*> — 1 = 0, we can rewrite p(z,y) =
q(y) +zh(y). Since h(y) = 0 for only finitely many values of y, we must have that = = (é’/))

and therefore that 3% + Q((yig = 1, for infinitely many values of . Thus,

a(y)® + (v = Dp(y)* = 0
for infinitely many y. But then, we must have that the left side is the zero polynomial, and
since (y?—1) is not the square of a polynomial, ¢(y) and p(y) must both be 0 mod z*+y*—1,
as desired.

b) It suffices to show that (y) is irreducible but not prime, as irreducibles are prime in
a UFD. Rlx,y]/(2* + v* — 1,y) ~ R[z]/(2* — 1) is not an integral domain, since = + 1 and
x — 1 are nontrivial zero divisors, so y is not prime. Now, we want to show that the only
principle ideals containing (y) are (y) and (1). Suppose that (y) is contained in (p). As
before, we can write each polynomial in the form g(y)x + h(y) by replacing each instance of
2? with 1 — y2. Let p(x,y) = a(y)z + b(y). Since y € (p), we must have

(a(y)z + b(y))(c(y)z + d(y)) = aly)e(y)(L — y*) + (cy)bly) + aly)d(y)z + b(y)d(y)) =
So, ¢(y)b(y) + a(y)d(y) = 0 and since Rly] is a UFD, we can write a(y) = —f(y)d'(y) (and

similarly for b(y), c(y), d(y)). Furthermore, we have

a(y)c(y) (1 — ) + b(y)d(y) =y

SO

F@a) (@ @)@’ - 1) +V(m)*) =y
If a’(y) is nonzero, then the degree of a'(y)*(y* — 1) + b'(y)* must be at least 2. So,
a'(y) = 0. Thus, we get b(y)d(y) = y, and so up to signs, p(y) =y or p(y) = 1. Thus, (y) is
irreducible.

c¢) We can consider the homomorphism Clt,t~!] — Clz,y|/(z* + y* — 1) given by t — x + iy
(and thus t7' — = — 4y = (z +iy)™'). In the other direction we have the homomor-
phism Clz,y]/(2? + y> — 1) — C[t,t7!] given by  — ZL—y — == It can be eas-
ily checked by hand that these two homomorphisms are 1nverses of each other, and hence
Clz,y]/ (2% + y* — 1) ~ C[t,t™!], which is a PID, hence UFD, by Problem 5.




