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1.  Jones polynomial

skein
theory

(1/t)VS − tVU = (t1/2 − t−1/2)VO

LS LU LO

V(K, t) = t−2 − t−1 + 1 − t + t2

Jones polynomial of the figure 8 knot

Questions

2.  What does V(K,t) measure?

1.  Does V(K,t) = 1 imply K is the unknot?

3. How hard is it to compute V(K,t)?

Questions

2.  What does V(K,t) measure?

3. Can V(K,t) be found quickly by
   a quantum computer?

⟨K⟩ = ∫Tr(∮ A)  e2πik CS(A)  DA    
K

=   (q1/2+q-1/2) V(K,1/q)
q = exp(2πi/(2+k))

Witten



Braid group 
Bn = π1(Pn)

 Polynomials p(x) of degree 
      n, with distinct roots{ }Pn =

Braids Braids as quantum permutations

 Fast computation for braid closures

V(K, t) = − (t1/2 + t−1/2) tdeg(β) Tr(β)

β
permutation

(123)

K

… with few strands.

2.  Knots on surfaces

Q.  How to construct a random simple  loop?

Hyperbolic Geometry

X

Simple loops, length < L: σ(L) ∼ CXL6g−6

Mirzakhani 2008

Closed loops, length < L: π(L) ∼
eL

L
Prime number theorem - Selberg et al



Hyperbolic Geometry

Topological statistics universal

Answers are rational numbers

X

A:  Choose a long simple loop at random.

Example:

P(S cuts X into 2 pieces) =

S

1/49

Hence any process with the features (1)-(3) above is characterised by just three parameters,

• the initial distribution, i.e. the law of B(0),
• the drift vector µ,
• the diÆusion matrix ß.

We call the process {B(t) : t ∏ 0} a Brownian motion if the drift vector is zero, and the
diÆusion matrix is the identity. If B(0) = 0, i.e. the motion is started at the origin, we use the
term standard Brownian motion.

Suppose we have a standard Brownian motion {B(t) : t ∏ 0}. If X is a random variable with
values in Rd, µ a vector in Rd and ß a d£d matrix, then it is easy to check that {B̃(t) : t ∏ 0}
given by

B̃(t) = B̃(0) + µt + ßB(t), for t ∏ 0,

is a process with the properties (1)-(4) with initial distribution X, drift vector µ and diÆusion
matrix ß. Hence the macroscopic picture emerging from a random walk can be fully described
by a standard Brownian motion.
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Figure 1. The range {B(t) : 0 ∑ t ∑ 1} of a planar Brownian motion

In Chapter 1 we start exploring Brownian motion by looking at dimension d = 1. Here Brownian
motion is a random continuous function and we ask about its regularity, for example:

• For which parameters Æ is the random function B : [0, 1]! R Æ-Hölder continuous?
• Is the random function B : [0, 1]! R diÆerentiable?

The surprising answer to the second question was given by Paley, Wiener and Zygmund in 1933:
Almost surely, the random function B : [0, 1]! R is nowhere diÆerentiable! This is particularly
interesting, as it is not easy to construct a continuous, nowhere diÆerentiable function without
the help of randomness. We will give a modern proof of the Paley, Wiener and Zygmund
theorem, see Theorem 1.30.
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Use random paths?

Brownian motion (not simple)

Loop soups

Conformally invariant:  level sets of GFF
Lawler, Werner, Schramm, Smirov, Sheffield, …



Q.  Can these constructions be combined?

3.  Three-manifolds

All 3-manifolds are geometric.

Thurston, Perelman
1983-2006

3.  Three-manifolds

All 3-manifolds are geometric.

Thurston, Perelman
1983-2006

3.  Three-manifolds

Almost all 3-manifolds are hyperbolic.

Thurston, Perelman
1983-2006



Hyperbolic 3-manifolds

M3 = ℍ3/Γ

Γ ⊂ SL2(ℂ)Mostow rigidity

Arithmetic manifolds

Ratner’s theorems
*  Otherwise, f(H2) is dense in M.

Shah, Margulis, Ratner  1991

*  It can happen that f(H2) is a closed surface. 
    (miracle)

Planes in hyperbolic 3-manifolds

Given an isometric immersion 

f : ℍ2 → ℍ3/Γ

S2 = boundary of H3 S2 = boundary of H3 



Open problem:  Do ∞ many geodesic surfaces  
⇒ M is arithmetic?

Yes!  Margulis-Mohammadi, Fisher-Miller-Stover  
2019

Kahn—Markovic  2009
Mildly warped surfaces

Every M3 contains a nearly isometrically 
immersed surface S.

f : S = ℍ2/Δ → M = ℍ3/Γ

S compact, but g(S) >> 0.

Agol—Wise 2012

After passing to a finite cover, M3 contains
an embedded almost geodesic surface.

Topological finale



M3 has a finite cover that fibers over S1.

Topological finale, bis

M

T

This dubious-sounding question seems to have 
a definite chance for a positive answer. 

Thurston, 1985

Eskin, Mirzakhani, Mohammadi; Filip  2016

4.  Planes in moduli spaces

For any complex geodesic

f : ℍ2 → ℳg,

the closure V of its image is  
an algebraic variety.

Q.  What V are possible?



Veech, M, Bouw-Möller, …

Teichmüller curves

There exist (rare jewels)

f : ℍ2 → ℳg,

such that the image V is an algebraic curve. 

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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is also an invariant of V . It is a totally real number field, of degree at most g over
Q, satisfying

(2.9) K = Q(trA)

for any hyperbolic element A ∈ SL(X,ω). Moreover K = Q if and only if (X,ω) is
the pullback of a form of genus one.

3. All generators of V lie in the same stratum ΩMg(p), so this too is an invariant
of V .

The trace field and stratum are known for all the Teichmüller curves V we will
discuss below. The lattice SL(X,ω), on the other hand, is often inaccessible. Nev-
ertheless, topological invariants of V , such as its Euler characteristic, can frequently
be determined.

3. Billiards

We now turn to the remarkable connection between Teichmüller curves and bil-
liards in polygons.

The first nontrivial Teichmüller curves V ⊂ Mg were discovered in 1989 by
Veech. They play a key role in his proof of:

Theorem 3.1. Billiards in a regular polygon P has optimal dynamics.

Here optimal dynamics means that any unit speed billiard trajectory τ : R → P
satisfies the Veech dichotomy ; it is either

(i) periodic: meaning τ (t) = τ (t + T ) for some T > 0; or
(ii) uniformly distributed : meaning τ (R) is dense, and

lim
T→∞

1

T

∫ T

0
f(τ (t)) dt =

1

area(P )

∫

P
f(z) |dz|2

for any continuous function f : P → R.

Which alternative holds—(i) or (ii) above—depends only on the initial slope of the
trajectory. See Figure 3.1 for examples.

In this section we describe the series of Teichmüller curves associated to regular
polygons, and present the proof of Theorem 3.1, following [V1] and [Mas2]. We also
summarize, in Theorem 3.9, the known examples of triangles with optimal billiards.

A striking feature of Theorem 3.1 is that it describes the behavior of every
trajectory in P , and shows that only two, radically different types of behavior are

Figure 3.1. Three billiard trajectories in a regular pentagon.

M, Mukamel, Wright  2016

Teichmüller surfaces

f : ℍ2 → ℳg

There exist a complex geodesic

such that the image closure V  
is a complex, totally geodesic surface. 

A TREATISE

ON THE

HIGHER PLAM CURVES :

INTENDED AS A SEQUEL

TO

A TREATISE ON CONIC SECTIONS.

BY

GEORGE SALMON, D.D., D.C.L., LL.D., F.R.S.,
REGIUS PROFESSOR OF DIVINITY IN THE UNIVERSITY OP DUBLIN.

THIRD EDITION.

HODGES, FOSTER, AND FIGGIS, GKAFTON STREET,
BOOKSELLERS TO THE UNIVERSITY.

MJDCCCLXXIX,

1879
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V = codawn locus

in M1,3.

The solar configuration



Flip side of rigidity.

x = [a0, a1, a2, a3, ...] = a0 +       1                                 
  a1 +      1             
         a2 +      1      
                 a3 + ...

Q.  How to test if a real number x is in Q(√D)?

A.  x is in Q(√D) iff ai’s repeat.

Arithmetic chaos?

Does the number of [a1,...,ap] in ∈ Q(√D) with ai ≤ 2 
grow exponentially as the period p →∞? 

Example:  
 [1],  [1, 1, 1, 1, 1, 1, 2, 1, 1, 2, 2, 1, 1, 1, 1, 2, 2], ...?...

lie in Q(√5).

Yes (mostly) for Q+Q; “Zaremba’s conjecture’’,  
Bourgain-Kontorovich 2011

5.  Complex dynamics

Γ acting on ̂ℂ

Quotient 3-manifold

Klein
f : ̂ℂ → ̂ℂ

?

Fatou and Julia

1985 (with moduli/string theory)

1995 (with Kleinian groups)

2022 (with stochastic complex analysis)

Complex dynamics at MSRI



1986

1995

2022
Dynamics of  

a typical 
rational map

Attractor = 2 points

<latexit sha1_base64="O4mfTi9jYjAwMCOIBikomLnsNc4="></latexit>

f : bC ! bC



0

<latexit sha1_base64="heziQ2MQX6eCD0wfUviwRGwXif4=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWHTjsoK9QDuUTJppYzPJkGSEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTu5hcWl5ZX8qru2vrG5VdjeqWmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2H/atRXr+nSjMpbs0goUGMu4JFjGBjrVqLicgM2oWiV/LGQvPgT6F48eGeJ29fbqVd+Gx1JEljKgzhWOum7yUmyLAyjHA6dFuppgkmfdylTYsCx1QH2XjaITqwTgdFUtknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOgsyJpLUUEEmH0UpR0ai0eqowxQlhg8sYKKYnRWRHlaYGHsg1x7Bn115HmpHJf+kdHzjFcuXMFEe9mAfDsGHUyjDNVSgCgTu4AGe4NmRzqPz4rxOSnPOtGcX/sh5/wEks5KC</latexit>1

<latexit sha1_base64="7+TfEMBHGZnczBHudKM34IrPUA8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LC2CIJRERL0IRS8eK5i20Iay2W7apZtN2N0IMe1v8NKDIl79Qd76b9x+HLT1wcDjvRlm5vkxZ0rb9sTKra1vbG7ltws7u3v7B8XDo7qKEkmoSyIeyaaPFeVMUFczzWkzlhSHPqcNf3A/9RvPVCoWiSedxtQLcU+wgBGsjeQOX4a3TqdYtiv2DGiVOAtSrpba5+NJNa11it/tbkSSkApNOFaq5dix9jIsNSOcjgrtRNEYkwHu0ZahAodUedns2BE6NUoXBZE0JTSaqb8nMhwqlYa+6Qyx7qtlbyr+57USHdx4GRNxoqkg80VBwpGO0PRz1GWSEs1TQzCRzNyKSB9LTLTJp2BCcJZfXiX1i4pzVbl8NGncwRx5OIESnIED11CFB6iBCwQYvMIbvFvCGlsf1ue8NWctZo7hD6yvH73MkaA=</latexit>

|z| = 1

Dynamics of f(z) = z2

Julia set

Attractor = {0,∞}

M = {c : orbit of 0 remains bounded}

The Mandelbrot set

fc(z) = z2 + c

0 → c → c2 + c → (c2 + c)2 + c → ⋯

M = {-c : orbit of 0 remains bounded}

The Mandelbrot set

fc(z) = z2 − c

0 → − c → c2 − c → (c2 − c)2 − c → ⋯

The Mandelbrot set



Bifurcations

A copy of the Mandelbrot set occurs near
any bifurcation

in any family of rational maps.

Universality

Dynamical Cyclotomy

Gn(c) = 0 ⟺ 0 has period n under fc(z) = z2 + c

Φn(z) = 0 ⟺ z has order n in S1

∏
d|n

Φd(z) = zn − 1

∏
d|n

Gd(z) = f n
c (0)

114
1

2
Every component of the interior of M
contains a zero of some .Gn(c)

Main Conjecture

12

3

3

4

4

4



Dynamical Cyclotomy

Q.  Is Gn(c) irreducible?

G1(c) = c

G2(c) = c + 1

G3(c) = c3 + 2c2 + c + 1

G4(c) = c6 + 3c5 + 3c4 + 3c3 + 2c2 + 1

⋯ ⋯

Dynamical Curves 

Q. (Milnor)   Is Pern irreducible?

Pern = {degree 2 rational maps with one  
           critical point of period n}

Thm (Ramadas, 2022) If Gn is irreducible
over Q, then Pern is irreducible over C.

Problem:  Find a root of

xd + a1 xd-1 + a2 xd-2  + …. + ad   = 0.

Reliability?

What does `find’ mean?   

Which root?

6.  Solving polynomials Solving equations through the ages
Various authors

Solving the quadratic, circa 2000 BC

Solving the cubic, circa 1500 AD

Solving the quartic, circa 1500 AD

Solving polynomials through the ages

Insolvability of the quintic 1824 



new guess for √2  = average of x + 2/x

How to compute √2  

1, 1.5, 1.41666, 1.414215, 1.4142136, ....

Newton’s method p →Np(z)

Example of a purely iterative algorithm.
(Smale)

?

0

<latexit sha1_base64="heziQ2MQX6eCD0wfUviwRGwXif4=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWHTjsoK9QDuUTJppYzPJkGSEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTu5hcWl5ZX8qru2vrG5VdjeqWmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2H/atRXr+nSjMpbs0goUGMu4JFjGBjrVqLicgM2oWiV/LGQvPgT6F48eGeJ29fbqVd+Gx1JEljKgzhWOum7yUmyLAyjHA6dFuppgkmfdylTYsCx1QH2XjaITqwTgdFUtknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOgsyJpLUUEEmH0UpR0ai0eqowxQlhg8sYKKYnRWRHlaYGHsg1x7Bn115HmpHJf+kdHzjFcuXMFEe9mAfDsGHUyjDNVSgCgTu4AGe4NmRzqPz4rxOSnPOtGcX/sh5/wEks5KC</latexit>1

Newton’s method for x2 − 2

trivial family robust
Outline Square roots Newton’s method.

Basins of attraction.

After describing Newton’s method, Cayley writes, concerning a
polynomial with roots A,B,C... in the complex plane:

The problem is to determine the regions of the plane
such that P, taken at pleasure anywhere within one
region, we arrive ultimately at the point A, anywhere
within another region we arrive at the point B, and so for
the several points representing the root of the equation.
The solution is easy and elegant for the case of a quadric
equation; but the next succeeding case of a cubic
equation appears to present considerable di�culty.

This paper of Cayley’s was the starting point for many future
investigations.

Shlomo Sternberg

Lecture 1 Newton’s method .

Outline Square roots Newton’s method.

Basins of attraction.

Arthur Cayley (August 16, 1821 - January 26, 1895)

Shlomo Sternberg

Lecture 1 Newton’s method .

from Sternberg, 2010

Cayley on cubics Newton’s method for cubics



cubic Newton’s method

not robust

The space of cubics 



M is universal

There is no robust, purely iterative algorithm
to solve polynomials of degree 4 or more.

Unsolvability of the quartic

Every algorithm fails somewhere along 
this loop in the space of degree 4 

polynomials

Location of failures

f(z) = (z4 + 2z)/(2z3+1)

S3 symmetry

What about cubics?



= (Tate) Newton for

How to solve cubics Solvability of the quintic

The quintic can be solved by a
tower of iterative algorithms.

But not the sextic, since there is
no rational map with A6 symmetry.

deg 11 Hilbert’s 13th problem

(radicals )  

⊂ (iterative ) 

⊂ (algebraic functions of 1 variable, )

n z
lim f n(z)

P−1(z)

Q.  Can sextic polynomials be solved using  
      algebraic functions of 1 variable?

Arnold, Hironaka, Farb, Wolfsen, …



The future of 
(low dimensional) mathematics

It involves computers.


