Appendix A: The Laws of Exponents

Exponents are a short-hand notation used to represent many factors multiplied together.

of the rules for manipulating exponents may be deduced from the landtgflication and
division that you are already familiar with.

Exponential notation

Repeated multiplication is represented using exponential notation, for example:
3x3x3x3=3.

There are four factors in the product, eaclwhbich is a 3. In the mathematiatpression
3', 4 is called the exponent and 3 is usually called the base.

For a real numbex and a positive integer, exponentials are defined by:
a'= axaxa...axa,
a total ofn factors, each of which is an
A special case of exponential notation to note:
al=a.

This makes sense, singeshould have only one factor af

Rules for combining exponents

Suppose tha andb are real numbers and thatandn are positive integers.
1. aM@m=a"m
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a"

3. @)"=a".

n-m

=a

4. @b)" = a"b".
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Justifications of these laws are based on the lawsuttfplication and divisionthatyou are
familiar with. Rules 1, 3 and 4re justifiedbelow, and the ideas of the justifications for

Rules 2 and 4 described. (The justifications of Rules 2 amde4exercisedor this
appendix.)

For the first exponential rule,

All



a'a" = (@xaxa...axalaxaxa...axa)
total of n factors total ofn factors
= axaxa...axaxaxaxa...axa
total ofn + mfactors
—_ an +m.
For the third exponential rule,
@\m = (axaxa...axaaxaxa...axa)l..laxaxa...axa)
total of m sets of brackets each bracket haspies ofa
= axaxa...axalAxaxa...axall..@Axaxa...axa
the total number of copies afis min
= am.
For the fourth exponential rule,
(ab)" = (alb)x (ab)x (ab)x . . .x(ab)
n copies of &b) so there ara copies ofa andn copies o
= (axaxax...xaObxbxbx...xb)
n copies ofa n copies ob
= a'[m".
The ideafor justifying secondexponential rule is this: there arecopies ofa in the
numerator of the fractiorandm copies ofa in the denominator of the fractiorBome of
these copies @ will cancel out.

Lastly, the idea for the justification of the fifth exponential rule is this: there aopies of
the fraction. Thus, the numerator will consist mfcopies ofa multiplied together, so the
numerator ia". The denominatowill consist ofn copies ofb multiplied together, so the

denominator i®". (To review conceptsuch asnumerator, denominator amaultiplication
of fractions, see Appendix E.)

Many of these rules also worlkkhenm andn are notpositiveintegers - forexample, ifm
and n are fractions. Some special considerations appliten m andn are notpositive
integers in order tonakesure that theexpression makegood mathematicakense. For
example, while it is possible to write down a collection of symbols like:

(_2)1/ 2 = '\r‘/__2 .



The collection ofsymbols €2)? should represerthe numberthat is thesquare root of
negative two. However, since squaring any real number gives athegu#t greater than or
equal to zero, there is no realmberthat, when squared, gives2. While it is possible to
write down the collection oBymbols: ¢2)*? there is no reahumberthat equals this
collection of symbols.

Example A.1

Use the laws of exponents to simplify the following algebraic expressions when possible.

a) 4Bb)°,

Solution:
a) 4[(Bb)° = 4b3°1° = 4243DBB° = 9721°.

o) 23l - 2 e S D:4£815¢695:3245¢6-8=3245¢-2
) @G = 200 p |

Part (b)illustrates an interesting point - the application of the expamdss can generate
algebraic expressions suchx&s which we have no way of interpreting at this point.
Interpreting and simplifying fractional and negative exponents

The way that welefined exponential notation asshort-hand forrepeated multiplication
makes completsense for exponentlat are positiventegers. However, exactly what an
expression like? should mean is not so clear.

Leta be a real number, and letandn be positive integers.

a=1 (provided tha& # 0)
_ 1 .
a"=— (provided thata # 0)
a

a'" = Va (if nis an even integer, then this only makes sense ahél)

fAm

a™=R%a" = (%)m (if nis an even integer, then this only makes sense ahd))

Example A.2

Using the laws of exponents, simplify the following expressions as much as possible.
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c) (a2 + r2) = (a2 +r2)[Qa2 +r2) =a* +2a’r? +r*.

The important point ifPart (c) isthat there in no exponential rule thatvalid when the
terms inside the bracket are added (rather than multiplied or divided) together. In particular,

(a+b)"£a"+b"

The important thing to remember here that that (0)" anda" + b" are not the same. (To
review the expansion of complicated algebraic expressions, see Appendix B.)

Example A.3

a) sw*.

64K?
°) \gre
c) Va".

Solution:

a) Yaw® =38 3/we =2 M~
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c) The simplification oft/a"is not completely straight-forward. # is a positive number
or zero, then

Va" =(a")""=a' =a

as you might expect. #is a negative number, then the situation is more complicated. If
is an odd number, thelia” = a. To illustrate this considehe case where = 3 anda =

-2,

—

27 =18

2.

If nis an even number, thépa" = |al. To illustrate this considehe case where = 2 and
a=-2,

V(-2 = V4 =2.

Exercises for Appendix A

For Problems 1-10, evaluate the quantity (if possible) without using a calculator.
1. 7
2. 3.

8. 3/8.

9.%/-8.
10. +/(-8)*.

For Problems 11-20, simplify the expression as much as possible.

11. elé”[@2°.



X2n+1 [qzy)nﬂ

(o)
13. (a-b)*'*B/a+b.
14 (TZW)UZ.

12.

15. edle” .

16. EQWZTZET.
I w+y

17. (ce")’.

18. (5y) Xy

19. +/36uv.

8p~?
4P

20.

For Problems 21-25, decide whether each of the statements are true or false.

21. @+Db)>=a+ b2

1
22. 1@7?= )
@ 10g°
23, L+ 1,1
a+tb a b

24, X'XM=x"""M

25. 2+Z72 =272

In problems 26 and 27 you will justify the last two exponential rules.

26. Suppose thatis a real number, and thatindm are positive integers. Explain why:

al"l
a"

n-m

=
27. Suppose thatandb are real numbers, and thmais a positive integer. Explain why:

(ad _a"
b p"



Answers to Exercises for Appendix A
49.

1.

1/9.
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[

10. 8.

11, 208+,
12. 2"xy.

13. (a + b)>.
14. |1 T|@A
15. e,

16. (dw*y’)/(w +y).
17. Clé™".

18. (1/5)xy’.
19. 60 ul [(w)"
20. 2P>

21. False.

22. False.

23. False.

24. False.

25. False.

26. The basic idea here is cancellation of common factors from the numerator
and denominator. There are n factors of a in the numerator and m factors of a
in the denominator. In the case where n > m, all of the factors of a in the
denominator will cancel with factors of a in the numerator, leaving n - m
factors of a remaining in the numerator. In the case where n < m, the n factors
of a in the numerator will cancel with factors in the denominator, leaving m - n
factors of a in) the denominator. Thus, the simplified expressions will be:
(1/a)m-n= a-lm-n — an-m.



27. The basic idea here is that you will have n factors, each of which is a/b.
Thus, the overall numerator will consist of n copies of a all multiplied
together, i.e. the overall numerator is a". Similarly, the overall denominator is
b".



