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Final Examination

May 26, 2005
1. (8 points)
The function f is defined by
e +e®
fay =S

(a) Write down the Taylor series for f(z) centered at z = 0.

(b) For what values of z does the series in (a) converge?

(c) There are two ways to do part (a). One is to use series that you know and manipulate them; the other
is to find the Taylor series by taking derivatives. Will these two methods give you the same answer?

(d) Find f™(0) for n = 2,13, and 14.

PO=_ fM=_______ f490)=

(e) Let ¢ = +/—1. What familiar function is f(iz)? (Justify your answer).



2. Differential equations medley (13 points)

(a) (4 points) Consider the differential equation
' = 2y - ¥
y=20y-2)+_

Is y = ze®* + z a solution to this differential equation? Explain by showing your work.

(b) (4 points) Due to a malfunctioning mechanism in an industrial plant upriver from a lake, the lake has
been contaminated with pollutants. At a time we’ll designate as t = 0 there are 8 x 10° grams of
pollutant in the lake. The problem is now being addressed, and the concentration of pollutants in the
incoming water is decreasing. The concentration of pollutants in the incoming water at time t is given
by Tml"-ﬁ grams per liter. The 9 x 107 liter lake is fed at a rate of 50,000 liters per day, and the
well-mixed water leaves at the same rate. Let P(t) be the number of grams of pollutant in the lake at
time t. Write a differential equation involving % and reflecting the situation. You need not solve.

Differential equation: Initial condition:




(c) (5 points) Solve:

dy e=+v’
dz yv3 +e*
(You need not check your answer.)
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3. Short Answer Questions (14 points) : You do not need to show your work.

A. (8 points) To each differential equation below, match the picture that best corresponds to its slope field.
(2) F=9>-1
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B. (6 points) Below are two systems of differential equations. To each system match the appropriate picture
of solution trajectories in the zy—plane.

dz
a _ 2 o _
1. % =Y II ik
dy _ dy _
=" at =Y
Graph corresponds to system 1.
Graph

corresponds to system II.

(=
=




4. (10 points)

A. Which of these is the best method for approximating v/7 by hand?

(a) Expand the series for f(z) = \/z at a =0 and evaluate at £ = 7.
(b) Expand the series for f(z) = /= at a = 1 and evaluate at = = 6.
(c) Expand the series for f(z) = \/z at @ = 4 and evaluate at = = 3.
(d) Expand the series for f(z) = \/Z at a = 4 and evaluate at z = 7.
(e) Expand the series for f(z) = \/z at a = 7 and evaluate at z = 7.
(f) Expand the series for f(z) = \/z at a =9 and evaluate at = —2.
(g) Expand the series for f(z) = /T at a =9 and evaluate at z = 7.

B. Follow through on your answer to part A. Find the second degree Taylor polynomial for f(z) = /=
centered at the appropriate value of a.

Second degree Taylor polynomial approximation of \/z:

Then, using the appropriate value for z, approximate /7. You may express your answer as a sum.

VT =~

C. Reflect: Is your answer to B. in the right ballpark? (If it is not, perhaps you have not chosen correctly
in part A.)




5. (8 points) Let us assume that the series Y .. ; a, converges and a, > 0 for all n. Which of the following
series must converge, which must diverge, and for which is it impossible to determine convergence versus
divergence? For answers of “must converge” or “must diverge” you must explain your reasdning in order to
get full credit.Determine if the following series converge, diverge or if you do not have enough information
to determine it. Justify your statements.

@ > (-1)"an

n=0

n

® >

(5
n
n=0 3

@ > (an)"

n=0



6. (9 points)

A. (2 points) If f(t) and g(t) are both solutions to z” + bz’ + cx = 0 and neither f nor g is a constant
function, which one of the following must also be a solution to =" + bz’ + cx = 07

(a) z(t) = 3g(t)f(t)

(b) z(t) = &/ ® + 69
() z(t) = V2f(t) - &2
(d) z(t) = ef ()

B. (7 points) Consider the following differential equations:

I. ¥ -4y’ +3y=0
II. y"+4y +3y=0
IIT. y"+y +3y=0
IV. " +3y=0

(2) For which of the differential equations above is tlim y(t) = 0 regardless of the initial conditions?
b de <}
Select all that apply. (There may be more than one answer.)

Answer:

(b) Which of the differential equations above could model a spring in a frictionless system? Select all
that apply.

Answer: !

{¢) Which of the differential equations above (if any) has a family of solutions all of which are periodic
with period -27’%?

Answer:




7. {6 points)

In a new ecologically sound housing development, run-off rainwater is being stored in a hemispherical tank
of radius 5 meters, with its flat face 5 meters below the ground and the top of its dome at ground level.
(See picture). When the tank is full the residents pump the water out of a hose 1 meter above ground in
order to water the garden. Write an integral that gives the work done by the residents in emptying the tank
of water? Water has a density of 1000 kg/m3. You may leave your answer in terms of the gravitational
constant g. You need NOT evaluate the integral.

Note: you will have to introduce a variable and integrate with respect to that variable. Indicate clearly
where that variable takes the value zero and which direction it increases. Once you have decided this, you
must be consistent in your work to get the right answer.

:’jroar\d jevel .
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8. (7 points) A farmer has, through,a quirk of inheritance, been bequeathed a field which has the shape of an
isosceles triangle where two sides are of length D and one side has length 2. A water-pipe cuts through the
field, running from the vertex opposite the side of length 2 to the midpoint of the side of length 2. See the
figure below. Assume that the yield density per area depends on the distance m from the water-pipe only
and is given by p = p(m). Write an integral that gives the total yield of the field. Your answer will be in
terms of p(m) and D.

T 1
WC\f’C("Pl‘PC
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9. (10 points) Consider the function
oo
[(z) = / t*"le~tdt.
0

Note that ['(1) = [; t% tdt = [;°e~tdt and T(2) = [[° te~tdt.
(a) Compute I'(1). That is, compute f:° e tdt.

(b) Compute I'(2). That is, compute [ °te~*dt.

(c¢) You will now show that for any z, if the integral in I'(z) converges, that
I'(z +1) = zT'(x).

oo (o ]
/ tFe~tdt = / zt=" et dt.
0 (]

Using integration by parts, show

Then, because x does not depend upon ¢, we can pull the z out of the integral to get f0°° tfe~tdt =
z [;° t*"1e~* dt. This means that for positive integers n, that

I'(n) =(n-1)!

(In other words, this function, when its domain is restricted to the positive integers, is essentially the
factorial function.)

12
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10. (16 points) Consider a habitat in which reside two species: fish and jellyfish. The fish eat the jellyfish and
are fished by humans.

Let F = F(t) be the number of thousands of fish at time ¢.
Let J = J(t) be the number of thousands of jellyfish at time ¢.
We'll model this situation with the system of differential equations

% = 0.1[F(2 — F) = AF + FJ]
dJ
% =01J(15- F)

We use the term AF to model the rate at which the fish population is fished by humans.

(a) According to this model, what would happen to the fish population in the absence of both fishing and
jellyfish?

You will have an autonomous differential equation. Sketch representative solutions on the axes below.

1\F

B 4
-

(b) According to this model, what would happen to the fish population in the presence of fishing but the
absence of jellyfish?

According to this model, do fish have an alternative food source, or do they dine only on jellyfish?

(c) According to this model, what would happen to the jellyfish population in the absence of fish?

13



(d) Set A = 1/2. We rewrite the system on this page. Find the equilibrium points and do a phase plane
analysis. Note that we’ve put J on the vertical axis and F on the horizontal axis. (Make sure your
answers are consistent with your answer to (b) and (c) on the previous page.) ‘

% —0.1[F(2 = F) - 0.5F + FJ]
dJ
= =01J(15-F)

A 4
Ny)

(e) If F(0) = 1 and J(0) = 2, what would happen in the short run? In the long run? Draw the
corresponding trajectory in the phase plane above.
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