Harvard University
Math 1b. Second Semester Caleulus MName
Exam 2 April 20, 1999

s [o not open this exam booklet until you are directed to do so.

= Write your solutions in the space provided. [f vou need more space, write on the back
of the sheet containing the problem. Do not put part of the answer to one problem on
the back of the sheet for another problem.

# Do not spend too much time on any one problem. Read them all through first and
work on them in the order that aliows you to make the most progress.

# Show vour work, as partial credit will be given. You will be graded not orly on the
correctness of your answer, but also on the clarity with which vou express it. Be neat.
By the same token, be sure to justify vour solutions (unless vou are explicitly told
otherwise), so we can follow your reasoning.

« Good lack!




1. (10 pts) For each of the following improper integrals, determine whether it con-

verges or diverges, and compute the value of the integral in the convergent cases. Be
sure to justify vour answers,

a. (2 pts)
h f cos{z)dr
b. (3 pts) F =
1 VT
c. (3 pts) t
dr
[%
d. (2 pts)

2. (10 pts) Show that
o
tietdt
Jo g
converges and is equal to 2

i —

3. (12 pts) A worker in ancient Egypt is asked to carry a bag of sand up to the top of
the main pyvramid at Giza. The sand weighs 100 lbs when he starts up the pyramid, but
because the bag has & small hole in it, the sand leaks out at a constant rate. Exactly
when the worker reaches the top of the pyramid, 500 feet up from where he started,
the bag ends up completely empty. Assuming the worker walked up the pyramid at a
constant rate and that the bag itself weighs 5 |bs, how much work (in units of ft-1bs)

did he do in carrying up the bag? You must express your answer as an integer {e.g.
1000 instead of 500 + 2 - 260).




4. (8 pts) Let S be the surface obtained by revolving the semi-circle 7* + ¥ = 1,y = 0
around the x-axis; 5 is the surface of & sphere with rading 1, centered at the origin
Two planes perpendicular to the r-axis cut through 5 as shown

Suppose the planes cut the r-axis at £ = a and ¢ = b respectively, with =1 <o < b < 1.

a. [3 pts) Compute the volume of the region inside the sphere which lics betwesn
the twe planes. Your angwer should depend on a and b

h. (1pt ) Check that when a = -] and & = 1 your above answer recovers the

volume 37 of a sphere of radius 1.

c. (4 pts) Show that the surface area of the part of § that fies between the two
planes 1s 2r{b—a). Note the remarkable fact that this depends only on the distance
b - o between the two planss, not on the values of a and b separately.

B. [E pts) Evaluate

[ eoGE] e
N dr
4 = 5in®(x)

6. (13 pis) Evaluate




7. (15 pis) Kourtney has a large glass fish tank in the shape of a cylindrical pipe of
diameter 6 feet, as shown below. Both ciccular ends of the tank are flat glass disks.
The tank is half filled with water.

What is the force (in lbs) of the water against the cireular end shown? The density of
water is 62.4 Ihs/ft®.

8. (14 pts) Evaluate the following integrals (be sure to show all vour work, not just
the final answer)

a. (2 pts)

f #(1 — 2)19dz
b. (3 pts)
f Ve + 14z = 1dz
. (3 pts)

f (in(z))%dz




‘d. (3 pts)

[ In(z?)
/ oy dr

‘e. (3pts) - .
sm(\tﬁ) i@

9. (10 pts) 7Let S be the surface of revolution obtained by rotating the graph of

I
=1-=
y 2J

from z = 0 to z = 2, around the z-axis. Find the surface area of S.




