. Show that f03 V9 —x?2dr = %97r - in other words, show analytically that the area of a circle of radius 3 is
97 by doing the following:

We’d like to eliminate v/9 — z2 by making a substitution that makes the integrand a perfect square. We will
exploit the trig identity sin? ¢ 4+ cos®t = 1, or, equivalently, 9sin® ¢ +9 cos? t = 9 We know that 9 —9sin®t is
a perfect square, so we’ll use the substitution = 3sint. Now we need to write the entire integral in terms
of t.

If x = 3sint then what is dz in terms of ¢?
If z = 3sint then what is v/9 — z2 in terms of ¢?

If z = 3sint then what are the new endpoints of integration in terms of ¢7

a
b
c
d
e
f

Write the integral in terms of ¢.

Evaluate the integral in (d).

~— O~ —

Conclude that the area of a circle of radius 3 is 9.

For the next three problems, evaluate the integrals. Not all require trigonometric substitution. First see if
straightforward substitution works.
x
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i fol V4 — 22 de
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. The integrands in the following integrals have no simple antiderivative. Use Taylor Series to evaluate (a)
and to approximate (b) with error less than 10~%.

(a) [edx (b) f0'5 V1423 dz

. Show that the area enclosed by the ellipse 2—: + ‘g—: =1, where a and b are positive, is given by wab. (Recall
that in a previous homework you’ve already shown that the area is between 2ab and 4ab.) (This uses a
technique learned in another class; it is not a question using the techniques of §5.9.)

(For extra credit try p. 441 #72 or the following problem:

a) Consider Simpson’s Rule for n = 3 so that ag = a, a1 = (a+b)/2, az = b and Simpson’s Rule says that

b
_(b—-a) a+b
[ t@ds~ 5 (1@ + a5

)+ 70)|-

Use this formula for f(z) =1, f(z) = z, f(z) = 22, and f(z) = z%and check that in each case it gives
the exact value of the integral.

b) Let f(z) = e+ fx + gz + ha?®, where e, f, g, h are numbers. Without computation, only basing on a),
find out whether for such a function Simpson’s Rule gives an exact value of the integral.



