5.1

{5} Integrals

!5-]‘ Areasand Distances « « « « ¢ ¢ ¢ ¢ s o« &

1. (a) Sinee f is increasing, we can obtain a Jower estimate by using

feft endpoints. We are instructed to use five rectangles, son = 5.

Ly = ilf(:c;_l) Ar [Ar=1i22=10-0-7
= fzo)- 2+ flz1) - 24 flwa) - 2+ f(wa) 2+ flza) - 2
=2[£(0) + f(2) + F(4) + £(6) + F(8)]
= 21+3+43+54+63) =2{(20) =40
Since f is increasing, we can abtain an upper estimate by using
right endpoints,

Ry = 3 f(z) Az
i=1

= 2[f{@1) + f{wa) + flms) + f(za} + flzs))

=2[£(2) + f{4) + £(6) + F(8) + F(LO)}

=2(3+43+54+6347)=2{26) =52
Comparing Rs 1o Lz, we see that we have added the area of the rightmost rectangle, F{10) - 2, to the sum and
subtracted the area of the lefimost rectangle, £(0) - 2, from the sum,

10
(b) Lo = :};]f(:r.-ul) Az [Az=18=0_1]

= 1[f(zo) + f(z1) + - + fi=a)]
=f0)+f(1)+--+£(9)

a1 +214+3+374+43+49+54+58+63+67
=43.2

Rio = 32 (@) Az = f(1) + F(2} + -+ 1010)

= Lo +1-£(10) —1- f(0) { subtract leftmost

=432+7-1=45.2

add rightmost reclang]e,]
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]
2@ () Le = ¥ flmim)azr  [Ar =152 =7
=1

= 2[f(wo) + flm1) + flz2) + f(=s) + flza) + fls)]
= 2[f(0) + f(2) + F(4) + £(B) + f(8) + F(10)]
729 +B8+82+734+59+41)

=2(43.3) = 86.6

(i) Re = Lé +2 f(12) = 2+ f(0)
a2 86.6 + 2(1) — 2(9) = 70.6

(i) Ms = 3> f(22) A

pic} T y=tm
= 2[f(1) + F(3) + £(8) + F(T) + f(9) + F(2L)]
= 2BY+85+784664+51+ 2.8)
=2(39.7) = 79.4

(b) Since f is decreasing, we obtain an overestimate by using feft endpoints; that is, Le.
{c) Since f is decreasing, we obtain an underestimate by using right endpoints; that is, Re.

(d} Mg gives the best estimate, since the area of cach rectangle appears to be closer to the true area than the
overestimates and underestimates in Le and R,

3 (a) Au= il flz:) Az [Az= % =1}

= f(z1) 1+ f(za) - L1+ flza) - 1+ f(wa} -1
= f(2)+ F8) + F(4) + £(5)
=j+3+it+i=%=1283

Since f is decreasing on {1, 5], an underestimate is obtained by using the

right endpoint approximation, Hy.

® Lo= 3 fz) Ae

= fQ1}+ £(2) + F3) + f(4)
=1+3+1+1=2=208
L4 is an overestimate, Alternatively, we could just add the area of the
{efimost rectangle and subtract the area of the rightmost; that is,
La=HRe+ F(1)-1—F(5) 1.




1. Here is one possible algorithm (ordered sequence of operations) for caleulating the sums:

1Let SUM=0,X MIN=0,X MAX =x,N=10 (or 30 or 50, depending on which sum we are caloulating),
DELTA_X = (X_MAX — X_MIN)/N, and RIGHT_ENDPOINT = X MIN + DELTA_X.

2 Repeat steps 2a, 2b in sequence until RIGHT _ ENDFPOINT > X_MAX,
2a Add sin (RIGHT_ENDPOINT) to SUM.
2b Add DELTA_X to RIGHT ENDPOINT.,
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At the end of this procedure, (DELTA_X) - (SUM) is equal to the answer we are looking for. We find that

_F R : 7 38 lim L
R = 0 lE:lsm(m) 72 1.9835, Rgg = %‘ésm(%) ~s 1.9982, and Ryp = 55,;1 sm(gﬁ) = 1.9993,

It appears that the exact area is 2.

Shown below is program SUMRIGHT and its output from a T1-83 Plus calculator. To generalize the ptogram, we
have input (rather than assign) values for Xmin, Xmax, and N. Also, the function, sin =, is assigned to Y, enabling
us to evaluate any right sum merely by changing Y; and running the program,

qPR'D GRAM: SUMRIGHT|
15835

tPromrt. ¥min
EPPGNPt xmax

= Camax—K¥mind ~H+0
s Rmin+0+R
tForCI; 1:H)
S+?1éE)+S

PrIMSUMRIGHT
#min=78
®max=7n
N=?18B
1,983523537
Done

+
)
+

oom=a
-5 %
n LN,

*2
F-

11. Since v is an increasing function, Le will give us a lower estimate and Rg will give us an upper estimate.

Lg = (0 ft/5){0.5 5) + (6.2)(0.5) -+ (10.8){0.5) + (14.9)(0.5) + (18.1)(0.5) + (19.4){0.5)

= 0.5(60.4) =34.7ft

Re = 0.5(6.24+10.8 + 14,9 + 18.1 + 19.4 + 20.2) = 0.5(89.6) = 448 ft
12. We can find an upper estimate by using the final velocity for each time interval. Thus, the distance d traveled after

62 seconds can be approximated by

d= i v(t;) At; = (185 A/s)(10 s) + 319+ 5 + 447 . 5 + 742 - 12 + 1325 . 27 + 1445 - 3 = 54,604 ft

i=1

13, For a decreasing function, using left endpoints gives us an overestimate and using right endpoints results in an

underestimate. We will use Mp to get an estimate. At = 1, so

Me = 1[u(0.5) + v(1.5) + v(2.5) + v(3.5) + v{4.5) + v(5.5)]
=B5+40+28+18+10+4 =155t
For a very rough check on the above calculation, we can draw a line from (0, 70) to (6, 0) and calculate the area of
the triangle: 2(70)(6) = 210. This is clearly an averestimate, so our midpoint estimate of 155 is reasonable.
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