4.6

8 Letz > Oandlet f(z) ==+ 1/z. We wish to minimize f(z). Now
flmy=1- ;:13 = —:—2 (z2 1) = :—:-5(:: + 1){z — 1), so the only critical number in (0, 00) is 1.

fz)y<tfor0<z< 1and f'{z) > 0 forz > 1,50 £ has an absolute minimum at = 1, and fiy=2.
or: f'(z) =2/ z® > 0 for all ¢ > 0, so f is concave upward everywhere and the critical point (1, 2) must
correspond to a local minimum for f.

- <nn — ana — &N — 2. Thus, the area
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The areas of the three figures are 12,500, 12,500, and G000 ft2. There appears to be a maximum area of at least
12,500 f.

(b) Let = denote the length of each of two sides and three dividers. Lety
denote the length of the other two sides.

(c) Area A= length x width =y - &
(d) Length of fencing = 750 = S + 2y = 750
() 5z +2y=T0 = y= 375 — Sz = Alz)= (375 — §z)z = 375 — Ba?

st

() A'(z) =375 -5z = 0 = «="T5.Since A"(z) = —5 < O there is an absolute maximum when 2 = 75.
Theny = 38 = 187.5. The largest area is 75(38) = 14,062.5 2. These values of ¢ and y are between the
values in the first and second figures in part (a). Our original estimate was low.



8. (a) {b) Let = denote the length of the side

3 1
1 4 P i of the square being cut out. Let i
3 L
TR T3 L denote the length of the base.
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The volumes of the resulting boxes are 1, 1.6875, and 2 ft?. There

appears to be a maximum volume of at least 2 ft°.
(c) Volume V = length x width x height = V=y.-y-z= oy’
(d) Length of cardboard =3 = z+y+z=3 = y+2z=3
©y+2r=3 = y=3-2z = V(z)==z(3-2a)
() V{z) ==z(3 - 22)* =
Vi(z)=x-2(3 - 22)(-2)+ (3 — 9g)% -1 = (3 — 22)[—4z + (3 - 22)) = (3 — 2z)(—62 +3),
so the critical numbers arez = 2 and z = 3. Now 0 < = < § and V(0) = V(3 = 0, 50 the maximum is
1 (%) ( )(2) = 2 fi®, which is the value found from our third figure in part {a).
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10. Let b be the length of the base of the box and k the height. The volume is 32 000 = b°h = h - 32 ,000/b2,
The surface area of the open box is b? + 4hb = b? + 4(32,000/b%) b = b* + 4(32,000}/b. So
V'(b) = 2b — 4(32,000)/8% = 2(b* — 64,000)/6* =0 = b= YBA,000 = 40. This gives an 4bsolute
minimum since V*(b) < 0if0 < b < 40 and V’(b) > 0if b > 40. The box should be 40 x 40 x 20.

18. Perimeter =30 = 2y+=z +1r(

;):30 =

wape o

_1 LY T T .
_,2(30 T T)—ls 5—-4—.Thcarealsthcareaofthe

2
¥ rectangle plus the area of the semicircle, or zy + -%w (%) , SO

3 A(n:)-—a:(15—§ ——E) +-};1r:c2 = 15:1:—%:1:2 —3'8-.1.2.

4
15 60 ey _
1+n/4 447 (z) =

Alg)=15~-(1+3)z=0 = z= —(1+%)<0,sothisgivesa

maximum. The dimensions are z = _60_ ftandy = 15— 30 _ 15m _ 604157~ 30— 15w _ 30 ft,
4+ 447 4+7 44w 44
so the height of the rectangle is half the base.




2 L =8cscd +4secf,0<8< 3,
L dL
4 Eg:—8csc0cot0+4sec9ta.n9=0when
8 \ sec tand = 2cscf cotf & tan’f=2 & tanf = ¥ <
] § = tan~! V2.

dL/df < Owhen0 < @ < tan~* ¥/2, dL/d6 > 0 when

tan~! ¥/2 < 8 < %, so L has an absolute minimum when

X
k @ = tan—! &2, and the shortest ladder has length

S
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4y L=sY i TR 16651
Another method: Minimize L* = z* + (4 + )%, where 1 i i S

Prrt=R = V=3r*h=5(R*-h)h=5(R’h~h’).
V' (h) = Z(R? — 3h%) = O when h. = Jz R. This gives an absolute
maximum, since V/(h) > 0for0 < h < JzRand Vi(h) < 0for

h> 715R. The maximum volume is

32. We note that since c is the consumption in gallons per hour, and v is the velocity in miles per hour, then

¢ gallons/hour _ galions - . . .
=~ = = 1 th . d th
- miles, hour o gives us the consumption in gallons per mile, that is, the quantity G. To find the

de _ dvde_
dv dv _ _dv
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minimum, we calculate i . (;) =

ThisisOwhenvE—c=0 & de
dv dv

tangent line of ¢(w) passes through the origin, and this occurs when

= % This implies that the

v 7 53 mi/h. Note that the slope of the secant line through the origin and
a point (v, ¢(v)) on the graph is equal to G(v), and it is intuitively clear

that ¢ is minimized in the case where the secant is in fact a tangent.



