Name: Class; Date:

1L {a) (1) lim f{x) =23 (n) lm  fle) =10
o—=2 —— 3%

(1) lim {2} does not exist since the left and rnght limits are not equal. {The left lnmit 15 —2.)

(1v) lim f(z) =2

(vl lim o) = oo (vi) lim f(x) i
e —0 T—2
(vii) lim f{z) =4 (vin) lim  f{x) 1
@ —=D0 E=——0
(b) The equations of the horizontal asymptotes are y Land ¢y = 4.
ic) The equations of the vertical asymptotes are «+ — O and = = 2.
{d)y f s discontiuous at @ 3.0, 2, and 4. The discontinuities are jump, infinite, infimte, and removable, respectively.
2 Hm {x) 2, lim flz) =0, lim f{x) = oc. T
r——oa T—oo m——3 1
lim i) o, lim i) 2 +2

z—3=" " ' a—dt \
[ 1s continuous from the nght at 3 _/ [ z

y=-2
x==] jx=13
_ A . ) . A__ _
3. Smee the exponential function 1s continuous, lim ¢ ~7 = S
I—
i s el Funct : i -9 - 0o
s L x2 rat &l ol s are cont 1] f— L
mce rational functions are continuous, liny, P — e TET— T
x? -9 (& + 3){x —3) 5 . 6_3
5 lim lim - lim —_— = =
r——3 72+ 25 -3 s—=3{z+3Mer—-1) «—-3 1 1—1 | 2
z* —9 . 2 r¥ —9 .
6. '.iml P — ~wsinge s +2r -3 —0asx — 17 and ”—1 < Ofor L= o < 4.
r—1* 1 A K ¥ I s
Ch— 1P 4T (W =3R4+ 3h— 1)+ 1 R —3rt 4 3h .
1 lim - - l im = limn —l lim (h? —3h+3) =3
fi—0 fe—0 h fi—0 i h—s

Another solution: Factor the numerator as a sum of two cubes and then simplify.

’ (h—1)*+1 ’ (h— 17 +1° i [(h— 1)+ 1] [(h—1)% —1{h—1)+1?
lim — 1r _— 1r
L) h Jr—lilm i Jr—lilm fi

JJi:lh (h— 1% —h+2 l-0+2=23

-
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Class, Date:

9.

10.

1.

12

13.

[

F2) (- 2) {49

lir =
e t—2 (f

_—
o
lim —¥Y—
r—g (T !;l..l't
limm lim
ar—si] & p—d

Letf

lim

T—e—33 )

sim . Then as =

lim {vx2 + 4z + 1

i = =

14, Let!

15 Let!

16. lim

- | ; |'I. .I.Il:: |-

1 /. Then as «

— litn =—
(2 +2t+4) =22+ 2044

(4

: ; ol . il
oo amee (e — 9) cOasr — Oand ———

7). Thenas & — oo,

- 07

L3‘| 4

lim — — 1
|"_:| 1'—':l]' |

csinae — 07 sof — 07, Thus,

= [ for r £ 9.

lim In{sin )

I—=

lim Int
d—ilt

2 - P . T2 L A "
|i:'|;'|_ WA I I:.I | 1 ".--.. !- | |. | E
T—oo | \_.-".!"; Fdr+ 14+ o ]

(e A1) — o
lir

z—oo W L 4r 4141

I'l.-" |. ,"I.l'I
lir : L),

T—00 :.,‘_.-"I!-IJ LA } 1 } _I..':II_-' .

i 44+ 1/x
lim .

divide by =

L+ 0

z—oo /Tt 4/x + 1 a2 + 1

oo, and lim o«

VITOr0+ 1

r—r":' L
e lim

E—s0a t——0o

. —Ljq &%
A — oo and lim tan” "(L/r)

|
w—0

. -1
lim tan™ ~f

t—sa

vr? for @ =)

|

2

et =1
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Name: Class, Date:
- - i F R i .
17. From the graph of 3 = (cos® ) /", it appears that o = 015 the honzontal ; 3 .
asymptote and © = 0 1s the vertical asymptote. Now 0 < {cos )™ < 1 =
0 z 2,
[ COsT 0 | . COET L . )
— . — = 0 ——< — . But lim 0= (and
2 2 2 2 2 oo
N 1 -~ . - ) CO8E - = [
lim — = (0, so by the Squeeze Theorem, lim ——— =10 . .
: 2 - , 2
a—too 7 r—t oo T -1
2
. . . . i 2 2 - . -
Thus. . )15 the horizonta asymplote. J]:I'lg'] T2 =0 hecanse cos” ¢ — L and = - Llas + ), 50 1= the
=+ i

vertical asymptote.
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Name: Class; Date:

e graphof y = (o) = o + 2+ 1 — /2® — &, 1t appears that there are 2 horizontal asymptotes and possibly 2

18. From t
vertical asymptotes, To obtain a different form for [, let’s multiply and divide it by its conjugate.

¥ " f o . i .
. i I, f ol T I T |. T Foul |
filr] IZ"‘ R S S W r l: é

NPt +1l+4/12 1

(2 +x+1)—(? — 1) 2 4 1
"-‘.I'E'I'I.""\.I-z I '\-'-'r|-'|J l..":e (]
Mow
. 2
lim fi(r) = lim ————————== o
o 00 o s F a4 14 v e .
. )4 (1/x) : —_— . N
lim —————————= — since v a2 — wfore =10
ETEE L+i{l/x)+ [J'l] | ".] (172}
o ]
— L,
L+ 1
so g = L 1s a hortzontal asvmptote, For = < 0, we have v o? = | r, 5o when we divide the denominator by =, with
=l 1, we get
e e e o va? F14 vt P Jl-'J |
: W _2 Il'r 2 I'., I

Therefore,

lim i) lim = — lim
oo o T+ LT e [T T F ) + T - (L7)
]
— L,
(141}
S0 1 L 15 a honzontal asymptote. As ¢ — 07, f{r) — Lsoxr =01s - 4 .

nof a vertica

asymptote, As o — 1 Fof(z) — v3.sox L 1s Het 2 1
’ 3 ""'l—_
vertical asymptote and hence there are no vertical asymptotes, —-10 y

19, Since 2 — 1 < () < o for0 < & < 3and Ii].-'.l (2x—1) =1 lini r%, we have lim f{x) — 1 by the Squeeze Theorem.
T O = E—
0. Let f{x) w2 glr) = #¥cos(1/#®) and hix) = o Then since cos| /%) < | for v + 0, we have

fle) < gle) < b)) fore # OLand so lim () = lim h(z) =0 = '.:.m' g} = 0 by the Squeeze Theorem.
I—s

=il ==l
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Name: Class,

Date:

rifl < & <
lim (3—x)=3

=it

21 (a) f(x) =/ —wife <0, fiz) =3

(1) lim ()
i

3, f(x)

(11) Because of (1) and (11), .'._'Lmn_,"-I:.i'_:l does not exist.

lim (= —3)2=0

x—37

(vl Lim (]

o+

ib) 15 discontinuous at O since lim /() does not exist.

=

s discontinuous at 3 since [(3) does not exist.

22 (a) o2
1 2

continuous on 4o | 0% — 9 = 0} = {—oo, 4

Vvt —0 : : o
—— is continuous on its demain, (oo,

o —
)

(b} (15 discontinuous at 0 since lim f(#) does not exist. [ 1s discontinuous at 3 since f{3) does not exist,

=

-
23 flx)
Intermediate Value Theorem there 1s a number ¢ 1n (—2,

rootin (—2, —1).

M, flr) ="

Value Theorem, there is a number « in (0, 1) such that f{c)

25 (a) s — s(f) = 1+ 204

[3.00). Note that +*

3 2 : : s : ;
2o o7 + 21s a polynomial. so it1s continuous on [—2,

1} such that f{«)

o 1s continuous on [ so 1t is continuous on [0, L), ({0} = 1 =0 = 1/¢ — 1

0. Thus, ¢~ — i

(x—3)%ifx = 3.

in) lim i) lim /o =0
w—=i) w—sih
(v lim f{x) lim (4 —x) =10

= r—sd

i(v1) Because of (1v) and (v], Ii]::_5 fx)

m—tu

(c) ¥
3

[
HY

|

303, ).

1] and f{—2) 10 <0<1=jf

i), that is, the equation 2+

0, ore™ ™

12 /4. The average velocity over the time interval [L. 1 + /] is

. .-s|:_|. | ."ijl “ll.l:I } Ef'. ) ."n"_l 1 f] } .".':2..-'-1 ;f{ll."-l Lid: B2 10+ h
e T T 1 k) - Al L
So far the following intervals the average velocities are:
) [L3: =2 e = (1O 2)/d = 3 m)s () [L 2] 5 = L vawe = (L0 + 1) /4
(ifi) [1. 16]: f = 05, tave — (104 0.5)/4 = 2625 m/s  (iv) [L L1]: B — 0.1 vae — (10 4
. . 1+ R ) / .
(b} When ¢ = 1, the instantaneous velocity 15 lim U+ h) - = lim AL Ll : l—i] 2.5m/s.
h—} I h—1} . !

+r? + 2

0.1)/4

—_

%15 continuous on & sinee it 1s a polynomial and /% 1s continuous on [0, oo, so the composition /2% — 91s

2 & 0 on this set and so the quotient function

1}. Sa by the

() has a

(1), So by the Intermediate

x, has aroot m (0, 1),

275 m/s

25025 m/s

PAGE 5



Name: Class; Date:

26. {2) When V' increases from 200 in” to 250 in”, we have AV = 250 — 200

=00 800

50 in®, and since P = 800/1,

AP = P2E0) — P{200) >0 " 200 2 —4 0.5 Ib/in®. So the average rate of change
AP 0= L Ib/in?

5 — 0016 ——

SAV T THO T

(b} Since V' = 800/ 1, the instantaneous rate of change of V7 with respect to /7 13

li li1 | .I; P4 h -I \ [- ) lim \"[I'[I" M4 h ] ""[][] I
m I li -
h—0 A h—n fi h—i fi
linn BOO[F —{F+ R i =00 S0
h—--l'l h I:- o _.',-': I h_'*'] I_f L } h ) P i ¥2

which 1s inversely proportional to the square of £,

27. Estimating the slopes of the tangent lines at = — 2, 3, and 5, we obtain approximate values 0.4, 2, and (1. 1. Smee the

graph 1s concave downward at = = 5. (5] 1s negative. Arranging the numbers in increasing order, we
ol

By <0< ff{5) < fi2)< 1< '{3).

1aviz:

e .. [ () i , |'H' 2 |
LAl S lirn ——— 1 q
28, (a) (2 lim — 112 — ()
(x —22* + 22+ 2) .
lim — lim (& + 20 4 2) = 10
r— i ) r—+2 g

by — 4 = 10(x — 2) or iy = L0r — 16
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Name: Class; Date:

29. (a) Estimating /(1) from the triangle in the graph,

oo Dy 03T L5 .
we get . 050 L4,
To estimate ' 1) numerically, we have 1
F(L+h) — (1) o
_."FILIZI lim — - — [im - i
B i [
o 1 13
From the table, we have (1} = —0.736.
I i
(b) y — et = —0.736(x — 1) ory = —0.736z + 1.104 0.01 0.732
(.00 0.735
() See the graph in part (a). 0.0001 736
0.0 0.739
(001 (0,730
(.00 0.736

30. 2% — 64.s0 f(xr) = % anda = 2

31 (a) S'(r) 1s the rate at which the total cost changes with respect to the interest rate. Its units are dollars /{ percent per year).
ib) The total cost of paying off the loan 1s increasing by S1200/(percent per year) as the interest rate reaches 10%. Soif the
mterest rate goes up from 0% to 119, the cost goes up approximately 51200

. . - i . .o
(c) Asrincreases, (' increases. So () will always be positive.

32 i

— TN

¥4
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Name: Class; Date:

13, .

AY f

\ ~
x
x
—
g 1 " 4 T | e i 3 Ale Ffy 4 1
F o g i - e 'y _ ! ¥
35 0a) M4 I lim =
) h h—0 ; Va—bBlE+h)++/3 -5
Y | ] ol I (3 i , ) 51
litn — - - lim
e — — S e e . . Py
it I [ 4 3 ol 4 ) ,‘3 SN | h—D W 3 3| 0 )4 -_‘!- Lk _-.'-!.- ¥
(b} Domain of §: (the radicand must be nonnegative) 3 — 5o = 0
. ) a 6
o, 3 - I | —o>a. 8 -
. v L] . . f
Domain of 7: exclude £ because it makes the denominator zero; \\
. _ ™
| —oo =z 3 —
S ) Pz
F F 1 of N 1 "
() Our answer to part {a) 1s reasonable because [ x) 15 always negative and | \
"

is always decreasmg.
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Name: Class; Date:

36 (a) As e — Loo, fla) =4 — 21/ (34 &) — —1. sothere 15 a honzontal q 1
=3
asymptote at g I As o — —3", f(r) — ocoandas ¢ — —37,
f{x) — —oo. Thus, there 15 a vertical asymptote at = 3. F

(b} Note that [ 15 decreasing on (—oo, —3) and { —3, oc), so ' 13 negative on ¥4
_ _ xm=]
those intervals, Asao — +oo, [ — L Ase — —3  andas o+ — —371,

_Il"'l . o5, f

r ., f{r+ h) L .

ic) [M{a) = lm = JAT) lim :
h—1 {1 Fe—1 fi
oo @Bw)d— (et )] (4 x) 34 (x4 h)]
lirn — —
h—1 RI3+{c+ )] {3+ =)
o (12— 3z — 3h + 4o — 2® — ha) — (12 + 4o 4 4h — 3o — o® — ha)
lim - - .
h—i} R34 (e + 013 + o)
y T it Ny T T
litn — — limm - — .
=0 3+ {z+ 1)) (3+x)  w—0[34 (z+ k)] (3 +x) (3 )

{d) The graphing device confirms our graph n part (b).

37, [ 1s not differentiable:; at o | because | 1s not continuous, at = | because | has acomer, at # = 2 because [ 1s not

continuous, and at = = 5 because | has a vertical tangent.

38. The graph of & has tangent lines with positive slope for @ < 0 and negative slope for ¢ = 0, and the values of = fit this pattern,

so ¢ must be the graph of the derivative of the function for a. The graph of @ has horizontal tangent lines to the left and nght of

the w-axis and & has zeros at these points. Henee, 15 the graph of the denvative of the function for . Therefore, a 1s the graph

S - s o - s lF
of . e s the graph of /', and b 1s the graph of [,
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Name: Class; Date:

39.

40.

1.

42

43.

AEe - B . n P \ e . . F o "
Fe) < 0on {—oo, —2). (L6).and (9. 0c), (o) = 0on{—2, 1) and (6, 9).

Fz) = 0on {(—oo. 0)and (12, a0, M (x) < 0on (0.6} and (6, 12)

(1990} is the rate at which the total value of U.S. currency in circulation is changing in billions of dollars per year. To
estimate the value of ('{1990), we will average the difference quotients obtained using the times § — 1985 and ¢ — 1995,

(1985 — N 1990) 187.3 — 271.9 &6 .
Let A - - — - - 16.92 and

L9855 — 1990 o o

. C{1995) — C{1990) 4095 - 271.9 L37.4 - -
i , - . - 2748, Then

LO95 — 1990 1 o

o " . Ry — 0 1990) A+ B 16.92 4 27 48 44 .4 -
L) lim ' , = - 222 billion dollars /vear.
b — 1950 £ — 1990 2 2 2 :

Let ¢ (1) be the function that denotes the cost of living m terms of time £. /(1) 1= an increasing function, so (4] = (L Since
the cost of living 1s nising at a slower rate, the slopes of the tangent lines are positive but decreasing as { increases. Hence.

o ~
Coe) < (L

T P oo \ ‘s . e - . . ol - _ . ey .
{a) e} = 0om (—2 0)and {2, 00} = [isinereasing on those intervals. {x) < Oon (—o0, —2) and {00, 2) -
[1s decreasmg on those intervals.
(b f{x) = 0ate 2.0, and 2, so these are where local maxima or mimma id) ¥
1]
o - . g il .y : e . i
will ocour, At o =2, 1" changes from negative to positive, so | has loca i T

minima at those values, At » = 00, /7 changes from positive to negative, so

1 has a lecal maxomum there,

(c) /" isincreasing on (—no. — 1) and (1.oo}) = /7 = Oand [ is concave
upward on those intervals. (7 is decreasing on (—1.1) = " < Oand
is concave dewnward on this interval.
(a) ih)
I“.
f
: ™S LN s \
EENVEVIES S e
1
fOy =0, f'(=2) = 1)y = 9 =0, lim f(z)=0lim f(r) o,

r—t w—si}

1y i
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Name: Class; Date:

44. (a) Drawing slope triangles. we obtain the following estimates: F7'( 1950) = % 000, F1965) = _l],.;“ .16
and FALORT) = 22 2,

T

ib) The rate of change of the average number of children bormn to each woman was mereasing by (1L.11 in 1950, decreasing
by (0016 1 1965, and increasmg by 0.02 in 1987,
(¢) There are many possible reasons:

s In the baby-boom era { post-WWII), there was optimuism about the economy and famly size was rising.

» In the baby-bust era, there was less economic optimism, and 1t was considered

ess socially responsible to have a

large family.
e In the baby-boomlet era, there was increased economic optimism and a return to more conservative attitudes.
o Y 1 : o ey = -
(8] — =i6) LD — 95 9 5 and s(d) — =i6) 10 — 95 g
- 12.5 anc - 27.5.
£ 2 4 i 12

45, (a) Using the data closest to { — @, we have

. . (254 27.5 e . . . -
Averaging these two values gives us —————— — 145 ft /s as an estimate for the speed of the car after 6 seconds.

* (foct)

(b} From the graph, it appears that the milection point 1s at (8, 18],

i) The velocity of the car 15 at a maximum at the inflection pomt.

46, Let [ be the function shown. Since 1= negative for o < 0 and positive for = = (0, *
I 1s decreasing for o < 0 and increasing for o = 0. [ 1s increasing on { —a, a)
(from the low point to the high point) so1ts dervative 7 (the second dervative of #7)
1s positive, making /' concave upward on { —a.a). [ 1s decreasing elsewhere, so its - 0] = z
. - o . i - - . p .
derivative 7 1s negative and /15 concave downward on {—oo. —a) and {a, o).
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