Name: Class; Date:

4, Let v = Oand let f{z) =« + 1/w. We wish to minimize f(x). Now ["{z) =1 — iz = i_l{:r:g -1} = i_g{rr+ iz — 1),
T T T

s0 the only critical number in {0, o0} is 1.
Fi{rey = 0fer Q< 2 < Land {2} = 0 forx > 1, so [ has an absolute minimum at = = 1, and f(1) = 2.
Or: f'(x) = 2/2" = Oforall 2z = 0, s0 f is concave upward everywhere and the eritical point {1, 2) must correspond to a

local minimum for f.

%

125

75
The areas of the three figures are 12,500, 12,500, and 3000 ft. There appears to be o maximum area of at least 12,500 fi2.

(b} Let @ denote the length of cach of two sides and three dividers.

Let g denote the length of the other two sides. x

{c) Area A = length x width =g - @

(d} Length of feneing = TH) = Hr 4+ 2y = TE

(€} 5z + 2 =750 = y=2375—-2¢x = Afz)= (375 u)z =375z — Za°

(fy A'(w) =376 -5z =0 = = =75 Since A"(x) = —5 < 0 there is an absolute maximum when @ = 75, Then

0= "T’ = 187.5. The largest arca 1s 75 [%} = 14.062.5 ft*. These values of o and g are between the values in the first

and second figures in part (a). Our original estimate was low.
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B (1)

=]
L
hajd

L

=
[F-]

The volumes of the resulting boxes are 1, 16875, and 2 ft”. There appears to be a maximum volume of at least 2 .

(B} Let o denote the length of the side of the square being cut out. Let i I

denote the length of the base.

{¢) Volume V' = length » width ¢ height = V =y .y o =ay®
(d} Length of cardboard =34 = w+y+r=3 = y+2r=3
@y+2r=3 = p=3—-22 = V() ==z(3-2)?
(fy Viz) = =(3 — 22)* =
Viz) =x - 2(3 —22)(—2) + (3 — 22)° - 1 = (3 — 22)[—da + (3 — 22)] = (3 — 22)(—6x + 3),
s0 the critical numbers arer = %and = %_ Now 0 < ¢ < % and () = i[f’:l = (1, &0 the maximum is

'lal[%:l = I:%:I [?}2 = 2 %, which is the value found from our third figure in part (a).

9. Let b be the length of the base of the box and & the height. The surface area is 1200 = &* + 4hb =
fo = (1200 — &%) /(4b). The volume is V' = b*h = b* (1200 — b%) /4b = 3006 — b7/4 = V'(b) = 300 — 3p°,
Vb)) =0 = 300=23b" = b =400 = b= 400 = 20. Since V'{b} = 0for0 < b < 20 and V'(b) < O for
& = 20, there i3 an absolute maximum when & = 200 by the First Dervative Test for Absolute Extreme Values (see page 2800
If b = 20, then b = (1200 — 207} /(4 - 20) = 10, so the largest possible volume is 5 = (20)*(10) = 4000 cm®.

16. The rectangle has area A(z) = 2y = 22(8 — .J','EII = 16z — 22", where

¥
y=!-—.t‘/
x

—
O=a<2¢I NowA(x) =16 —62° =0 = z=2 2 Sinee

-
A(0) = .i(?ﬁ} = (), there is a maximum when z = 2 v‘% Then

18 - - 2 1i
¥y = 5, so the rectangle has dimensions 4 \;': and =
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19, ~ Perimeter = 30 = 2y +z + "r(;) =30 =
i &
1 i ; ;
v y—E(}}D—:a—?E —15—%—%. The anea is the arca of the
a2
¥ rectangle plus the arca of the semicirele, or oy + %:'r (%) L 50
x Alx) = T(l‘r _I_ E) + 2qz® = 15z — 22° — Za?
- C L, 2 4 ﬂ =3 L _3 W ﬂ [ -
Az)=15—-(1+Z)r=0 = == 15 _ o0 . AT ) = — (l + E) < ), so this gives a maximum. The
: l+w/4 44w 4
dimensions are » = 60 frand g = 15 — 40 _ 157 _ S0+ 1om— 90— 15 S0 ft, o the height of the
T 447 d+7 44w 4+

rectangle is half the base.

22,

o

23,

L=8cscll 4 4secd 0 <8 < Z,

il
fw = —HBescll cot @ + dsect tan ! = 0 when
0

secl tan® = 2cscfl cotfl < tan 0 =2 &
f = tan™? \:'G
Al fdfl < Owhen 0 < @ < tan™' 2, d /di} = 0 when

tan @l = &2

tan~ ! W2 < 0 < <. 50 L has an absolute minimum when
# = tan™! ﬁ@, and the shortest ladder has length

1 2 203 -
N L AVTE 227 = 1665

L=38 TE

Another method: Minimize L* = o2 + {4 +1r.r:|2, where

| oo

i
d+y

RE4r? =R = V==%h=3(R—h")h=3F(0h-h")
V! (k) = S(H* — 3h%) = O when h = T}‘EH- This gives an absolute
maximum, since V'{k) = 0for0 < h < :,1,-;1{ and V'(k) < 0 for

ko 2 7. The maximum volume is

WA

A _ozfpa 1Ay 3 3
L(msﬁ) H(::;_H. mh’.) 2,
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H H -1
25 By similar triangles, T - (1). The volume of the inner cone 1s
' T
1_ 3 . Hr
Vo= garh, so we'll solve (1) for A, ? =H-h =
H Hr HR-Hr H
it =H — = ———— ] — 2).
' Iz R Fdi-n @
T o A i a g
Thus, Vir) = =r* « ={ — 7] = =—={Hr" — 7"
us, Viry = gr* - gt —r) = gp{ftr =) =
. wlf a i )
¥ = m— 2 =3 = m—r 2= 3.
(r) = g 28 —3r7) = 25 ")
F & i & . !! & :f 1 1
Viir)=0 = r=0w2R=34 = r=%sHandfrom(2)h= F{Ia’.— EH-} = F{-"'H} ==l

V' [r) changes from positive to negative at r = %_.H., so the inner cone has # maximum volume of

V= I,—l;m'j& = %ﬁ[;—"‘;h"jg{r—iﬂ} = % . %ﬁfﬁ”, which is approximately 15% of the volume of the larger cone.

26. We note that since o 1s the consumption in gallong per hour, and v 3% the velocity in miles per hour, then

e gallons hour rllons .. . . . . ..
— == / —k gives us the consumption in gallons per mile, that is, the quantity (7. To find the minimum, we

U miles, hour mile
» ily . el , el -
7 d o ‘do duv ar
saleulate __(_)_ dv  dv __ dv
B P R 12 12
i 1 :
This is () when © l}—f —e=0 = l}—f — Z This implies that the
a1 dve v

tangent line of o{v) passes through the origin, and this oceurs when
1 == 53 mifh. Note that the slope of the secant line through the origin and

apoint (v, cfv)) on the graph is equal to G}, and it is intuitively clear

that (7 is minimized in the case where the secant is in fact a tangent.

3

i etd , o — w)de? — 4 E4
28. (a) I{v) = — f{v) = cu'.{ {”}_ mE = () when (b} L’/

2 =dur® = w=3u = v= %“"

0 "'l-l-\‘ ™ 2'. ""
The First Dervative Test shows that this value of @ gives the minimum

value of £V,
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ak k
+ —2,[] < 3 < 1. Then

3. % The total illumination is {{z) = — 0 )
T —

S C SR

I 14

—bk 28

x) = — -
(=) s + (10 — x)*

=0 = 6&(10 —2)* = 2a® =

-z =2 = PBW-2)=z = WY -¥Bz=2 = W=+ {3z =

: ; 10 +/3 :
103 = {l + ‘Lf'ﬁ}.:: = = N "'E_q = B9 ft. This gives a minimum since I"(2) = 0 for0 < = < 10.
+

ETR 4 The total time 15
a B ) = (time from A to ) + (time from C to £)

Cd—z 5 3 . .

i P4 d—x)?
x —v’ﬂ-’_g +1""f ( :I (Ve o= o

i a2
% b
Ty — T d—x _ sinfh sinds
B () -

| d | I viva + S+ (d - x)? 5! 2

sinfly  sind;

The minimum oceurs when T7(z) = 0

1 T
[Nate: T (x) = 0]
38. P Ifd = [T, we minimize (i) = |PR| + |RS] = acscly + besc il
5
Differentiating with respect to 01, and setting % crqual to 0, we get
a ity
b
i 18,
& i A 0= —acscl cotfly — besetly cot &2
fﬂl-;ll fﬂ'}]_
2 R T
o we need to find an expression for %. We can do this by observing that [T = constant = acotfly + beot 0.
L]
. L. . L. . . a 4 il
Differentiating this equation implicitly with respect to 1, we get —a cse” ) — bese” 2 TN 0 =
1
i, sc” f !
::in = —%. We substitute this into the expression for % to et
2 2
] sc” i cot i
—aescfh cot il — bescllz cottla —w =0 < —acscihcotdy + a1 2 _
bese? cse sz

) - b .
cot iy esctly = cscfly cotfly < cotby _ cotl & cosfly, = cosfy. Since @) and ¢ are both acute, we have
cac il cac z

i = 04

PAGE 5



Name: Class; Date:

1. A g In the small toangle with sides o and ¢ and hypotenuse W, sinl? = % and
: 1
g cos ) — —. In the triangle with sides & and d and hypotenuse L, sinfl = = and
L W L
L i
cosll = T Thus, a = Wsin#, e = Weoosf, d = Lsin®, and b = L cos 1, 50 the

arca of the circumsenbed rectangle 15

Ay =(a+b)c+d) = (Wsin® + Leosth) (W costl + Lsind)
= Wsin® cosf + WLsin® 0 + LW cos® 0+ L? sin @ cos?
= LW ain® 0 + LW cos? i + ()’.3 + H-"E}sinﬂ eos 1

= LW {sin® 0 + cos® ) + (L* + W?*) - 1. 2sin0 cosd

= LW+ (L +WH)sin2, 0<0<Z

This expression shows, without caleulus, that the maximum value of A() occurs when

sin2 =1 = 2= 5 = i = T Sa the maximum area is

A(Z) = LW + (L2 + W?) = 2(L2 4+ 2LW + W?2) = (L + W)

L
46. (a) Let [ be the point such that a = |AD|. From the figure, sin @ = — = [ £

e = hese ! and

|BD|  a—|AB]
B |BC

(o — |AB|)secl = besel! = beotl =a— |AB| = |AB|=n — beotfl. The total resistance is

L|AE LB S —beotd bescd
ROy = = o= — ¢ LA AL )

cosfl =

|2 = (e — |AE|) secd. Eliminating | 27| gives

bese® 0 bescd cotf) . sc b t
(b) B'(0) = f’r( e P dmer o ) = fu:.'mﬁ(“""j - = )
cecll  cotd i cotd
®{ =0 = -_——= = i
() = i r = i escd oo
cac cot d r ra ) .
B =0 & =—>=— = cosf<=and B'(# < 0whencosf > =, so0 there is an absolute minimum

when cos @ = 4 /vl

{c) When s = ;‘Z—irl, wi have cos = {;*i:li, s0 8 = cos ! (%]i T
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