Name: Class; Date:

1. From Snell’s Law, we have sin o = ksin 4 = %:-:in 3 = G am:-:in(% sin r.rjl. We substitute this into

Do) =7+ 20 — 473 =7+ 2o — 4al'c:-;in{i-: sin ), and then differentiate to find the minimum:

e 3¢ , ] .
P q . 2 9 Acosa L. Jeosa
Do) =2 — 4[1 - (E sin o) ] (g Dmifx] = 2 — = This 15 l whin ——m—/,—=—= =2 <+
f oo R .
1'-'“ T3 Snt o 1'-'“' =5 Sn o
2ensfa=1—Tsin®a = Zeosta=1- l{l — cos® u} & TePon=I & oso=,/= <«
4 16 ° ; 4 o 14 § T 14 : W oaT

o = arccos v‘é 22 59,47, and so the local minimum is O{59.4%) = 2.4 radians == 138",
To see that this 15 an absolute minimum, we check the endpoints, which in this ease are o0 = Dand o = %:
£(0) = 7 radians = 180", and .Ul:%} = 166",

i3 da di  Jcoso

Another method: We first caleulate siney = ssind < coso = 3 cos/ o= = = — 50} SINCe
el R 4 "oy dey deoosd
; . i3 a7 1 .. . . . :
Da)=2—4 P 0 < Pt the minimum oceurs when 3 cos o = 2 cos 3. Now we sguare both sides and
at ¥
substitute sinoe = % sin /3, leading to the same result.

1
2. If we repeat Problem 1 with & in place of .::'11 we get Do) = 7 + 200 — 4arcsin(z sin i’.l') =

4 cos 2 cos o | (:-:in £t ) 2 ( 2 cos o ) : ( sin rx‘) *
= =1-

Do) =2 — which i () when =, /1—
{ o . { . . .
ke /1= [(sin o) /K] k | e k K

_—

. . ] . . I|l' 2

e deosa=F —sin®n & Gesfao=k -1 < o =arccos v
|

——_ So for ka2 LE3LE (red light) the

minimum oceurs at 2= 1038 radians, and so the rainbow angle is about 7 — DMexy ) = 42.3°, For k22 1.3435 (violet light)

the minimum oceurs at oz =2 1026 radians, and so the rainbow angle is about 7 — Doz ) == 40.67.

Another method: As in Problem 1, we can instead find U’(fx} in terms of ﬂ, and then substitute E _ 2= Ex_ .
elev dery keoosf
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3 At each reflection or refraction, the light is bent in a counterelockwise direction: the bend at A is ev — 3, the bend at 4 is
7 — 24, the bend at ' is again m — 23, and the bend at £ is oo — 3. So the total bend is

sin oy

Mo = e — 3+ 207 — 28) = 200 — 65 + 27, 23 required. We substitute 5 = a:rn:;-;in( ) and differentiate, to get

6 cos o 3 [ (sna)? : : :
M) = 2 — $, which iz [} when m; 2 Vlll - (-:||:er) & Oeosto =k —sino <
/1 — [(sina)/ k]

Scosfa =k —1 = cosa= \/ 2(k2 — 1), If k: = 2, then the minimum ocecurs at

4/5% — 1 1°
Y1 = Arceos 15.'{“% == 1,254 radians. Thus, the minimum 2

counterclockwise rotation is IMea ) = 2317, which is equivalent to a 231° — 140° = 31°
elockwive rotation of 360% — 2317 = 1297 (see the figure). So the rainbow
angle for the secondary rainbow is about 1807 — 1297 = 517 as required.

In general, the rainbow angle for the secondary rainbow is

7 — 27 — DMa)] = D{a) — 7.

4, In the primary rainbow, the rainbow angle pets smaller as & gets larger, 45 we found in Problem 2, so the colors appear from
top to bottom in order of increasing £, But in the secondary rainbow, the rainbow angle gets larger as & gets larger. To see this,

we find the minimum deviations for red light and for vielet light in the secondary rainbow. For & &= 13318 (red light) the

/1.3318% — 1

MINImum gecurs at an & arccos Il'r'l A =z 1255 radians, and so the rainbow angle is (a0 ) — 7 = B0.G". For

;1.:-;435* -1

ks L3435 (violet light) the minimum occurs at ooz &= arcoos 1'|." = =2 1248 radians, and so the rambow angle is

a2} — = B3.67. Consequently, the rainbow angle is larger for colors with higher indices of refraction, and the colors
appear from bottom to top in order of increasing &, the reverse of their order in the primary rainbow.

Mote that our calenlations above also explain why the secondary rainbow 15 more spread out than the primary rainbow: in
the primary rainbow, the difference between rainbow angles for red and violet light is about 1.77, whereas in the secondary

rainbow it 15 about 37,
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g)— 6—4 1
1. J8) = J0) = =. The values of ¢ which satisfy (¢} = 3 seem Y
8 —1) 8 4
to be about ¢ = (1.8, 3.2, 4.4, and 6. 1.
1

2. (a) g is concave upward on (—1, 2) and (7, 8).
(b} g is concave downward on (2,4) and (4, 7).

{c} The only point of inflection is (2, 2). Note that 7 is not in the domain of this function.

3. (a) Use the Increasing/Decreasing (17D} Test,
(b} Use the Concavity Test.

() At any value of = where the concavity changes, we have an inflection point at (=, f{a)).

B (a) flz) =o' —dr—1 = fe)=do” —d=4{z" - D=4z - 1){=" +x+1). % f(z) =0 «
z—1>0 [4z"+x+1)=0] < x> 1 Thus, fisincreasing on {1, oo} and decreasing on (—ao, 1).
(b) f changes from decreasing to inereasing at its only critical number, 2 = 1. Thus, f{1) = —4 is a local minimum value.
() ff{z) =42 —4 = ["{x)=12z" ["(z) > 0 forall z except w = 0. Thus, [ is concave upward on {—oc, 0) and

(0. o). Moreover, since [ is increasing on (—oo, o), f is concave upward on {—co, oo). There are no inflection points.

N I (x* +4)-1 —x(22) B 4z (24 )2 )
16. [(x] 2% 4 = =) (% + 4)2 {r? + 4)2 (x? + 4)?

First Derivative Test: f'(x) >0 = —-2<z < 2and f'{z) <=0 = = =2orx < —2 Since f’ changes from

a s - 1 - a " ') . a e
positive to negative at ¢ = 2, f(2) = 5 is a local maximum value; and since [* changes from negative to positive at z = —2,
f(—-2)= —% is a local minimum value.

Secomd Derivetive Test:
(A (—22) — (4 —27) - 2(2 + 4)(20)
[(z2 + 4)3]°
- —2a(z® +4) [(z® +4) +2(4 — %] C—2w(12 — x?)
(w2 +4)1 (2 + 4)2

f{x)

fay=0 & z=42 "[-2)==x>0 = [f(-2)= —2 isalocal minimum value.
M2y =—-+ <0 = [{2) =1 isalocal maximum value.

FPreference: Since caleulating the second derivative 1s fairly difficult, the First Derivative Test 15 casier to use for this

function.
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20. (a) g(z) = 200+ 82" + 2" = ¢{z) =242 + 427 =426+ x) = Owhenae = —Gand whenx = 0. ¢'(2) > 0 <=
x> —6(r#0) andg'(z) <0 & o< —6, s0 g is deereasing on {—oo, —6) and g is increasing on (—6, oc), with a

horizontal tangent at ¢ = (.

(b) g{—6) = —232 ix a local minimum value. () r
0. 200
There i3 no local maximum value.
. W0
(e} g (z) = 48z + 122" = 12x{4 + =) = 0 when 2 = —4 and when = = 0. _5
' ol 3
gMz) =0 & r<—dorz=0andg"(r) <0 < —4<z<,s0 (4, —36)

g is CUon [—oo, —4) and (), o0}, and g is CDon (—4,0). Inflection points

at (—4, —56) and (0, 200)

o+ 2[r+ 6] dr+6
TtV 3 —_—
2 2 24+ 3

The domain of A is [-3, c0). A'(z) = Oforz > —2and A'(z) < 0 for —H» < < —2, 50 A is increasing on { -2, co)

and decreasing on (—3, —2).

23 () Alx) =z +3 = Axr) = :?:-%li:?:+3]-_1"Ez +vz+3 1=

(b1 A{—2) = —2 15 a local minimum value. {d) ¥4

1 |
2T+ 33— (3 +6)- 2

ﬂ
1
L

() A%(z) =

(2vz+3)° - T
Bz +3) —(3x+6)  3x+12 3z +4) T2
Az + 3)5/2 A(z + 332 4z + 3

A"z) = 0forall 2 = —8, s0 A is concave upward on { —3, oo). There is

ne inflection point.
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3
26. (2) f(x) =In{z" +27) = [f(z)= % fiz) = 0ifr > 0and "{x) < 0ifz < 0, so0 f is increasing on (0, oo)
T
and [ is decreasing on (—oo, ().
{b) j{0) = ln 27 == 3.3 is a local minimum value. (d) ¥4
() f'(z) = (r' +27)(122%) — da”(d™) 4J:J[:‘3[:?:d + 27) — 4:1"'1]
) {w? + 27)2 (x4 27)2
48l —a2")  —da® (2 + 9z + 3)x - 3)
(ol 4 27)2 (o 4+ 27)2 :2
) =0if -3 <o <0and0 < o < 3,and [M(z) <0ife < —3or 1 .
=3 0 1 x
x = 3. Thus, [ is concave upward on (—35. 0) and {0, 3) [hence on (—3, 3]

and [ is concave downward on {—oo, —3) and (3, o). There are inflection

points at (43, In L08) = (£3, 4.68).

28 (a) f(1) =t +4cost, —2m <t < 2n = [f'{{)=1—snt>0forallfand {(f) = Owhensint =1 <

f= 82 gr Z

= s0 [ is increasing on {(—2w, 27).

2 E'd'] ¥
(b) Mo maximuem or minirum

) f7{f) = —cost =0 < i€ (—F -F)U(5.5F).s0 fisCUon

these intervals and CD on {—EE.—'J;], I:—%.,%],ami {“T"_Eﬁ}_ Points of = ﬁl E v

inflection at {+5F, £22) and (+3,+£3)
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30.

45.

ok

fxr) = {E_J:H has domzin {—oo, 2) U (2, oc).
T —
- i I 2 ’ 1 L .
a)  lim =—— lim = lim = =
¢ x—doo g2 —dp+ 4  zodeo (2 —dz 4 4)/2? z—doel—dfz4+4/zF 1-040 ’
2
say = 1lisaHA., lim ﬁ =oosincexr? —dand{r — 212 — 0" as o — 27, 500 = 2isa VA,
r—3t i —
:3 19 3 19 :3 I3 I3 [y [y r
T (o — 2" (2z) —a* - 2{x — 2) 2oz — 2 (2 — 2) — 2] —dz o
bl f{1) = —— = 2] = = = - [{x) = 01f
®) f(=) (o —2)2 fz) [ — 2)2)? (o — 2 (o —2)8 f'(w)

0< o< 2and f{x) <0ifz < Dorz > 2, 50 fis increasing on (0, 2) and [ is decreasing on {—o0, 0) and (2, o).
{c) {0} = 0is a local minimum value. ie) L ]
. {x— 2 —4) — (—4z) 3o - 2)°
dy fMz) = =
@) Gz~ 2
 dx - 22 [—(x — 2) + 3x] _ Blr 4 1)
(o — 28 [ — 21 ] I y=

Fx) = 0ife > -1z # 2and ["(z) < 0ifx < —1. Thus, fis CU on T=2

{—L1.2)and (2, 0o}, and [ 15 CD on {—oo, —1). There is an inflection point

at (1, 3).

W, Wi . W L? 2 W 5. 4
Y T — - T = — —t et — 2+ L y
YE Tt TRt T wantt TR z+17) I
=" Xz — L)? = ex?(x — L)® m y —
SE 2 W; x
where ¢ = — — 1% a negative constant and (0 < & < L. We sketeh

248
) = ex* (e — L) fore = —1. f(0) = f(L) = 0.
Firy = ea® |2 — L)) + (x — L)Y {2ex) = 2ex(x — L) [z 4 (x — L)] = 2ex(z — L)(2x — L). Sofor0 < = < L,
)0 & 2iz—L)22 - L)< 0(sincec<0) & L2<r<Landf(2)<0 & 0<a<L/2 S0 fis
increasing on (L /2 L) and decreasing on {0, L/2), and there i3 a local and abzolute minimum at
(L2, f(L/2)) = (L/2, el /16).
My = 2efe(e — Y22 - L)) =

F(x) = 2e[la — L)(2e — LY+ 2(1)(2z — L)+ x(x — L)(2)] = 2c(62? — 6La+ L2) =0 <«

L, _ BL=V12L3

= . : . . .
5 = %L =+ J-;s—" L, and these are the r-coordinates of the two inflection points.
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