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6. If the rectangle has dimensions x and vy, then its area is zy = 1000m?, so y = 1000/x.
The perimeter is

2000
P=2x+4+2y=2x+ —
X

for x > 0. We compute

2000 2,
4000
P'(z) = p >0

So the only critical number is x = 1000 = 10v/10, and P(+/1000) = 40+/10 is a min-
imum, since P”(x) > 0. The dimensions of the rectangle with minimum perimeter are
x =y =10v/10m (it is a square).
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Three possibilities are squares of side 1, %, and %ft, which have resulting box volumes of 1,

1.6875, and 2ft®, respectively.
b. Let x be the length of the side of the square being cut out, and let y be the length of
the base. So across any edge, we fold at z and z +y = (2z + y) — «.



c. Volume is the product of length, width, and height. For our choice of x and y, V = xy?.
d. Length of the cardboard is 3, so x +y + 2z = 3, so y + 2z = 3.
e. y=3—2z, s0 V(x)=xz(3-21)%
f.

V(z) = 2(3 — 21)?
V'(z) =22(3 = 22)(=2) + (3 — 22)* - 1 = 3(3 — 22)(1 — 27)

so the critical numbers are z = 1 and 2 = 2. Now 0 <z < 2 and V(0) = V (2) = 0, so

the maximum is V (1) = 1(2)? = 2ft>, which is the value found from the third choice of

dimensions in part a.

18.

(x,y)

The area of the rectangle is (2x)(2y) = 4zy. Now 2—2 + z—j =1 gives y = 2v/a®> — 22, so we
maximize A(z) = 42zv/a? — 22,

4b | 1
A'(z) - xQ(GQ — 2?)V2(=22) + (a® — 22)/21

4b

—20 (a2 — gy [—2? + a2 — 27]
a

4b

= [a* — 227

ava? — x?

So the critical number is x = \%, and this clearly gives a maximum. Then y = \%, so the

. . a b o
maximum area is 4 <7§> <7§> = 2ab.



20.

By similar triangles, y/x = h/r, so y = ha/r. The volume of the cylinder is 7z%(h — y) =
mha? — (wh/r)z® = V(z). Now V'(z) = 2rhx — (3wh/r)z* = nhx(2 — 3z/r). So V'(x) =0

when x =0 or x = %r The maximum clearly occurs when =z = %r, and then the volume is

Tha® — (wh/r)a® = wha?(1 —x/r) =« (3r ) h(1—2) = Fmr’h.

25. S = 6sh — —s C0t9+382fCSC9

a. 95 =352 csc? g — 332‘[05(:000159 or 3s CSCG(CSCG V3 cot 6).
b. % = 0 when cscf — \/gcotﬁ =0, so W — \/ggﬁg =0, so cosf = \/Lg, which occurs
-1 1 ~ o

at cos (7§> ~ 55°.

c.

VA
[
1

If cost = % then cot 0 = f and csc = % so the surface area is

3,1 ff 3 s
S =6sh — =s*— 4+ 3s°~——-= = 6sh— ——s +—s—65(h —)
22 2 V2 2\/_ 2v/2 2v/2
38.
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We maximize the cross-sectional area:
1
A0) =10h+2 <§dh) = 10h + dh = 10(10sin #) + (10 cos )(10sin )

=100(stnf + sin 6 cos )
A'(9) =100(cos § + cos® @ — sin® f) = 100(cos @ + 2 cos® — 1) = 100(2cos & — 1)(cosf + 1)

So we see A'(f) = 0 when cosf = £, which occurs when § = . Now A(0) =0, A (5) = 100,
and A (g) = 75V3 ~ 129.9, so the maximum occurs when 6 = 3

42. a. Let D be the point such that a = |AD|. From the figure, sinf = \BC|’ o

BC| = besc and cosf = BRI — o—ABI , 80 |BC| = (a—|AB|)sec6. Eliminating |BC| gives
1BC| — IBC\

(a — |ABJ)secd = bcesc, so |AB| = a — beot 6. The total resistance is

L |AB] |BC| a—bcotf besch
R(#) =C 1 +C = =C 3 + 3
b.
R(O) = C (bcst B bcsc94cot9) b esed <csc9 CO‘ZH)
1 T3 ri T2

4

So we see R/(f) = 0 when 3 = 2% = cosf. Also, R'(§) > 0 for cosf < % and R'(f) <0
1

4 . .. ra
when cos 6 > :—i, so there is an absolute minimum when cos = .
1 1

4 _ 4
c. When 7’2%7“1, we have cosf = (%) , 50 0 = cos™! (%) ~ T79°.

44. a. I(x) o Sxemsth  “and we add the intensities from the left and right light bulbs to

(distance)??
get
k k k k
[ — d2 =
e T, B A gy T ORGP

b. The magnitude of constant k£ won’t affect the location of the point of maximum

intensity, so for convenience we take k = 1.

21 2(z — 10)
(2 4+d?)?2 (22 — 20z + 100 + d?)?
Substituting in d = 5 for I(x) and I'(x), we get

Is(z) = 1 + L
S\ T 205 T 2 200 + 125
B = -

I'(x) = —

2 2(z — 10)
(22 +25)% (22 — 20z + 25)?




0.06 0.005

s [ Ié/\] From the graphs, it appears that I (x)
0 l\\/ ] 10 has a minimum at z = 5 m.
ol J 10

-0.01 —0.005

c. Substituting d = 10 into the equations for I(z) and I'(x) gives

1 1
x% 4100 * x? — 20z 4 200
Il(2) = — 2z B 2(z — 10)
(24 100)2 (22 — 20z + 200)?

110(1’> =

G017 0.0006 From the graphs, it seems that for

Ts I 1 d = 10, the intensity is minimized at the
10 endpoints, that is, z = 0 and z = 10.

0
[ N The midpoint is now the most brightly lit
0 10 point!

0.014 —0.0006

d. From the graphs of the above functions, we see that the minimal illumination changes
from the midpoint (z = 5 with d = 5) to the endpoints (z = 0 and x = 10 with d = 10).

0.0365 0.023 0.01

I 1 I
% Iy [ w =1(5) 1
0 =Sy 10
0 10 0 . 10 [ ]
x

0.0325 0.0215 x —0.01 d

So we try d = 6 and from the graph see the minimum value still occurs at z = 5. Next, we
let d = 8 and the minimum value occurs at the endpoints. It appears that for some value of
d between 6 and 8, we must have minima at both the midpoint and the endpoints, that is,
I(5) must equal 7(0). To find this value of d, we solve I(0) = I(5), with k = 1.

1 100+d* 1 1 2

ETTZ BAE BAE Brd
(25 + d*)(100 + d?) + d*(25 + d*) = 2d*(100 + d?)

2500 + 125d% + d* + 25d? + d* = 200d? + 2d*
2500 = 50d>
d=5vV2=~T7.071




Thus the point of minimal illumination changes abruptly from the midpoint to the endpoints
when d = 5v/2.



