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The monitor estimates this value by calculating the slope
of a secant line. Use the data to estimate the patient’s heart
rate after 42 minutes using the secant line between the
points with the given values of r.

(a)t=36 and =42

(b)r=38 and =42

(€)t=40 and =42

dr=42 and r=44

What are your conclusions?

3. The point P(1, ;) lies on the curve y = x/(1 + x).

(a) If Q is the point (x, x/(1 + x)), use your calculator to
find the slope of the secant line PQ (correct to six
decimal places) for the following values of x:

(i 0.5 (i) 0.9
(iii) 0.99 (iv) 0.999
") 15 i) 1.1
(vii) 1.01 (vii) 1.001

(b) Using the results of part (a), guess the value of the
slope of the tangent line to the curve at P(l, %)

(c) Using the slope from part (b), find an equation of the
tangent line to the curve at P(l, %)

4. The point P(2, In 2) lies on the curve y = In x.

(a) If Q is the point (x, In x), use your calculator to find the
slope of the secant line PQ (correct to six decimal
places) for the following values of x:

@i 15 (i) 1.9
(iii) 1.99 (iv) 1.999
W) 25 (vi) 2.1
(vii) 2.01 (viii) 2.001

(b) Using the results of part (a), guess the value of the slope
of the tangent line to the curve at P(2, In 2).

(c) Using the slope from part (b), find an equation of the
tangent line to the curve at P(2, In 2).

(d) Sketch the curve, two of the secant lines, and the
tangent line.

5. If a ball is thrown into the air with a velocity of 40 ft/s, its
height in feet after ¢ seconds is given by y = 40t — 16¢%
(a) Find the average velocity for the time period beginning
when t = 2 and lasting
@ 05s (i) 0.1s
(iii) 0.05s (iv) 0.01s
(b) Find the instantaneous velocity when t = 2.
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6. If an arrow is shot upward on the moon with a velocity of
58 m/s, its height in meters after ¢ seconds is given by '
h = 58t — 0.831%
(a) Find the average velocity over the given time intervals:

@ [1,2] Gi) 1, 1.5]
i) [1, 1.1] Giv) [1, 1.01]
(v) {1, 1.001]

(b) Find the instantaneous velocity after one second.

1. The displacement (in feet) of a certain particle moving in
a straight line is given by s = */6, where ¢ is measured in
seconds.

(a) Find the average velocity over the following time

periods:
® 11, 3] (i) [1,2]
(i) [1, 1.5] aiv) [1, 1.1]

(b) Find the instantaneous velocity when ¢t = 1.

(c) Draw the graph of s as a function of ¢ and draw the
secant lines whose slopes are the average velocities
found in part (a).

(d) Draw the tangent line whose slope is the instantaneous
velocity from part (b).

8. The position of a car is given by the values in the table.

t (seconds) 0 1 2 3 4 5
s (feet) 0 10 32 70 119 178

(a) Find the average velocity for the time period beginning
when ¢ = 2 and lasting
@) 3s (i) 2s (i) 1s

(b) Use the graph of s as a function of ¢ to estimate the
instantaneous velocity when ¢t = 2.

9. The point P(1, 0) lies on the curve y = sin(107/x).

(a) If Q is the point (x, sin(107/x)), find the slope of the
secant line PQ (correct to four decimal places) for
x=2,15,14,13,12,1.1,0.5,0.6, 0.7, 0.8, and 0.9.
Do the slopes appear to be approaching a limit?

(b) Use a graph of the curve to explain why the slopes of
the secant lines in part (a) are not close to the slope
of the tangent line at P.

(c) By choosing appropriate secant lines, estimate the slope
of the tangent line at P.

Having seen in the preceding section how limits arise when we want to find the tan- §
gent to a curve or the velocity of an object, we now turn our attention to limits in gen-
eral and methods for computing them.
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Let’s investigate the behavior of the function f defined by f(x) = x* — x + 2 for
values of x near 2. The following table gives values of f(x) for values of x close to 2,
but not equal to 2.

x f(x) x fx)
1.0 2.000000 3.0 8.000000
1.5 2.750000 2.5 5.750000
1.8 3.440000 2.2 4.640000
1.9 3.710000 2.1 4.310000
1.95 3.852500 2.05 4.152500
1.99 3.970100 2.01 4.030100
1.995 3.985025 2.005 4.015025
1.999 3.997001 2.001 4.003001

From the table and the graph of f (a parabola) shown in Figure 1 we see that when
x is close to 2 (on either side of 2), f(x) is close to 4. In fact, it appears that we can
make the values of f(x) as close as we like to 4 by taking x sufficiently close to 2. We
express this by saying “the limit of the function f(x) = x> — x + 2 as x approaches
2 is equal to 4. The notation for this is

lin%(xz-x+2)=4

In general, we use the following notation.

[T] Definition We write
lim f(x) = L

and say  “the limit of f(x), as x approaches a, equals L~

if we can make the values of f(x) arbitrarily close to L (as close to L as we
like) by taking x to be sufficiently close to a (on either side of a) but not
equal to a.

|

Roughly speaking, this says that the values of f(x) become closer and closer to the
number L as x approaches the number a (from either side of a) but x # a.
An alternative notation for

lim f(x) = L

is flx)—L as x—a

which is usually read “f(x) approaches L as x approaches a.”

Notice the phrase “but x ¥ @” in the definition of limit. This means that in find-
ing the limit of f(x) as x approaches a, we never consider x = a. In fact, f(x) need
not even be defined when x = a. The only thing that matters is how f is defined
near a.
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#  (HAPTER 2 LIMITS AND DERIVATIVES

defined and in part (b), f(a) # L. But in each case, regardless of what happens at

(a)

FIGURE 2 lim f(x)= L in all three cases

x <1 f(x)
0.5 0.666667
0.9 0.526316
s 0.99 0.502513
5 , 0.999 0.500250
! 0.9999 0.500025
x> 1 f(x)
1.5 0.400000
ol 1.1 0.476190
: 1.01 0.497512
L 1.001 0.499750
i 1.0001 0.499975

T T T T T T ———

Figure 2 shows the graphs of three functions. Note that in part (c), f(a) is g :

lim, . f(x) = L.

74
L
]
%
7N ,
!
I
-1 Ead
0 a X
)
oox—1
EXAMPLE 1 Guess the value of lm} 3
=1 x° —

SOLUTION Notice that the function f(x) = (x — 1)/(x* — 1) is not defined when
= 1, but that doesn’t matter because the definition of lim,_., f(x) says that we
consider values of x that are close to a but not equal to a. The tables at the left give
values of f(x) (correct to six decimal places) for values of x that approach 1 (but are
not equal to 1). On the basis of the values in the table, we make the guess that

ox—1
lim — 1=O.5 l

x> x5 —

Example 1 is illustrated by the graph of f in Figure 3. Now let’s change f slightly |
by giving it the value 2 when x = 1 and calling the resulting function g: |

-1
x if x# 1

gy =% ~1
2 if x=1

This new function g still has the same limit as x approaches 1 (see Figure 4).

YA y

FIGURE 4

FIGURE 3
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£

(©), f(a) is ngt

it happens at a,

JETS -3

EKAMPLE 2 Find lim =
—

SOLUTION The table lists values of the function for several values of ¢ near 0.

- ; VPt9-3
| r’
| +1.0 0.16228
| +0.5 0.16553
} +0.1 0.16662
i +0.05 0.16666
a x +0.01 0.16667

As t approaches 0, the values of the function seem to approach 0.1666666 . .. and so
we guess that

VEF9-3 1

lim

T O 3 me 6
1ied when f 2
lys that we ; In Example 2 what would have happened if we had taken even smaller values of ¢?
it the left give :*:0'0005 0.16800 The table in the margin shows the results from one calculator; you can see that some-
oach 1 (butare § :0'0001 0.20000 thing strange seems to be happening.
uess that i :gggggi gggggg If you try these calculations on your own calculator you might get different values,
e ) but eventually you will get the value 0 if you make ¢ sufficiently small. Does this mean
that the answer is really O instead of ? No, the value of the limit is §, as we will show
o @ in the next section. The problem is that the calculator gave false values because
,E /12 + 9 1is very close to 3 when ¢ is small. (In fact, when ¢ is sufficiently small, a cal-
1ange f slightly ¢ culator’s value for /t> + 9 is 3.000. .. to as many digits as the calculator is capable
g: :; of carrying.)
Something similar happens when we try to graph the function
Ji2+9 -3
f = a2
qure 4). of Example 2 on a graphing calculator or computer. Parts (a) and (b) of Figure 5 show
quite accurate graphs of f and when we use the trace mode (if available), we can esti-
mate easily that the limit is about é But if we zoom in too far, as in parts (c) and (d),
then we get inaccurate graphs, again because of problems with subtraction.
0.2 ‘ 0.2
0.1 0.1
.| , |
' (@) [~5, 5]1by [-0.1,0.3] ) [-0.1,0.1] by [-0.1,0.3] (c)[—107%,107%] by [-0.1, 0.3] (d)[-1077, 107" by [-0.1, 0.3]

FIGURE 5
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104 =  CHAPTER 2 LIMITS AND DERIVATIVES

sin x

EXAMPLE 3 Find lim .
x—0 X

SOLUTION Again the function f(x) = (sin x)/x is not defined when x = 0. Using a
calculator (and remembering that, if x € R, sin x means the sine of the angle whose |
radian measure is x), we construct the following table of values correct to eight |
decimal places. From the table and the graph in Figure 6 we guess that

sin x

lim = 1
x—0 X
This guess is in fact correct, as will be proved in Section 3.4 using a geometric
argument.
sin x
X
X

+1.0 0.84147098 y .
% = sin x

*0.5 0.95885108 ! y==

+0.4 0.97354586 /\

+0.3 0.98506736

+0.2 0.99334665
: *0.1 0.99833417 + 5 -
+0.05 0.99958339 1 !

+0.01 0.99998333

, +0.005 | 099999583 FIGURE 6

. *0.001 0.99999983 -
[ K
i
i

EXAMPLE 4 Find lim sin T
x— x

SOLUTION Once again the function f(x) = sin(#/x) is undefined at 0. Evaluating the

) ‘ H A Computer Algebra Systems function for some small values of x, we get
: : ' Computer algebra systems (CAS) have . . .
' commands that compute limits. In order f() =sinT=0 f(i) =sin27 =0
to avoid the types of pitfalls demon- . ) ,
L strated in Examples 2, 4, and 5, they f(i) =sin37 =0 f(Z) = sindm =0
[ don't find limits by numerical experimen-
' tation. Instead, they use more sophisti- f(0.1) =sin 10w =0 f(0.01) = sin 1007 = 0

. cated techniques such as computing

' infinite series. If you have access to a Similarly, £(0.001) = £(0.0001) = 0. On the basis of this information we might be

CAS, use the limit command to compute tempted to guess that

the limits in the examples of this section

and to check your answers in the exer- lim si T 0

cises of this chapter. Jm sin >

[#@) but this time our guess is wrong. Note that although £(1/n) = sin n = 0 for any
integer n, it is also true that f(x) = 1 for infinitely many values of x that approach 0.

[In fact, sin(7/x) = 1 when

T o
—=—+42n7
X 2

and, solving for x, we get x = 2/(4n + 1).] The graph of f is given in Figure 7.
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y
1 y = sin(r/x)
0. Using a h d of this function trying t rl’
to the sound of this function trying to
he angle whose cha lmit » i
ect to eight Resources / Module 2 1 !
1at / Basics of Limits I 1 X
/ Sound of a Limit that Does |
Not Exist l'
_1 T
. FIGURE 7
geometric
Module 2.2 helps you explore The broken lines indicate that the values of sin(#/x) oscillate between 1 and —1
- limits at points where graphs infinitely often as x approaches 0. (Use a graphing device to graph f and zoom in
_ exhibit unusual behavior. toward the origin several times. What do you observe?)
‘ Since the values of f(x) do not approach a fixed number as x approaches 0,
nx ... T .
x lim sin — does not exist X
x—=0 X B
\
— EXAMPLE 5 Find fim [ x* + <25
P+ ——).
x x=0 10,000

valuating the

0
1 we might be
4, COsSx
* 10,000
0.005 0.00010009
, 0.001 0.00010000
= 0 for any ' .

hat approach 0.

n Figure 7.

SOLUTION As before, we construct a table of values.

, , cos5x
X 2
10,000
1 1.000028
0.5 0.124920
0.1 0.001088
0.05 0.000222
0.01 0.000101
From the table it appears that
cos 5x
lim{ x* + =0
x—0 ( 10,000 )

But if we persevere with smaller values of x, the second table suggests that

lim <x3 +
x—0

Later we will see that lim cos 5x = 1 and then it follows that the limit is 0.0001. &

x—0

cos 5x
10,000

) = 0.000100 = 10,000

&

@ Examples 4 and 5 illustrate some of the pitfalls in guessing the value of a limit. It
is easy to guess the wrong value if we use inappropriate values of x, but it is difficult
to know when to stop calculating values. And, as the discussion after Example 2
shows, sometimes calculators and computers give the wrong values. Later, however,
we will develop foolproof methods for calculating limits.

T T T T T T T T 1
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y
1 4
0 N

FIGURE 8

FIGURE 9
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EXAMPLE 6 The Heaviside function H is defined by

0 if <0
H(t)—{l if1=0

[This function is named after the electrical engineer Oliver Heaviside (1850-1925)
and can be used to describe an electric current that is switched on at time ¢ = 0.] ]
graph is shown in Figure 8.

As t approaches 0 from the left, H(z) approaches 0. As ¢ approaches 0 from the
right, H(¢) approaches 1. There is no single number that H(t) approaches as ¢
approaches 0. Therefore, lim,_,o H(f) does not exist.

One-Sided Limits

We noticed in Example 6 that H(z) approaches 0 as ¢ approaches 0 from the left an ;
H(z) approaches 1 as r approaches 0 from the right. We indicate this situation sy
bolically by writing

lim H(f) =0 and lim HF) =1
t—0~ t—0+

The symbol “t — 07 indicates that we consider only values of ¢ that are less than (.
Likewise, “¢ — 0*” indicates that we consider only values of ¢ that are greater than

[2] Definition We write
lim f(x) =L
and say the left-hand limit of f(x) as x approaches a [or the limit of f(x) as

x approaches a from the left] is equal to L if we can make the values of f(x) |
as close to L as we like by taking x to be sufficiently close to a and x less than a. |

Notice that Definition 2 differs from Definition 1 only in that we require x to be
less than a. Similarly, if we require that x be greater than a, we get “the right-hand |
limit of f(x) as x approaches a is equal to L” and we write

lim f(x)=L H
Thus, the symbol “x — a*” means that we consider only x > a. These definitions are )
illustrated in Figure 9. ]

y YA
TN

L

|
|
§
x

i
i
i
— a x 0 a «- X x

(a) lim f(x)=L b lim+ fx)=L

x—a~ x—a
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time ¢ = 0.] Its

es O from the
ches as ¢

from the left and
is situation sym.

it are less than 0. &
re greater than 0. §

1it of f(x) as
alues of f(x)
x less than a. J

> require x to be §

“the right-hand
. X 2
2
+1 1
. *0.5 4
se definitions are +0.2 25
+0.1 100
*0.05 400
+0.01 10,000
+0.001 1,000,000
X)\_/
—_————
X
=1L FIGURE 11
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By comparing Definition 1 with the definitions of one-sided limits, we see that the
following is true.

[3] limf(x)=L ifandonlyif lim f(x) =L and lim f(x) =L

EXAMPLE 7 The graph of a function g is shown in Figure 10. Use it to state the
values (if they exist) of the following:

(a) lim g(x) () lim g(x) (©) lim g(x)
@ lim g(x) (e) lim g(x) () lim g(x)

SOLUTION From the graph we see that the values of g(x) approach 3 as x approaches 2
from the left, but they approach 1 as x approaches 2 from the right. Therefore

(@) lim g(x)=3 and  (b) lim g(x) =1

(c) Since the left and right limits are different, we conclude from (3) that
lim, ., g{x) does not exist.
The graph also shows that

(d) lirgl_ gx) =2 and (e) 1il’§1+ glx) =2
(f) This time the left and right limits are the same and so, by (3), we have
ling gx) =2

Despite this fact, notice that g(5) # 2. [

1
EXAMPLE 8 Find lil’I(l) —5 if it exists.
x—=0 X

SOLUTION As x becomes close to 0, x? also becomes close to 0, and 1/x2 becomes
very large. (See the table at the left.) In fact, it appears from the graph of the func-
tion f(x) = 1/x? shown in Figure 11 that the values of f(x) can be made arbitrarily
large by taking x close enough to 0. Thus, the values of f(x) do not approach a
number, so lim,_.o (1/x?) does not exist.
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e

At the beginning of this section we considered the function f(x) = x* — x + 2
and, based on numerical and graphical evidence, we saw that

lin%(xz—x+2)=4

According to Definition 1, this means that the values of f(x) can be made as close t]
4 as we like, provided that we take x sufficiently close to 2. In the following exampje |
we use graphical methods to determine just how close is sufficiently close. '

EXAMPLE 9 If f(x) = x> — x + 2, how close to 2 does x have to be to ensure that
f(x) is within a distance 0.1 of the number 4?

SOLUTION If the distance from f(x) to 4 is less than 0.1, then f(x) lies between 3.9 angd:
4.1, so the requirement is that :

39< P —x+2<41

4.3 Thus, we need to determine the values of x such that the curve y = x2 — x + 2 lies
between the horizontal lines y = 3.9 and y = 4.1. We graph the curve and lines near
y=41 the point (2, 4) in Figure 12. With the cursor, we estimate that the x-coordinate of
2.4),/y=x—x+2 the point of intersection of the line y = 3.9 and the curve y = x* — x + 2 is about
’ 1.966. Similarly, the curve intersects the line y = 4.1 when x = 2.033. So, rounding |
y= 37' to be safe, we conclude that .
L8 722 39<x’—x+2<41 when 197 <x<203
FIGURE 12 Therefore, f(x) is within a distance 0.1 of 4 when x is within a distance 0.03

of 2. [

The idea behind Example 9 can be used to formulate the precise definition of a |
limit that is discussed in Appendix D.

EXercises -« - =+ o s o s s o s o o o & s+ e s e 8 o s s e & e i

1. Explain in your own words what is meant by the equation ©) lin} f(x) ()] lin} f(x)
y

Is it possible for this statement to be true and yet f(2) = 3?

Explain. T4 Vi
2. Explain what it means to say that _}

lirP_ fG)=3 and lirp+ fx)=1
5 5 ; :
In this situation is it possible that lim,— f(x) exists?
Explain. . ..
4. For the function f whose graph is given, state the value of

3. Use the given graph of f to state the value of the given the given quantity, if it exists. If it does not exist, explain

quantity, if it exists. If it does not exist, explain why. why.

(@) lim f(x) ) lim f(x) (a) lim £(x) () lim f(x)

N 4 O )
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@ =x—x+ (@ lim f(x)

x—3
e) f(3)
y
: made as close tg —4 i
ollowing example i
y close. —1-2 ]
to ensure that o 5 . >

 between 3.9 and For the function g whose graph is given, state the value of

the given quantity, if it exists. If it does not exist, explain
why.

(@) lim g(»)
@ lim g(t)
® 9

(b) lim g(»
(e) lim g(r)
(b) lim ()

(c) lim g(»
x2 = x + 2 lies (f) lim g(?
've and lines near
-coordinate of

x + 2 is about

y
33. So, rounding
14 /
3 _‘_ 2 A
ince 0.03
Y | 2 | 4 |1
se definition of a T

6. Sketch the graph of the following function and use it to
determine the values of a for which lim, ., f(x) exists:

L ) 2—-x if x<—1
;: flx)=14x if —Isx<1
) 2‘_ (x—12 ifx=1

L B L Usethe graph of the function f(x) = 1/(1 + ¢'*) to state
the value of each limit, if it exists. If it does not exist,

explain why.
@ lim f(x) b) lim f(x)
(© lim f(x)

8. A patient receives a_150-mg injection of a drug every
4 hours. The graph shows the amount f(¢) of the drug in
the bloodstream after ¢ hours. (Later we will be able to
compute the dosage and time interval to ensure that the con-

state the value of centration of the drug does not reach a harmful level.) Find

3t exist, explain and

Jim £(2) Jim, £()
9
and explain the significance of these one-sided limits.

SECTION 2.2 THE LIMIT OF A FUNCTION 109
fln)y
300 T \\
1504 \\

9-10 m Sketch the graph of an example of a function f that
satisfies all of the given conditions.

9. lim f() =4, lim f()=2 lim f( =2
fB3) =3, f(=2)=1

10. lim f(x) =1, lm f(x)=-1lm fx)=0
Xligl+ fx) =1, f(2)=1, f(0)isundefined

11-14 m Evaluate the function at the given numbers (correct to
six decimal places). Use the results to guess the value of the
limit, or explain why it does not exist.

x—1
1. =—
g(‘x) x} — 1
x=102,04,06,0.8,09,099,18,16,1.4,1.2, 1.1, 1.01;

. x -1
s S
Yt-1
1. F() = -1
t=1.5,12,1.1,1.01, 1.001;
-1
im —————
—1 4/t —1
e—1—x
13. f(x) I
x = =1, 0.5, 0.1, +0.05, +0.01;
e —-1—-x
lim —————
x—0 X
14, g(x) = x In{x + x*);

x=1,0.5, 0.1, 0.05, 0.01, 0.005, 0.001;
lirgl+ xIn{x + x?)

15. (a) By graphing the function f(x) = (tan 4x)/x and zoom-
ing in toward the point where the graph crosses the
y-axis, estimate the value of lim,_.o f(x).
(b) Check your answer in part (a) by evaluating f(x) for
values of x that approach 0.

AT 0 1§
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16. (a) Estimate the value of

6.\' - 2)c
lim

x>0 X

by graphing the function y = (6* — 2*)/x. State your
answer correct to two decimal places.

(b) Check your answer in part (a) by evaluating f(x) for
values of x that approach 0.

17. (a) Estimate the value of the limit lim,_o (1 + x)"*to five
decimal places. Does this number look familiar?
(b) Illustrate part (a) by graphing the function
y =11+ x)"*

A

)
K

18. The slope of the tangent line to the graph of the exponential
function y = 2~ at the point (0, 1) is lim,_¢(2* — 1)/x. Esti-
mate the slope to three decimal places.

19. (a) Evaluate the function f(x) = x? — (2*/1000) for x = 1,
0.8, 0.6, 0.4, 0.2, 0.1, and 0.05, and guess the value of

2X
tim { 2 —
e (" 1000)

(b) Evaluate f(x) for x = 0.04, 0.02, 0.01, 0.005, 0.003,
and 0.001. Guess again.

In Section 2.2 we used calculators and graphs to guess the values of limits, but we saw |
that such methods don’t always lead to the correct answer. In this section we use the
following properties of limits, called the Limir Laws, to calculate limits.

21. Use a graph to determine how close to 0 we have to take x

22. (a) Use numerical and graphical evidence to guess the val

Calculating Limits Using the LimitlLaws - « « =« =« =« =«

20. (a) Evaluate h(x) = (tan x — x)/x* forx = 1, 0.5, 0.1, 0,0§
0.01, and 0.005.
tanx — x

(b) Guess the value of lin(l’ —x3—-

(c) Evaluate h(x) for successively smaller values of x untj]
you finally reach 0 values for A(x). Are you still confi-
dent that your guess in part (b) is correct? Explain why
you eventually obtained 0 values. (In Section 4.5 a
method for evaluating the limit will be explained.)

(d) Graph the function A in the viewing rectangle [—1, 1]
by [0, 1]. Then zoom in toward the point where the
graph crosses the y-axis to estimate the limit of A(x) as
approaches 0. Continue to zoom in until you observe
distortions in the graph of 4. Compare with the resuits
of part (c).

to ensure that ¢* is within a distance 0.2 of the number 1.
What if we insist that ¢* be within 0.1 of 1?

of the limit
-1
x—14/x — 1
(b) How close to 1 does x have to be to ensure that the
function in part (a) is within a distance 0.5 of its limit?

.

exist. Then

5. lim

Limit Laws Suppose that ¢ is a constant and the limits

L lim[£(x) + g(9] = lim £(x) + lim g(x
2 Tim [£(x) — g()] = lim £(x) ~ lim g(x)
3. lim [cf()] = ¢ lim £(x)

4. 1im [ f(g(x)] = lim £(x) - lim g(x)

_f im0

lim f(x) and lim g(x)

—a g(x) lim g(x)

if lim g(x) % 0
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