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1. Let flx} = |z + 2| = 2]x| + |z = 3|

() Evaluate £(~5), (1), and f(3).
(b} Sketeh the graph of f{z).

(e} Let glz) = i and Rz} = /z — 3. Find the natural domainsg of
gofand he f. (Hint: refer to your graph!)

Salution:
(a)
f[: 5]-=| ﬁlﬂl El 5||| a 3':3 2xh54+8=1.
1 1 1 1 5 5
f(_)=|—|2| 2|-|||— 3|=_ 142=14
2 2 2 2 2 2

f3)=[34+2|-23|+[|3-3|=5-6= -1

(b} The graph of 4 = filx) i& as follows.

fiz)

.




The computation for the graph is as follows.

f[:.'l.’-]': [I|2}|2I- [I 3]-:1 for # < =2
flzg)=(z+2)+22 - (£-3)=22+5 for —2< <
flz)=(z+2)-22-(2-3)=-22+5 frd<z<3i
flz)=(z+2)-2z+(z~-3)=-1 for3 <z

(¢} The naturaldomain of g f s defined by fiz) # 0, which according
bo the graph is the set of all values of z except = § which is
computed from ~ 2z + 5 =0
The natural domain of he [ is defined by f{z) = 3, which according
to the graph is the interval [~1,1]. The left-end point of the
interval [ 1, l] is obtained by solving 2x+ 5 = 3 and the right-end
point of the interval [~ 1,1] is obtained by solving ~2z 4+ 5= 3.



2. Sketch the graph of \
x 1

fle) =T

Where is [ continuous? Are there any removable discontinuities? [ fe-
call: a discontinnity & a removable discontinnity if the limit of the
function exists at that point.)

Lz<0 flz)= 25 for o # -~ 1

IL x>0 fz) = 2= forz # 1.

I=1

fiz)

T is contimuous for & € (—aa, 1)U (-1, 1} U(1,2a).

J hus removable discontinuity at 2 = ~1 and z = 1, because

2

1
lim = lim(x+ 1} =2

Fz=xl ]_ x -l



exists and because

exists, but f 8 undefined for & =

1 and & = 1.



3. Let f(z) =
(a) lim f(x}).
(d) lim f(z)

Solution:
(a)

m
[h]- J.Lm fl:.i:]-
[E} J.Lm Tz}

Evaluate the following limits.
[1:]- J.Lm fiz).
[f]- J.m:l f[.i:]-

; lim 1 0
Jm = lim T = ”"[”g 1 =1 =0
x ST limg . [1 = ,_—_;:]
(b)
3 2 3 1 J.i.[l]g o 80 1 L ﬂ
lim = = lim —3_!2—"? = [:" 2:] = —
ra-wgf-2r =8 ewemlogogm limg, . (1-2 a:?!:] !
(e}
) 3= lmg s+ (3 — ) 3-1 2
lim — = — 3 = B -,
gl p? — Jpr —~ 8 limy g4+ (2*~-2x-8) 1-2-8 0
(d}
3= by - (3 — ) 3-1 2
lim = — = B -,
zs1- 22— 2x -8 limy_ - (22-2x-8) 1-2-8 0
e}
3=z 3= 1 3=z
li = li = | li L
lim s s - (e ) (e )
. 1 1
= (Jm, 7=5) (5) ==
(£}
3= 3= 1 3=
litn L limm - = (J.i.m —) (J.i.m j)
gord- g? =2 =8  zd [z =4}z +2) - x =4 \z-v- x4 2

= (m ) (5) ==

a



. . . - a1
4. Compute the derivative of f(z) = :ﬂ .

Iz

Saolution:
J .'i.'-E F'H J .'i.'-a
flz) = 3a? (2 4 LE Ei}lﬁ 1) (=" — 1)
33 -2 - 2241 220+ 24 ]
- (a? I:i:]-2 B ?(x +1)?



5. Compute f'(x) and f*{x) when f{z) = sin” (z* +1).

Solution:

flz) = Einglz.'i:"' F1).

fix) =E.I3ﬁ:|s|::i:"' + 1)sin{z* + 1)
= 42" sin(2:* + 2).

fz) = 245° gin{z* + 1)eos(z* + 1) 4 ﬂﬂrﬁ[ﬁ)ﬁﬂ[f 1) EiLLE[I"' +1}})
= 12s° sin(2s* + 2) + 322%cos(22* + 2).



6. Find all lines tangent to the graph of y o= o which pass Lhrough Lhe
point (1, - 3).

Solution 1: Our strategy is as follows: Orat, we find all lines tangent
to the graph of y = 2*. Then we determine which of these pass through
the point (1, —3).

The tangent line to y = z at the point (zg. ) = (29,27} has slope
EE (xa)} = 2zq. Therefore, using the point-slope method for determining
lines, this tangent line has equation

v = (260)(e - a)+a}
= Dz IE.
We now have the equation for the tangent line to g = 2% at the point

(xg,22), and we want to determine for which values of x; this passes
through the point (1, —3). This requires, simply:

3 =2x4(1) I-g,

ie.
I-E 2ag = 3 =1

Solving this equation (either using the quadratic formula, or by noticing

that this polynomial factors as (og — 3)(zq + 1)}, the desired values of

g are g = —1, 3. Finally, since the question asks for the equations of

the lines, we substitute xy = — 1, 3 back into our general equation for

the tangent line through [.‘m,:cg]- Lo gt

¥ = —=2r—1 aml
¥ = fx-9.

Solution 2: This time, our strategy is to write down all lines through
(1,-3), and determine which of these are tangent to the curve y = a
By the point-slope method, all Bnes through (1, —3) are of the form

H:Tﬂ.[.'i.'- l]- 3

except the vertical line r = 1. Which of these are tangent to y = z*7
Certainly the vertical line z = 1 isn’t, since no tangent lines to y = x
are vertical, so we only need to think about the lines y = miz - 1)+ 3.

8



Suppose y =mlx — 1} + 3 is tangent to y = x* at the point (xq,4) =
[:Iﬂ,.'l.'-g}. Since the tangent line to y = 22 at that point has to have
slope %[m} = 2z, we obtain the condition

o= (22q)(zg ~ 1) + 3

(Alternately, one could get this by sayving: the slope from (1, -3} to
2

[IU,IE} s ;ﬂl—?, and this mmst equal 2ry.) This equation can again

be solved to yield x4 = ~1, 3, and therefore the same two lines as in

Solution 1.

Comments: The most common error was to interpret the point (1, —=3)
as the point of tangency (which doesn’t make sense, since it isn’t even
on the graph!} and to conclude that since the tangent line must have
slope 2.1 = 2 and pass through (1, =3}, it must be the line y = 2z - 5.
This was warth 1 point for correctly diferentiating y = P

The second most common errar was Lo write down the collection of lines
i =mlx— 1} -3 through {~1, 3}, then to assert that since the slope is
m = 2z, the tangent line must be y = (2z){x — 1) - 3 =22 - 2z - 3.
(This is very much in the rght direction: if you realize that what we
have written down, above, 8 the condiion for one of these line to be
tangent to the curve at (x,y). then you substitute »* = y = 25° - 2x-3
and happily solve for £ = ~1, 3.}

The source of confusion, here, is that z has been used to denote two
different things: the variable in the equation for the line, and the co-
ordinate of the point of tangency. If one is careful to think through
what one is doing, e.g. by saying “suppose the line y = miz - 1} - 3
is tangent to the curve y = 2 at the point {zg, ) = [:Iﬂ,.'l.'-g}“, it's
impossible to make the above mistale.

This was worth 5 points, since somewhat more of the correct working
B present; however, if you seemed to be claiming that the equation
y = 22* — 2r — 3 was the equation of a line, points were deducted for
claiming something that you should know s nonsense.



7. Suppose g(1) = 4, ¢'(1) = 3, and ¢"(1) = ~2. Suppose also that
fi4) =6 fi{d4) = ~1, and {4} = 5. What are the values of the first
and second derivatives of ( fo g)(z) at 2 =17

Salution:

First, note the equivalence of the expressions f(g(x)) and (f = g)(z).
We will use both notations interchangably below. Recall from the chain

rile that
(feg) ()= flgl=)) gz} (%)

Thus, when & = 1 we have
(f 00l 1) = F(o) g (1) = f(A) (1) = ~1-3= -3,
To answer the second part, we can us the product rule to differentiate
the equation (#) and obtain
(fog)'(@) = (('ea)@)d (@) = (/o)) (2) + (1 o))z}
We again apply (¢} to see that
(' 9)(2) = J"(olz)) g/2).

After simplifying and pluogging in 2 = 1, we see that

(fog)"(1) = f"(g(1)) (&' (1)) +(f og)(1) g"(1) = 5:3%+ [ ~1)(~2) = 47.

10



Iﬂﬁill[_,__—],j for x £ 0

f(z) = .
0 for 2 =0
(a)} Find the smallest integer value for nsuch that fz) is continuous
at xz =1}
(b} Find the smallest integer value for n such that f{x) is differentiable
at xz =1}
(¢} Find the smallest integer value for n such that Y(x) exists at
=1
Solution:

(a) Since sin [ﬁ,:] assumes the value 1 at o = II_[:!E-E_IJ*F and assumes

the value 0 at @ = 1"Iﬁ for any integer k., in order for

1
lim ™ sin (—) =0}
e _'[.E
to hold, it is necessary and sufficient for the integer n tosatisfy n =
1. Thus the smallest integer value for n to make f{z) continuous
atz=0isn= L
(b} Far f(0} to exist, the function f(x)} must first be continuous at
o= 0 and n must be at least 1 to start with. In order for the
difference quotient

1) JO) _ s g (1)

=10 z2
by approach a fnite limit as = — 0, it 5 necessary and sufficient
for the integer n to satisfy n — 1 > 1. Thus the smallest integer
value for i bo male f(z) diferentiable at £ = 0isn = 2. In this
case, (0} =0.
(e} Toconsider the existence of (0], we must Arst have the existence
of {0}, which implies that n must be at least 2 Lo start with.

fx) = ne™ " sin (.i:_lﬂj b 2" 31:1]5(lj.

P
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For f*(0) to exist, the function f{r) must first be continuous at
z = 0. It means that the lmit of 22" *cos [ﬂi,:] must be ( as
z —» 0}, which implies that n > 4. For the computation of f"[ﬂ}
the difference quotient is

FE T =metom () v aetam (3).

x
For n > 4, the difference quotient has a finite limit as 2 — 0 if
and only if n > 5. Thus the smallest integer value of n for fY(0)
by exist at x = 0ign = 5.
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