
Math 19.

Mathematical Modeling
Exam I-Fall 2OO4
T. Judson

Name

Do not lvrite in this space.
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I\umber
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Directions Please Read Carefully! \bu have two hours to take this midtcrm. N,Iake sure
to use corlect mathenatica,l notation. Anv ansrver in dccirnal forrn nrust bc accuratc to threc
decirnal places. urtless otherwise specificd. Pace l.ourself by keeping track r-if horv rnany problerns

vou have lefl to go trnd horv much tirne renrairrs. You do not have to arrswer the probierns in anv
particular order. so rnovc to another problenr if rorr fincl you are stuck or spending too nurch tirne
ou a sitrgle problcrn. To receive full creclit on a prciblenl. )'or1 u'ill rreecl to jrrstifl' voul ans\vers
carefulll. unsuJrstarrtiated ansrvers rvill receive 1itt1e cir no creclit (except if the ciirections for that
questiou specificalll 'sa\r no justificatiort is rrr'cessarl'. sucir as a Trrre/False section). Please be sure
to rvlitc uetrtll i l legible ans\vcrs rvill rcceive little cir no credit. If rnore space is ueecled. rrse the
back of thc plcvious pagc to continue Your rvork. Be srrre to urakc- a note of this on tire ploblerri
pilge so tlrat tlie graclel ktiolvs rlltere to firrcl \ 'orlr ans\,'ers. Ycxr trla\r rlse a calcrrlator on this exill lt.
but no other aicls are allor.ved. Good Luck!!!



f . (25 points) In an isolateri regiori of the Canadian Nortliwest Territories. a population
of arctic wolves, z(/). arrd a population of silver foxes, g(i), courpetc fbr survil'al. (Frr
each populatiorr. one unit represents 100 inciividutrls). The tu'o spccies have a colnrnon.
limited foocl supph', u,hich consists rnainh' of nrice. The interaction of the tu,'o spccies
c:arr be rnoclelcd bv thc follou,ing s}'stcnr of riifferential equations.
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'"vhere the nronortionalitv constants vu'ere obtainecl fiom obserlation.

(a) Find the rmllclines of the s1'stem for r ) 0 and y > 0.
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(b) Find all of the equilibrir-rm sohrtions for r ) 0 and g ) Q.
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(c) Using linearization, detcrrnine the nature of the equiiibrir-rm solution lies strictlr'
in the first quzrdlant. That is. deterrnine the stabilitv of the equilibriunr solution
fbr r ) 0 ancl y > 0. \Vhat is the long term sitr-ration for tlie foxes and the rvolves'/
Can the tu'o species sun'ive together?
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(d) Sketch and Lo,bel, tlie nullclines on the graph belolv.
rcction of the solution on the nuliclines. Sketch the
beg ins  a t  (1 ,2 ) .

Be srue to indicate the di-
tra.jectory in rg-plane that
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2. (6 points) Eight cliffcrcntial equatioris arid six slope fields are given beiorv. Determine
the eqrration that corresponds to each slope field. l{o explanation is necessar),. Eacir
slope field is graphecl for -2 { r ( 2, -2 I q I 2.
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3. Conrpute each of the follorving partial clerivatives: (8 points)
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'1. (10 points) Consider the follorving matrices.

A : ( l  - ? )  u : ( - l  ? ) . : ( ' , )" - \ 3  - I )  \ -  , /  \ - 3 l

Corlpute each of the follor,ving expressions.

(a) Find the trace of ,4

(c) Calculate AB.
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(cl) Calculate BA.
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(c) C'alculate BC

(b) Find the deterurinant of B.
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5. (10 points) Corisider the follolvirrg differcntiai ccpration fbr the function 17(t):
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(a) What are the equilibrium solutions of this equa.tion'/
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(b) Graph the phase linc for this equation.



(c) Classifv each equiiibrium solution as a source. a sink. or a node.
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6. (10 points) The fox scluirrel is a snrall marnrnal natir.e to the Rockl' Nlountains.
These squirrels are ve1\' terl i tol ial.  so i f  thoir poprrlat ion is large, their grou,t l i  rate
dccreases ancl n,i1l even become negati'n'e if the popul:rtion is too large. On the otherr
hatrcl. if the populatiorr is too small. fertile adr-rlts mn the risk of not ireing able to find
srr j ta l r le  l l ra tcs.  so agai r r  the rate of  grou ' lh  is  negat ivc.  Let

t - tinie (indepenclent variable).

S(l) : population of the scluilrels at time t (dependent rariable).

\\'rite ii difl'ercntial ecluation that models the squirlel populatiou basecl on these as-
sumptions.
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7. (I2 points) Consider the follorvino nred:rfnr'-nrp' qvstems
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Assume tl iat the parameters a, 0,1. d. and iV are al l  posit ive constants.

(a) Identifl'u,hich dependent variable. :r or lJ. is the predator popr-rlation and which
rariable is the prey population irr each case.
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(b) Is the grorvth of thc prev limitecl bv anv factors other that the nnmber of predators
in each ctrse?
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(c) In each cr:rse. clo thc predatols have sourccs of focid other tharr f he prer"/
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8 .  ( 1 1points) Consirler the s\.stern of diflerential equations
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Drar,r' and label the .r and gr-nullclines on the graph belolv. Be sure to
the direction of the solution on the nnllclines.
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(b) Label the regions nhere d,rld,t > 0 and r,vhere drld,t ( 0 on the graph on the
previous page. Do the same for dy ldt.
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(c) Decider if (0,0) is a stalile equilibriurn point. Justify vorlr ansvv'er.
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(d) For the init ial condit ion r(0) :3 and y(0) : 1. sketcl i  the trajecton' irt  the phase
pl:rne on the graph ori the previous page.

See (adurot- ls fuq t .
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9. (8 points)

(a) Suppose that rou rvish to model tr poprrlation u'ith a differential equatiou of the
I<xn t l ,Pf dt: f  (P). rvhcre P(f) is the population at t ime 1. Experirnents have
bceti pelfonner,l on the population that give the follou'ing inforrnertion:

o The population at P :0 reuraius constant.

o A population close to 0 will increase.

o A population of P : 20 u'i1l decrease.
o A population of P > 100 r,r'ill increase.

Sketch the simplest possible phase line that agrees u'ith the experimental infor-
mation above.
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(b) Corrsider the diff'erential

belorv. Sketch the phase
equatiori d,y ldt : f (1t),
line fbr this cliff'erential
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r,vlrere the graph of f (y) is given
equation.
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