
Mathematics 191
Approximating Binomial Coefficients by Wallis’s product

This gets the key approximation of section 3.10 without Stirling’s approx-
imation. Let

In =

∫ π/2

0

sinn x dx =

∫ π/2

0

sinn−2 x(1−cos2 x) dx =

∫ π/2

0

sinn−2 x dx−
∫ π/2

0

cos x(sinn−2 x cos x) dx

Integrate the second term by parts:
If n ≥ 2:

∫ π/2

0

cos x(sinn−2 x cos x) dx = cos x
sinn−1 x

n− 1
]
π/2
0 +

∫ π/2

0

sin x
sinn−1x

n− 1
dx

The first term on the right-hand side is zero at both endpoints of integra-
tion. So

In = In−2 −
In

n− 1

and
(n− 1)In = (n− 1)In−2 − In

or
In−2 = n

n−1
In

Now

I0 =

∫ π/2

0

dx = π/2

and

I1 =

∫ π/2

0

sin x dx = 1

So

π/2 =
I0

I1

=
2/1I2

3/2I3

=
2/1 ∗ 4/3I2

3/2 ∗ 5/4I3

=
2/1 ∗ 4/3 ∗ 6/5I6

3/2 ∗ 5/4 ∗ 7/6I7

=
2/1 ∗ 4/3 ∗ 6/5 ∗ 8/7I8

3/2 ∗ 5/4 ∗ 7/6I7

= · · ·

For large m we can approximate I2m

I2m−1
by 1 and so:

π/2 ≈ 2/1 · 4/3 · 6/5 · · · 2m/2m− 1

3/2 · 5/4 · 7/6 · · · 2m−1
2m−2

=
2 · 2 · 4 · 4 · 6 · 6 · · · (2m− 2)2 · 2m
1 · 3 · 3 · 5 · 5 · 7 · 7 · · · (2m− 1)2

and√
π/2 ≈ 2 · 4 · 6 · · · (2m− 2)

√
2m

3 · 5 · 7 · · · (2m− 1)
=

22 · 42 · 62 · · · (2m− 2)2
√

2m

2 · 3 · 4 · 5 · 6 · 7 · · · (2m− 1)

(2m)2

2m · 2m

So √
π/2 ≈ 22m(m!)2

(2m)!
· 1

2m

1



and inverting, we have
(2m)!

22m(m!)2
≈ 1√

πm

Historical Note: Wallis discovered this infinite product for π/2 before cal-
culus was invented. He did not know how to integrate by parts and had no
clue about integrating trig functions. He guessed the answer by looking at∫ 1

0
(1 − x2)m dx for integer m, finding a recursion relation that worked, and

using it also for half-integral m.
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