Math 191 Notes, 2004 January 8

Weak Law of Large Numbers
Special Case

Imagine lottery tickets:

Generating function:
1
Gx(s) = 5(1 + 5%)

X 1
For g,GX/n(S) = 5(1 + 52/m)
For n copies of X/n: S, => 7 X,, look at S,,/n (average).
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Now we must rewrite this if we are going to take limits. Let
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Central Limit Theorem
P(X =1)=0.5, P(x =-1)=105

The mean of this is 0, the variance is 1.
L
Gx(s) = 5(5 + s)

“All we want is generating functions where the series converges in some neighborhood of 1.”
The derivatives at 1 are all that are important to us because the expectation and variance



are all related to the derivatives at 1.
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Weak Law of Large Numbers: General Case
Assume X has expectation E(X) = p.

GX(l) =1, G/(1> =
Gr(s) — Gx(1) = G (1)(s — 1) + O(s — 1)

Gx(s)=1+G%(1)(s—1)+0(s—1)
=14+pu(s—1)4+0(s—1)
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Central Limit Theorem: General Case

Choose X with mean E(X) = 0, variance o2, Then E(X?) = 2.
Gx(s) = G + G(1)(s — 1) + %G”(l)(s 124 0(s—1)
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This is the same as the normal distribution.

Markov’s Inequality (General Case)

Suppose you have some function h(z) that assumes only non-negative values. For example
|z|, 2%, .... And suppose we have a random variable X. Choose some positive c.

JE(h(x)[h(x) > ¢) + P(h(z) < )E(h(z)|h(z) < ¢)

Chebychoev’s Inequalities

E(X?
P(|X]|>a) =P(X? > d?) < (a2 )
If E(X) =0,
varX
P(|X]| > a) < =



. Now,

Sy = ZX"’ var(S,) = n var(X)
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This weak law of large numbers is not satisfying because the probability goes down by a factor
linear with respect to the number of independent variables. Unfortunately, that means that
the absolute number is the same problem.

Assume E(X) = 0.

> e) = P(|S,| > ne)

var S,, nvar X var X
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Strong Law of Large Numbers

Assume E(X) = 0, E(X?) = 02, E(X?%) = M. Last condition is not necessary but makes this
proof easier.
Sp=(X1+Xo+ -+ X,)*

Consider E(S}). The second line as n* terms. 5 cases.

° 1): m such terms.
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We want to know:
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And this converges. So this proves that exceeding the average cannot occur infinitely often!



Let’s pick some N. What’s the probability of:

P (n@]\; ( % > e)) < ;ZO;VIP(\Sn/m > ¢)
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By choosing N as large as we like, we can make the RHS arbitrarily small (because this is
a convergent sequence).



