MATHEMATICS 152, FALL 2003
METHODS OF DISCRETE MATHEMATICS
Notes on Vector Spaces over Finite Fields

1 Two-component vectors over [Fy.

There are 4 x 4 = 16 of these. They break up into the zero vector plus 5 one-
dimensional subspaces (“lines”), each with three nonzero elements. The num-
bering of the lines below is consistent with the Windows program SL2F.exe,
available on the course Web site.

Line 1: [§], [*¢!], and [§]

Line 2: 9], [,%1], and [£]
Line 3: [L], [*T'], and [.51]
Line 4: [{], [711], and [Z]
Line 5: [,4,], [*4'], and [{]

Each subspace corresponds to one of the five edge colors used on the do-
decahedron, and the three non-zero vectors in each subspace correspond to the
three pairs of edges with a given color.

2 2 x 2 matrices with elements in F,

There are 4 X 4 X 4 x 4 = 256 of these.

The ones with non-zero determinant form a group GL(2,Fy).

The ones with determinant 1 form the subgroup SL(2,Fy).

Let’s count them.

Along each diagonal of the matrix we have two elements. When the two
elements that have a given sum and product are different, we have two possi-
bilities for that diagonal, but when they are the same we have only one. Some
combinations of sum and product are impossible.

Example: The product x can arise as (x + 1) or as 1 X z.

e [f the sum on a diagonal is 1, there are 0 ways to have product z.

e If the sum on a diagonal is 0, there is only 1 way to have product .
Both entries on the diagonal must be z + 1.



e [f the sum on a diagonal is x 4 1, there are 2 ways to have product x.
The entries on the diagonal must be z and 1, and these can occur in
either order.

Sum (0 Sum 1l Sumaz Sumxz-+1 Total

Product 0 1 2 2 2 7
Product 1 1 2 0 0 3
Product = 1 0 0 2 3
Product z + 1 1 0 2 0 3
Total 4 4 4 4 16

Counting the matrices with determinant 1.

For reasons that will become apparent, we classify them according to the
trace, the sum of the elements on the main diagonal. “Main” and “Off” refer
to the product of the elements on the maion diagonal and the off diagonal
respectively. For a matrix to have determinant 1, the product along the main
diagonal must be 1 “greater than” (different from) the product on the off-
diagonal.

Main Off Trace(O Tracel Tracexz Tracez +1 Total

0 1 3 6 6 6 Tx3=21

1 0 7 14 0 0 3 xT7T=21

x r+1 3 0 0 6 3x3=9

x+1 x 3 0 6 0 3x3=9
Total 16 20 12 12 60

The column totals are suggestive. There are 60 elements in the group, the
same as in the symmetry group of the dodecahedron/icosahedron. Perhaps
the 20 matrices with trace 1 are the order 3 elements, and the 24 with trace
x or x + 1 are the order 5 elements. The identity matrix has trace 0, and the
remaining 15 matrices with trace 0 could be the order 2 elements.

3 What are the eigenvalues of these matrices?

[25] — A[§ 9] must have determinant 0,
so det [ 2] =0
or

(@a—A)(d—=X) —bc=0

or
N —(a+dA+ad—bc=0
But ad — bc is the determinant, which is 1.
The coefficient of A, the trace, determines the eigenvalues.
Trace 0: A* + 1 = 0 has one solution A = 1.
One such matrix (the identity) has two eigenvectors. The other 15 of these
have a single line of eigenvectors. The other four lines get exchanged in pairs.
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So as a permutation of the lines, such a matrix behaves like a permutation
with order 2, of the form (12)(34).
Trace 1: A2 4+ X+ 1 = 0 has two solutions, A =z and A = z + 1.

Each of these 20 matrices has two lines of eigenvectors and permutes the
other three lines cyclically. Such a matrix behaves like a permutation of order
3, of the form (123).

Trace z or z+1: A2+ 2A+1=0o0r A2+ (z+1)A+ 1 = 0 has no solutions
over the field Fy. (There is no sign error in the coefficient of A, since —z is the
same as z in [Fy.

Each of these 24 matrices has no eigenvectors and permutes all five lines
cyclically, like a permutation of order 5, of the form (12345).

4 The isomorphism between the symmetry group
of the dodecahedron and SL(2,F,).

See the attached hand-drawn diagram 3. A vector is associated with each edge,
and a matrix is associated with each face, vertex, or edge. The geometric effect
of the rotation associated with each matrix is found by letting the matrix act
on the vector for each edge. When this vector is an eigenvector, the edge
is moved to another edge of the same color, labeled with a vector that is
proportional to the original vector.

5 The isomorphism in action.

An order 5 element [ 1]
This does rotations about an axis through the central pentagon. Let it act on
a representative vector from each of the lines Ly, Lo, L3, Ly, Ls.

On Ly, [ 1][§] = [}] which belongs to L.
On Lo, [ 1]1[9] = [L] which belongs to Ls.
On Ls, [ 1][L] = [%] which belongs to Ly.
On Ly, [91][%] = [{] which belongs to Ls.
On Ls, [V 1][T] = [§] which belongs to L;.

So Ly — Ly — L3 — Ly — Ls — L; and the matrix corresponds to the
permutation (1 2 3 4 5).

An order 3 element [§ 1]
This does rotations about an axis through the rightmost vertex central pen-
tagon. Let it act first on a representative vector of the line L.

On Lo, [§,11][8] = [411] which belongs to Ls.
On Ls, [§ »41][231] =[] which belongs to Ls.
On L3, [§,11][L] = [9] which belongs to Lo.

So Ly — L5 — L3 — Lo and the matrix corresponds to the permutation
(25 3).



On Ly, [§,31][%] = [1] which also belongs to L. This vector is an eigen-
vector with eigenvalue z + 1.

On Ly, [§ ,11][4] = [§] which also belongs to Li. This vector is an eigen-
vector with eigenvalue .

An order 2 element [}, 9]
This does a 180 degree rotation about an axis through the [{] edge of the
central pentagon. Let it act first on a representative vector of the line L.

On Lo, [,41 V][9] = [9] which belongs to Ly. The eigenvalue is 1.

On L, [,51 V][L] = [1] which belongs to L.

On Ly, [,59][3] = [L] which belongs to Ls. So lines L and L, are
transposed.

On Ls, [,41 9] [.11] = [§] which belongs to L.

On Ly, [,49][4] = [211] which belongs to Ls. So lines Ly and L; are

transposed. This matrix corresponds to the permutation (1 5)(3 4).

6 2-component vectors over Zj;

It is convenient to name the equivalence classes [0], [1], [2], [-2] (the same as
[3]) and [-1] (the same as [4]).

There are 5 x 5 = 25 vectors. One is the zero vector, and the other 24
divide into 6 subspaces (lines), each with 4 nonzero vectors.

Line 1 (3], [3], [2)and [ ']
Every point on this line satisfies the equation y = 0.

Line 2: [9], [8], [ %]and [ 5]
Every point on this line satisfies the equation x = 0.

Line 3: [1], [3], [Z3]and [ ]
Every point on this line satisfies the equation y = x.

Line 4: [3], [ 4], []and [-4]

Every point on this line satisfies the equation y = 2.
Line 5: [ ], 3], [ZF]and [3']

Every point on this line satisfies the equation y = —2x.
Line 6: [ 4], [ 3], [)and [7!]
Every point on this line satisfies the equation y = —x.

Each line can be associated with an axis that passes through two opposite
pentagonal faces of the dodecahedron.

The numbering of the lines is consistent with the Windows program GL2Z5.exe
on the course Web site.

7 2 x 2 matrices with elements in Zs;

There are 5 X 5 X 5 X 5 = 625 of these.

The ones with non-zero determinant form a group GL(2,Zs).



The ones with determinant 1 form the subgroup SL(2,Zs).

Let’s count them.

Along each diagonal of the matrix we have two elements. When the two
elements that have a given sum and product are different, we have two possi-
bilities for that diagonal, but when they are the same we have only one. Some
combinations of sum and product are impossible.

Example: The product 1 can arise as 1 x 1, as —1 X —1, or as 2 x —2.

e [f the sum on a diagonal is 1 or -1, there are 0 ways to have product 1.

e If the sum on a diagonal is 2 or -2, there is only 1 way to have product
1. Both entries on the diagonal must be equal (1 or -1).

e [f the sum on a diagonal is 0, there are 2 ways to have product 1. The
entries on the diagonal must be 2 and -2, and these can occur in either

order.
Sum-2 Sum-1 Sum O Sum 1 Sum 2 Total

Product -2 0 2 0 2 0 4
Product -1 0 1 2 1 0 4
Product 0 2 2 1 2 2 9
Product 1 1 0 2 0 1 4
Product 2 2 0 0 0 2 4

Total 5 5 5 5 5 25

For determinant 1 the product along the main diagonal (“Main”) must be
1 greater than the product along the off diagonal (“Off).

We classify the matrices according to the trace, the sum of the elements
on the main diagonal.

Main Off Trace-2 Trace-1 Trace O Tracel Trace 2 Total

-2 2 0 8 0 8 0 4 x4=16
-1 -2 0 4 8 4 0 4 x4=16
0 -1 8 8 4 8 8 4 x9=36
1 0 9 0 18 0 9 9 x4 =236
2 1 8 0 0 0 8 4 x4=16
Total 25 20 30 20 25 120

The column totals are mildly encouraging. There are 120 elements in the
group, twice as many as in the symmetry group of the dodecahedron /icosahedron.
Perhaps the 40 matrices with trace 1 or -1 are the order 3 elements, and the
30 with trace 1 are the order 2 elements. The identity matrix has trace 2, its
negative has trace -2, and the remaining 48 matrices with trace -2 or 2 could
be the order 2 elements.



8 What are the eigenvalues?

Since the determinant is 1, the coefficient of A, the trace, determines the
eigenvalues. An eigenvalue \ must satisfy the equation A\? - (trace)\ + 1 = 0.

Trace 0: A2+ 1 = 0 has two solutions, A = 2 and \ = —2.

There are two lines of eigenvectors. The other four lines are exchanged
in pairs. These are the order 2 elements, corresponding to permutations like
(12)(34); there are 30 = 2 x 15 of them.

Trace 1 or -1: Neither A> 4+ X+ 1 = 0 nor A2 — A+ 1 = 0 has any solutions,
so there are no eigenvectors.

Each of these 40 matrices permutes the lines cyclically in sets of 3. Such a
matrix behaves like a permutation of order 3, of the form (123)(456).

Trace 2 or -2: A2 =2\ +1 =0 or A2+ 2\ +1 = 0 has a double root, 1 or -1.

Special cases are the identity [} ] and its negative [ ' °]. Every vector
is an eigenvector for either of these matrices.

The remaining 48 matrices each have one eigenvector and permute the re-
maining five lines cyclically, like a permutation of order 5, of the form (12345).

We now have precisely twice too many matrices of each order:

141 identity

15415 of order 2
20+20 of order 3
24+24 of order 5

Fortunately, the identity matrix and its negative form a self-conjugate sub-
group of order 2, and the quotient group will have 120/2 = 60 elements.

The elements of the quotient group are two-element cosets, pairs of matri-
ces that differ by an overall minus sign, like [} 9] and [ ' ]
or

[ 2 6] and [ ']

It is useful to have an arbitrary rule to select one of the two elements from
each coset as the standard representative of that coset. If the trace is nonzero,
choose the matrix with positive trace. Otherwise, choose the matrix for which
the sum of the off-diagonal elements is positive.

When you multiply two cosets, multiply the representative matrices. If the
product is not the standard representative of its coset, just change all the signs
to get the other element in the coset.

Using pairs of matrices like this, so that matrices that differ by an overall
minus sign are regarded as equivalent, changes the group into the ”projective
special linear group” PSL(2,7Zs5). In general ”"projective” means "take the
quotient by the center, the self-conjugate subgroup that consists of multiples
of the identity.”



9 The isomorphism between the symmetry group
of the dodecahedron and PSL(2,Zs).

See the attached hand-drawn diagram 4. A vector is associated with each
pair of faces, and a matrix is associated with each face, vertex, or edge. The
geometric effect of the rotation associated with each matrix is found by letting
the matrix act on the vector for each face. When this vector is an eigenvector,
the face is moved to another face of the same color.

10 The second isomorphism in action.
An order 5 element [ 1]
This does rotations about an axis through the pentagon L3. Let it act on a

representative vector from each of the lines Ly, Lo, Ly, Lg, Ls.
On Ly, [ % 4][§] =[5 ] which belongs to Ls.

On Ly, [ 9 %] [9] = [1] which belongs to L.
On Ly, [ % 34][3] = [ %] which belongs to L.
On Lg, [%3][ 4] = [: } which belongs to Ls.
On Ls, [ % 3][2] = [§] which belongs to Lj.

— Lg — Ls — L; and the matrix corresponds to the
permutation (1 2
On Ly, [ 3]
eigenvalue 1.
An order 3 element [ % 1]
This does rotations about the vertex where faces L1, Lo, and L3 meet. Let it
act first on a representative vector of the line L;.

On Ly, [ % 1][3] = [9] which belongs to L.

On Lo, [ % 1][9] = [1] which belongs to Ls.

On Lz, [ % 1][1] = [§] which belongs to Lj.

So Ly — Ly — L3 — Ly. We need to find another cycle.

On Ly, [ % 1][2] =[ 2] which belongs to Ls.

On Ls, [%1][4]= [: } which belongs to Lg.

On Lg, [ % 1][3] =3 ] which belongs to Ly.

So Ly — Ls — Lg¢ — L4s. The matrix corresponds to the permutation
(123)(456).

An order 2 element [? ']
This does a 180 degree rotation about an axis through the midpoint of the
edge shared by L; and L,. Let it act first on a representative vector of the
line Ll.

On Ly, [ JH[§] =[] which belongs to L.
On Lo, [ 1[9] = [3'] which belongs to L.
We have found the cycle (1 2).

On L3, [? ' [3] = [ '] which belongs to Lg.



On Lg, [(1) _01] [_11] = [:H which belongs to Ls.
We have found the cycle (3 6).

On Ly, [Y'[2] = [5'] which still belongs to Ly. We have found an
eigenvector with eigenvalue 2.

On Ls, [93'][7%] = [ 23] which still belongs to Ls. We have found the
other eigenvector, with eigenvalue -2.

So this matrix corresponds to the permutation (12)(36).

11 More quotient groups

Since only the line (subspace), and not the actual vector, is what matters when
we let a vector act on a matrix, multiplying every element of a matrix by the
same constant does not change the effect of the matrix in permuting lines.
The multiples of the identity matrix always form a normal (self-conjugate)
subgroup, the center Z (Biggs, p. 272). Any element of Z commutes with
every element of the group, so clearly the right cosets and the left cosets of Z
are the same.

The quotient group % is called PGL(2,F,), the “projective general
linear group.” Its elements are cosets of Z(IFy4), for example

{690, 1821, 75 .1}

or

{el a1
Each coset includes precisely one matrix of determinant 1, which can be
chosen as the representative, one of determinant x, and one of determinant
r+1.
GL(2,F4) has 180 elements. Its center has 3 elements, and so the quo-
tient group PGL(2,FF,) has 60 elements. The quotient group is isomorphic to

SL(2,F4), and we have not found anything new.
For GL(2,7Zs) the center has 4 elements:

{91188, [ %] [0 A}

Notice that in this case not every possible value of the determinant arises:
two of the matrices have determinant +1 and two have determinant -1.

GL(2,Zs5) has 480 elements. Its center has 4 elements, and the quotient
group PGL(2,Z;) has 120 elements. The elements of PGL(2, Zs) consist of 60
cosets for which two of the matrices have determinant +1 and two have deter-
minant -1 and 60 other cosets for which two of the matrices have determinant
+2 and two have determinant -2. A simple example of the second case is the
coset



{1391 09 20 16 %1, [0 4]}
So there are 60 cosets that do not include any matrix of SL(2,Zs), and to
find them we have to look at matrices with determinant 2 or -2.

12 Classifying the matrices with determinant
2

As before,
Sum -2 Sum-1 Sum O Sum 1 Sum 2 Total

Product -2 0 2 0 2 0 4
Product -1 0 1 2 1 0 4
Product 0 2 2 1 2 2 9
Product 1 1 0 2 0 1 4
Product 2 2 0 0 0 2 4

Total 5 5 5 5 5 25

For determinant 2 the product along the main diagonal (“Main”) must be
2 greater than the product along the off diagonal (“Off).

We classify the matrices according to the trace, the sum of the elements

on the main diagonal.
Main Off Trace-2 Trace-1 Trace 0 Tracel Trace 2 Total

2 0 18 0 0 0 18 9 x4 =236
-2 1 0 8 0 8 0 4 x4=16
-1 2 0 4 8 4 0 4 x4=16
0 -2 8 8 4 8 8 4 x9=36
1 -1 4 0 8 0 4 4x4=16
Total 30 20 20 20 30 120

For comparison, count the odd permutations in Ss.

Like (12): there are %4 =10 of these (order 2).

Like (1234): there are 24X3X2 — 30 of these (order 4).

Like (123)(45): there are 22*3 = 20 of these (order 3).

To determine which trace leads to which order, we use the Cayley-Hamilton
theorem, which states that any matrix A satisfies its own characteristic equa-
tion.

If n is the smallest integer for which A™ is a multiple of the identity matrix
I, then A™ carries every line into itself and the coset containing A, an element
of PGL(2,Zs), has order n.

When the determinant is 2, the characteristic equation is

A% - (trace)A + 2 = 0.

Case 1: Trace 0:



A2 4+ 2 = 0 has no roots in Zs.
By the Cayley-Hamilton theorem, A satisfies the same equation as A and
SO

A2 421 =0

Thus A% = —21. Since this is a multiple of the identity, the coset containing
A has order 2. The 20 matrices with trace 0 and determinant 2 fall into 10
cosets, each of which also contains two elements with determinant -2. These
10 cosets correspond to odd permutations like (1 2), which never arise when
we consider the symmetries of the icosahedron.

Case 1: Trace 2:

A2 - 2)\ 4 2 = 0. This can also be written as

M 43X +2=(A+1)(A+2) =0, so it has two roots, two distinct
eigenvalues, two eigenvectors.

By the Cayley-Hamilton theorem, A satisfies the same equation as A and
SO

A —2A+21=0

Thus A2 = 2(A — 1) and

At =4(A - 1P =4(A? 24+ 1) =42A -2 —2A+ )= -4l =1

So A has order 4.

Trace -2 works out the same way.

The 60 matrices with trace +2 or -2 fall into 30 cosets that correspond to
the 30 order-4 permutations in S5 like (1 2 3 4).
Case 3: Trace 1:

A2 - X\ + 2 = 0 has no roots, as can be verified by trying -2, -1, 0, 1, and
2. So again there are no eigenvectors.

By the Cayley-Hamilton theorem, A satisfies the same equation as A and
SO

A2 —A+2I =0

Thus A2 = A — 21.

Then A = A(A—2)=A? -2A=A—-2] —2A=—-A-2I.

Finally A = (A+21)? = A2 +4A+41 = A— 21 +4A+ 41 = 21, s0 A
has order 6.

Trace -1 works out the same way.

10



The 40 matrices with trace +1 or -1 fall into 20 cosets that correspond to
the 20 order-6 permutations in S; like (1 2 3)(4 5).
An example with order 6:

The matrix [ 2] has determinant 2 and trace 1, so it should have no

eigenvectors and have order 6.
On Ly, [ 4 2][§] = [ 4] which belongs to Lg.

On Lg, [ 4 8][ ] = [Z1] which belongs to L.
On Ls, [ 4 3][1] = [Z}] which belongs to Ls.
On Ls, [ 4 23][ 2] = [ %] which belongs to L.
On Ly, [ 4 3][3] = [ %] which belongs to L.
On Ly, [ 1 2][9] = [3] which belongs to Lj.

So Ll — LG — L3 —

h

5 — Ly — Ly — Lq and this matrix corresponds to
the permutation (16 3 54 2) (in Sg, not in Ss).

Examples with other traces:

Trace 0:

The matrix [{ %] has determinant 2 and trace 0, so it should have no
eigenvectors and have order 2.

On Ly, [1 2][§] = [}] which belongs to Ls.
On L3, [1 A][1] =[] which belongs to L;.
On Lo, [1 %4 ][9] = [ 2] which belongs to Ly.
On Ly, [T 24][3] = [ %] which belongs to L.
On Ls, [+ %4][2%] = [ 2] which belongs to L.
On Lg, [1 A][ 2] =[7'] which belongs to Ls.

So as a permutation of Sg this matrix corresponds to (1 3)(2 4)(5 6) and
has order 2.

Trace 2:

The matrix [32] has determinant 2 and trace 2, so it should have two
eigenvectors and have order 4.

On Ly, [33]]§] = [1] which belongs to Ly.

[
On Ly, [32]13] =[2 ] which belongs to L.
On Ly, [42][9] = [#] which belongs to Ls.
On Ls, [12]] 2] = [2] which belongs to Lj.
On Ls, [$3][1] = [Z3] which again belongs to Ls. This is an eigenvector
with eigenvalue -2.
On Lg, [32][ Y] =[7'] which again belongs to Lg. This is an eigenvector

with eigenvalue -1.
So as an element of Sg this matrix corresponds to (1 4 2 5) and has order 4.

Conclusion:

PGL(2,Zs) has 120 elements and is isomorphic to Ss.
PSL(2,Zs) has 60 elements and is isomorphic to As.
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