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We did some heavy lifting during the past two lectures.
want to spend today tying up some loose ends.
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Hamilton’s principle
We saw in Lecture 7 that if L is a function on 7'Q) and if

1) = / L(C(t), C"(t))dt

J

then )
IC] = /_n-: — / H(O)t.
JO J it

Here o is the canonical one form on 1™ M, C'is the image in 17 Q)
of the curve Cp = (C.C") in T'Q) via the Legendre transformation

determined by L, and H is the Hamiltonian function on 7"
associated to L.



From this we derived the fact that a curve v in 1T7(Q is a
trajectory of the vector field X if and only if two conditions are
satisfied:

e v =L(Cp)=L(C.C") and
e (is an extremal of I (relative to variations with fixed end
points).

In the proof of this assertion we used the fact that a curve ~ in
170 was of the form v = L£(C'p) if and only if the first half of
Hamilton's equations were satisfied, and then verified the second
assertion above by varying the curve €' on ().



But we can consider a different variational principle - where
we vary among all possible smooth curves on 1™ (). not necessar-
ily curves on 1™ arising from curves on (). We will formulate
this in the slightly more general setting of exact symplectic mani-
folds. We recall that a symplectic manifold (M. w) is called exact
if there is a one form « on M such that da = —w. and that we
have chosen such a one form.

Let H be a smooth function on an exact symplectic manifold
(M,w,a), w= —da. For any smooth curve v : |a,b] — M define

b

AH("}") = /f.}: — H l::wf'}-'(f)(ft

«f (1

Let Ay and A, be submanifolds of M such that &« = 0 when
pulled back to Ay or As.



Theorem 1 For a curve v : |a.b] — M with v(a) € Ay and
~v(b) € Ay the following are equivalent:

e 7 is an extremal of Ay relative to variations with v(a) € Ay

and v(b) € As.

e ~ is an extremal of Ay relative to variations with fived end
pownts.

e v is a trajectory of Xyy.



Proot. Let Y be a vector field defined m a neighborhood of ~
with Y(v(a)) € 1, yA1 and Y (v(b)) € 1., 4)A2. Let ¢, be the

How generated by Y. Then

d | b
— A (05 ©7)|s=0 = / Dya — / Dy H) o~|(t)dt.

ds

By Weil's formula the first integral is

/_ (Y )da + / do(Y) = /'i'(y)”fff + (Y (v(D)) — aY(v(a))).

e
i

Under either of the first two assumptions. a(Y (v(b))) = a(Y (y(a))) =
0.

So the vanishing of this expression for all Y implies and is
equivalent to

(Y )da(A(t)) + («(Y)dH )(~(t)) = 0

for all t and all Y which is the same as saying that ~ is a trajectory



T'he equations for geodesics - the Christot-
fel symbols, parallel transport.

The Euler-Lagrange equations for geodesics are

.
Hr.g.,j . d (E‘.ir}ri) B L

dt dt  Oq,
where L = % Z; 9ii(q1.....4q.)qi)q; so that
L |
{9{?? p— Z fj?} (gf}-_. “ e {g”}gJ
J

and so the Euler-Lagrange equations become

d : 1 Ogre . .
dt Zj | =32 g, e

1] k#



and so the Euler-Lagrange equations become

d + 1 OGre . .
dt Zj i | =32 g, !

1] kf

Or

J

But

so the preceding equation becomes

d*q; Jgij dq. q; 1 dqy. dq
Z dt? +Z Oqp d dt E; dt dt

7

Z ffzf}u _ 12 Ogre  Ogir. 0gic \ dqg dq,
Yij— 75" A2 9 - Jq; Jq, Oq. ) dt dt



3 d’q; 1 v Ogie  Ogix — Ogic \ day dge
;- — - o o ’
9ij 42 9 - g, Jqy Oq. ) dt dt
7 .

Let (g"7) be the inverse matrix to (g, ;) and define the Christoffel
symbols

; 1 O g, g .
17 ::_E L] : A 1
fot 2 g ( dq; Jqq G W

d

Then the equations for geodesics can be written as

d?q; - daqy. dq,
= Iy, - 2
dt? ; REdt dt (2)



t’fgqj _ Z 1_} t’ffﬂ: (ffj; (2)
dt? REdt dt
ol

In Riemannian geometry courses it is taught that a Riemann met-
ric determines a unique notion of parallel transport along curves
(the Levi-Civita connection) and that the preceding equations
are the equations for a curve to be “self-parallel”, that is that its
tangent vector is transported parallelly along the curve. (See for
example my notes available on the web.) So another characteri-
zation of geodesics 1s that they are self parallel curves.

A slightly different way of putting this. due to Cartan. is:
Given any curve on a manifold. there is a notion of “develop-
ment along this curve™; intuitively we “roll the manifold onto
a Fuclidean space along the curve”. This then gives a curve in
Fuclidean space. The geodesics are those curves which roll out
to straight lines.

So we have many (equivalent) definitions of geodesics. They
are curves on () which



e are projections of trajectories on 17 of Qg where K is
the kinetic energy. (This is the definition which we will
principally use.)

e projections on () of the Euler-Lagrange equations for L =

L., 12 e

sllv]|= on TQ.
e curves (on Q) which locally minimize arc length.
e curves which locally minimize the kinetic energy.

e curves which are self-parallel.

e curves roll out onto straight lines under development.

e curves which are determined by Einstein’s “principle of gen-
eral covariance”.

For this last item. which is perhaps the most beautiful charac-
terization., and not very well known, see my notes on the web.



The Legendre transform.

Let L be a smooth function on a vector space V. Then dL is a
linear differential form, i.e. a map which assigns to each x € V
the element dL, € 17 L . Since V' is a vector space. we have a
canonical identification of 1,V * with V™ for each x € V. So we
can think of d. as defining a map

eV =V
& _-:i. & .

The space T*V =2 VE& V™ carries a canonical symplectic structure
(determined by the canonical two form on 1T%V"). So if we think of
dL as defining a section dL : V — 1™V the 1mmage of this section
1s a Lagrangian submanifold A of 1™V, Under the identification
17V =V & V”* the submanifold A becomes identified as

A = graph £.



A = graph L.

Conversely. suppose that A is a Lagrangian submanifold of
17"V, This means that the canonical one form ay of TV be-
comes closed when restricted to A. If A is simply connected.
this means that the restriction of o to A is equal to dy for some
function y. If in addition A is connected. then y is determined
up to an additive constant. Let us assume that we have made
such a choice of constant. (For a fixed vector space V' this choice
of constant is not very relevant. But when we have a family of
vector spaces, such as 1, 0Q as x varies over a manifold Q. this
choice becomes important.)




If my denotes the projection my : V & VF — V and if the
restriction of my to A

(TT V ) A A—=V
18 a diffeomorphism. then the function L on V' given by

L=Xxo ((TTV)|;1)_1

oives the function L such that A = graph £ where £ is the Leg-
endre transformation associated with L.



Now (V*)* =2 V. In other words. we can also think of V' &
V* as the cotangent bundle of V*. Under this identification.,
the symplectic form w gets replaced by its negative. Indeed, if
ry.....a, are linear coordinates on V" and vyq... .. 1y, are the dual

coordinates on V* then thinking of V& V™ as T™V the canonical

two form is
W = E dx; N dy;

2

whereas the canonical two form for 17" (V™) is

Z dy; N dx;.

i



Of course, A is a Lagangian submanifold relative to w if and only
if it is a Lagrangian submanifold relative to —w. The canonical
one form ay 18 given by

vy = E 1y, dr,

’
while the canonical one form ey« 18
Ny« = E x;dy;.
i

Now we have

ay+ = d E iy, | — oy

i

(on all of V- V7).



ay s = d E Yy, | — oy

i

(on all of V&6 V*). So the restriction of ary« to A is

d Z ridy; — X

i
So 1f the projection of A to V¥ is also a diffeomorphism. the

inverse of £ of the Legendre transformation is also a Legendre
transformation given by the function

H = Z Lyl — L.

In short, the “correct” definition of the Legendre transforma-
tion is that it is a Lagrangian submanifold of V' & V'™ (satistying
conditions relative to projections onto each summand).



Lagrangian submanifolds and equi-
librium thermodynamics.

In this section I want to briefly explain how the combined first
and second laws of thermodynamics can be formulated as say-
ing that the manifold of equilibrium states of a thermodynami-
cal system is a Lagrangian submanifold of a certain symplectic
manifold. For the backeround to this, and for a formulation ot
equilibrivm thermodynamics according to the approach of Born
and Caratheodory, see Chapter 22 of volume Il of my book with
Bamberg. A course in mathematics for students of physics. Here
1s a rapid review:



Systems and states.

The first basic assumption of thermodynamics, common to
almost all physical theories, is that we can isolate a portion of
the universe which we call a systerm. The system can exist in
various states. 'T'he description of all possible states of the system
is usually enormously complicated. For instance, if our system
consisted of a gas in some enclosure, the gas might be in turbulent
motion in which case we would have to specity the local velocity
of each small portion of the gas as part of our description of a
state.



Equilibrium states.

The next basic assumption is that among all possible states
there 1s a distinguished class of states called equilibrium states.
It all interactions of the system with the rest of the universe were
held constant, then the system would pass through various states.
but tend to a definite equilibrium state. Although the general
states of the system are very complicated. the equilibrinm states
are relatively simple to describe and the set of equilibrinm states
has the structure of a finite dimensional manifold.




Diathermal contact.

The next assumptions single out certain types of interactions:
There exists a special form of interaction between two systems
called diathermal contact. In this form of interaction there is
no observed macroscopic motion or exchange of material. The
changes which do occur can be described as follows: Consider the
combined system of the two original systems as a new systemn.
In diathermal contact. the equilibrium states of the combined
system form a subset of the set of pairs of equilibrium states of

the original system.



Thermal equilibrium.

In diathermal contact. the equilibrium states of the combined
system form a subset of the set of pairs of equilibrium states of
the original system. In other words. if p; is an equilibrium sate
of the first system and po is an equilibrium state of the second
system and the two systems are brought into diathermal con-
tact, the combined system will not necessarily be in equilibrium.
but will tend to a definite equilibrium state (g1.¢2) where ¢ is
a new equilibrium state of the first system and ¢y 1s a new equi-
librium state of the second system. We say that ¢ is in thermal
equilibrinm with ¢-.



The zero-th law of
thermodynamics.

It is an observed law of nature (sometimes called the zeroth
law of thermodynamics that thermal equilibrium is an equiva-
lence relation. The equivalence class of all systems at a definite
equilibrinm is called an abstract temperature. If we fix one defi-
nite system and some numerical function of the equilibrinm states
of this system which takes on different values at different equi-
librium states we obtain a numerical function ¢ on equilibrium
states of all systems called an empirical temperature. It is part
of the assertion of the “zeroth law”™ that we can choose this func-
tion to be a differentiable function on the manitold of equilibrium
states of any system. and that two states have the same abstract
temperature if and only if they have the same value of 6.



Configurational
variables.

In the description of any system. there are certain functions
that play an important role. For example, if the system con-
sisted of gas in a flexible container, the total volume would be
such a function. as would the total mass of each of the vari-
ous chemical constituents of the gas. These functions are called
configurational variables. 'T'he configurational variables when re-
stricted to the manifold of equilibrinm states are differentiable
functions, and these functions. together with # form a system
of local coordinates. In many examples the total volume V is

one of the configurational variables. So that V.xs.....x, would
be a system of coordinates where xo..... 1, are the remaining

configurational variables.



Adiabatic interactions.

There exists another important class of interactions of the
system with the rest of the universe called adiabatic interactions.
These interactions have the property that thermal equilibrium is
not disturbed unless there is some change in the configurational
variables. If, for a period of time, all the interactions of a system
are adiabatic, the system is said to be in an adiabatic enclosure.

A curve joining two states p and p’ while the system is in an
adiabatic enclosure is called an adiabatic curve.



The first law.

A curve joining two states p and p’ while the system is in an
adiabatic enclosure is called an adiabatic curve. The first law
of thermodynamics is a generalization from experience which
asserts that if a system in an adiabatic enclosure is brought from
one state p to another state p’ by applying external work. the
amount of this work is always the same no matter how this work is
applied. There is therefore a function U on the space of states ot
the system called the internal energy such that W = U(p')—U(p)
1s the amount of work done on the system when the system is
moved adiabatically from p to p’.




Heat

If the system i1s not in an adiabatic enclosure and is brought
from p to p’ by some curve of interactions, the total external
work applied need no longer equal U(p') — U(p). The difference
U(p')—Ul(p)—W = Q is called the heat supplied by the process.
Here the work done and the heat supplied depend on the process
and not merely on the initial and final states.




Reversible paths.

A curve ~ of states is called reversible if for every t. the state
~(t) is (sufficiently close to) an equilibrinm curve. The intuitive
idea is that the interactions are proceeding very slowly relative
to the “relaxation time” of the system. For example. suppose
that the interaction takes place through some piston and rod
arrangement which changes the volume of a gas. If the gas is in
an equilibrium state and we suddenly push in the piston. the new
state of the gas will not be in equilibrinm. There will be eddies
or shock waves etc. If we then hold the piston in its new position.
the gas will settle down to a new equilibrinm state. 'The idea of a
reversible curve is that if we move the piston sufficiently slowly.
the states will be approximately equilibrium states for all time.



Pressure.

For the case where only the volume of a gas is changing, it
is a familiar observation that there exists a function p called the
pressure, on the set of equilibrium states so that the work done on
the system along any reversible curve is given by — [ pdV. More
cenerally, there exists a linear differential form 7 on the manifold
of equilibrinm states such that the amount of work done along a
reversible curve is [ 7 and that 7 has the form

T =widry + - + vydr,

where the x¢.....1, are the conficurational variables.



The heat form.

—de

T'herefore the heat supplied along the path ~ is given by the

integral
Q) = | o
where
o=dU —T.
In case 1 = V is the volume so that 1y = —p is the pressure this
reads

o=dU + pdV — vodayg — -+ — v, dr,,.

In particular, by definition, an adiabatic reversible curve is a
curve on the manfold of equilibrinm states which is a null curve
for o, i.e it satisfies (o.%(1)) = 0 at all points where ~ is differ-
entiable.



The second law.

Now to the second law of thermodynamics. It is an ev-
eryday experience that certain types of work done on a system
can not be recovered: (Given an system in an adiabatic enclosure.
there are certain types of work that can be done on the system
such as violent stirring. which are such that you cannot get vour
work back by any reversible adiabatic curve. More precisely:

Near any equilibrium state p of any system there are
arbitrarily close equilibrium states which can not be
joined to p be any reversible adiabatic curve.



Entropy.

By a certain amount of argumentation. including a non-trivial
theorem of Caratheodory (closely related to Darboux’s theorem!)
this has the following consequence:

There exists a universal absolute temperature scale
1" (that is a choice of empirical temperature) deter-
mined up to arbitrary multiplicative constant with
the following property: Fixing this constant (thus
choosing 1') determines a function S on the set of
equilibrium states of any system so that the heat form

d 18 given by
o=14d5.

The tunction S is determined up to additive constant
(one for each system) and is called the entropy.



The combined laws.

| refer to B&S for a proof of this fact. We can combine the first
law o = dU — 7 and the second law 1TdS = o as the combined
law

dU =1TdS + 7.

For notational simplicity 1 will now limit myself to the case of
one configurational variable V so 7 = —pdV'. The general case
differs only in the need for more complicated notation. So now
the combined laws read as

dU =1dS — pdV. (3)



The gas constant.

dU =1dS — pdV. (3)

Let us set

3:=(RT)™!
v = [Ip.

Here R is a conversion factor from units of temperature to units
of energy known as the “gas constant”. So (3 has units of inverse
energy and v has units of inverse volume so that GdU and vdV
are “dimensionless”.



The combined laws and
symplectic geometry.

r

We can consider a four dimensional space V' & V* where V
is two dimensional and (5.v) € V and (U.V) € V* with the
symplectic form

w=d3 N dU + dv N dV.

We can now formulate the combined laws as saving that

The manifold of equilibrium states is a Lagrangian
submanifold A of V& V¥,



The entropy as a
generating function.

If we (can) use U and V as coordinates on A then the fact that
w=d(pU + vdV)

vanishes on A says that there is a function S on A such that
dS = 3dU + vdV

(if A is simply connected). This is just a rewrite of (3). If we
introduce U and V' as coordinates. this says that S is a generating
function for A. In other words. if we are given S as an explicit
function of U and V' then

a5 05
V= —".
oV

7 = :
| oU



Planclk’s function as a
generating function.

If we (can) use 3 and v as coordinates on A ., then from
w=d(-Udg3 — Vdv)
we see that
Y=5-pU—-vV

is a generating function for A and we recover U and V' as func-
tions of 3 and v by
Y aY

UO=——, V=———.
s v



Massieu’s function as a
generating function.

Most importantly, we can write (on all of V & V™)
w=d(Udp + vdV)

so that on A we have
d/Z = -Udp + vdV

where the Massieu function Z is defined by

Z — E; — _i.j[.-"i



The Massieu function and
the partition function.

d7 = —UdS + vdV (4)
where the Massieu function Z 1s defined by
/s =5 — pU. (5)

Thus the Massien function is a generating function for A in terms
of the variables 3 and V. So (4) and (5) give the first and second
laws of thermodynamics together with a complete description of
the equilibriumn states of the system. In statistical mechanics.
the Massien function #Z is identified with the “partition func-
tion”, and thus provides a link between microscopic theory and
observed macroscopic phenomena.



Canonical relations and their gener-
ating functions.

Let M be a symplectic manifold with symplectic form w. Then
—w 18 also a symplectic form on M. We will frequently write M
instead of (M. w) and by abuse of notation we will let M~ denote
the manifold M with the symplectic form —w.
Let (M;,w;) 1 = 1.2 be symplectic manifolds. A Lagrangian
submanifold I'" of
' C M x Ms

i1s called a canonical relation. So I' is a subset of M; x M>
which 1s a Lagrangian submanifold relative to the symplectic
form we — wy 1n the obvious notation. So a canonical relation is
a relation which is a Lagrangian submanifold.



The graph of a
symplectomorphism.

For example. if f : M{ — M5 18 a symplectomorphism. then
['y = graph f is a canonical relation.



Let us put this in the language of fiber products: Let
m: 11— M
1 2

denote the restriction to I'y of the projection of M, x M5 onto
the second factor. Let

P I's — AMs

denote the restriction to I's of the projection of Ms x M3 onto
the first factor. Let

FcM 1 X M g X M g X M 3

be defined by

F = (TT X p)_lﬁ_fug,



In other words, F'is defined as the fiber product (or exact square)

_F L1 X 1—‘1
-LQJ( J(TE (6)
]__2 ? jllrg
Iz

S0
F - ]__I'l X ]__IQ - Jirj_ X jllrg X Ju!rg X Jlrj

Let pryy denote the projection of My x My x Mo x Ms onto
My x My (projection onto the first and last components). Let
w13 denote the restriction of pry; to F. Then, as a sef.

[0l = TTl;g(F)+ (7)

The map pryy is smooth, and hence its restriction to any
submanifold is smooth. The problems are that



Problems with the definition of
composition.

1. F defined as
F = (;T X f’})_l&!”;zr

i.e. by (6). need not be a submanifold. and

2. that the restriction w3 of pryy to F' need not be an embed-
ding.

So we need some additional hypotheses to ensure that I's o I' is
a submanifold of My x M3. Once we impose these hypotheses we
will find it easy to check that I'sol'y 1s a Lagrangian submanifold
of M x M3 and hence a canonical relation. I do not want to go
into these conditions at the moment.



[he cotangent case.
:[:I: Jlr, — I#(Q; ].{‘t
¢1:17Q1 — 170

be defined by
c;l{:r. .f”] — (:r. —E‘J
Then ¢ (ag,) = —ag, and hence

Gl lwg,) = —wg,-



We can think of this as saying that ¢; 18 a symplectomorphism
of My with M and hence

¢ x id
13 a symplectomorphism of My x Mo with M x Ms. So
' C M{ x Ms
1s a canonical relation if and only if
A= (¢ xid)(T)
is a Lagrangian submanifold of T%(Qq x Q). If A projects dif-
feomorphically onto (1 x (Jo then it will have a generating func-

tion ¢. We then say that ¢ o (¢; x id) is a generating function
for T



For example. let (? be a Riemannian manifold and let

O € C™(Q x Q) be defined by

. 1 )
Gu(w,y) = d(x. y)°. (8)

where

t 0.

Let us compute Ay, and (¢ x id)(Ay). We first do this computa-
tion under the assumption that Q = R™ and the metric occurring
in (8) is the Euclidean metric so that

1

@ﬁ(:}:r Y. f) — E (:I:t' — Ut)g



do L,
8;’1‘; N ?(IF B U.ﬁ)
)d 1
W = lpi—m) so
vy, |

| |
*"'L{.-"} =

(. ?(1 — ). . ?(-'_u — )} and

(¢ xid)(Ay) = {(:ff.%(iu—:f‘).-:u,%(:u—:r-')k



+ 1 1
(¢1 xid)(Ay) = {(:r:.-;(:u—:If)_-:u.-;(-;u—:frlk

In this last equation let us set y — x = 1£. i.c.

) 1
§ = ;(y — )

which is possible since t # 0. Then

(S id)(ﬂr;;) — {(:'If_- £+ 1€, ﬁ)]r

which is the graph of the symplectic map

(:}i_. {) — (;’Ii_. €T+ f{)

If we identify cotangent vectors with tangent vectors (using the
Fulidean metric) then » 4 t£ is the point along the line passing
through = with tangent vector £ a distance t||£|| out. The one
parameter family of maps (x.&) — (x.x + 1£) is known as the
ceodesic flow.



More generally. this same computation works on any geodesi-
cally convex Riemannian manifold:

A Riemannian manifold @) is called geodesically convex if.
oiven any two points x and y in (), there is a unique geodesic
which joins them. We will show that the above computation of
the generating function works for any geodesically convex Rie-
mannian manifold. In fact., we will prove a more general result.
Recall that geodesics on a Riemannian manifold can be described
as follows: A Riemann metric on a manifold ) is the same as a
scalar product on each tangent space 1,0 which varies smoothly
with . This induces an identification of 7°'Q) with 7™ () an hence
a scalar product { , ), on each T*(). This in turn induces the

LR

“kinetic energy’ Hamiltonian

| | R
H(:I:.'&) = E(é; £>;er+



T'he principle of least action says that the solution curves of the
corresponding vector field vy project under 7 : T7Q — Q to
ceodesics of () and every geodesic is the projection of such a tra-
jectory. An important property of the kinetic energy Hamilonian
is that it is quadratic of degree two in the fiber variables. We
will prove a theorem (see Theorem 2 below) which generalizes
the above computation and is valid for any Hamiltonian which
i1s homogeneous of degree & # 1 in the fiber variables and which
satisfies a condition analogous to the geodesic convexity theo-
rem. We first recall some facts about homogeneous functions
and Euler's theorem.
Let @ = oo be the canonical one form on 17%(). From its very
definition it follows that d(t)*a = ¢’ and hence that Dea = o

Since £ is everywhere tangent to the fiber, (&)a =0

and hence that
a=Dea=1i(€)da = —i(&)w

where w = wo = —da.



Now let H be a function on 1) which is homogeneous of
degree k in the fiber variables. Then

kH=EH = i(&)dH

1
(expvy) a—a = / E((‘!}{fjf’d.-‘”)*{k(ﬁ and
n dal



a .
E(e}{p topg ) a0 =

since H 1s constant along the trajectories of vy. So
(expvy ) a—a=(k—1)dH. (9)

Remark. In the above calculation we assumed that H was
smooth on all of 770 including the zero section, effectively 1m-
plying that H i1s a polynomial in the fiber variables. But the
same argument will go through (if &£ > 0) if all we assume is that
H (and hence vy) are defined on 1™*Q\ the zero section. in which
case H can be a more general homogeneous function on 1T7Q\
the zero section.



Now expvy : 170 — 170 is symplectic map. Let
[ := graph (expuvy).

sol' 10~ x 170 is a Lagrangian submanifold. Suppose that
the projection gy of I' onto @@ x @ is a diffeomorphism, i.e.
suppose that I' is horizontal. T'his says precisely that for every
(z,y) € Q x Q there is a unique § € 1/,Q such that

mexpuoy(r.&) =y.

In the case of the geodesic flow, this is guaranteed by the condi-
tion of geodesic convexity.



Since I' 1s horizontal. it has a generating function ¢ such that

dp =prya —prja
where pr.., @ = 1,2 are the projections of T*((Q) x Q) =1T7Q x
170 onto the first and second factors. On the other hand pry is

a diffeomorphism of I onto 17Q. So

ﬂ)_l

1s a diffeomorphism of Q) x ) with 1™0Q).

Pry o(TQxq

Theorem 2 Assume the above hypotheses. Then up to an addi-
tive constant we have

(prl D(TTQ}{Q“",L)_l)* (k—1)H| = o.



| 1 ]
Ou(a.y) = d(w.y)". (8)

(expvy ) a—a=(k—1)dH. (9)

Theorem 2 Assume the above hypotheses. Then up to an addi-
tive constant we have

(pr1 D(WWQ ﬂ)_l)* (k—1)H| = o.

Indeed. this follows immediately from(9). An immediate corol-
lary is that (8) is the generating function for the time ¢ flow on
a geodesically convex Riemannian manifold.

As mentioned in the above remark, the same theorem will
hold if H is only defined on 7" \ {0} and the same hypotheses

hold with @ x @ replaced by @ x Q \ A.



