Symplectic geometry
Lecture 8

|. The Darboux-Weinstein theorems.

These are theorems which state that two symplectic structures on
a manifold are the same or give a normal form near a submanifold
ete. via the Moser-Weinstein method.

2. Some group theory.
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This method hinges on the generalized Weil formula which
we now recall:

If f; : X — Y is a smooth family of maps and w; is a one
parameter family of differential forms on Y then

f; Wi = fg, wf + Qudw; + dQwy (1)

where

Q;: Q"(Y) — QF LX)

is given by

where



The homotopy formula.

d - - d :
Eff wy = [, Emf + Qidwy + dQwy (1)

If w; does not depend explicitly on # then the first term on the
right of (1) vanishes. and integrating (1) with respect to ¢ from
0 to 1 gives the homotopy formula

1
fi—fi=dQ+Qd, Q= [ Qut 2)

J 0



Darboux-VYVeinstein version |:
compact manifolds.

Theorem 1 Let M be a compact manifold, wy and wy two sym-
plectic forms on M in the same cohomology class so that

W — g = dov
for some one form a. Suppose in addition that
Wy . — Ll — ?L}LL.-‘” —+ ?LVLJL

15 symplectic for all O < t < 1. Then there exists a diffeomor-
phism f: M — M such that

f'#vt-’L — W.



Proof. Solve the equation
i(v)wp = —a

which has a unique solution v; since w; 1s symplectic. T'hen solve
the time dependent differential equation

( ij;

o T U ve(fr).  fo=1id

which is possible since M is compact. Since

dw;

dt

= dav.

the fundamental formula (1) gives

df;wy

i i da+0—dal =0



dffwy
dt

= f; [da+ 0 —da] =0

S0
¥ o .
j'!r LLJ{ — LLJ.[L

In particular. set t = 1. QED



Darboux-VVeinstein version 2:
compact manifolds.

Theorem 2 Let M be a compact manifold, and w;, 0 <t <1 a
family of symplectic forms on M in the same cohomology class.
Then there exists a diffeomorphism f : M — M such that

ffwi = wo.

Proof. Break the interval [0, 1] into subintervals by choosing
tho=0<ty <ty <--- <ty =1 and such that on each subinter-
val the “chord” (1 — s)wy, + swy,,, is close enough to the curve
W(1—s)ti4st;, 80 that the forms (1 —s)wy, +swy,,, are symplectic.
Then successively apply the preceding theorem. QED



Darboux-VWWeinstein version 3:
compact submanifolds.

The next version allows M to be non-compact but has to do with
with behavior near a compact submanifold. We will want to use
the following proposition:

Proposition 1 Let X be a compact submanifold of a manifold
M and let
i X — M
denote the inclusion map. Let o € QF(M) be a k-form on M
which satisfies
do = 0

o = 0.



Proposition 1 Let X be a compact submanifold of a manifold

M and let

it X — M
denote the inclusion map. Let o € QF(M) be a k-form on M
which satisfies do = 0
ito = 0.

Then there exists a neighborhood U of X and a k — 1 form (3

defined on U such that |
d3 = o

("T'his last equation means that at every point p € X we have

for all tangent vectors, not necessarily those tangent to X. So it
is a much stronger condition than 2*(3 = 0.)



Normal neighborhoods.

For the proot 1 want to use and generalize the exponential
map we defined in the last lecture: Choose a Riemann metric
(any Riemann metric) on M. At each p € X, the tangent space
1, M decomposes mto an orthogonal direct sum

T,M =T,X & Ny(X)

consisting of the vectors tangent to X and normal to X. Let
N(X) be the vector bundle over X consisting of the union of
all the N,(X), p € X. Then we define an exponential map Exp
mapping some neighborhood of the zero section of N(X) into M.
sending

v e N,(X)—expu

where the exp on the right is the exponential map at p. (Notice
that if X 18 a point. then Exp = exp.)



The map Exp is the identity map when restricted to X (iden-
tified as the zero section of N (X)) and so the differential of Exp
on all vectors in 1,,M where p € X 1s the 1dentity in view of the
above direct summ decomposition. The mmplicit function theorem
then implies that Exp 1s a diffeomorphism of some neighborhood
of the zero section in V(X)) onto some neighborhood of X. Now
we have a retraction: v — ftv of N(X) onto its zero section and
hence of a neighborhood of X m M onto X. Intuitively, choose
a sufliciently small neighborhood of X such that if ¢ 1s 1n this
neighborhood there 18 a unique closest pomt p € X to ¢g. Then
retract along the geodesic joining g to p.



Proof of the Proposition. DBy choice of a Riemann metric
and its exponential map, we may find a neighborhood of W of X
in M and a smooth retract of W onto X . that is a one parameter
family of smooth maps

ry W — W
and a smooth map 7 : W — X with
ri=1d. rg=t0om. 7 W — X, r,oi=1.
Write
dr

dt

and notice that w; = 0 at all points of X. Hence the form

— Wy OTy

3= Qo

has all the desired properties where () is as in the homotopy

formula (2). OED



Theorem 3 Let X. M and i be as above. and let wy and wq be
symplectic forms on M such that

E*-..;Jl — -i-*-:,u”

and such that
(l — 'f)c;u‘[} + fwq

1s symplectic for O < t < 1. Then there exists a neighborhood U
of M and a smooth map

fU—= M

such that

fix =1id and [Two=w;.



Proof. Use the proposition to find a neighborhood W of X
and a one form o defined on W and vanishing on X such that

W — wp = da
on W. Let v; be the solution of
L(vg)wy = —a

where w; = (1 — t)wy + twy. Since vy vanishes identically on X.
we can find a smaller neighborhood of X if necessary on which
we can integrate v, for 0 < f < 1 and then apply the Moser
argument as above. QED

A variant of the above is to assume that we have a curve of
symplectic forms w; with 2*w; independent of 1.



Darboux-VVeinstein version 4:
compact submanifolds.

Finally, a very useful variant is Weinstein's

Theorem 4 X.AM.: as above, and wg and wy two symplectic
forms on M such that wyx = wox. Then there exists a neigh-
borhood U of M and a smooth map

f.U—= M

such that
fix =1id and f*wy= w.

Here we can find a neighborhood of X such that
(l — f)i;:.}” —+- TL.L,LJL

1s symplectic for 0 < ¢ < 1 since X 18 compact. QED



Darboux’s theorem.

Omne application of the above is to take X to be a point. The
theorem then asserts that all symplectic structures of the same
dimension are locally symplectomorphic. This is the original
theorem of Darboux.



The isotropic embedding theorem.

Another important application of the preceding theorem is Wein-
stein’s isotropic embedding theorem: Let (M.w) be a symplectic
manifold., X a compact manifold. and ¢ : X — M an isotropic
embedding. which means that dz,.(1'X), is an isotropic subspace

of 1'M;,y for all x € X. Thus |
di (TX), C (di (TX),)*

where (di,(1'X),)* denotes the orthogonal complement of di, (1'X
in 1'M,; .y relative to w;(,,. Hence

(di (1TX),)*"/di (TX),

i1s a symplectic vector space. and these fit together into a sym-
plectic vector bundle (i.e. a vector bundle with a svmplectic
structure on each fiber).



(rfli'.a?(I1X):1.‘)J_/d"i':!-' CEX)I

i1s a symplectic vector space. and these fit together into a sym-
plectic vector bundle (i.e. a vector bundle with a symplectic
structure on each fiber). We will call this the symplectic normal
bundle of the embedding, and denote it by

SN;(X)

or simply by SN(X) when 7 is taken for granted.

Suppose that U is a neighborhood of #(X) and g : U — N
is a symplectomorphism of U into a second symplectic manifold
N. Then 73 = g o1 1s an isotropic embedding of X into N and f
induces an isomorphism

(s . .LNTS‘;' (X) — _L\*E;?(X)

of symplectic vector bundles.



Suppose that U is a neighborhood of i#(X) and g : U — N
is a symplectomorphism of U into a second symplectic manifold
N. Then 73 = g o1 1s an isotropic embedding of X into N and f
induces an isomorphism

of symplectic vector bundles. Weinstein's isotropic embedding
theorem asserts conversely, any isomorphisin between symplectic
normal bundles is in fact induced by a symplectomorphism of a
neigchborhood of the image:



Theorem 5 Let (M.wy;. X.1) and (N,wyn.X. ) be the data for

isotropic embeddings of a compact manifold X. Suppose that
(:SN;(X)— SN, (X)

1s an 1somorphism of symplectic vector bundles. Then there is a
neighborhood U of i(X) in M and a symplectomorphism g of U
onto a neighborhood of j(X) in N such that

For the proof., we will need the following extension lemma:
Proposition 2 Let
t: X — M., 5:Y —=N

be embeddings of compact manifolds X and Y into manifolds M
and N . suppose we are given the following data:



o A smooth map f: X — Y and. for each r € X

o A limear map A, T M;.y — TNty such that the restric-
tion of A, to TX, C TM;,, f,f:rm.r,e,dm with df .

Then there exists a neighborhood W of X and a smooth map
qg: W — N such that

goi= foi
and

dg, = A, VrelX.



Proof. If we choose a Riemann metric on M. we may identify
(via the exponential map) a neighborhood of i(X) in M with a
section of the zero section of X in its (ordinary) normal bundle.
So we may assume that M = A, X is this normal bundle. Also
choose a Riemann metric on N, and let

exp: N;(YV)— N

be the exponential map of this normal bundle relative to this
Riemann metric. For x € X and v € N,;(i(x)) set

g(x.v) == exp,,(Av).

Then the restriction of ¢ to X coincides with f. so that. in par-
ticular. the restriction of dg, to the tangent space to 1,.X agrees
with the restriction of A, to this subspace. and also the restric-
tion of dg, to the normal space to the zero section at = agrees

A, so g fits the bill. QED



T'he next stage in the proof of the theorem is to recall and ex-
pand upon some results we obtained in symplectic linear algebra
about choosing Lagrangian complements:

For any a Lagrangian subspace L C V we will need to be able
to choose a complementary Lagrangian subspace L', and do so in

a consistent manner, depending, perhaps, on some auxiliary data.
Here 1s one such way. depending on the datum of a symmetric
positive definite bilinear form 5 on V. (Here B has nothing to
do with with the symplectic form. )

Let LP be the orthogonal complement of L relative to the

form B. So 1
dim L? =dim L = 5 dim V'



+ + |
dim L? = dim L = 5 dim V

and any subspace W C V with

dim W = %dim Vo oand Wn L =10}

can be written as graph (A) where A : L¥ — L is a linear map.
That is. under the vector space identification

-LI_.-T — L.!'.j" $ L
the elements of W are all of the form

w+ Aw, we LP.



We have
w(u+ Au, w4+ Aw) = w(u, w) + w(Auw, w) + w(u, Aw)

since w(Au. Aw) = 0 as L is Lagrangian. Let C' be the bilinear
form on L” given by

Clu.w) = w(Au. w).
Thus W is Lagrangian if and only if

Clu.w) — Clw.u) = —w(u, w).



Thus W is Lagrangian if and only if
Clu,w) — Clw.u) = —w(u, w).

Now

Hom(L”. L) ~ L ® LP* ~ LP* @ LP*

under the identification of L with L”* given by w. Thus the
assionment A < (' is a bijection. and hence the space of all
Lagrangian subspaces complementary to L is in one to one cor-
respondence with the space of all bilinear forms €' on L* which
satisfy C'(u,w) — C(w,u) = —w(u.w) for all v,w € LP. An
obvious choice is to take C' to be —% ' restricted to LP. In short.
Proposition 3 Given a positive definite symmetric form on a
symplectic vector space V', there is a consistent way of assigning
a Lagrangian complement L' to every Lagrangian subspace L.



Proposition 3 Given a positive definite symmetric form on a
symplectic vector space V', there is a consistent way of assigning
a Lagrangian complement L' to every Lagrangian subspace L.

Here the word consistent means that the choice depends only
on 3. 'This has the following implication: Suppose that 1" is a
linear antomorphism of V' which preserves both the symplectic
form w and B. In other words. suppose that

w(Tuw,Tv) =w(u.v) and B(Tu.Tv)= B(u.,v) Yu,velV.

Then if L — L’ is the correspondence given by the proposition.
then

TL—TL'
More generally, if T : V' — W 18 a symplectic isomorphism which
1s an isometry for a choice of positive definite symmetric bilinear
forms on each. the above equation holds.



Given L and B (and hence L") we determined the complex
structure .J by

J:L— L', wlu. Jv)=B(uwv) uvel

and then

Jo=—J '~ [

and extending by linearity to all of V' so that

Then for u.v € L we have
w(u. Jv) = Blu.v) = B(v.u) = w(v.Ju)

while

w(u, JJv) = —wu.v) =0=w(Jv. Ju)



SO

J? = —I
w(Ju. Jv) = w(u,v). and
w(Ju,v) = w(Jv, u).

holds for all u.v € V. We should write Jp ; for this
complex structure, or .J;, when B is understood .

Suppose that 1" preserves w and B as above. We claim that
.}’f‘L O :‘! — :‘f O .]L

so that 1 is complex linear for the complex structures .J;, and
Jorr . Indeed. for u, v € L we have

W(Tu. JppTv) = B(Tu.Tv)

by the definition of .Jy ..



To prove: Jrp ol =Tol,

for u.v € L we have

w(lw, Jppdv) =w({u,1Jv)

showing that

I'Jy, = Jpi 1

when applied to elements of L. This also holds for elements of
L’. Indeed evervy element of L' is of the form J;u where v € L
and T'.Jyu e TL so

JripTJu=—J T u=~Tu="TJ,(Ju).

QED



Let I be an isotropic subspace of V and let I+ be its sym-
slectic orthogonal subspace so that I © I+, Let
=

Ip=(I+)"
be the B-orthogonal complement to I+, Thus
dim/lp =dim/

and since I NI+ = {0}, the spaces I and I are non-singularly
paired under w. In other words, the restriction of w to Ip & [/
is symplectic. The proof of the preceding proposition gives a
Lagrangian complement (inside Iz & [) to I which. as a subspace
of V has zero intersection with I+. We have thus proved:

Proposition 4 Given a positive definite symmetric form on a
symplectic vector space V', there is a consistent way of assigning
an isotropic complement I' to every co-isotropic subspace I+



We can use the preceding proposition to prove the following:

Proposition 5 Let Vi and Vo be symplectic vector spaces of the
same dimension, with Iy < Vi and [ C V5 isotropic subspaces,
also of the same dimension. Suppose we are given

e « linear isomorphism A : Iy — Is and
e a symplectic isomorphism o : I+ /I — I5 /1.
a symplectic isomorphism o : Iy /11 — I5 /1.
Then there is a symplectic isomorphism
Vi —= Vs
such that
1.~ I+ I+ .y ) L
.y I — Is and (hence) v 1 1) — 1o,
2. The map mmduced by ~ on [ IL;’“I | 18 o and
3. The restriction of ~ to I is A.

Furthermore, in the presence of positive definite symmetric bilin-
car forms By on Vi and By on Vo the choice of v can be made
in a “canonical” fashion.



Indeed. choose isotropic complements /15 to lL and oz to Irj as
civen by the preceding proposition. and also choose B orthogonal
complements Yy to [ inside [ f and Ys to Io inside Ij Then Y,
(1 = 1.2) is a symplectic subspace of V; which can be identified
as a symplectic vector space with [/ 1; /I;. We thus have

Ifl — (IL & Ilff) S¥ YL

as a direct sum decomposition into the sum of the two symplectic
subspaces (1 & I1p) and Yy with a similar decomposition for V5.
Thus o gives a symplectic isomorphism of Y; — Y. Also

AN L@ lip— L@ Ly

i1s a svmplectic isomorphism which restricts to A on 1,. QED



Proof of Weinstein’s istropic embedding theorem. We are
olven linear maps £, : (f!L /1) — ]} /J,. where I, = di.(1'X),
1s an isotropic subspace of V. := 1T'M;,y with a similar notation
imvolving 7. We also have the identity map of

J:T;:: — irX;:: — j.e.w

So we may apply Proposition 5 to conclude the existence, for
each x of a unique symplectic linear map

4-4_4.' : -'( ﬂlr‘.iflf_;::} — "{ *\;”-f"]

for each # € X. We may then extend this to an actual diffeomor-
phism. call it A on a neighborhood of (X ). and since the linear
maps A, are symplectic, the forms

hWwy and  wyy

agree at all points of X.



hwy and  wyy

agree at all points of X. We then apply Theorem 4 to get a map
k such that &*(h*wy) = wy and then g = h o k does the job.
QED

Notice that the constructions were all determined by the
choice of a Riemann metric on M and of a Riemann metric on
N. So if these metrics are invariant under a group . the corre-
sponding g will be a G-morphism. If G is compact, such invariant
metrics can be constructed by averaging over the group. as will
be recalled in the next section.



An important special case of
the isotropic embedding
theorem.

An important special case of the isotropic embedding theorem
is where the embedding is not merely isotropic, but is Lagrangian.
Then the symplectic normal bundle is trivial, and the theorem
asserts that all Lagrangian embeddings of a compact manifold
are locally equivalent, for example equivalent to the embedding
of the manifold as the zero section of its cotangent bundle.



Some language from
group theory.

If G 18 a group and X 1s a set, then an action of G on X 1s a

map
Gx X — X, (a,x)—ax

satistying exr = x for all x € X and the “associative law”

a(bx) = (ab)x.

(‘This 18 sometimes called a “left” action but I will trv to avoid

“right actions”.) We also say that "G acts on X 7.



When more structure
IS present.

Frequently we demand more: For example, if X 1s a differ-
entiable manifold, the we demand that the map = — ax be a
smooth map for each a € . It both G and X are manifolds.
then we demand that the map G x X — X be smooth, etc. It
X 1s a vector space, we say that the action 1s linear or that we
have a representation of G on X 1f the maps x — ax are linear
for each a € G.



G - equivariant maps.
If G acts on X and on Y. then a map
F:X =Y
1s called G-equivariant if
Flar) =aF(x) Vae G, e X.

Another word for a G - equivariant map is a G-
morphism.

A special case of equivariance 1s “mvariance . 1his 1s when
the action of G on Y 1s trivial (ay = y for all a € G, y € YV').
Then the condition reads

Flar)=F(x)YaecedG, e X.

(T



Orbits, isotropy
subgroups, topological
groups.

If we have an action of G on X and x € X, then the subset ot
X consisting of all axr, a € G 1s known as the GG-orbit through
x. 'The subgroup of G consisting of all a such that ar = x 18

known as the isotropy group of x and is denoted by G...

A group G 1s a topological group if GG 1s a topological space
and the multiplication map G x G — G 18 continuous as 18 the
inverse map a — a~ - of G — G.



Averaging over the
group.

If G 18 compact as a topological space then there exists a
totally finite mvariant measure on G known as Haar measure
and denoted by dg. The Haar measure 1s normalized so that the
total measue of G 18 one. 'This has the following mmplication:
Suppose that we have a linear action of G on a vector space X.
Then for each # € X. we can consider the X-valued tunction f,
ogiven by f,(a) = ax. If we integrate this function with respect
Haar measure, we get an imvariant element

f (g)dg.

This procedure 1s known as averaging over the group.



Compact group actions.

Suppose GG x M — M is a compact group acting smoothly on M.
By averaging over the group, we can find a G invariant Riemann

metric on M. Hence, if p is a fixed point, the exponential map
oives a G-equivariant diffeomorphism between a neighborhood
of the identity in 7'M, (under the linearized action of G on this
tangent space) and a neighborhood of p in M.



More generally, 1t X 1s a compact submanifold mvariant un-
der (&, the exponential map gives a G-equivariant diffeomorphism
between a neighborhood of the zero section in the normal bundle
NX of X in M and a G-invariant neighborhood of X i Af. Par-
ticularly important 18 the case where X 1s a G orbit. Then N.X
1s a (G-homogeneous vector bundle, that 1s. it has a G-action pre-
serving the linear structure on each fiber. and ' acts transitively
on the base. Hence 1t 1s 1somorphic as a vector bundle to an 1n-
duced bundle meaning that if r € X. K : =G, and V = (NX),
with the linear action of K, then

NX ~ (G xV)/K

where ' acts to the right on G and via 1ts given representation
on V. We conclude:

Theorem 6 If O is a small enough G invariant neighborhood of
the origin in V. then (G x O)/K 1is equivariantly diffeomorphic
to a neighborhood of X in M.



Mostow’s theorem.

The neighborhood O of the origin in V is a “slice” for the G
action (G' x O)/K so any point of a neighborhood of X lies on
a G-orbit which passes through O. In particular. the isotropy
oroup of such a point is conjugate to the isotropy subgroup of /&
at a vector in its linear action on V. If v is the vector in question.
the isotropy group K, is the same as the isotropy egroup i ,, where
u = v/||v]| is a point on the unit sphere in V. Hence by induction
on the dimension of M we conclude (a special case of) a theorem
of Mostow:

Theorem 7 If a compact group G acts smoothly on a compact
manifold M. then, up to conjugacy. only a finite number of sub-
groups can arise as isotropy subgroups of points of M. In partic-
wlar, if G is commutative, only a finite number of subgroups of
G can arise as isotropy groups of points of M.



Suppose that /i is a compact group acting on a connected
manifold M.

Proposition 6 Suppose that at cachp € M™ the linear isotropy
action of X on 1'M, s triveal. Then the action of K on M is
trivial.

Proof. The set M"® of fixed points is always closed and K
invariant. The hypothesis of the proposition guarantees (via the
exponential map) that it contains a neighborhood of each p &
M*% . In other words M* is open. Since M" is both open and
closed, and since M is connected, we conclude that M* = M.

QED




Let us now assume that &G is compact and commutative, and
let K be a minimal element of the list of isotropy groups pro-
vided by Mostow’s theorem. If p € M* the action of K on a
neighborhood of p is equivalent to the linear action of A on a
neighborhood of of the origin in 1,M. 'The isotropy group of
a point in this neighborhood must thus be a subgroup of K.
hence equal to K by its minimality on the list. Hence the linear
isotropy action of A is trivial, and thus by the proposition, it A
is connected, the action of i on M is trivial. So if action of G on
M is faithful (meaning that no element other than the identity
acts trivially on M) we conclude that K = {e}.



So if a compact commutative group acts faithfully on a con-
nected manifold M there exists at least one point p € M such
that G, = {e}. Since the isotropy group of all nearby points are
a subgroup, we conclude that the set of points whose isotropy
oroup is trivial is an open set. On the other hand. for each of the
other isotropy subgroups. the corresponding fixed point set is a
union of submanifolds of positive codimension. We have proved:

Theorem 8 If a compact commutative group acts faithfully on
a connected manifold, 1t acts freely on an open dense subset.



Symplectic group actions.

Again we begin with the linear theory: Let V' be a symplectic
vector space. We let Sp(V') denote the group of all all symplectic
automorphisms of V', i.e all maps 1" which satisty w(1'u.T'v) =
w(uv) VuveV.

A representation 7 @ G — Aut(V) of a group G is called
symplectic if in fact 7 : G — Sp(V'). Our first task will be to
show that if GG is compact, and 7 1s symplectic, then we can
find a consistent complex structure .J which commutes with all
the 7(a). a € G and such that the associated Hermitian form is

positive definite. Indeed. we can choose a G-invariant element
of Riem(V") and then our polar decomposition argument gives us
the desired .J.



The space of fixed vectors for a symplectic
representation of a compact group 1s sym-
plectic.

If we choose .J as above. if 7(a)u = u then 7(a)Ju = Ju. So
the space of fixed vectors is a complex subspace for the complex
structure determined by .J. But the restriction of a positive defi-
nite Hermitian form to any (complex) subspace is again positive
definite, in particular non-singular. Hence its imaginary part.
the symplectic form w. 1s also non-singular. QED

T'his result need not be true if the group is not compact. For
example. the one parameter group of shear transformations

It
0 1

in the plane is symplectic as all of these matrices have determi-
nant one. But the space of fixed vectors is the r-axis.



Symplectic actions.

If G x M — M is a symplectic action., and X is a connected

component of the fixed point set M. then G, =G torpe X

and 1, X consists of the fixed vectors for the linearized action of G

on 1,M. We know that this subspace is symplectic. This means

that the restriction of the symplectic form to each tangent space

to X 1s non-degenerate, 1.e. that X is a symplectic submanifold.
We have proved

Theorem 9 Fuvery connected component of the fixed point set
MS of a symplectic action of a compact group is a symplectic
submanifold.



