Symplectic Geometry
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Hamiltonian mechanics on the cotangent bundle.
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Review: The cotangent
bundle.

Let () be an arbitrary smooth manifold. Its cotangent bundle
1@ is defined (as a set) as the union of all cotangent spaces
at all points of ), where the cotangent space 17*(Q 1s defined as
the space of all linear functions on 71,.(). It is routine to check
that 1™ has a natural structure as a manifold. and that the
projection @ : 17() — () sending every element of 170 to x 18
smooth.



Review: the canonical
one form.

If @ is a differentiable manifold, then its cotangent bundle 17 Q)
carries a canonical one form a = o defined as follows: Let

T 170 — O
be the projection sending any covector p € 17*() to its base point
r. If v el,(17Q) is a tangent vector to 17() at p. then

18 a tangent vector to ) at x. In other words, dm,v € 1, Q). But
p € 17Q is a linear function on 71.,.Q). and so we can evaluate p
on dm,v. The canonical linear differential form « 18 defined by

(ap,v) = (p.dm,v) if vel,(1T7Q). (1)






Review: the canonical
two form.

This 1s defined as
-.LJ{":} — —{'ff.}'{cp

2



Review: Expressions in local
coordinates.

Let g, ....q" be local coordinates on Q. Then dqg*,. ... dq" are
differential forms which give a basis of 1@ at each x in the
coordinate neighborhood U. In other words. the most general
element of 77*Q can be written as pq(dg'), + -+ + p,.(dg™),.

Thus ¢*..... qt.pr... .. p,, are local coordinates on

U cT*O.
In terms of these coordinates the canonical one-form is given by
a=p-dqg=pdq + -+ p.dq"
Hence the canonical two-form has the standard local expression

w=dgN-dp=dq' Ndpy + - +dq"™ Ndp,,. (3)



=dg N -dp =dq* Ndpy+ - +dq™ Ndp,,. (3)

If H is a C° tunction on 170 then we get the corresponding
vector field X;; which in terms of the local expression (3) takes
on the form of Hamilton's differential equations:

: OH , OH

Gi=—2— Di=—5—

pi Aq;

Suppose that (Q = R" so that these coordinates are in fact global.
corresponding to (the standard, say) linear coordinates on @). If

j7i
(4.p) = 5~ Zp

where m > 0 is the “mass”. these equations become

1
¢ = —pi. pi=0.
m



Rectilinear motion.

+ 1 L
¢; = —pi. pi = 0.
m

So if we write p = (p1.....p,) and q = (q1.....q,) so that q is

the velocity then the solution curves of this system are

a(t) = a(0) +tq(0). p(t) = mq(0).

The particle moves along a straight line with constant velocity
(Galileo’s law) and p = mq is the momentum.



Conservation of energy.

On general principles we have
XyH =0
since
XpyH =Dx,H=i(Xpy)dH =i(Xp)i(Xpy)w=0.

The function H is sometimes called the energy. so the law Xy H =
0 is known as the conservation of energy. We can also derive
this fact from the anti-symmetrv of the Poisson brackets since

XyH =1{H.H} and by anti-symmetry {H. H} = 0.



Noether’s theorem.

More generally, if F' i1s a smooth function on M = 170 such
that XpH = 0 then

XyF={H F\= {FH =0.

S0
,X;.'H =0 = ,X”F = (). L—IJ



Kinetic and potential
energy.

In many cases (such as the one we studied last time) the energy
is the sum of two terms.

H=K4+U

where K 1s called the kinetic energy and U is called the po-
tential energy.

The potential energy is as before. it is the pull-back of some
smooth function on @ via 7*. We will now give a more general
version of the kinetic energy.



Kinetic energy.

Suppose that () is a Riemannian manifold. This means that each
tangent space 1,0 is endowed with a (positive definite) scalar
product (-.-), and that the (-.-), vary smoothly with .

If V' is a vector space with a scalar product (-.-)y then (-.-)y
induces a linear isomorphism V' — V* where v € V goes into the
linear function on V given by scalar product with V:

V=V v (v.).
This in turn induces a scalar product (-.-)y~ given by
{ _ i a—1 _ (n—1lypg —1
Lm)y-=LLTm)y= (L7 L7 m)y.

So if () 1s a Riemannian manifold then we get a scalar prod-

uct (-, )70+ on each cotangent space.



This in turn induces a scalar product (-.-)y =« given by
(C.m)y-= {27 m) = (L. L7 'm)y.

So if () 18 a. Riemannian manifold then we get a scalar prod-
uct (-,-)7,0+ on each cotangent space. Sacrificing precision for
notational simplicity. 1 will drop the subscript 7.,.0Q" unless it is
absolutely necessary. 'The kinetic energy is then defined as the
function K which is quadratic in the cotangent variables given
by

K() = 5(6.6)



K(©) = 5(c.).

For example, suppose that Q = R? and that ¢q.q¢o. g3 are the
coordinates relative to an orthonormal coordinate system on Q).
We identify 1,.() with ) at each » € () and so get coordinates
q1.Go.qs on each 1,.0). Suppose that we choose our metric to be
mx the Euclidean metric. Then. for each x

S(Ql : @2.‘ tj-?n) — (T“'tjlr T“‘@Qr T”"j-’ﬂ)

and hence

1
- o 2, .2, 2
K (qlr (2. qﬂrplrpﬂrpﬂ) — 21 (pl TPy T pﬂ) ’
This is our old expression for the energy of a free classical three
dimensional particle.



-

More generally, if @ is a Riemannian manifold and ¢q.....q,

1s a system of local coordinates, we can write the quadratic form
assoclated with the metric as

where the qq... .. Gn-q1 ...(q, are the corresponding local coordi-

nates on 7'Q). Then £ is given by

S(qlr ceenln. (jl S fjn-) — ((flr ceesnaP1 o +p-1rL)

where



J
We can solve these equations for the ¢ since the matrix (g;;(q1.. ... qn
is invertible for all (¢1.....q, ). Let
N (i)
(97) = (9" ((q1.- - - . qn))

i

We can write the equations (5) in a more instructive form
which has an important generalization. Let L be the function on
1'C) which assigns to each v € T,.QQ the value



J
1
Let L(v) = 5(11,1.-‘)”_&
In terms of the local coordinates ¢1.....q,.q1 .
. ‘ 1
L(Gl s Qs 41 +++(17n) — E fh?(ql
i
Then we can write (5) as
L
P, = —.
E Jq;

——
g |
S

(7)

This map from 7°Q to 1) makes sense for any smooth function
L defined on 1'() as we shall soon explain. not necessarily for the
specific function L given above and is known as the Legendre

transform.



This map from 1TQ to 1™ makes sense for any smooth func-
tion L defined on 1'Q) as we shall soon explain. not necessarily
for the specific function L given above and is known as the Leg-
endre transform. Before giving the symplectic geometry (and
invariant) description of what is going on. let us compute in lo-

cal coordinates where ¢{.....¢,.q1 ...q, are coordinates on (a
neighborhood) in 1'Q) and q¢.....q¢,.p1.....p, are coordinates
on 17" both corresponding to a choice of coordinates ¢;.....q,

on (a neighborhood) in Q). For ease of notation we will assume
that these coordinates are valid on all of 7T'Q.7T"Q and @Q (by
restriction if necessary).



The Legendre transform in
Iocal coordinates.

Suppose that L 1s a smooth function on 7'() and define the
map

Ol L\
aql + Q'@n /}

1, I BE W .

L-EQ—“-"{ Q. (ﬁrlrﬂﬂ‘!}'ra GLI}'”)'—“‘({}’ s Qs
Suppose that the map £ is a diffeomorphism. Then the inverse
map

is of the same form. Indeed. define the function H on 77Q by

H(q.p) Zﬁ Gi — L(q1: - qn.G1s - Gn)



H(q.p) ==Y piGi — L(a1.... . qn.G1. - . Gy)

where, in this expression. the ¢; are regarded as functions on 10
via £71, that is, in the more precise (but uglier) expression

H(q.p) Zp GioL ' —Log™ (8)
Then
OH + i o L1 il | Oi. o o1
=g+ Z})j 15 o o g—l ¢ 17 .'
{-‘}f )i ; f_‘}j )4 ] Jq q; f_‘}j )i
Since
0L
Pi — 5+
! ‘9*}'-5

the last two terms cancel and we get

OH
—— =g, Q
Ip; d (9)



For example, suppose that 2 is a Riemmanian manifold, and
suppose that we are given a function U on (). By abuse of nota-
tion, we will use the same letter U to denote the pull-back of U
to 1'CQ) under the projection of 1) — () and the pull-back of U
to 17 Q) under the projection m: 1%() — Q. In all three cases we
have the local expression

Let us now denote the function v +— %(“-!‘_- v) by K¢ (the kinetic

energy expressed in terms of the tangent bundle). 'The local
expression for A is. as before.

. . : 1 .
Kr(qu Gy dn) = 5 > gii(qre - qn)did;
7



Finally, we let X be the function on 17 () given by
. L, 1, .
K(&) =—(£.8) == 271,
(£) 2(.{ <) 215 $)

The local expression for K is given by (6):

Now let L be the function on 1'() given by
L=Ky-U.

Then

or
H=K+U.

(10)



The Euler-Lagrange
equations.

The first half of Hamilton’s equations, the equations ‘f}’}i = :j:if
when translated back to 7Q via £~ then become
dq;(1) : -
dt

To understand the meaning of these equations consider the fol-
lowing: Let t — C'(f) be a differentiable curve on ). Then at
cach t there is a well defined tangent vector C'(t) € T¢;,@Q. Then
we get a curve, let us call it t — Cp(t) = (C(t).C'(t)) on TQ.
Of course not all curves on 1'Q) are of this form. Equation (11)
says that if t +— (gq(t).p(t)) satisfies the first half of Hamilton’s
equations then the corresponding curve on 1'Q) is of the form C'p.



We turn to the second half of Hamilton's equations: We have

Zp.,fcjj o7t - Log™!

j

oH 0
agi B Qgi

Dl o £~ OL o £ DL O¢. o £—1

dq; Jq; dq,; Jq;

N
The first and last terms cancel since

L
h.o—
! J 91}’;
as a function on 1°Q). So
OH B L o £—1
{’j{!’é N {9{{.5 +

(12)



OH B Ol o L1

— = 12
ﬂ(h‘ 'ﬂgi ( )
So the second half of Hamilton's equations read
dp; Log™!
dt B t‘_"}(ﬁ +
If we substitute p, = :jé . we obtain
d(OL/0q; 0L
(0L/04:) oL _ ., (13)
dt qu

These are the famous Euler-Lagrange equations for variational
problems. I will discuss the calculus of variations from the point
of view of the cotangent bundle below.



The principle of mechanical similarity.

The equations (13) are unchanged if we replace L by ¢L where ¢
Is any non-zero constant. Suppose that ) is an open subset of a
vector space which is stable under all multiplications by positive
numbers «, and suppose that the g;; are constant under this
multiplication. For example. Q might be R®* — {0} and the metric
used is the Euclidean metric. Suppose that U is homogeneous of
degree p, 1.e. that

Ulagy.. ... aq,) = aoU(qr.....q,).

Let us change our time scale by a factor of (3. replacing ¢ by

s = (3t. Then
dag;, o dg,

ds 3 dt

1 dog; dog: o dq; dq;

5 E :H-ﬁij | ,J — 32 Z -

2 L ds ds (32 e~ dt dt
tJ 1]




Z dovg; n'an dq; dq;
—_ {li' p— .
T 0s ds JZ < (t dt

1]
L.et us choose 3 so that

2

v |
=3 = al, lLe (= ol= 2P
>0 i lovg: d lo; d
dog; dog; . dq; dq;
— q: - = o :
2 ; i) ds s ; dt dt

and hence

dovg dove de
L (”ﬂlr ey (ilfp . & I IL) = a’L ((flr ceea Un i

(s ds

+++++




Kepler’s third law.

dovgq dovgy ) .
:{} L g]_r+++rg_”—r+++r

Llagy.....«aq,.
ds ds
So replacing q; by aq; and t by 3t carries solutions of the Euler-
Lagrange equations into solutions. For example, if U is homoge-
neous of degree —1 as in the inverse square law., we must take

3=z,

In particular, the period of an periodic orbit is proportional to
the %—power of its linear dimension - Kepler's “third law™.




The calculus of variations.
Let L be a function on 7'Q. For any curve interval [t1.t5] C R
and any smooth curve C': [, t5] — ) define

1[C] = / L(Cp(1))dt = / CL(C(). O (1))t

4.!rJ *l!rj

Let p and g be points of (). The problem posed in the calculus
of variations is: Among all curves C' with C'(11) = p and C(t5) =
q find that curve which minimizes I|C'|. The standard answer
1s that a necessarv condition is that €' must solve the Euler-
Lagrange equations. which are second order ordinary differential
equations. From what we know. this is the same as saying that
the curve

C(t) = L(Cr(t))

is a solution of Hamilton's equations (at least it £:70Q — 170
18 a diffeomorphism). I would like to establish this 1{?511]’[. directly
on the cotangent bundle.



For this I need a purely cotangent bundle description of I|C].

to
[[C] = /n—/ H ))dt
{1

where o = a 1s the fundamental one form on 77Q). Indeed, in

I claim that

local coordinates

/;n-: = Z /;p.,frfg.ﬁ; = Z /
JC — JC — JOr

since on the curve Cp we have

Now

1l b2 {?L
1q;
E‘?‘q;w Z /sl 9@

d t;

(1) = =L
qi(t) o

n’f—Z/ (p; o L£(1))q, (t)dt

by the definition of the Legendre transform. Also —H =

L proving (14).

(14)

— ZJHG’H‘



Let Z be a vector field on () which generates a flow s — ¢,.

We then get a flow
s— d(gpy,)

on 1'(Q). For all sufficiently small s the curve

Pso0C() 1t (0 (C(1))

Therefore, by (14).

I[ds 0 C] = / Eﬁ(d(@ WCp(t))dt

Jiy

Lo
_ / o / H (£ 0 (do,)(Cr(t)) dt.
JLo(d(dg))oCyp S 1



Lo
/ o — H((£o(do)(Cr(t))dt. (15)
. Eﬁfd({.‘b ”'D{"T . ril

[ would like to compute the derivative of this expression with
respect to s.

We can transfer the flow dop, on 7T°Q to 177Q using £. That
is, we can consider the flow £ o ((fa[_f)h.) o 81 on T (). Clearly

7o (Lo (d,) o £7) = ¢

Let Z. denote the vector field on 71*() which generates the flow
Lo (dps) o £, Then we have

drm(Zy) = Z.

If we differentiate (15) with respect to s and set s = 0 we obtain

ts
/_Dz*m—/ (Dy H)(C(t))dt.
JC .

{1



Lo
/_DZ*{.};‘—/ (D H)(C(t))dt.
JO J 1

Let us apply Weil's formula and the definition of the fundamental
form a: We have

Dy a=dla. Z,) +i(Z,)da

and at any £ € 17Q we have (a. Z,) = (£. Z(7(£))). So

_ /{_ i(Z)do + (C(ta). Z(C(ty))) — (C(t1), Z(C(11))).



Finally. we obtain the formula

{_EI[II“_.'_;'Q O Chg:[] —

ds

to B B
_L-g(z*)w—/ (Dy H)(C()dt4-(C(ty). Z(C(t2)))—(C (1), Z(C(t1))).

{' tq
(16)

In particular, if the vector field Z wvanishes at p and ¢ the last
two terms vanish, and the condition

d
Ipe 0 Cliy =0
s [(.-H © ]|¢—U

becomes

/K_J(Z#)W’ 1 / E(DZ*H)(E@))(H = (). (17)



Lo
/_ (7w + / (D H)(C(t))dt = 0.
J o 1

Let us choose the flow ¢, to be the identity outside a coordinate
neighborhood on () and on the coordinate neighborhood look like

In other words we are only varying the i-th coordinate by sending
q; — ¢; + s1. Here ¢ is a smooth function (of all the variables).
The flow induced on 71'() is then

G~ 4t st
O

q; q; + S —q;.
J



So the vector field Zp generating this How on 1°Q) is

oy 0
4 +
: f_‘}{j? Z dq; 0q;
J
Finally, the vector field Z, on 1™ will have the form

Z, =dL(Zr) =+ » Bj——

where the B; are some functions on 1*¢) which depend linearly
on /. (This is, of course. a consequence of the fact that dn(Z,.) =

Z) So
i(Z)w =1bdp; — Y Bjdg;

and



So if the curve C' is given by
t— (‘TL(?L) ce gn(ﬂﬁl(fj coe s Pi (f))

the condition (17) becomes

T . |
/ Z B; (E - ) — Y (rp_ + i ) dt = 0.
oS 1 : ”Ff a})j fH (—?g-.é

J




/Jg Z B dg OH _{ dp; 4 OH it =0
= — ) = 90 )| Y
/, : I\ gt %) ), | dt dq,

Now we know that the curve ' satisfies the first half of Hamil-
ton’'s equations. so the sum in the integrand vanishes, and con-
dition (17) reduces to the condition

P — | dt = 0.
i L dt T t‘j{ﬁ {

/' 2 (dp, OH

This must hold for all 1» whose support lies in a coordinate neigh-
borhood and which vanishes at p and ¢. This can only happen
if

dp; OH

dt g

This must hold for all 7. So we have proved



Main result.

Proposition 1 The curve C is an extremal of I (with respect
to variations keeping the end points fixed) if and only if C' is a
trajectory of the Hamiltonian system on 17Q corresponding to

H.




N N

| 2
Let us go back to equation (16) and consider the following prob-
lem: Minimize [ along all curves joining submanifolds N, and
Ns. not merely along curves joining two points.

d
.[’,E_E.,I[{:} QChg =

fa — . -
_];-j[Z*jw—f (D H)(T(t))dt-+ (T (t2). Z(C(t2))) = (T(t1). Z(C(t1))).
(" t
1 (16)



d

ds

[{:} o C]lg_“ =

fa — . -
_ f_ (2, ) f (D H)(C(t))dt+(C(ts). Z(C(t2)))—(T(t1). Z(C(t1))).
(i f
| (16)

Certainly such a curve will have to solve the easier minimiza-
tion problem, and so be a trajectory of the mechanical system.
So in (16) the integrals will vanish. and we get the additional
conditions:

(C(ty),v) =0 Yo e T,(Ny)

and

<E(fg), "a!:‘} =0 VYve IP(:\*Q)

In the case where H = K is the kinetic energy of a Riemann
metric, this says that the curve must be orthogonal to Ny and

P\'TQ .



Some Riemannian geometry.

[ now want to derive some results in Riemannian geometry which
we will use as tools in our study of symplectic geometry.

Let (Q be a manifold with a Riemann metric. This deter-
mines a Hamiltonian vector field on 1@ and, via the Legendre
transform. a vector field. call it Y on 1'Q). Let p € ). For each
v € 1,Q there is a unique (local) trajectory ', such that

C,(0)=p, C(0)=n.

This 1s guaranteed by the fundamental existence and unique-
ness theorem for ordinary differential equations as applied to the
Fuler-Lagrange equations. We can regard () as a function of
v and t. This is true for a general Lagrangian. But for the case
of pure kinetic energy we can say more:



Let s be a real number. Consider the curves (for various v)

t— C,(st).
[n local coordinates we have dq;(st) — si(st).
dt e
JL
qi(st).....q,(st).sqi(st).....sq,(st)) =
0 (qu(st). ... .qn(st).sqi(st).. ... sq( ))
Q t‘j{]ﬂ; .
Gr(st)qe(st).
Z_; dq; B (5)ge(s1)
and f ?L
d | 0L
st). G (s).squ(st).....q,(st

d ‘
— E‘q Z .{}'AJEL(GJ_ (Sf_), R q;;(-ﬁf_))q&(-ﬁf_)
; 1

Doing the differentiation with respect to t pulls out another factor
of s.



dq; (st *
= 5¢; (st
dt 1i(st)
L _ AG.e
o (q1(st), ... qn(st),sq1(st),. ... squ(st)) = —%‘EZ djﬁ qr(st)qGe(st),
and tor
d | OL ' _
v (GL (HL) cee q-n-(""‘)_- L’Gl(‘*ﬂ ‘e (j”(‘wf))
dt t‘th'

d
:_*q (-i-r 15‘-!!:-4-1-4--(-”_ !"l'f: (‘-_rifi:-lf:
pr % gir(qu(st), ..., qn(st))qr(st)

Doing the differentiation with respect to ¢ pulls out another tactor

of 5. So we see that the curve t — ', (st) is a again a solution of
the Fuler-Lagrange equation. this time with initial point p but
initial vector sv. T'he uniqueness theorem of ordinary differential

equations tells us that

C,(st) = Cg,(t).



The exponential map.

C'y(st) = Cut(0). (18)
The map exp by
v Cy(1).

This is defined in some neighborhood of the origin. Indeed. by
(18)

1

C,(1)=C,(||v]) where u= v
y

is the unit vector in the v direction (if v # 0). Since the unit
sphere is compact. there is some € > 0 such that C'(u) is defined
for all |f| < € and then exp is defined for all ||v]] < € (with
exp(0) = p).



The map exp is a differentiable map from some neighborhood
of the origin in the vector space 7,Q into (). I want to compute
its derivative at the origin. In fact, I claim that if we identify the
tangent space 1y(1,Q)) with 1, (which we can do since 1T'pQ
1s a vector space. then the derivative of exp at 0 is the identity.
1o see this, let v € 1,,Q) and consider the line

L 0,(1) == to.

The tangent vector to this line at 0 (under our identification) is
just v. But

exp(£y(t)) = exp(tv) = Cru(1) = C,(t)

also has v as its tangent vector at the origin. So we have proved
that
d(expg) = id.



d(exp,) = id.

The implicit function theorem then tells us that exp is a dif-
feomorphism in some neighborhood of the origin. and that exp
carries straight lines through the origin into trajectories. These
trajectories are called geodesics for reasons which will soon be-
come apparent.

Consider the curve C',(-) = exp(-v) which is defined for 0 <
t <1 solong as ||v]| < e. We have

1 - 1
! J‘ Rl
16,0 = [ L= [ icuwika

J )

By the conservation of (kinetic) energy. %HC’:(?‘)HQ is constant.
Since € (0) = v. we see that
L2

I[CT()] — §| U




Gauss’s lemma.

Let 3, be a one parameter group of rotations about the origin in

1,Q). Then |
{;.'":}H = exp o3, o r;z}:p_l

defines a one parameter group on the open set of ) which is the
image under exp of the set ||v]| < €in1,Q. Now
L2

AJ)HWHQ — _| 4!"|

|
I, 0CL ()] = =
(b5 0 Cu(+)] 5 >

Hence from (16)

~f - j ”F' { —y -
((41(1) Z{fﬁ,) — EI[{LL O (';'“(J]l”:” — ”

where Z is the vector field generating ¢.,. As 3 varies over all
rotations in 7,(), the tangent vectors Zq (1) vary over all tangent
vectors to the image of the sphere Sy, under exp. Thisis Gauss’s
lemma



Gauss’s lemma.

Proposition 2 The image under the exponential map of a ray
through the origin in 1, Q) is orthogonal ( in the Riemann metric)
to the images of the spheres centered at the the origin under the
exponential map.



Geodesics locally minimize arc-length.

Let O be the image of ||v|| < € under the exponential map, and
let » be the function defined on O by

r(x) = |
Let 1 € O, x# pand w €T1,.0Q. I claim that

exp”H(z)]|.

lwll = |{dr(x).w)] (19)

with equality holding only if w is tangent to a geodesic through
p.



|w]|| = [{dr(x).w) (19)

with equality holding only if w is tangent to a geodesic through
p.

Proof. Write x = expv., v €1,Q. Decompose
w = wy + wo

where wy is some multiple of € (1) and ws is tangent to the
image of the sphere through v under exp. We know that this
decomposition is orthogonal. and so

2
|

]2 = eos |2 + ).

The value of dr(x) on €7 (1) is |
holding only if we = 0.

v||. proving (19) with equality



Now let D be any curve joining p to @ = expv € O. 'The
length of I is

+ ]
/ 1D (1)t
J )

by definition. Let #; be the first time that D(t) € exp S, where
S| is the sphere of radius ||v|| about the origin in 7,,Q). Then

.1 ity
/ ||D’(f-)||df-z/ 1D’ ()| dt.
J ()

J ()

By (19> this last i]l’[.egl*;:ﬂ is > I‘;

"|{dr. D'(t))|dt. But

oty

/“ 1 |<(f,-_r-_. D’(fjﬂfﬁ = / ((f-_r-_. D'’ ( )}(ff — ,r( ()} — ||“||

J 0

Furthermore equality holds only if D’() is a non-negative mul-
tiple of a tangent vector to a fixed geodesic through p. We have
proved:



Theorem 1 Let € > 0 be so small that the exponential map is
a diffeomorphism of the set ||v|| < € in 1,Q onto an open set O
about p in (). Let r = expv € O. then the geodesic C,, joining
p to x has length ||v| and any other curve D joining p to x
18 strictly longer unless D differes from C', only in a monotone
change of parameter.




Geodesics also locally minimize the energy.

Let D be any smooth curve from |0, 1] to ). The Cauchy-Schwarz
inequality tells us that
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with equality holding only if ||D’(¢)] is a constant. If D joins p

tor =expov € O we get
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Equality holds in the second inequality only if [D’(t) is propor-
tional to C (t) for all ¢t while equality holds in the first inequality
only if | D" (t]] is a constant. We conclude that D’(t) = C(t).
We have proved




Theorem 2 Under the hypotheses of Theorem 1 the curve €', is
a strict absolute minimum for I|C] among all curves C': 0, 1] —
() joining p to x.



