Symplectic Geometry
Lecture 5

Review of differential calculus.
The generalized Weil identity.
The Moser trick.

The purpose of today’s lecture 1s to give a rapid review of
the basies of the caleulus of differential forms on manifolds. We
will give two proois of Weil's tormula for the Lie derivative of a
differential form: the frst of an algebraie nature and then a more
general geometric formulation with a “functorial” proot that we
learned from Bott. We then apply this formula to the “Moser
trick” and give several applications of this method.
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Superalgebras.

) ative assoclative 1S A vector space
A (commutative associative) superalgebra is a vector space
fl — 44::1!::*'1';- ¥, flmh'é’-

with a given direct sum decomposition into even and odd pieces.
and a map
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which is bilinear. satisfies the associative law for multiplication.
and
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We write these last two conditions as
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Here deg 7 = 0 if 7 is even. and deg 7 = 1 (mod 2) if 7 is odd.



Differential forms.

A linear differential form on a manifold. M. is a rule which
assigns to each p € M a linear function on 17'M,. 5o a linear
differential form, w, assigns to each p an element of 7'M 7. We
will. as usnal, only consider linear differential forms which are
smooth.

The superalgebra Q(M) is the superalgebra generated by
smooth functions on M (taken as even) and by the linear dif-
ferential forms, taken as odd.

Multiplication of differential forms is usually denoted by A.
The number of differential factors is called the degree of the form.
So functions have degree zero, linear differential forms have de-
oree one.



In terms of local coordinates, the most general linear ditfer-
ential form has an expression as aydry + - - - 4+ a,dx,, (where the
a; are functions). Expressions of the form

ajodry Ndro + apzdry Ades + -+ + ay—q pdr, 1 Ndxy,

have degree two (and are even). Notice that the multiplication
rules require
do; Ndx; = —dx; N dr;

and, in particular, dr; N dxr; = 0. So the most general sum of
products of two linear differential forms is a differential form of
degree two. and can be brought to the above form. locally. after
collections of coefficients. Similarly. the most general differential
form of degree & < n on an n dimensional manifold is a sum.
locally. with function coefficients. of expressions of the form

da;, N---Ndrg, , ip <o <.



dr; Ndx; = —dx; N dx;

and, in particular, dr; N dx; = 0. So the most general sum of
products of two linear differential forms is a differential form of
degree two, and can be brought to the above form. locally, after
collections of coefficients. Similarly. the most general differential
form of degree & < n on an n dimensional manifold is a sum.
locally. with function coefficients, of expressions of the form

de; N Ndxg, . i1 < - <.

3 ?? M & *
There are such expressions, and they are all even. if £ is

k

even, and odd if & is odd.



The d operator.

There 1s a linear operator d acting on differential forms called
exterior differentiation, which is completely determined by the
following rules: It satisfies Leibniz’ rule in the “super” form

dlw-0)=(dw)- o+ (—1)(1'&?}%” w - (do).

On functions it is given by

) f ) f
df = i(f:f: | e i lx,,
drq dx,

and, finally.

d(dx;) = 0.

Since functions and the dx; generate, this determines d com-

pletely.



or example. on linear differential forms
F le. | [T tial f
w=adry+---a,dr,

we have

dv = day Ndry+ -+ da, Ndr,

Jay Jaq
— —fhl + - —(fi L Adry 4+
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da. da
“day + -+ —dx,, | Adz,
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Do aq da
- T -‘.‘f:ffl A (f:f..'g SR -
dry  Oro da,, _q

Da,, 1

dx,,

dr,_1 Ndx,

In particular, equality of mixed derivatives shows that d? f=0.



Rules to remember.

In particular, equality of mixed derivatives shows that d?f = 0,
and hence that d?w = 0 for any differential form. Hence the rules
to remember about d are:

dlw-o0) = (dw)- -0+ (—1)(1'&‘&‘*’ w- (do)
> = 0
) f ) f
df = i lrqy +---+ &l dr,,.

dx 1 O -



Derivations.

A linear operator ¢ : A — A is called an odd derivation if. like d.
it satisfies

E. . _.'4{:-”‘:}-3 — 44{:;('31-']?? {:‘ . -:4{}('3{1? — "4‘!1'{.'!:“'

and

A linear map £: A — A.
l: 44::-43-:*'ra. — 44-:*'er::rsr L flm-gt-g — d'qurf

satisfying
Nw-o)=(tw) - 0g+w- (lo)

1s called an even derivation. So the Leibniz rule for derivations.
even or odd, 18



Knowing the action of a derivation on a set of generators of a su-
peralgebra determines it completely. For example, the equations

d(x;) =dr;. d(dx;)=0 ¥i

implies that

dp dp
dp = —rer + e ——dx,
Ay dx,,

for any polynomial. and hence determines the value of d on any
differential form with polynomial coefficients. The local formula
we gave for df where f is any differentiable function, was just the
natural extension (by continuity. if you like) of the above formula
for polynomials.

The sum of two even derivations is an even derivation. and
the sum of two odd derivations is an odd derivation.



Commutator.

The composition of two derivations will not. in general. be a
derivation. but an instructive computation from the definitions
shows that the commutator

0y, o] i= €y 0l — (_lj(lugﬁ](lugﬁg lyol,

Is again a derivation which is even if both are even or both are
odd, and odd if one is even and the other odd.



Derivations and
multiplications.

A derivation followed by a mmltiplication is again a derivation:
specifically. let £ be a derivation (even or odd) and let 7 be an
evenn or odd element of A. Consider the map

w — Tlw.

We have

(Tlw) - o + (_Unggﬁ(lengM .

— (Tlw) o+ (_1)((lﬂ?gf+(lﬂgﬂ(lﬂgmw (ro)

Tl (wo)

0 w +— Tlw 18 a derivation whose degree is

deer 4 degf.



Pullback.

Let ¢ : M — N be a smooth

map. l'hen the pullback map ¢"

is a linear map that sends differential forms on N to differential

forms on M and satisfies

@-"}* (LLJ A\ f‘Tj
O" dw

(@ f)

The first two equations imply

bv what it does on functions.

= QO wANO O

that ¢ is completely determined
The last equation says that on

functions. ¢* i1s given by “substitution”: In terms of local coor-
dinates on M and on N ¢ is given by



In terms of local coor-
dinates on M and on N ¢ is given by

ozt oo™ = (yh...oy™)

".Ui = g-*';'é(:r:'_”_.:r: Ji=1.....n

pullback of a function f(y!.....y") is to substitute ¢ for the y's
as into the expression for f so as to obtain a function of the x’s.

It 1s important to observe that the pull back on differential
forms is defined for any smooth map. not merely for diffeomor-
phisms. This is the great advantage of the calculus of differential

forms.



The chain rule.

Suppose that v : N — P is a smooth map so that the composi-
tiomn

oot : M — P

is again smooth. Then the chain rule says
(o))" =" 0",

On functions this is essentially a tantology - it is the associativity
of composition: fo (¢ o)) = (fo¢@)o. But since pull-back is
completely determined by what it does on functions, the chain
rule applies to differential forms of any degree.



Lie derivative.

et o be a ' paralneter or “transformations of M. If w
Let ¢, be a one parameter group of transformations of M. If w
18 a differential form, we get a family of differential forms., ¢jw
depending differentiably on 7, and so we can take the derivative

at t = 0: f |
a .y 1 — |1 _ r* 1 i,
At (@1 W) )i=0 = %1:“'} p [Orw —wl.

Since ¢ (wA o) = @y wA @) o it follows from the Leibniz argument

that
d

ly o wi— — (0jwW)),g

dt

s an even derivation. We want a formula for this derivation.



(1
lp: wr— — (Qp;w
b It (#t“’*’)“:u

s an even derivation. We want a formula for this derivation.
Notice that since ¢;d = do; for all £, it follows by differenti-
ation that

EI ﬂ:] {i — (f E.I r.l._f'.;

and hence the formula for £, is completely determined by how it
acts on functions.



Let X be the vector field generating ¢;. Recall that the geo-
metrical significance of this vector field is as follows: If we fix a
point x, then

t — ¢i(x)

is a curve which passes through the point x at f = 0. The tangent
to this curve at t+ = 0 is the vector X(x). In terms of local
coordinates, X has coordinates X = (X1, .... X") where X'(2)

is the derivative of ¢'(t,x".....2™) with respect to t at t = 0.

The chain rule then gives, for any function f.

| d . | | | - |
lof = - (Ot . a™) . ot at. ., ")) =0
— XIEJFMJFX'”_
A dr,, +



Vector fields as differential operators.

The chain rule then gives, for any function f.

d = | .
lyf = o (OY(tat, . o a™)on(tat ")) =0
Of Of
_ Xl f N Xn f
O dx,,

For this reason we use the notation

X XLi_'_ _I_Xn ‘}
dry dr,,

so that the differential operator
fXf

oives the action of £, on functions.



As we mentioned, this action of £, on functions determines
it completely. In particular, £, depends only on the vector field
X. 80 we may write

frT."; — -DX

where Dy 1s the even derivation determined by

Dxf=Xf. Dxd=dDy.

But we want a more explicit formula for DDyx. For this it is
useful to introduce an odd derivation associated to X called the
intertor product and denoted by ¢(X). It is defined as follows:
First consider the case where
9,
X =—

f_‘}f} : j



First consider the case where

x= 2

o j

and define its interior product by

()
1|l — 1 7=0
| (S‘:I’.j ) f
for all functions while
)
i (£—> drp =0, k#7
.{'?:rj-

[ 0 |
7 W dr; = 1.

and



) ) )
v f=0 l 7 drp =0, k#7 J ‘

— | dx; = 1.
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The fact that it is a derivation then gives an easy rule for calcu-
lating i(0/0x;) when applied to any differential form: Write the
differential form as

wHdr;No

where the expressions for w and o do not involve dx ;. Then

/ é}:}:j W ( Jﬁj | = .



The interior product in
general.

{i‘:}f'j

which means first apply i(0/0z;) and then multiply by the func-
tion X7 i1s again an odd derivation, and so we can make the

definition
1 — X1 i . " 0 :
(X)) = X" (&I:1> + -4+ X (&rﬂ) + (1)

The operator

It 1s easy to check that this does not depend on the local coordi-
nate system used.



Notice that we can write

X f=1i(X)df.
In particular we have
D;{ (f;‘f:j — (fD}( y
— (fXj
= di(X)dx;.

We can combine these two formulas as follows: Since i(X)f =0
for any function f we have

Dxf=di(X)f+i(X)df.
Since ddx; = 0 we have

Dxdx; = di(X)dx; +i(X)ddx;.



Weil’s formula.

Hence

Dx

di(X) +i(X)d = [d,i(X)] (2)

when applied to functions or to the forms dx ;. But the right hand
side of the preceding equation is an even derivation. being the

commutator of two odd derivations. So if the left and right hand
side agree on functions and on the differential forms dx; they
agree everywhere. This equation. (2). known as Weil’s formula.
1s a basic formula in differential calculus.



Exterior forms as
multilinear functions.

We can use the interior product to consider differential forms
of degree £k as k—multilinear functions on the tangent space at
cach point. To illustrate. let ¢ be a differential form of degree
two. Then for any vector field, X. (X )o is a linear differen-
tial form. and hence can be evaluated on any vector field, Y to
produce a function. So we define

o(X.Y):=[i(X)o| (V).



o(X.Y) = [i(X)o] (Y).

We can use this to express exterior derivative in terms of ordinary
derivative and Lie bracket: If # 1s a linear differential form, we

have

d0(X.Y)
i(X)db
d(i(X)0)(Y)
[Dx 0] (Y)

1(X)do] (V)

Dx 0 —d(i(X)0)

Y [0(X)]

Dx [0(Y)] —0(Dx(Y))
X0(Y)] —0([X.Y])

where we have introduced the notation DyY =: [X.Y] which is
legitimate since on functions we have

(DxY)f =Dx(Y[f)=YDxf=X(Y[f)-Y(X])

so DyY as an operator on functions 1s exactly the commutator

of X and Y.



An expression for the
exterior derivative.

WO(X.Y) = [i(X)do] (V)
(X)d = Lx6—d(i(X)0)
dii(X)o)Y) = Y [0(X)]
Dx0](Y) = Dx[0(Y)] -0(Dx(Y))
= X [0(Y)] - 0([X.Y])



dO(X.Y) = [i(X)do](Y)

i(X)dO = Dx0—d(i(X)6)
d(i(X)0)(Y) = Y [0(X)]
[Dx0](Y) = DxI[0(Y)] —6(Dx(Y))

= X [O(Y)] -0([X.Y)]

Putting the previous pieces together gives

dO(X,Y) = XO(Y) - YO(X) - 0([X,Y]). (3)

with similar expressions for differential forms of higher degree.



Integration.

Let
w= fdxy{ N---Ndzx,

be a form of degree n on R". (Recall that the most general
differential form of degree n is an expression of this type.) Then
its integral 1s defined by

/ W= fdxy---dx,
Y

J M

where M is any (measurable) subset.



/ W= fdxy---dx,
J M J M

where M is any (measurable) subset. This, of course is sub-
ject to the condition that the right hand side converges if M is
unbounded. There is a lot of hidden subtlety built into this det-
inition having to do with the notion of orientation. But for the
moment this is a good working definition.

The change of variables formula says that if ¢ : M — R™ is
a smooth differentiable map which 1s one to one whose Jacobian
determinant is everywhere positive. then

/ P w = / W.
J M . I':I.'IJ|:_"1LJFJ|



Stokes theorem.

Let U be a region in R™ with a chosen orientation and smooth
boundary. We then orient the boundary according to the rule
that an outward pointing normal vector. together with the a
positive frame on the boundary give a positive frame in R™. If
o is an (n — 1)—form, then

/ g = / do.
Jou Ju



/ o = / do.
Jou Ju

A manifold is called orientable if we can choose an atlas con-
sisting of charts such that the Jacobian of the transition maps
O © q':r;l 1s always positive. Such a choice of an atlas is called
an orientation. (Not all manifolds are orientable.) If we have
chosen an orientation. then relative to the charts of our orienta-
tion, the transition laws for an n—form (where n = dim M) and
for a density are the same. In other words, given an orientation.
we can identify densities with n—forms and n—form with densi-
ties. Thus we may integrate n—forms. The change of variables
formula then holds for orientation preserving diffeomorphisms as
does Stokes theorem.



Lie derivatives of vector fields.

Let Y be a vector field and ¢; a one parameter group of trans-
formations whose “infinitesimal generator” is some other vector
field X. We can consider the “pulled back”™ wvector field @Y
defined by

O Y (xr) =do_{Y(opux)}.

In words, we evaluate the vector field Y at the point ¢;(x), ob-
taining a tangent vector at ¢;(x). and then apply the differential
of the (inverse) map ¢_; to obtain a tangent vector at .

If we differentiate the one parameter family of vector fields
oy Y with respect to ¢ and set £ = 0 we get a vector field which
we denote by Dy Y':

d

oL Lk
Djf} .= EL}J ||.|_.[|



If w is a linear differential form, then we may compute i(Y )w
which is a function whose value at any point is obtained by eval-
uating the linear function w(x) on the tangent vector Y (). "Thus

(G Vot () = (d(de)) w(drn). dbyY (6px)) = {i(Y)w)(642).
In other words.
o {i(Y)w}t =i(o7Y ) oy w.

We have verified this when w 18 a differential form of degree one.
It is trivially true when w is a differential form of degree zero.
l.e. a function. since then both sides are zero. But then, by the
derivation property. we conclude that it is true for forms of all
degrees. We may rewrite the result in shorthand form as

Of 0 i(Y) = i(d}Y) 0 0],



al
DvY = —o7 Y, .
X nft(”' |t=0

Since ¢fd = d¢; we conclude from Weil's formula that

¢y o Dy = D=y o oy .

Until now the subscript # was superfluous, the formulas being
true for any fixed diffeomorphism. Now we differentiate the pre-
ceding equations with respect to t and set t = 0. We obtain.using
Leibniz's rule,

Dxoi(Y)=i(DxY)+i(Y)o Dy

and

Dx oDy = DI_};.;}" + Dy o Dyx.



Dx oi(Y)=i(DxY)+i(Y)o Dx

and

Dx oDy =Dp,y + Dy oDx.

This last equation says that Lie derivative (on forms) with re-
spect to the vector field Dy Y is just the commutator of Dy with
D}fi

Dpyy = |Dx, Dy].

For this reason we write
[X _. Y] = DY

and call it the Lie bracket (or commutator) of the two vector
fields X and Y. The equation for interior product can then be
written as

i([X.Y]) = [Dy.i(Y))].



The Lie bracket is antisymmetric in X and Y. We may multiply
Y by a function g to obtain a new vector field gY. Form the
definitions we have

o1 (9Y) = (dy9)0;Y.
Differentiating at £ = 0 and using Leibniz's rule we get
X.gY] = (Xg)Y +g[X.Y] (4)

where we use the alternative notation Xg¢g for Dyg. The anti-
symmetry then implies that for any differentiable function f we
have

FX.Y] = —(Y)X + fIX.Y] (5)

From both this equation and from Weil's formula (applied to
differential forms of degree greater than zero) we see that the Lie
derivative with respect to X at a point r depends on more than
the value of the vector field X at .



Jacobl’s identity.

From the fact that [ X, Y| acts as the commutator of X and Y it
follows that for any three vector fields X.Y and Z we have

X, [V.Z]] + [Z.[X.Y]]| + [Y.[Z.X]] = 0.

This is known as Jacobi’s identity. We can also derive it from

the fact that [Y, Z] is a
parameter group ¢; of «

Oy (

If X is the imfinitesimal

natural operation and hence for any one
iffeomorphisms we have

(Y. 2]) = 107V, 6 2).

- generator of ¢, then differentiating the

preceding equation with respect to t at t = 0 gives

XY, 2]

— HX };]rZ] T [};r [Xr Z”



[X.' [Y.' Z” — HX Y].'Z] T [Y.' [X.' ZH

In other words., X acts as a derivation of the “mutliplication”
oiven by Lie bracket. This is just Jacobi's identity when we use
the antisymmetry of the bracket. In the future we we will have
occasion to take cyclic sums such as those which arise on the left
of Jacobi's identity. So if F' is a function of three vector fields
(or of three elements of any set) with values in some vector space
(for example in the space of vector fields) we will define the cyclic
sum Cyc F' by

Cyce F(IX.Y.Z)=F(X.Y.Z)+ F(Y.Z. X))+ F(Z.X.Y).
With this definition Jacobi's identity becomes

Cyc | X, |Y. Z]] = 0. (6)




A general version of Weil’s formula.

Let W and Z be differentiable manifolds. let I denote an interval
on the real line containing the origin, and let

O WxI—=7
be a smooth map. We let ¢, : W — Z be defined by
Op(w) == d(w. t).

We think of ¢; as a one parameter family of maps from W to
/. We let & denote the tangent vector field along ¢;. In more
detail:

oW =17

is defined by letting & (w) be the tangent vector to the curve
S @"ﬁ(ﬂ!, H) at s = 1.



If o is a differential form on Z of degree k + 1. we let the
expression ¢;i({;)o denote the differential form on W of degree
k whose value at tangent vectors ny.....n. at w € W is given by

{:) ‘i({f) (Tfl.'“* r”ﬂ) ( ({t)( )) )(d((:)t)u*”l +++++ i({pt)u'”ﬁ)
(7)
[t is only the combined expression ¢}i(£;)o which will have any
sense in general: since & is not a vector field on Z. the expression
i(&;)o will not make sense as a stand alone object (in general).



Let o, be a smooth one-parameter family of differential forms
on /. 'The

fi_fi‘fﬂf,

1s a smooth one parameter family of forms on W, which we can
then differentiate with respect to t. The general form of Weil's
formula is:

d do

| 3 8 Lk e LS e f g —
— o 0 = QO — + @) i(& )do 4+ doji(E)o. 3
Jr 0t — Py + @& )do + dopi(&) (8)



Before proving the formula, let us note that it is functorial in the
following sense: Suppose that that F': X — W and &G : 7 — Y
are smooth maps, and that 7, 1s a smooth family of differential
forms on Y. Suppose that o, = 1, for all . We can consider
the maps

P X =Y., Y, =Gogp,oF
and then the smooth one parameter familiy of differential forms
T
on X. The tangent vector field ¢; along 1, is given by
Ct(m) — ng{}t(f"'(.!.‘J} ({AF(I))) :

So
'?f-"f-‘f'i-(Ct)ﬂ. = I (qﬁﬁ-(&@)ﬁ?*ﬂ_) :

Therefore. if we know that (8) is true for ¢, and o;. we can
conclude that the analogous formula is true for ¢, and ;.



Consider the special case of (8) where we take the one pa-
rameter family of maps

fi i WxT—=WxI., filw.s)=(ws+1t).

Let
G:-Wxl =7

be the map ¢. and let

F:W—-=Wx]I
be the map

Flw) = (w.0).

Then
(G o fyoF)(w) = ¢ (w).
Thus the functoriality of the formula (8) shows that we only have

to prove it for the special case ¢, = f; : W x I — W x [ as given
abovel!



In this case. 1t 18 clear that the vector held & along 1, 1s just

the constant vector field S—{ evaluated at (x.s + t). The most

general differential (t-dependent) on W x I can be written as
ds Na+ b

where a and b are differential forms on W. (In terms of local
coordinates s, x',....z" these forms a and b are sums of terms

that have the expression
cdx™ N Adx't

where ¢ is a function of 5.7 and x.) To show the full dependence
on the variables we will write

o =ds ANal(x.s. t)dr + b(x.s.t)dx.
With this notation it is clear that

oo =dsNalx.s+t.t)de +b(x,s +t.t)dr



Oy =ds N ala

and therefore

= (18
dt
So
do; oy Ldoy
— &)
dt Lodt

LS+ ?L._. f)(f:f.-' —+ EJ'(:I‘_. 5 —+ 'f_. f)n’.:r:

) b

Ln(r s+t t)dr +—(.ar s+ t.t)dr

s s
da b

+ds N ?( s+ t.t)dr + 0—( S+ t.t)dx.
Da b

—rfaﬁm(- a+ff)rf1+m(r s+ t.t)dx.



do; oy Ldoy Da b

7 — O, — —(fw\m(-'_ j{thQ_a(I s+ t.t)dx.
)
/ (;H) o = adx
'Therefore
da
doii(&y)oy = ds A 7—( r.s+t.t)dr + dy (alx. s 4+ t.t)dx).
s
b
doy = —ds N dy (adx) + ?—n’a N dx + dy bdx
s
w ) )b
' ( : ) doy = —dw (adx) + 2 de
s s

and therefore

s b
¢ri(&e)doy = —dwa(z, s+t t)de + —(v,s + 1, 1)d.



doy oy Ldoy da b

— ¢ = ds N —(a t)d. — t.t)d
dt Y — Qa( 8T )”_Ff_?a(rﬁJr )dz.
e da
doyi(&)oy = ds A ‘?_( v.s+t.t)dr + dyw(a(x. s +t.t)dx).
0s

e b
o i(&)doy = —dwalr, s+t t)de + —(x, s + t. t)dxr.

ds
So
e e da b
doyi(&)or+ @) i(& )doy = daﬂ—(- s+t t)dx —|——(r s+1t.t)dx
| | s s
doyoy ., doy
- dt T

proving (8).



A special case of (8) is the following. Suppose that W = Z =
M and ¢, is a family of diffeomorphisms f; : M — M. Then &
is given by

$e(p) = ve(fie(p))

where v; 1s the vector field

N d .
v (f(p) = Eﬁ(m

In this case i(v;)o; makes sense, and so we can write (8) as

doy oy Ldoyp
' = ¢, — + b, D, 0. 0
dt Pt dt T O Ot ()




The Moser trick.

Let M be a differentiable manifold and let wg and wqy be smooth
k-forms on M. Let us examine the following question: does there
exist a diffeomorphism f : M — M such that f*w; = wp?

Moser answers this kind of question by making it harder! Let
we. 0 <t <1 be a family of k-forms with w; = wg at ¢t = 0
and w; = wy at t = 1. We look for a one parameter family of
diffeomorphisms

fo: M — M, 0<t<]1

such that
f!r*u.}; — W (l[])

and

fo = id .



doy oy L doy B
— =, — + o, D, 0y. 9
dt ot dt T O Ot (9)

fiwe = wo (10)

Let us differentiate (10) with respect to t and apply (9). We
obtain
f!*'“uf + fﬂ,*D-utL‘J!_ =

where we have written w; for “ER Since f; is required to be a

diffeomorphism. this becomes the requirement that

Dwtwt — —u...dt (ll)



D“t-;:..«‘g, — —L;Jg, (ll)

Moser's method is to use “geometry” to solve this equation for
vy 1t possible. Once we have found v, solve the equations

%fa (p) =v(fi(p).  Jolp)=0p (12)

for f;. Notice that for p fixed and ~(f) = f;(p) this is a system
of ordinary differential equations

d

Ev(f) = v (v(t)). ~(0) =p.



The standard existence theorems for ordinary differential equa-
tions guarantees the existence of of a solution depending smoothly
on p at least for |f| < e. One then must make some additional
hypotheses that guarantee existence for all time (or at least up
tot =1). 1'wo such additional hypotheses might be

e )\ is compact, or

e (' 1is a closed subset of M on which v; = 0. Then for p € C
the solution for all time is f;(p) = p. Hence for p close to
(' solutions will exist for a long timme. Under this condition

there will exist a neighborhood U of ' and a family of
diffeomorphisins

f¢ U — M
defined for 0 <t < 1 such
fo = 1d. fg,|(.' — id vt

and (10) is satisfied.



Volume formes.

Let M be a compact oriented connected n-dimensional mani-
fold. Let wy and wy be nowhere vanishing n-forms with the same

volume: | |
/ W = / w.
J N J M

Moser's theorem asserts that under these conditions there exists
a diffeomorphism f: M — M such that

£

[ w1 = wy.

Moser invented his method for the proof of this theorem.
The first step is to choose the w;. Let

wi = (1 — t)wo + twy.



The first step 1s to choose the w;. Let
wy = (1 — t)wy + twq.

Since both wg and w; are nowhere vanishing. and since they vield
the same integral (and since M is connected), we know that at
every point they are either both positive or both negative relative
to the orientation. So w; 1s nowhere vanishing. Clearly w;, = wy
at t = 0 and w; = wq at t = 1. Since dw; = 0 as w; 1s an n-from
on an n-dimensional manifold.

D’ezt — ff'i-("d.’t)wa’.

by Weil's formula. Also

Wi = w1 — wo.



¢

Wi = w1 — wo.
Since [, wo = [,, w1 we know that
wp — wp = dr
for some (n — 1)-form v. Thus (11) becomes
di(v)wy = du.

We will certainly have solved this equation if we solve the harder
equation

(v )wy = 1.
But this equation has a unique solution since w; 18 no-where

vanishing. QED



The classical Morse lemma.

Let M = R™ and ¢; € C>(R"™). ¢ = 0.1. Suppose that 0 is a
non-degenerate critical point for both ¢y and ¢, suppose that
?o(0) = ¢1(0) = 0 and that they have the same Hessian at 0. i.e.
suppose that

(rfzf,;"}”) (0) = ((fgf,;"}l) (0).

The Morse lemma asserts that there exist neighborhoods Uy and
Uy of 0 in R™ and a diffeomorphism

Uy — Uy f(0)=0

such that

o1 = oo.



Proof. Set

The Moser trick tells us to look for a vector field v; with
i';((]) — O v 1

and
D, & = —0r = op — @1.

The function ¢; has a non-degenerate critical point at zero with
he same Hessian as o ¢ OIE: anishes at 0. Thus for each
the same Hessian as ¢y and ¢ and vanishes at 0
fixed t. the functions

f_‘}(:)t

-:‘_"}:I:i

form a system of coordinates about the origin.




If we expand v; in terms of the standard coordinates
f
vy = E .11- r.t)—
Q}J

then the condition v;(0.?) = 0 implies that we must be able to

write )
IPy
Y (H:’ f) - Z Yis (:I:" f) Oxt’

2

or some smooth functions ;4. ' 1115
f th funct Tl

| oy Doy
Dyt (D,_«, = Z "‘!-"z'j (:L‘, f) . -

— Art Oxl
ij




Similarly, since —¢; vanishes at the origin together with its first
derivatives, we can write

. f_‘}{:)!r Q(:)t
—y =Y hy
¥

Art Oxd

where the h;; are smooth functions. So the Moser equation
D,, oy = —¢; 1s satisfied if we set

U (:,Ii_. f) — h-?;j (:‘Ii_. f)+

Notice that our method of proof shows that if the ¢; depend
smoothly on some paramters lying in a compact manifold S then
the diffeomorphism f can be chosen so as to depend smoothly
on s < .S,



In differential topology books the classical Morse lemma is
usually stated as follows:

Theorem 1 Let M be a manifold and ¢ : M — R be a smooth
function. Suppose that p € M 1s a non-degenerate critical point
of & and that the signature of d*¢,, is (k,n—k). Then there exists
a system of coordinates (U.xq,....x,) centered at p such that in
this coordinate system

k

*)—f—l-zf? Z

=1 i=k4+1



Proof. Choose any coordinate system (W.yq....y,) centered
about p and apply the previous result to

D1 =@ —C

and

where
{"}2 (;)

(0)

/ by — .
T 0y 0y,

This gives a change of coordinates in terms of which ¢ — ¢ has
become a non-degenerate quadratic form. Now apply Sylvester's
theorem in linear algebra which says that a linear change of vari-
ables can bring such a non-degenerate quadratic form to the de-
sired diagonal form.



