Symplectic Geometry
Lecture 3.

The linear symplectic category.

The purpose of today’s lecture is to describe the
category whose objects are symplectic vector spaces
and whose morphisms are the linear canonical
relations. Everything in these this lecture reflects joint
work with Victor Guillemin.

References for today:

V. Gullemin and 5. Sternberg, “Some problems in integral geometry and some related
problems in microlocal analvsis™, Am. J. Math., Vol 101 (1979) 915

ULR5.

Alan Weimnstein, “Svmplectic geometry” Bull. Amer. Math. Soc. 5
(1981} 1-13.



The language of
category theory.

A category C consists of the following data:

(1) A set. Ob(C). whose elements are called the ob-
jects of C |

(11) For every pair (X.Y ) of Ob(C) a set. Morph(X.Y).
whose elements are called the morphisms or arrows
from X to Y.

(111) For every triple (X.Y, Z) of Ob(C) a map from
Morph(X.,Y) x Morph(Y. Z) to Morph(X, Z) called

the composition map and denoted (f,g) ~ go f.



The axioms for a
category:

These data are subject to the following conditions:

(iv) The composition of morphisms is associative

(v) For each X € Ob(C) thereis anidy € Morph(X, X))

such that |
foidxy = f, ¥f € Morph(X.,Y)
(for any Y') and

idx o f=f. Vf € Morph(Y, X)

(for any Y ).

It follows from the definitions that idy 1s unique.



Functors and
morphisms.

If C and D are categories, a functor F from C to D
consists of the following data:

(vi) a map F : Ob(C) — Ob(D)
and

(vil) for each pair (X.Y) of Ob(C) a map
F:Hom(X.Y) — Hom(F(X), F(Y))

subject to the rules



F(?:{Ex) — 'jf.{f;;r;x}

Flgo )= F(g)o F([f).

This 1s what 1s usually called a covariant func-
tor.

A contravariant functor would have F': Hom(X,Y ) —

Hom(F(Y ), F(X)) mn (vil) and F(f) o F(g) on the

right hand side of (ix).)



m(X)

F(X) ' - G(X)
F(f) G(f)
7 Y p._T 7
F(Y) m(Y) G(Y)

Figure 3.1:

Let F' and G be two functors from C to D. A
morphism, m | from F to GG (older name: “natural
transformation” ) consists of the following data:

(x) for each X € Ob(C) an element m(X ) € Homp(F(X). G(X))

subject to the “naturality condition”

(xi) for any f € Home(X.Y) the diagram in Figure 3.1 commutes.



m(X)

F(X) | > G(X)
F(f) G(f)
Y .._T
F(Y) m(Y) G(Y)

Figure 3.1:

(x) for each X € Ob(C) an element m(X) € Homp(F(X). G(X))

subject to the "naturality condition”

(x1) for any f € Homeg(X.Y) the diagram in Figure
3.1 commutes. In other words

m(Y)oF(f) = G(flom(X) ¥ fe feHome(X.Y).



Involutory functors.

Consider the category V whose objects are finite di-
mensional vector spaces (over some given field K) and
whose morphisms are linear transformations. We can
consider the “transpose functor”™ F : V — V which
assigns to every vector space V its dual space

V' = Hom(V,K)

and which assigns to every linear transformation £ :
V' — W its transpose

In other words.

F(Vy=VvV", F{)y=1"
This is a contravariant functor which has the prop-
erty that F? is naturally equivalent to the identity
functor. There does not seem to be a standard name
for this tvpe of functor. We will call it an involutorv functor.



Involutive functors.

A special type of involutory functor is one in which

F(X) = X for all objects X and F?2 = id (not

merely naturally equivalent to the identity). For ex-
ample. let 'H denote the category whose objects are
Hilbert spaces and whose morphisms are bounded lin-
car transformations. We take F(X) = X on objects
and F(L) = L' on maps where LT denotes the ad-
joint of L in the Hilbert space sense. We shall call
such a functor a involutive functor. We will refer
to a categorv with an involutive functor as an invo-
lutive category, or say that we have a category with
an mvolutive structure.



Sets, maps and relations.

The category Set is the category whose objects are
(“all”) sets and and whose morphisms are (“all”)
maps between sets. For reasons of logic, the word
“all” must be suitably restricted to avoid contradic-
tion.

We will take the extreme step in this section of re-
stricting our attention to the class of finite sets. Our
main point is to examine a category whose objects
are finite sets, but whose morphisms are much more
cgeneral than maps. Some of the arguments and con-
structions that we use in the study of this example
will be models for arguments we will use later on. in
the context of the symplectic “category”.



The category of finite relations.

We will consider the category whose objects are finite
sets. But we enlarge the set of morphisms by defining

Morph(X,Y) = the collection of all subsets of X xY.

A subset of X x Y is called a relation. We must
describe the map

Morph(X,Y) x Morph(Y, Z) — Morph(X, Z)

and show that this composition law satisfies the ax-

ioms of a category.



So let

['y € Morph(X.,Y) and I's € Morph(Y, Z).

Define
[yoly CX x /

by

(z,z) € I'yol'y < dy € Y such that (z,y) € I'; and

(y,z) €Ta. (3.1)

n



Notice that if f : X — Y and g : Y — Z are maps,
then

eraph(f) = {(z, f(z)} € Morph(X,Y) and
oraph(g) € Morph(Y, Z)

with
oraph(g) o graph(f) = graph(g o f).

So we have indeed enlarged the category of finite sets
and maps.



We still must check the axioms. Let Ay € X x X
denote the diagonal:

Ax ={(z,z), v € X},

S0

Ax € Morph(X,Y).

If I' € Morph(X,Y) then

[cAx =1 and Ay ol =T

So Ay satisties the conditions for 2dx.



The associative law.

Suppose that I'y € Morph(X,Y),I's € Morph(Y, Z) and
['s € Morph(Z,W). Then both

['350(I's0l'y) and (I'soI's) oI’y consist of all (z, w) €
X X W such that there exist y € Y and z € Z with

(z,y) €'y, (y,z) € 2, and (z,w) € I's.

This proves the associative law.
Let us call this category FinRel.



Categorical “points™.

Let us pick a distinguished one element set and call
it “pt.”. Giving a map from pt. to any set X is the
same as picking a point of X. So in the category Set
of sets and maps, the points of X are the same as the
morphisms from our distinguished object pt. to X.
In a more general category, where the objects are
not necessarily sets, we can not talk about the points
of an object X. However if we have a distinguished
object pt., then we can define a “point” of any object
X to be an element of Morph(pt., X'). For example,
later on, when we study the symplectic “category”

whose objects are symplectic manifolds, we will find
that the “points” in a symplectic manifold are its La-
orangian submanifolds. This idea has been empha-
sized by Weinstein.



“Points’ of FinRel.

In the category FinRel, the category of finite sets
and relations, an element of Morph(pt., X') , i.e a sub-
set of pt. XX is the same as a subset of X (by projec-
tion onto the second factor). So in this category, the
“points” of X are the subsets of X. Many of the con-
structions we do here can be considered as warm ups

to similar constructions in the symplectic “category”.
A morphism I' € Morph(X,Y') yields a map from

“points” of X to “points” of Y.



The twisted diagonal.

Consider the following example: For three objects

X.,Y, Z in
XXX XY XY xZxZ
we have the subset
Ax X Ay x Ag.

Let us move the first X factor past the others until it
lies to immediate left of the right Z factor, so consider
the subset

Axyyz CXXYXYXxZxXxZ, ANxyz={(x,y,y 2z 2)}



Axyy CXxXYXYxZxXxZ, Axyyz={(z.y,y,2x, 2)}.

By introducing parentheses around the first four and
last two factors we can write

Axyz C(XxY xY xZ)x (X xZ).
In other words,

Axyz € Morph(X xY xY x Z,X x 7).
Let I'y € Morph(X,Y) and I's € Morph(Y, Z). Then

' xI, CX XY xY xZ

is a “point” of X x Y x Y x Z. We identify this
“point” with an element of

Morph(pt.. X xY xY x 7).



AX__y_Z C X XY XY xZxXxZ, 5\}{__}’,2 = (2, y,y, 2, 2, «3)}

5;{__}13 c Morph(X xY xY x Z, X x Z).

' xI's C X xY xY xZ

is a “point” of X x Y x Y x Z. We identify this
“point” with an element of

Morph(pt., X xY xY x Z)
so that we can form

Axyzo ([ xTy)



iX._Y._Z — {(1’5 Y Y, =, &, E)}
Axy.zo (I'1 xT2)
consists of all (x, z) such that (1, Y1)

3(zy,y1,y2, 21, x,2) with (Y2, 21)

Thus

| m m



Similarly, given four sets X.,Y, Z, W we can form
fiX._Y.Z._E-’[-f" C (X xY xY x 7 x 7 x ‘[1[*) W (X % H*)
Axy,zw ={(2,y,y,z, z,w, v, w)}

SO
Axyzw € Morph(X xY xY x Z x Zx W, X x W).

If I'y € Morph(X.,Y), I's € Morph(Y, Z), and I'5 €
Morph(Z, W) then

['50(I'20l'y) = (I'sol'g)ol’y = SX.}’,Z.L‘L"(Pl xI'gxI's).



The associative law via
“points’.

From this point of view the associative law is a re-
flection of the fact that

(Fl X 1"3) X ['g =11 X (1"3 )4 1“3) =11 x 19 x1I'3.



The involutive
structure on FinRel.

In our category FinRel, if I' € Morph(X, Y ) define
I'" € Morph(Y, X) by

I'" = {(y,2)|(z,y) € T}.
We have defined a map
i : Morph(X,Y) — Morph(Y, X) (3.3)
for all objects X and Y which clearly satisfies
i* =id (3.4)

and

(Ty0Ty) =T} o). (3.5)



The finite Radon transform.

L'his 1s a contravariant functor F tfrom the category
FinRel to the category of finite dimensional vector
spaces over a field K. It is defined as follows: On
objects we let

F(X) :=F(X,K) = the space of all K-valued functions on X

[fI'C X xY is arelation and g € F(Y) we set

(FT)(9)(x) == » gy YzeX.

y|(z,y)el



I[fI'C X xY is arelation and g € F(Y) we set
(FO)(9)(=):== )Y gly) VeeX
yl(z.y)el

(It is understood that the empty sum gives zero.) It is
immediate to check that this is indeed a contravariant
functor.



In case K = C we can be more precise: Let us
make F(X) into a (finite dimensional) Hilbert space
by setting

(f1. f2) == ) file)falw).

reX
Then for I' € Morph(X,Y), f € F(X),g € F(Y) we

have

(. FD)g)= ) flz)gly) = (F(I")f.g).

(z,y)el

SO
F(I')=F(T)",

1.e.

Foy=10oF



So
F(I') = F()",

l.e.

Foij=710F

where the § on the left is the involution on FinRel
and the 7 on the right is the operation carrying a
linear transformation between Hilbert spaces into its
adjoint. Thus the functor F carries the involutive
structure of the category of finite sets and relations
into the involutive structure of the category of finite
dimensional Hilbert spaces.



Enhancing the category
FinRel.

By a vector bundle over a finite set we simply mean
a rule which assigns a vector space E, (which we will
assume to be finite dimensional) to each point z of X.
We are going to consider a category whose objects are
vector bundles over finite sets. We will denote such
an object by £ — X.

Following Atiyah and Bott, we will define the mor-
phisms in this category as follows: It £ — X and
F'— Y are objects in our category, and I' C X x Y
we conslider the vector bundle over I' which assigns to
each point (z,y) € I' the vector space Hom(F),, E,.).
A morphism in our category will be a section of this
vector bundle.



S0 a morphism in our category will be
a subset I' of X x Y together with a map

roy By — F;

given for each (z,y) € I'. Suppose that (I'y,r) €
Morph(F — X, F — Y) and (I'2, s) € Morph(F' —
Y,G — Z). Their composition is defined to be (I's o
['1,t) where t is the section of the vector bundle over
['s oI'y given by

t(:l,‘_,,.?:f) — Z '?“(:I,‘_,y)DS(y,E).

y|(zy)el . (y,z)els

The verification of the category axioms is immediate.

We have enhanced the category of finite sets and
relations to the category of vector bundles over finite sets.



Symplectic vector spaces.

Let V' be a (usually finite dimensional) vector space
over the real numbers. A symplectic structure on V
consists of an antisymmetric bilinear form

w:V xV =R

which i1s non-degenerate. So we can think of w as
an element of A?V* when V is finite dimensional, as
we shall assume until further notice. A vector space
equipped with a symplectic structure is called a sym-
plectic vector space.



A basic example:

. . . 9 .
A basic example is R* with

' : .
WR?2 ((E) _~ (;)) = det ({: {}) = ad — bc.

We will call this the standard symplectic structure on

RE



Special kinds of subspaces.

If W is a subspace of symplectic vector space V then
W+ denotes the symplectic orthocomplement of W

W :={veV]ww) =0, Ywe W}

A subspace is called

1. symplectic if W N W+ = {0},
2. isotropic if W c W+,
3. coisotropic if W+ c W, and

4. Lagrangian if W = W+



Linear canonical relations.

Let Vi and V5 be symplectic vector spaces with sym-
plectic forms wy and wa. We will let V™ denote the
vector space Vi equipped with the symplectic form
—wi. S0 Vi @ Vy denotes the vector space Vi @ Vo
equipped with the symplectic form —w; P ws.

A Lagrangian subspace I' of V{7 @& V5 1s called
a linear canonical relation. The purpose of this
section is to show that if we take the collection ot
symplectic vector spaces as objects, and the linear
canonical relations as morphisms we get a category.
Here composition is in the sense of composition of
relations as in the category FinRel.



Let V3 be a third symplectic vector space, let
I'y be a Lagrangian subspace of V; @& V5
and let
['s> be a Lagrangian subspace of V, @& Vs,
Recall that as a set (see ( 3.1)) the composition
['boly C L‘Il X Ir_s,
is defined by

(r,z) e I'yol'y & dy € Vo such that (z,y) € I'y and

(ya E) S rE



Recall that as a set (see ( 3.1)) the composition
['yol'y CVy x V5
is defined by
(x,z) € I'xol'y & dy e Vysuch that (z,y) € 'y and
(y,z) € Lo,
We must show that this is a Lagrangian subspace of

Vi @ Vs, It will be important for us to break up the
definition of I'; o I'y into two steps:



The space 'y x 1.
Define

I'oxI'y CI'y xI'9

to consist of all pairs ((x,y), (y', z)) such that y = ¢,
We will restate this definition in two convenient ways.

Let

Tm:1'y — V5, (v, v9) = vy
and
p:lo— Vs, p(v2,v3) = va.

Let

T . Fl X FQ — IFQ

7(71,72) = 7T(v1) = p(72);



.1y — Vo, m(v1, v2) = U3
p:1's — Vo, p(v2,v3) = va.

T: Tix Ty = Vo 7(y,92) i=7(n) = p(72).

Then I'y xI'y 1s determined by the exact sequence

0 —Toxly — Ty x Ty = Vy — Coker 7 — 0. (3.6)



Another way of saying the same thing is to use the
language of “fiber products” or “exact squares”. Let
f:A— Candg: B — C bemaps, say between sets.
Then we express the fact that F' C A X B consists
of those pairs (a, b) such that f(a) = g(b) by saying

that
A

F }
|l
B }

C

4q

1s an exact square or a fiber product diagram.



Thus another way of expressing the definition of
['s xI'y is to say that

I'o x1 - 1y
| 7 (3.7
Iy > Vo
P

1s an exact square.



The projection o : I'y xI'y — 'y o Iy,

Consider the map
a:(z,y,y,2). — (z,2). (3.8)
By definition

a:loxly —1Io017.



The kernel and image of a linear
canonical relation.

Let Vi and V5 be symplectic vector spaces and let
" C Vi x V5 be a linear canonical relation. Let
IV xVyl | | relat Let

m: [ — Vs
be the projection onto the second factor. Define
e KerI' C V] by KerT' = {v € V}|(v,0) € T'}.
e ImI'C Vo =T1(V)).

SoI'" C Vo, @ Vi1 and hence both ker I'' and Im I' are
linear subspaces of the symplectic vector space V5.
We claim that

(ker I'")t =Im T. (3.9)



o Kerl' C Vi by KerI' = v € Vq|(v,0) € T'}.
e ImI'C Vo, =1(V;).

(ker ")+ =TIm T. (3.9)

Here 1 means perpendicular relative to the symplec-
tic structure on Vs.

Proof. Let w; and ws be the symplectic bilinear
forms on Vi and V5 so that w = —wi & (we) is the
symplectic form on Vi~ & Vo, So v € Vo is in Ker Il
if and only if (0.v) € I'. Since I' is Lagrangian.

(0,v) € TH < 0= —w(0,01)+ws (v, v2) = walv,12) Y (v1.v9) € T\

But this is precisely the condition that v € (Im T")+.
[]



The kernel of o .

The kernel of a consists of those (0,v,v,0) € I'o %
['y. We may thus identity

ker o = ker Tj N ker I's (3.10)

as a subspace of V5.



T Iy x Ty — Vs (V1. 72) = 7w(y1) — p(2).

a:(z,y,y,2) — (z,2). a:lo*xly — Io0l}y.
ker o = ker Ti N ker I's (3.10)
Im7=ImI'; + Im F;, (3.11)

a subspace of V5. If we compare (3.10) with (3.11)
we see that

ker v = (Im 7)~+ (3.12)

as subspaces of Vo where L denotes orthocomplement
relative to the symplectic form wo of V5.



Proof that I'; 01" is Lagrangian.

Since 'y o'y = a(I's xI'1) and I's x 'y = ker7 it
follows that I'y o I'y is a linear subspace of V|, @ V.

It is equally easy to see that I's oI’y is an isotropic
subspace of V|~ & V5. Indeed, if (z, z) and (2/, 2") are
elements of I's o I'y, then there are elements y and v’

of V5 such that
(’l,y) < 1ﬁl:n (y,;::) S r?.ﬂ (R’J.ﬂyf) S 1ﬁl:n (yf.ﬁgf) S PZ-

Then

wi(z, 2" ) —wi(x,2') =

ws(z, 2" ) w2 (y, 4 ) +w2(y, y' ) —wi(x, 2") = 0.



ker v = (Im7)+ (3.12)

So we must show that dimI's o'} = % dim V; +
%dim Vs. It follows from (3.12) that

dim ker a =dim Vo —dimIm 7
and from the fact that I's o'y = a(I's *I'y) that
dim I'nol'y =dim I's xI'y — dim kera =

—dim I'o xI'y — dim V5 +dimIm 7.



dim I'soI'y =dim I's xI'y — dim kera =

—dim I'o xI'y — dim V5 +dimIm 7.
Since I'oxI'; 18 the kernel of the map 7 : I'y xI'y — V5
if follows that
dim I'n*xI'y =dimI'y x I's —dim Im 7 =

1 1 1 1

— dim Vy +§ dim Vo-+ 5 dim Vo+ 5 dim V5—dim Im 7.

2

Putting these two equations together we see that

1 1
dimI's o'y = 5 dim V7 + 5 dim V5

as desired.



Main theorem of today:

Theorem 6 1he composite I'sol'y of two linear canon-
wcal relations is a linear canonical relation.

The diagonal Ay gives the identity morphism and
so we have veritied that LinSym is a category whose
objects are symplectic vector spaces and whose mor-
phisms are linear canonical relations.



The category LinSym and the sym-

plectic group.
The category LinSym is a vast generalization of the
symplectic group because of the following observa-
tion: Let X and Y be symplectic vector spaces. Sup-
pose that the Lagrangian subspace I' C X~ ¢ Y
projects bijectively onto X under the projection of
X &Y onto the first factor. This means that I' is the
oraph of a linear transformation 1" from X to Y:

[ = {(x,Ta)}.

1" must be injective. Indeed, if 7'z = 0 the fact that
I' 18 isotropic implies that z L. X so z = 0. Also 1T
is surjective since if y L im(7"), then (0,y) L I'. This
implies that (0,y) € I' since I' is maximal isotropic.



[ = {(x,Ta)}.

T must be injective. Indeed, if T'x = 0 the fact that
I is isotropic implies that * L X so z = 0. Also T
is surjective since if y L im(7"), then (0,y) L I'. This
éimplie:;; that (0,y) € I' since I' is maximal isotropic.
By the bijectivity of the projection and the injectivity
‘'of 1" this implies that y = 0. In other words 1" is a
bijection. The fact that I' is isotropic then says that

wy (Txy, Tws) = wx (21, 22),

l.e. 1 1s a symplectic isomorphism. If I'y = graph’
and I's = graph S then

['yol'y =graphSol



wy (Txy, Try) = wx (21, T2),

l.e. 1" 1s a symplectic isomorphism. If I'y = graphl’
and I's = graph S then

['yol'y =graphSol

so composition of Lagrangian relations reduces to com-
position of symplectic isomorphisms in the case of
oraphs. In particular, if we take ¥ = X we see that
Symp(X) is a subgroup of Morph (X, X') in our cat-
egory.



