Symplectic geometry
Lecture |6

Collective motion
The results of the first part of this lecture are taken
from:
Guillemin, V. and S. Sternberg [1980], “The moment

map and collective motion”, Ann. of Phys.,127,
220—253.

T'he rest of this lecture is taken from the paper “T'he central-
izer of invariant functions and the division properties of moment
maps’ by Karshon and Lerman Ill. .J. Math. 41. no. 3 (1997).
462-487.
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In this lecture 1 will attempt to give a mathematical formu-
lation to the notion of a "model” of a given mechanical system.
An example of what we have in mind is to try to explain what we
mean when we say that a system of point particles moves under
a given Hamiltonian, “as if if it were a rigid body.” More gen-
erally, what do we mean when we say that one physical system
moves “as if it were” some other physical system? 'Thus, for ex-
ample. in nuclear physics one has the “liquid drop model” of the
nucleus in which it 1s assumed that an appropriate “model” for
the mechanical system which consists of N nucleons (considered
as point particles) is a “liquid drop” - that the nucleus behaves
“as 1f it were a liquid drop”’. Here. of course. we must explain
what exactly we mean by the mechanical system consisting of a
“liquid drop.” but we also must explain. in more generality, what
we mean by one system behaving as if it were another.



Example: the rigid body.

To get a grip on this problem. let us examine the intuitive
and familiar case of the rigid body. Suppose we had a system
of N point particles. We can imagine that they are (almost)
rigidly attached to one another, if there is some potential energy

T=>"V; ; where V;; 1s a function of the distance between the ith
and jth particles and takes on a very sharp minimumn at certain
specified distances r;;. So we can imagine that the Hamiltonian
of such a system has the form

V4+K+K +H

where V' is the potential energy described above. A is an internal
kinetic energy involving the motion of the points relative to one
another, K’ is some kinetic energy of the overall center of mass.

and H is a Hamiltonian (involving both kinetic and potential
terms) but is a function solely of the total angular momentum

and inertia tensor relative to the center of mass.



The contribution of K’ is simply to give an overall linear
motion to the center of mass, and so by introducing coordinates
relative to the center of mass we can ignore it. (''his is an elemen-
tary example of reduction relative to the action of the translation
oroup R? acting simultaneously on all particles. Here Marsden-
Weinstein reduction and orbital reduction coincide, since R? is
commutative and so its orbits are points.) Therefore, we are
looking at a Hamiltonian of the form

V+ K+ H.

Then the actual motion of the system would be described. ap-
proximately. as a “rigid-body motion” coming from H. together
with a superimposed rapid oscillation coming from V + K. 'To
a good approximation. we might expect to be able to ignore the
rapid oscillation. which averages itself out over the rigid-body
1motio1.



V+ K+ H.

Then the actual motion of the system would be described. ap-
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here, one might expect that for relatively low energies

one can assume that the internal state of the system. and so the
observed spectrum. should look like that of a rigid rotor. The
fact that one sees unmistakable rotational levels in complicated
nuclear spectra supports this description of the system. Thus
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the rigid-body description comes from the property that H 1is
a function of the total angular momentum and inertia tensor.
or quadrupole moment: Let gq.....qy be the position vectors

(relative to the center of mass) and let py.....py be the corre-

sponding momenta. We can then define the functions L and @
on the total phase space by

L= Z;ﬂa: ANgi, Q= Z'&’i 2 q.

The assumption about H is that it is a function of L and @ (i.e.
that H = H(L.Q). Any such function can be said to define a
“collective rigid-body Hamiltonian.”

Now the important point I want to make is, as we saw in the
last lecture., we can regard L and () as components of a certain
moment map. more precisely of a certain moment map of a semi-
direct product subgroup of a symplectic group. This leads to the
following definition:



The definition of a
collective Hamiltonian.

Let (M,war, ®as) be a Hamiltonian G-space.
Definition 1 A function 'H on M of the form
H=1Fody

where F 1s a function on g* s called collective.



The liquid drop model.

For example., in the liquid drop model of the nuclens. one wants
to imagine that the system of point particles behaves as an in-
compressible fluid, but that only the “quadratic approximation”
to the shape of the liquid drop is what matters; in more math-
ematical language, what this means is that only the quadrupole
moments matter. Thus, a possible configuration of a liquid drop
is specified by a positive definite symmetric tensor Q € S?(R?)
and thegroup SI(3.R) acts on S?(R®) as in the last lecture.
The fact that we use SI(3.R) and not GI(3) is the expression
of the fact that we are dealing with a*“liquid” drop. and not a
“oaseous’ drop; in other words. that “volume” is preserved. In
fact, det(AQA' = det Q if det A = 1 .and so det Q.thought of
as the volume of the liquid drop is an invariant. It Q) is positive
definite. we can. by an appropriate A. bring ) to the form c/.
where ¢ = (det jS% > ().



As we saw, the isotropy group in SI(3. R) of ¢f is SO(3). and
so the corresponding orbit of @ in S?(R®) is five-dimensional.
Such an orbit NV is the configuration space of the liquid drop of
oiven volume; notice that ¢/ is the nunique point in /N that is left
fixed by SO(3) - it corresponds to a spherical globule of liquid.



Solving Hamilton’s equations
for a collective Hamiltonian.

Reminder: the Legendre transformation.

We now explain in general. what ingredients go into the solution
of a “collective” Hamiltonian (according to Definition 1). For this
purpose, we remind the reader that a smooth function F' defined
on an open subset U of a vector space (in this case the vector
space is g*) defines a map L. the Legendre transformation. of
U into the dual space

Lr: g —(g") =g
by the formula

d

(v. Lg(p)) = I (o + hf")“:{h (1)



Two ways of constructing a
vector field on M .

We now have two ways of constructing a vector field on M
out of a function F on g*:

We can form the collective Hamiltonian ' H = F o $&,; and
then the Hamiltonian vector field Xy. Or., we can proceed as
follows:

At each m € M we apply the map &, to get a point @7 (m) €
g”. We then apply the Legendre transformation £ to get a point

f,;,-‘ (f;[)_,-u(?i’!)) =g

Fach A € g determines a vector field Ay, on M and hence a

tangent vector Ays(m) € 1,, M. In particular we can do this for

A=Lp (DPy(m)). We can do this for each m € M.



The two ways coincide.

I claim that these two ways of getting vector fields coincide:
that is. I claim that

Xn(m) = |Lp (Par(m))],, (m) ¥ m e M. (2)

To prove (2) it suffices to show that both sides of (2) give the
same value when we take their symplectic scalar product (using
(War)m) With any v € 1), M.

Since i(Xy)wy = dH = d(F o &), the symplectic scalar
product wys (X (m),v),, is just the directional derivative

v(H) =v(Fo®y) = (d(Pas)m(v))F

by the chain rule.



Proof.

To prove:  Xy(m) = [Lp (Pyr(m))],, (m) ¥ me M. (2)

Since i(Xy)wy = dH = d(F o dyy). wir (Xy(m).v)y, is
v(H)=v(Fo®y) = (d(Pag),n(v))F

By the definition of Lp this is just

([ d(@nr)m(v), Lp(Par(m))).

We now recall the formula for the derivative of the moment map.
Writing @ for ®,; and w for wyy this says that

<”?'(I}-m-(:“)r *_D = Wi (*‘4.-'1:" (:”'-") : 1’)*

Applied to A = Ly (P (m)) this shows that

(dP,, (V). Lp(P(m))) = wp ([Lr (P(m))|ar(m),v). U



Consequences.

Xn(m) = [Lp (Par(m))],, (m) ¥ m e M. (2)
It follows from (2) and the equivariance of ®,; that

(f(@ﬂ,-u ) m (X*H(?H)) = [).(:; ((13' M (T”—'))]g* (f:[}_,-u ("IH-}) (3)

where the right hand side is the value at ®,;(m) of the generating
vector field given by the coadjoint action associated to element
Lp(Pyr(m)) € g. But this is just the value at ®y;(m) of the
vector field associated to the function F when restricted to the
orbit O through ®y;(m). (This can either be seen directly or by
applying (2) to the orbit O thought of as a sy 111]}1&(3’[1(: (7-space
whose moment map is the injection of O into g*.)

Thus. if m(t) denotes the trajectory of the Hamiltonian sys-
tem Xy with m(0) = m, we see that ®u;(m(t)) lies entirely
on the orbit O through ®,;(m) and is a solution curve of the
Hamiltonian system corresponding to F.




Thus. if m(t) denotes the trajectory of the Hamiltonian sys-
tem Xqy with m(0) = m. we see that ®y;(m(t)) lies entirely
on the orbit O through ®,;;(m) and is a solution curve of the
Hamiltonian system corresponding to F'.

Let v(#) denotes this curve in @. We can form the curve

A(t) = Lr(2(1))
in g and (2) says that
m'(t) = [A(t)] ar(m(t)).

So we can find the solution curve m(t) to X9 by applying the
following four steps:



Solving the equations in four easy steps.

So we can find the solution curve m(t) to X9 by applving the
following four steps:

1. Find the orbit O through ®5;(m).

2. Find the solution curve to the Hamiltonian system on O
corresponding to F', passing through ®,,(m) at £ = 0. Call
this curve ~(t).

3. Compute the curve A(t) = Lp(~(t)) This is a curve in g.

4. Solve the differential equations (i.e.. find the curve in G
satisfying).

a'(t) = —A(t)a(t), a(0)=e.

Then a(t)m is the desired solution curve.



Step l.me > M

(\ injection of the orbit

O O * O g*
\ Dpr(m)

Step 1 18 purely kinematic; it depends solely on the Hamiltonian
oroup action and has nothing to do with F.




Step 2.
Step 2 involves solving a Hamiltonian system with (usually)
many fewer degrees of freedom than A/. Thus. for example.
in the liquid drop model, O 18 at most 12-dimensional, while

M = RSN has dimension 6/N. This type of Hamiltonian equation
has become popular in recent vears in the study of mechanical

systems associated with nonlinear partial differential equations.
In case g has a nondegenerate invariant bilinear form (which is
definitely not the case for the semidirect product groups above).
one can identify g* with g so that O becomes an orbit in g and
the differential equations become

d~y

dat Y(t), Lp(~(t))]

which are known as Lax equations

It G = Sl(n) of U(n) the fact that ~(¢) lies on a fixed orbit
means that the eigenvalues of the ~v(#) remain constant. so one
speaks of an “isospectral deformation.” However. the natural set-
tine 18 on an orbit in a* not a.



Step 2.

2. Find the solution curve to the Hamiltonian system on O
corresponding to F'. passing through $ay (m) at £ = 0. Call
this curve ~(#).




Steps 3 and 4.

Step 71s an application of the Legendre transformation.
Step 4 can pose some interesting problems even if the solution
of step 2 1s trivial. For instance, suppose that F' is a G-invariant.

Then on each O, t
need not be trivial.

g and so a(t) will |

he curve () is a constant, but the map Lp

Thus, A(t) will be a constant element of

ye a one-parameter group. Thus the motion

corresponding to F' o &y, when F' 18 an invariant is given by the
action of a one-parameter group. the one-parameter group de-
pending on m. (For the case of a spherical top. this is the spin-
ning motion.) We might think of the solutions for noninvariant
F' as “generalized precessions or nutations.”



Step 3.

Step 5 1s an application of the Legendre transformation.

A(t) = Lr(~(1))



Step 4.

a'(t) = —A(t)a(t), a(0)

.




Partial information.

Notice that step 4 simplifies if we are only interested in partial
information about the trajectory m(t). For example, suppose
that M = 17Q and m = (q.p). where ¢ € (). That is, m is a
point in phase space whose corresponding point in configuration
space 18 ¢q. We might only be interested in the time evolution
of ¢, and this may involve less than the full curve a(t). In the
case of the groups for the rigid body or liquid drop models it is
only the SO(3) or SI(3) component that acts on configuration
space. The curveA(t) € g can be written as A(t) = (B(1).C'(t)).
where B(t) € o(3) or sl(3). Then b(t), the H = SO(3) or SI(3)
component of a(t) can be found by solving the equation b'(1) =

—B(t)b(t) in H.



The Poisson structure on the
dual of a Lie algebra.

We can use the Legendre transformation to make the space of
smooth functions (or polynomials) defined on (an open subset
of) g into a Poisson algebra. We simply define

s St (p) = (e [Lg (), L, (1)) (3)

for any p in the common domain of definition of f; and fy. The
right hand side of (3) makes sense since L, () and L, () are
clements of g and so we can compute their Lie bracket. We can
then evaluate g on this bracket.



Relation to the symplectic structure

on orbits
{fra fat () = (o [£g (1) £ g, (p)]) (3)
In view of the discussion leading to the proof of (2) we know
that | |
({fl.rfg]f)ﬂ: {fl|.;;_:rf2|f:!}|c} (4)

where the bracket on the right is the Poisson bracket coming
from the symplectic structure of @. This proves that (3) does
indeed define a Poisson bracket. that is. satisfies the axioms for
a Poisson bracket.

It also shows that g* as a Poisson manifold is “stratified” into
a union of the symplectic manifolds consisting of the co-adjoint
orbits.

The advantage to the definition (3) is that it is purely Lie al-
cebra based, and does not involve the group-theoretical notion of
orbit. Hence, it is of use in certain infinite-dimensional situations
where the group-theoretical constructions are not available.



Pull back by the moment map is a
homomorphism of Poisson algebras.

Let (M.wp;.Ppy) be a Hamiltonian G-space. We can consider
the corresponding map @7, from functions on g* to functions on

M.

which assigns to each function f on g* the corresponding “col-
lective Hamiltonian™ on M. From the above discussion we know
that 1s a homomorphism of Poisson structures:

O (L f1, fo}) = {3 (f1). Py (f2) far (6)



Collective and invariant
Hamiltonians commute.

Suppose that f € C*(M) is a G-invariant function. We write

this as f € C><(M)“. It T,,M = v € gas(m) then (vf)(m) = 0.
So if 'H 1s a collective Hamiltonian, X f = 0. 1L.e.
(H. [} =0.

The collective Hamiltonians and the invariant Hamiltonians Pois-
son commute with one another.



Do they mutually
centralize one another?

At any m € M, the subspace gy (-nu'r)L _ 1,,M is spanned by
those covectors which are of the form df (m) where Ay f(m) =0
for all A € g. Since (gy/(m)+)Lt = g. this suggests that the
collective Hamiltonians and the invariant Hamiltonins mutually
centralize one another, i.e that the collective Hamiltonians are all
the Hamiltonians which Poisson commute with all the invariant
Hamiltonians and vice versa. This is not quite true without some
additional assumptions which we will discuss.

But first an interesting example.



Left and right actions of G on
its cotangent bundle.

Recall that the moment map for the right action of G on 1™G 18
(g, p) = pu

under the left identification of 1™G with G x g*. Under this
identification. the left action of a € GG is given by a(gu) = (ag. jt).
So we see that everv collective Hamiltonian for the right action
1s invariant for the left action. As to the converse, any invariant
function for the left action is the pull-back of a function on g*.
What has to be checked is whether or not this function is a
smooth function on g*. We will do this in more generality later
on. Of course we may interchange right and left so

Proposition 1 Fuvery right collective Hamiltonian is left invari-
ant and every left collective Hamailtonian is right invariant.



Example: the free rigid body.

Let us show how Proposition 1. together with the integration
procedure described earlier. gives a prescription for solving the
equations of motion of a free rigid body. For the rigid body. the
configuration space is taken to be SO(3), the group of rotations
of the body about its center of mass.

The left-invariant Hamiltonian in this case is given by

1 ; ,u-2
H(g. p1) = H(p) = 5 Z I—F
i=1 '

where the [; are the "moments of inertia.” and we have chosen a
basis in which the inertia tensor is diagonal.



Example: the free rlgld body, 2.
H(g,p) = Z i

7 — 1

This is collective for the right action. lhe SO(3) co-adjoint
orbits are spheres, and the problem of integrating the Hamilto-
nian system on each orbit (step 2 above) becomes easy since the
fHow lines must be level curves of H. so that the flow lines are
obtained by intersecting the ellipsoids H = constant with the
spheres. The radius of the sphere is called the total angular mo-
mentum. For distinct moments of inertia [y > [o > [5 the flow
on the sphere of radius m has saddle points at (0, £m.0) and
centers at (+m.0,0) and (0.0, *m). corresponding to the critical
points of H. restr icted to the h]]]lﬂl’f_".‘, The saddles are connected
by four “heteroclinic” orbits as indicated in the figure.




= - ——

These curves tell us how the instantaneous “axis of rotation” is changing;
We must apply step 3, which gives us (in this case) a linear map from g*to g
(sending (x,,2,,2,) into (x, /], + %3 /1y, 23/ 1)), which, when applied to any
orbit on the sphere, gives the instantaneous rotation. The actual motion of
the rigid body is then obtained by applying step 3 above.



T'he rest of this lecture is taken from the paper “T'he central-
izer of invariant functions and the division properties of moment
maps’ by Karshon and Lerman [ll. J. Math. 41. no. 3 (1997).
462-487.



The centralizer of the
invariant functions.

Let (M.,w,®) be a Hamiltonian GG-space where G is a compact
Lie group.

Theorem 1 The centralizer of the G-invaritant functions func-
tions is the set of smooth functions which are locally constant on
cvery level set of D.

Proof. We have alreadv remarked that the Hamiltonian flow
of an invariant function preserves the level sets of ¢. So the
Poisson bracket of an invariant function and a function which is
locally constant on the level sets of ¢ 18 zero. So the centralizer
of the invariant functions contains the functions which are locally
constant on the level sets of . We need to show that there is
nothing else in the centralizer.



So let h be a smooth function in this centralizer. Let ~(?)
be a smooth curve contained in a level set of &. Since any two
points of every connected component can be joined by a piecewise
smooth curve, it is enough to show that the derivative of h(~(t))
is zero for all ¢. This derivative is equal to w(X,.7). For any
A € g we have

0= dd*(7) = w(Ar, 9)-
So the 4(1) lie in the symplectic perpendiculars to the G-orbits.
So it 1s enough to show that X, is tangent to the G-orbits.

Let t — o(t) be an integral curve of X;. Let f be a G-

invariant function. By assumption X, f = 0. But

%(f(ﬁ(f)) = (Xnf)(o(1))



and so equals 0. In other words. f is constant along o(t).

Since (+ 18 compact, the G-orbits are compact. and hence two
distinct orbits are contained in two disjoint open sets. Hence
the G-invariant functions separate orbits. Hence o lies in a fixed
orbit, and so X is tangent to the G-orbits. [

By the Jacobi identity. the centralizer of any subset of C> (M)
1s a Poisson subalgebra. So a corollary of our theorem is

Corollary 1 The set of smooth functions which are locally con-
stant on G-orbits is a Poisson subalgebra of C°°(M).



If a function f Poisson commutes with all the &4, A € g then
Xaf =0 for all A € g which implies that f is constant under
the action of GV, the connected component of the identity in G.
Of course. it 18 enough to check this for A ranging over a basis
of g. So we have

Proposition 2 If f € C*(M) Poisson commutes with all the
| . 2 D
4 as A ranges over a basis of g then f € C>~(M)Y .



Three types of “collectives”.

Let C°°(M)® denote the smooth functions which are constant
on the level sets of the moment map. Let C° (M) denote the
set of functions which are locally constant on the level sets of the
moment map and let ®*(C>(g")) denote the collective functions.
that is the pull-back of smooth functions on g* via the moment
map. So

s * T ] iE HOC T i —
PHC™(g")) CC™(M)" C O (M), (7)
In this notation, Theorem 1 says that the centralizer of C'> (M)
I Tt g
]:"ﬁ ( (;..I)E{?!"+

On the other hand. Prop.2 implies that the centralizer of the

collective functions is C>°(M)“ . So we know that

' E ) _ . ;'-..]
Corollary 2 The subalgebras C=° (M )}I{’H_ and C>(M)“ are mu-
tual centralizers.



Reformulation of the
problem.

O*(C™>(g*)) c C>=(M)* c C>(M)P.. (7)

So if (¢ 1s connected. the issue to be studied is when are the three
spaces in (7) equal. For this I refer you to the paper by Karshon
and Lerman.



