Symplectic Geometry
Lecture |3

The moment map and reduction.
The cotangent bundle of a group.

A normal form for the moment map near an isotropic
orbit.



Clean intersection.

d~1(0) is co-isotropic.
2.1 Examples from classical mechanics.
2.1.1 Reduction by total linear momentum.
2.1.2 Reduction by angular momentum in the
plane.
2.2  'T'he reduced moment map.

Marsden- Weinstein reduction.

Reduction in stages.



Review: symplectic
actions of a group.

Let (M,w) be a symplectic manifold. A G-action g — A, on M
is called symplectic it A, € Symp(M) for all ¢ € G. In other
words, if

1

Aw=w Vgeg.

Similarly, an action of a Lie algebra g is called symplectic if
Ay € X(M.w) for all A € g. Clearly. if g is the Lie algebra of G.

then the g action defined by a symplectic G action is symplectic.



Review: WWeakly
Hamiltonian actions

A symplectic GG-action or a g-action is called weakly Hamil-
tonian if all the vector fields A,; are Hamiltonian. In other
words, if for each A € g there is a smooth function ®(A) on M
such that

Anr = Xa(a).

One can always choose ®(A) to depend linearly on A, by fixing
the values of ®(A;) for the A; in a basis of g and then extending
linearly. Then the map

A= O(A)
can be viewed as a g* valued function on M:

b cC=(M)og"



Review: Moment maps.

In other words, a symplectic GG-action on a symplectic manifold
(M. w) is weakly Hamiltonian if there is a smooth map. called
the moment map

O: M —g*

Le. & € C(M) © g* such that

i(Ay)w =d(®, A ¥ Aeq. (4)



Review: Hamiltonian
actions.

Definition 4 A weakly Hamiltonian G-action is called Hamil-
tonian with moment map ¢ if the moment map can be (and
has been) chosen so as to be an equivariant map from M to g
relative to the co-adjoint action of G on g*.

Similarly one defines moment maps for Hamiltonian g actions:
one requires ¢ to be g equivariant in this case.



Review: The derivative
of the moment map.

Let us be given a Hamiltonian action of a Lie group G on a
symplectic manifold (M. w) with moment map ¢ : M — g*. The
defining property of the moment map is

{'f{'?ll'. :L — J'(d-il__-w,,f;]u.-‘ vV A€ .

In this equation, A is a constant (as a function on M) so we can
rewrite this as

(d®,,(0), A) = W, (Arr(m),v) veT,M, Acg  (4)



Review: The evaluation
map and its transpose.

(dP,,(v), A) = wp(Ay(m),v) vel, M, Acg  (4)

Here 1s a way of thinking about this central equation: The action
of G on M gives a linear map

evy(m):g—1,M. A~ Ay (m)

for each m € M. Let us call this map the evaluation map.
The transpose of the evaluation map would be a linear map tfrom
17 M — g*. T'he symplectic form w,, gives us an isomorphism

-
'I‘.ri-rﬂlr — 17" M. (R "-4-'1}:;'[;” "!1;]*

LT



Review: The moment map
and the evaluation map.

{i‘-"ﬁ(I}m [\‘!) *’F — W (44;"'.:“ ('m')- *!‘) U e .]‘mﬂ[- A€ d. L“IJ

'I‘.ruﬂir — T M, U "-ij'n[;*‘ "!1]*

LT

Using this isomorphism, we can regard the transpose as a map
1,,M — g* and (4) says that

Proposition 1 do,, : 1,,M — g" s the transpose of the eval-
uation map g — 1, M when we identify 1 M with T, M using

T

A
i



Review: the kernel of the
derivative of the moment map.

Let gas(m) denote the subspace of 1), M consisting of all the
Ayr(m). A € g. So gar(m) is the image of the evaluation map
at m. Geometrically. 1t is the tangent space to the orbit G - m
at m. Since the kernel of the transpose of a linear map is the
annihilator space of the image. we conclude that

ker d®,, = gpr(m) +

o~
g |
S

where 1 means the perpendicular relative to w,,,.



Review: A transitive Hamiltonian
space covers a coadjoint orbit.

For example. suppose that G acts transitively on M so that
gar(m) =1, M at all points. Then the kernel of d®,, is {0} at
all m. In other words, ® 1s an 1mmersion. Since ¢ 1s equivariant
and G acts transitively on M, the 1mage of ® must be a single
orbit O of the co-adjoint action of G on g*:

O(M) =0, O=G-P(m), meM.

So the map
oM —0O

1S a coverig map.



Review: The Kostant-Souriau
theorem.

Putting it all together we obtain:

Theorem 2 [Kostant-Souriau]. Any co-adjoint orbit O car-
ries a unique symplectic form o for which the injection

L:@—:*g*

is the moment map. At each p € O this symplectic form is qiven
by
ﬁ;;.(a'q@ (;”) Bo (}”)) — <:”'.' [:1 BD

If M is any symplectic manifold G acts in a Hamiltonian fashion
and the action 1s transitive, then the moment map ¢ . M — g*
15 in fact a covering map of some orbit O of G acting on g* and
the symplectic form on GG is the pull-back via & of the symplectic
form o on O.



Review: the image of the
derivative of the moment map.

F

d®d,,, maps 1,, M to T3, (g%). Since g* is a vector space, we may
identify T, (g*) with g* and hence think of d®,, as a map

. I 7 #*
dd,, T, M — g*.

The image of this map will be a subspace of im(d®,,) C g*.
So the annihilator space (imd®,,)" of this subspace will be that
subspace of g consisting of all A € g such that (. A) = 0 for all
1€ imdd,,. Prop.1 tells us that

(im dd,,)" = {A € g|Ay (m) = 0}. (6)



Review: T he stabilizer
subgroup.

(im d®,,)" = {A € g|Ay (m) =0}, (6)

The right hand side of this equation is the Lie algebra of the sub-
oroup (,,, C G consisting of those elements which fix m some-
times called the stabilizer group of m. As a corollary of this
equation we see that

Proposition 2 d®,, is surjective if and only if the stabilizer
subgroup of m is discrete.



Clean intersection.

Let f : P — () be a smooth map between two differentiable
manifolds, and let W be an embedded submanifold of (). We say
that f intersects W cleanly if the following two conditions hold:

o f~1(WW) is a submanifold of P and
o at cach pe P, 1,( F~Hw)) = (fj}jl(']'ﬂ-*"r F(p))-

For example, if f is transversal to W meaning that at each p €

fHW)
df,(T,P) + Ty W =T, @

then the implicit function theorem guarantees that the two con-
ditions hold. But cleanness is a more general property than
transversality.



d~1(©) is co-isotropic.

Let M be a Hamiltonian G-manifold with moment map & : M —
g* and let O be a G-orbit in g*.

The following theorem is a vast generalization of our comn-
struction of the symplectic structure on projective space:

Theorem 1 [Kazhdan, Kostant and S, 1978.] [f® : M —
g* intersects O cleanly, then ®~1(O) is coisotropic and the leaf
of the null foliation passing through a point m € ®~1(O) is the
orbit of m under C’E} . the connected component of the isotropy
group of ¢(m) under HH” action of G on g~.



Proof, |.

Proof. Let
Q:=d (O) and m Q.

T'he clean intersection hypothesis says that ) is a submanifold
of M and that

irm@ — (d(;[}-m)_l (-LI}EIH]IO}

The ts nt space 1 . at ¢(m sists of all vectors
I'he tangent space 1g,,)O to O at ¢(m) consists of all vectors
of form Ay« (P(m)) as A ranges over g. The equivariance of @
implies that

dd,,(Ayr(m)) = Ag« (P(m)).
SO
1,,Q = gy (m) + ker do,,.



Proof, 2.

T,,Q = gar(m) + gar(m)~

as a subspace of 1,, M where L is relative to the symplectic form
Wy NOW

(HM(?”) T !}..-u('”?}l)L = gn (m) N .'-'}..-w('”i')L C ga(m) + .f‘}_.-u(’f’”-)L+

This shows that 1,,,Q0 1s co-isotropic with null space at m given
by

7 oL | — 1

(15,Q)~ = gar(m) N gar(m)—.
Now Ajr(m) € gu (-'m.jL = ker d®,, if and only if Ag-(P(m)) = 0.
So (ZET,.,”_Q)L consist of all vectors of the form Ay (m) where A is
in the Lie algebra of Gg(,,). U



Relation to the projective
space example.

In our example of projective space G = T! was the circle
acting diagonally on C". Since G is commutative. the action of
(- on g* is trivial. so the coadjoint orbits are points. We found
that if we took a non-zero point in g* = R the inverse image was
a sphere which was coisotropic and its foliation (by circles) was a
fibration over projective space which then acquired a symplectic
structure.

In the general case we should discuss what conditions will
ouarantee that the null foliation of Q = ®~!(0) is a fibration. I
may go into this later. But in many cases. just as in the case of
projective space, we can check directly that the null foliation of )
1s a fibration over a base BB which then is a symplectic manifold.



The dimension of the base.

Assuming that the fibration of () is fibrating. let us compute
the dimension of B:
For m € () we know that ker d®d,, = g, (_.m_)L and therefore

dim ker dd,,, = dim M — dimgu;(m) = dim M — dim g + dim?1,,

where 1,,, is the Lie algebra of the isotropy group at m. i.e. 1,, C g
consists of those A € g such that Ay (m) = 0. So if 15(,,, denotes

the Lie algebra of the isotropy group of ®(m) we have

dim@ = dim17,, 0
= dimO + dim kerdd,,,

= dimg — dimig,, + dim M —dim g + dim1,,

30
dim @ = dim M + dim1,, — dimig,,. (1)

5 Ky



dim @ = dim M + dim1,,, — dimig,,).

5 Ky

Since dim(7},Q)+ = dim M — dim Q we see that
dim(7,,Q)" = dimig(,,, — dim1i,,.

Since dim B = dim Q — dim(7,,,Q)+ we see that

dim B = dim M — 2(dim ig,,,) — dim1i,,).



The orbit reduced
space.

dim B = dim M — 2(dim ig(,,, — dim1i,,). (3)

An important special case is where ig(,,,) = g (which be the case
if & is abelian) and 1,, = {0} which will be the case if the isotropy
oroup of m is discrete. Then (3) becomes

dim B = dim M — 2dim g. (4)

In any event, the space B is called the orbit reduced space or.
less modestly. the KKS reduced space.



The reduced Hamiltonian.

If ‘'H is a function on M which is invariant under H. then
the Hamiltonian flow corresponding to ‘H preserves () and its
restriction to () is of the form n"'H,.q where H, 4. called the
reduced Hamiltonian. is a function on B and 7 : Q — B is the
null fibration. The trajectories of the Hamiltonian flow on )

project down to the trajectories of the Hamiltonian H,..; on B.

For example, consider the case of total linear momentum. where
G = R? acting as “simultancous translations” on the configu-
ration space of n particles moving in R?. The phase space M
(= cotangent bundle) for this system has dimension 6n. If the
Hamiltonian is invariant under &, the reduced space has dimen-
sion 6n — 6. We have “reduced” the number of variables.



Example: angular momentum in
the plane.

Consider the motion of a particle of mass 1 on B? in a potential
V =V(q) = V(g1.q2). 1t is described by the Hamiltonian H on
N L2 9
H(q.p) = 51 +p3) + Vig).

Suppose the potential has rotational symmetry i.e. that it de-
pends only on r = ||¢||. Then H is invariant under the cotangent
lift of the rotation action of G = T!. The moment map for this
action is angular momentum ®(q.p) = pog; — p1go. In polar co-
ordinates (r.6) on B? and corresponding cotangent coordinates

on T*R?

1 1 .
H(r.0.p..pg) = > (}).,2. + E;JE) + V(r)



Example: angular momentum in the
plane. Using polar coordinates.

1 1 .
H(r.0.p,..pg) = 5 (}).,2. + Ep%) + V(r)

and

O(r.0) = po

where the symplectic form on T*R? is
w =dr Ndp, + db N dpg.

All the orbits of G acting on R = g* are points. Since G acts
freely on the set where py = 126 # 0. the differential of ® is
not zero at any of these points. So if 1 # 0 then Q = &~ (pu)
is the co-isotropic submanifold of 7*R? given by py = p. Since
dpg = 0 on (), we see that the restriction of w to Q) is dr N dp,..



Example: angular momentum in the
plane: the effective potential.

So it 18 clear that the null foliation is given by the circles r =
const., p,, = const. and so the base B has coordinates r, p, and
symplectic form dr A dp,.. The reduced Hamiltonian is

1 l
H'f'{*rf('rrp?') — 51“2 Qﬁ! T |4 ( )

In the physics literature this is written as

| _, _, "
Hyca==p>+Ver(r), Ve = 9,2

> s+ Vi(r)

and V.¢p 1s called the effective potential. 'The equations of
motion of B are those of a one particle moving in one dimension
with effective potential V. gy.



Example: angular momentum in the plane,
solving the reduced equatlons

1 ,u
Hycg==p>+Vorp(r)., Vi = > s+ Vi(r)

2
Using conservation of energy for this dynamical system in one
dimension we have
L 4 1.5 .
5P + Verrlq) = iy + V.rs(q) = E = const..

In other words.

i = J2E = Vi (r).

We can solve this equation for ¢ as a function of r

L /’ dr
;g ..[' p— -
<+ T \/2('5 o L{jf(!)

and then invert to get r as a function of t. Using 726 = 1 we can
then solve for € as a function of f.



Back to general considerations.

We continue the study of a Hamiltonian (G-action on a symplectic
manifold (M,w) whose moment map ®,; : M — g* intersects a
coadjoint orbit O C g* cleanly with

Q — (I}Ifl (O)

so that () 1s a coisotropic submanifold of M. We assume that
the null foliation of () is fibrating so that we have a fibration

T:(Q) — B

where (B.0) is a symplectic manifold with

where ¢ : Q) — M 1is the injection of () as a submanifold of M.



The reduced moment map.

?TQ—‘-‘B TO =1 W.

The group &G preserves () and its null foliation. and hence
acts on B so that the map 7 is G-equivariant. Thus, for every
A € g we get vector fields Ag on ) and Ap on B and they are
r-related. So

T ('i-(ﬂ;;)ﬁ) = "f".-(iqug}f,*i;d = !-*(}F.{fll_,-u : :1}

Since the null foliation through ¢ € @ is the orbit of the
connected component of the isotropy group Gg,,(,) acting on
g, the function ®j; i1s constant on the null foliation of () and
hence descends to a function @ which is a moment map for the
(G-action on 3. and &g takes values in the single orbit O.



Diagram.

L

M

Wl \ \
G:)B injection as

a submanifold.



The Marsden-Weinstein
reduced space.

Since O/ is a point. this suggests that we investigate B /G.
We will give an alternative description of B/G which will al-
low us to conclude that B/G is a manifold. indeed a symplectic
manifold. called the Marsden-Weinstein reduced space.

Let M and N be Hamiltonian GG-spaces with moment maps
Gy and oy, Then N7 x M is a Hamiltonian G-space with
moment map Py, — Py (in the obvious notation). In particular.
consider N = O as a Hamiltonian G-space with moment map
by = 1o, the injection of O into g*. The moment map

Po-wv =Py — o
has the property that

fI?EJl_KM([]) = {(m.pw)|Pps(m)=p and pe O},



IUL a0)=A{(m, p)|Par(m) =p and p e O},

The hypothesis that &,; intersect O cleanly is equivalent to the
hypothesis that ®n- 5y intersect {0} cleanly. So if we make this
hypothesis. we see that *1110 .1y (0) is a co-isotropic submanifold
of O~ x M whose null foliation through any point is the orbit
of that point under the connected component of the isotropy
oroup of {0}. The isotropy group of {0} is all of G. So if we
assume that G is connected the null foliation through any point
(m.Par(m)) of *i[lél_ .1y (0) is the orbit of (m, ®yr(m)) under G.
Since @y (m) € O, we know that m € ., and so b =n(m) e B
is such that ®z(b) = Py (m). So the quotient iliél_m (0)/G s

o v O —1 1 = SRSy SEATS
the same as ¢~ .(0)/G which is the same as B/G.



Rewriting the Marsden-
Weinstein reduced space.

Another way of writing the Marsden-Weinstein reduced space
1s to observe that since G acts transitively on @O, we can. set
theoretically, identify *I%l_ .1y (0)/G with *IJLI (p)/ Gy, tor any p €
@D. This 1s the way that the Marsden-Weinstein reduced space
1s usually described 1 the literature. The Marsden-Welnstein
reduced space 1s denoted by Mo or by M,,. The reduced space
at the origin is denoted by M .



Relation between M-VV reduction
and orbit reduction.

If we assume that the isotropy groups G/, are connected for
some, hence all, ;1 € O, we can be more precise about the relation
between B and Mo: Let b € B and let p = &p(b) € O. Let
gem Hb). If g € G’ﬂ (the connected component of the isotropy
subgroup of p) then w(gq) = b by our description of the null
foliation of (). We conclude that

0
G;__,_ C Gy,

On the the other hand. since ® g is a G-morphism. we know that
G, C G,. So if G, is connected, we conclude that G), = G,,.
and hence that &gz gives a diffeomorphism of GG - b. the G orbit

through b, with O.



Consider F. = &7 (1) /G, which we can
7 M 7

identify with Mo. The map
v:Ox F, —B. ~([(lap.z)]) = az

1s well defined. We claim that this is a diffeomorphism. Indeed
we have the map

() — $—!

oy (0). mo— (Pyr(m), m)

which induces a map of
3:Q/G — o5t ,,(0)/G = Mo

and so the map

Oy x3:0— O x My

which is the inverse of ~. [l



Elimination of the
nodes.

Suppose G = S50(3), the rotation group. acting in Hamiltonian
fashion on (M. w, ®). Suppose that 0 = 1 € g* 18 a regular value.
Then ®~*(;) has co-dimension 3 and the isotropy group of s is
just a circle. So the dimension of the reduced space M, 1s dim
M — 4. The passage from A to M, is known as elimination
of the nodes and was introduced by Jacob1 m his study of the
three body problem.



Reduction in stages.

Suppose that we have a group H also acting on the Hamilto-
nian G-space and commuting with the action of . suppose
that the action of H 1is also Hamiltonian. 'This means that
we have a Hamiltonian action of ¢ x H whose moment map
18 Py = P & Oy under the natural identification of the dual
of the Lie algebra of ¢ x H with g* & bh*. Then H acts in a
Hamiltonian fashion on Mp and. under the appropriate clean-
ness assumptions, if P is a coadjoint orbit for H. we have the
natural identification of the double reduction

(Mo)p
with the single reduction (relative to G' x H)
ﬂir@:xfﬂ

See Meinrecken for details.



The GxG actionon G.

Let G be a Lie group and let G x G act on GG by left and right
translation. so (a.b) acts on G by L, o Ry = Ry o L,. Even more

explicitly (a.b) sends
¢ — ach™ 1.

We can also write this as

Lnb‘ l *‘4{:

where Aj 18 conjugation by b.



The induced action on
the cotangent bundle.

The action of G x ¢ on G induces an action on 717G with a
moment map

We want to compute this moment map in the left identification
of 177G with G x g*. 'This means that we use dL, to identity
g = 1.G with 1,G and hence n’.L;_J to identify g* with IJG’
More explicitly, (g.p) is identified with the element of 7 ;G which
sends

(9.dL,C) — (1,C), C €eg.



The moment map for
the right action.

Let us first consider the moment map for the right action of G on
177G, If O € g. the generating vector field for the right action is
the vector field for the one parameter family of transformations

g +— gexptC
which 18 just the vector field
-+ Y .

under our left identification of TG with G x g. So the moment
map for the right action is

T Gxgt—g" O ((g.p) = pu.



The moment map for
the left action.

If ' € g. the generating vector field for the left action is the
vector field for the one parameter family of transformations

g — exp(—tC)g=g- g~ exp(—tC)g.
Under the left identification of 1'G with G x g the value of this
vector field at g is (g. — Ad,—1 C'). So the moment map for the
left action is
O (g ) =—g- 1t

where ¢ - u denotes the coadjoint action of G on p € g*. To
summarize:



Summary:

Theorem 1 If we use the left identification of 17 G with G x g*
then the moment map for the G x G action on 1"G is

“:I:'L %E':I:'HZ T = (] % g+: . g* 'ﬂ“g*

where
O (g.p) =—g - p
and
" (g, ) = p.



The reproducing
property of T*G.

Let (M. w.®y;) be a Hamiltonian G-space and consider the ac-
tion of G on

(1*°G)™ x M

where g acts to the right on /™. So the moment map for this

action 18
O =0o, — (115{+

If we use the left identification of 1™ G with GG x g* this becomes
O(g.pi.m) =Dy (m) — pu.
So ®~1(0) consist of all (g. . m) with gt = ®;(m). Thus

O~1(0) = G x M.



If we use the left identification of /™G with G x g this becomes
O(g.pi.m) = Dy (m) — pu.
So ®~1(0) consist of all (g. jr.m) with g = ®;(m). Thus
Od~1(0) = G x M.

Dividing out by G gives M as a symplectic manifold. The left
action of G on 1T™*G (with trivial action on M) commutes with
the right action. So it restricts to an action on ®~'(0) which
descends to a Hamiltonian action on ®~1(0)/G which is just the
original action on M. In short.

(T°G= x M), .= M. (1)



Symplectic induction.

(T°G= x M), = M. (1)

[ want to generalize the construction involved in (1) in two ways.
In this section I want to replace G x GG by G x K where K is a
Lie subgroup of G. If + denotes the injection of £, the Lie algebra
of K as a subalgebra of g and if # = 1™ denotes the transpose
nmap

then the moment map for the right action of A on 177G under
the left identification of R*G with G x g* is

(9. p1) = Tp.



Now suppose that M is a Hamiltonian A -space with moment
map

(13'_,-1; M — .
Then (I™G)~ x M is a Hamiltonian K space with moment map
U (I7G)” x M — ¢

where

U(g.p.m) = ®y(m) — w(p)
under our left identification of 717G with GG x g*. Then

U=H0) = {(g. pr. m)|w(p) = Pps(m)}
and A acts freely on this set since it acts freely to the right on
G;. If K is compact. for example, we can then form the quotient
space for this A action to obtain

((1‘*@)— x ﬂ-f)

/K



UH(0) = {(g. pr.m)|w(p) = Pps(m)}
and /A acts freely on this set since it acts freely to the right on
(. If K is compact. for example, we can then form the quotient
space for this A action to obtain

((1‘*@)— X M)

/K

which is a Hamiltonian &' action derived from the left action of
GG on 176,

In this way. we have produced a Hamiltonian & space out of
a Hamiltonian K -space. T'his is the symplectic version of induc-
tion. which. in representation theory produces a representation
of a group out of a representation of a subgroup.




The moment map of a
symplectic representation.

Suppose we are given a representation of /A on a symplectic vec-
tor space (E.wp). I claim that this is Hamiltonian with moment
map

. 1
by B — {3.*_. <(I-"("4!-‘)_.44> = 5@;;(’4!-‘_. A- ’d‘)_. ve bk, Aet (2)

Indeed. under the vector space identification of 1., F with F'. the
y { y
cenerating vector field for A € £ 1s

fl;;(?‘) — —A-v.
So for anv w € E we have
(".5.-(44;;(1‘));:.};;)(’H.-‘) — L:..J;;(Jq;;(‘d‘)_. "H.-‘) — L:..J;;(‘HJ_. A "a!-‘)+

We must check that this coincides with the differential of the right
richt hand side of (2)



1
To prove: (P(v). A) = Eguhf(-e.-_. A-v),velE, Aet (2

.hqfi-'(rl!‘) — _..'.ﬂ_l. * rli.1+
So for any w € E we have

(1(Ap(v))wp)(w) =wp(Ag(v).w) =wp(w. A-v).

We must check that this coincides with the differential of the right
hand side of (2) when evaluated on w thought of as a tangent
vector at v. But by definition. this is the derivative of %w;g(w +
tw. A (v+ tw)) evaluated at at t = 0. By Leibnitz this is

1
2 wp(w, A-v) +wp(v,A-w)] =wp(w, A-v)

as required, since A acts on £ as an infinitesimal symplectic
transformation.

The formula (2) is a generalization of the formula we obtained
earlier for unitary representations.



The vector bundle structure
on the induced space.

[ claim that the reduced space
F:=((T"G)"xE),, , =V"0)/K

has the structure of a homogenous G vector bundle over GG/ K.
[ will prove this under the assumption that £ ¢ g* has a has a
K-invariant complement., which is always true if A is compact.
(Here £ denotes the space of those elements of g* which van-
ish when restricted to £.) We can then can then identify this
complement with £*. In other words. we have the direct sum
decomposition
g- =t ¢t



The vector bundle structure

on the induced space, 2.
g-&: _ {:.{I an {:.;#+

So if we write an element of g* as
_ _ w0 3 ~ p*
a+3. act pgett
we have
o+ 3) = 3.

Let us set

Vi=t'0E.

The group K acts on £ by (the restriction of) the co-adjoint
action, and on I via the given representation, and so acts on V.



The vector bundle structure
on the induced space, 3.

Let us set

V=t"¢E.

The group K acts on £ by (the restriction of) the co-adjoint
action. and on £ via the given representation. and so acts on V.
From the above we see that the map

GxV —=0vY0), (bhav)—bat+dpv).ov)

18 a K -equivariant identification. Hence the vector bundle (G x
V') /K becomes identified with F'.



The vector bundle structure
on the induced space, 4.

Recall that we get a Hamiltonian action of GG on F' as follows:
The left action of G on 1T*G extends to an action on (1%G)™ x E
by letting ¢ act trivially on £. The moment map for this action
1S

(E}r e 11) — b - 8

so the restriction to ¥~1(0) is
(b, +Dp(v),v) — b (a+ Dp(v)) (3)

which 18 A -eqivariant and so descends to F.



The symplectic normal
bundle of G/K is (GxE)/K.

Notice that the homogeneous space G/K thought of as the
zero section of the vector bundle F' lies in the zero level set of this
moment map and hence is isotropic as a submanifold of F'. Its
symplectic normal bundle is exactly the homogenous symplectic

vector bundle (G x )/ K.



A local model near an
isotropic orbit.

(b, + Dp(v).v) — b (a+ Dp(v)) (3)

We can use the construction of the last section and especially
equation (3) to construct a local model for the moment map near
an isotropic orbit. Here is how it works: Let Y = G - p be
an isotropic orbit of a Hamiltonian G-action on a symplectic
manifold (M,wy;, ®pr). Let K = G, so that ¥ = G/K as a
homogeneous space. The symplectic normal bundle of YV has as
its fiber over p the space

E=1Y/1

where

[=TY,=g/t



A local model near an
isotropic orbit, 2.

Y =G.p K=0G,sothat Y =G/K I=TY,=g/t
TM,=1+¢C

where C' i1s non-singularly paired with I under the symplectic
form wys(p). In other words.

C=1"=(g/t) =¢

as a K-space. Thus the V = £V & E constructed above can be
identified with the fiber N, of the normal bundle to Y =G -p =
(/K. 'This shows that the vector bundle (G x V)/K can be
thought of as the ordinary normal bundle to Y.



A canonical form for the moment

map near an isotropic orbit.
(b, + Dp(v).v) — b (a+ Dp(v)) (3)

But more to the point: we have two G-equivariant isotropic
embeddings of G/K . as the zero section of /' and as Y in M. and
they have the same symplectic normal bundle, namely the bundle
(G x F)/K. Thus, by the isotropic embedding theorem, these
are locally equivariantly symplectomorphic. In other words, the
embedding of G/K as the zero section of F'is a model for any
isotropic orbit with the given symplectic normal bundle and (3)
1s a canonical form for the moment map in a neighborhood of
the isotropic orbit.

In particular this applies when the orbit lies in the inverse
image of a point in g*which is fixed under the co-adjoint
action of G.



Local convexity for Hamiltonian torus
actions.

Let M be a Hamiltonian T space where T is a torus and let
O =T - m be the orbit through a point mm € M. We know that
this orbit is isotropic. So if K = T,,, 1s the isotropy group of m
we have the model

(T*(T)" x E)//K

for the action of T near @. We know that by appropriate choice
of complex structure. the representation of KX on FE is unitary.
Then (3) says that the image of the moment map for the action
on this model is the cone

T : (Pp (E))



Then (3) says that the image of the moment map for the action
on this model is the cone

pA+7H (Pp(E))

where
Tttt —

1s the projection dual to the injection
Lt —t

of the Lie algebra of A into the Lie algebra of T.
Reverting back to the notation of the previous lecture, we
have proved:



Local convexity for
torus actions.

Theorem 2 Let (M.w,®y) be a Hamiltonian T space where T

s a torus. Then every ¥ € M has a neighborhood O such that

there is an open set O" in t* and a cone C(x) in t* such that
O(O)=0"NnC(x).

More precisely, the cone C'(x) 15

’”'|tm — Zf'ﬁ:;ﬂfﬁ'. T :_} “}

where the [3; are the weights of the representation of Ti}, on 1, M.

Clz) = Pp(x) + {,u ct”



