Symplectic Geometry
Lecture 12

More on moment maps
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Review: symplectic
actions of a group.

Let (M,w) be a symplectic manifold. A G-action g — A, on M
is called symplectic it A, € Symp(M) for all ¢ € G. In other
words, if

1

Aw=w Vgeg.

Similarly, an action of a Lie algebra g is called symplectic if
Ay € X(M.w) for all A € g. Clearly. if g is the Lie algebra of G.

then the g action defined by a symplectic G action is symplectic.



Review: WWeakly
Hamiltonian actions

A symplectic GG-action or a g-action is called weakly Hamil-
tonian if all the vector fields A,; are Hamiltonian. In other
words, if for each A € g there is a smooth function ®(A) on M
such that

Anr = Xa(a).

One can always choose ®(A) to depend linearly on A, by fixing
the values of ®(A;) for the A; in a basis of g and then extending
linearly. Then the map

A= O(A)
can be viewed as a g* valued function on M:

b cC=(M)og"



Review: Moment maps.

In other words, a symplectic GG-action on a symplectic manifold
(M. w) is weakly Hamiltonian if there is a smooth map. called
the moment map

O: M —g*

Le. & € C(M) © g* such that

i(Ay)w =d(®, A ¥ Aeq. (4)



Review: Hamiltonian
actions.

Definition 4 A weakly Hamiltonian G-action is called Hamil-
tonian with moment map ¢ if the moment map can be (and
has been) chosen so as to be an equivariant map from M to g
relative to the co-adjoint action of G on g*.

Similarly one defines moment maps for Hamiltonian g actions:
one requires ¢ to be g equivariant in this case.



Review: Exact
symplectic actions.

Suppose that (M, w) is exact with w = —da and that our group
action preserves a. Then

Dy,a=0 Y Acg
and by Weil's formula

i(Apg)dO + di(App)0
which says that it we define ¢ : M — g* by

/ AN - — I.-". , ."-,' e
11'11?'. ;—1; = (v, :1__-”; (0)

then @ is a moment map.



Review: Induced
cotangent actions.

For example, if we are given a G-action on manifold @) we get a
Hamiltonian GG-action on the cotangent bundle 1™ () where now
a = ag Is the fundamental one form of the cotangent bundle.
The definition (6) now reads

(@, A)(q.6) = (. Aglq)) £€T1/(Q). Acg (7)



Cﬂ
T

Consider C" with its standard complex coordinates zy.....z,
and write z; = q; + ip; and

W = ngj dp; = ; an"'? dz; = %h(dﬁ,dﬁ)

b b

hu,w) = Z U W

J

where

is the Hermitian form. Let a be the one form on C" defined by

= — Z (Zjdz; — z;dz;) .

Then
do = —w.



The unitary group.
RES iz (Zjdz; — z;dZ;) .

Then
do = —w.
We can write .
o= Imh(z.dz).

In this form it is clear that a is preserved by the unitary group
U(n) and hence the action of U(n) on C" is Hamiltonian with
moment map given by

(fI)r :1> — <“5.' *4{3”}



<{I}r :U — <(tr *’1@”)

where A € u(n) is a skew adjoint matrix. So we must compute
Acn. Now
exp—tA: z+— 2z —tAz+ ..

S0

2 (t) = 21 — fz Ape(qe +ipe) + -+
[

so the vector field Ag» 18 given by

S S ‘ 3,
e\ dqp
()

Z Z (_ Re *'4;'1'1{1})1!5 — Im 44;.; gff:) -
t’_‘}});ﬁ.

k ¥



We can give this a more convenient form by introducing the com-
plex vector fields

9 L/ d o, 9, 1/ 0 e 9,
—_— = — —_ ) — = — —_ | —
0z; 2 \ Jg; dp; ) 0%; 2 \ Jq; dp;

Notice that if

c=a+1ib, w=x+1y

then
) .
U - r_‘?_
1 0 () ) )
— b)) 4+ 1 — — i — — b)) (x — 7 g —
: (a + ib)(x + 1y) (t‘?g f{jp) + (a — ib)(x — iy) (r_‘?g -+ !E?p)}
() 3,

= (ax — by)— ha
(aa J;;)ag + (ay + b )Q}J



It c=a+ ib. w=ux41y then Cuw o 0
0z (_‘}_
9, ()
(ax — by)— + (ay + bx)—.
dq dp
0
Z (Z (—Re Ageqe + Illlflmﬁr)) —+
Aqy
K ‘
d
Z (Z (—Re Agepr — Im A;ﬁ.;gf)) —,
t'j}};i.
K (
write the above expression for Af_;gﬂ as
— Apy
DIRCES we ERC

ki

The fact that A 1s skew Hermitian allows us to rewrite this as

_24“ ¥ +Z’L’L ”f{iﬁ
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Of course. by restriction, this applies to any subalgebra of u(n).
So we have proved:



The moment map for
U(n) actingon C" .

Theorem 1 Let G be any subgroup of U(n) with Lie algebra g.
Then the action of G on C" is Hamiltonian with moment map
AT #

¢:C" —g

given by

! o LY ; . - * — T ; — i
l:",{]:} {.a } . _:I_l .-":l —_— ; _:4_ .Fuii"l!l ,a]f_l . o = : e IRIS . _:I_l — g+ { J_ }
Tkt

f}rg



The maximal torus of
U(n) .

Consider the subgroup ot U (n) consisting of all diagonal matrices.
As a group 1t 1s T". the n-dimensional torus. The Lie algebra of
this subgroup 1s the space of all diagonal matrices with purely
imaginary entries. So, as a vector space, this 1s R with the
celement

1dentified with the diagonal matrix

diag(iry,. ... 1y ).



The image of the
moment map.

The theorem says that the moment map & : C" — R" 1s given
by
A SR 9, o
{]:'}{Z}I — ;{ :1 IR Z ”‘-}I {2}
it
21
7=
.-T-.-:'-J'il

Notice that the mmage of the moment map 1s the entire first or-
thant of R™ consisting of those vectors whose entries are non-
negative.,



Complex representations
of a torus.

Let T = TY be a d-dimensional torus, and suppose that we are
oiven a representation of T on an n-dimensional complex vector
space V. From group theory we know that V' is isomorphic to
a direct sum of one dimensional complex representation spaces.
The one dimensional representations of T can be described as

follows:



Weights.

The Lie algebra t of T is a d-dimensional real vector space.
The exponential map
exp: t— T

has as its kernel a d-dimensional lattice A. If 5 € t*. then the

exXp a — e\ )

is well defined if and only if (3.\) € 2nZfor all A € A. This
condition picks out a lattice in t* called the weight lattice.
The elements of the weight lattice are called weights. 'T'hen
every one dimensional representation of T is of the above form
with (3 a weight.

So if we are given a representation of T on a complex vector
space V', then we can choose a basis of V which identifies V'
with C™ and such that all the elements of 1" are represented by
diagonal unitary matrices.



The moment map.

This means that we are given a homomorphism of T" — U(n)
whose induced homomorphism on the Lie algebra level sends

t o o —adiag(Gi(x).....0,(x)).
The transpose of this map sends the row vector (uq.....u, ) to

w1y 4+ 4 un G,

So the moment map V' — t* in terms of the identification of V'
with C™ is given by

| |
(I:r(zj — E

%.ﬁL + E

=i
B

2028, (3)

Thus the image of the moment map is the convex cone consisting
of all non-negative linear combinations of the ;.



Preview.

|
(I)(Zj — E

1
%.ﬁL 4o 4+ —

51z %3, (3)

-
o

Thus the image of the moment map is the convex cone consisting
of all non-negative linear combinations of the ;. We will denote
this cone by C'(31.....03,).

We will make use of this fact to prove that the image of a the
moment map for a Hamiltonian action of a torus on a compact

manifold is a convex polytope.



Normalization near a
fixed point.

We can make some preliminary steps in this direction right
now. Let T act in Hamiltonian fashion on a manifold M and
let = be a fixed point of T. Then we get a linear representation
of T on the tangent space 1, M. We can put a T-invariant Rie-
mann metric on M and then a compatible complex structure on
1. M. We can now apply Darboux’s theorem, making sure that
all choices are T-equivariant. 'T'hus there will be a T-invariant
neichborhood O of the origin in 1, M and a symplectomorphism
of O onto a a T-invariant neighborhood of = in M intertwin-
ing the two T actions. The moment maps for these two actions
must be intertwined up to an additive constant. Since the con-
stant term in (3) is zero, the additive constant is just & (x).



The cone near a fixed
point.

From the explicit nature of the map in (3) we see that the image
of any open neighborhood O of the origin under (3) is the inter-
section of an open set about 0 in t* with C(3,.....03,). So we
have proved:

Proposition 1 Let (M.,w. ®yy) be a Hamiltonian T-space where
T is a torus, and let x be a fived point of T. Let 31.....3, be the
weights for the representation of T on 1. M relative to a com-
patible complex structure on 1T, M. Then there is a T invariant
neighborhood U of x in M and a neighborhood U’ of ®yy(x) in

t* such that

(R (I[T) =U'nN ('313" M (:I.-') -+ C’(Jl Cee 3, )) +



The local cone at a
general point.

Now let = be any point of M. not necessarily a fixed point.
It will have an isotropy subgroup T, C T and the connected
component T of the identity in T, will be a torus. The Lie
algebra t, of this torus is a subalgebra of the Lie algebra t of T.
We let

. . 4 +
., t, — t denote the injection and 7, :t" —t

I

the dual projection. Then
e 0 Py

is a moment map for the action of TV on M and x is a fixed

point for this action.



Ty © {:[) M

is a moment map for the action of TY on M and x is a fixed
point for this action. So we may apply Prop. 1 to conclude that
there are neighborhoods U of = and U’ of 7, o ®;; in t¥ such that

Toly (U)y=U"n(Dy(x)+C(51.....5.)).
Let
O :=a H(U')
and
CJ:(.LJ)J_ +++++ .Lj”) — TI_J_ (C(Ajl +++++ .Lj)”))
So O is an open set in t* and C’(3,..../3,) is a cone in t*.

(Of course this cone will contain the subspace ker7,.) Let O :=
*211;],1(0" ). We will prove. using a normal form for the moment
map. that



Theorem 2 Let (M.w. ®yy) be a Hamiltonian T space where T
1s a torus. Then every x € M has a neighborhood O such that
there is an open set O" in t* and a cone C'(x) in t* such that

O(0) =0’ N C(x).

More precisely. the cone C'(x) is

C(x):= ], () + {;L ct”

;LHI:ZM 3}(]}

where the (3; are the weights of the representation of T on T, M.

T'he proot of the normal form theorem will use the co-isotropic
embedding theorem.

I will come back to this theorem in Lecture 14 where we will
use this theorem to prove that it M is compact. the image of its
moment map is a convex polyhedron.



. . n
A circle action on C .

Consider the extreme special case where d = 1 and J = 318
simply

(B,x) =x.

This corresponds to the diagonal subgroup of U(n) with the same
entry ' at all positions along the diagonal, in other words, simul-
taneous rotation in each of one dimensional complex subspaces

(which are planes over the real numbers). So under the identifi-
cation of t* with R, the moment map is given by

b(z) = -

2
_—_— z *®



The spheres.

1 . - S ' - . . : - g 14 T — J‘
Suppose we fix non-zero value 1 of the moment map, say p = 3.
Then ®~*(p) is the sphere @ consisting of all z with

|z])* = 1.

The vector field X := Ag» 1s given by

) ()
X =1 — 2 z— .

J ~J

Now Dya = 0 and ¢ = i(X )« is a constant when restricted to
(). So i(X)w = 0 when restricted to ). In other words, at each
z € (.

1,Q c X;-.



The spheres are co-
ISOtropic

o~ |
1,0 C X, .
Since the real dimension of () is 2n — 1, we see that
e 1
1,0 = X,
and hence
——
-EEQ =R er

the line in 1,0 spanned by X, and this line is contained in 71,0).
So we see that () 18 a co-isotropic submanifold whose null-foliation
1s spanned at each point by X.



The foliation is a
fibration.

So we see that () 18 a co-isotropic submanifold whose null-foliation
is spanned at each point by X. The leaves of this null foliation
are just the circles consisting of the orbits of our subgroup. i.e.
points of the form ¢’z as 6 varies and z € Q is fixed. This
foliation is fibrating. and we can identify the base as complex
n — 1 dimensional projective space. Indeed, CP" ™ is defined as
the space of all (complex) lines in C" passing through the origin.
Fach such line intersects ) precisely in a circle of the type just
described, and hence we see that our foliation in fibrating with
base B = CP" ™.



The symplectic structure
on projective space.

Fach such line intersects () precisely in a circle of the type just
described, and hence we see that our foliation in fibrating with
base B = CP"~*. We conclude that CP" ™" carries a symplectic
structure which is invariant under the action of U(n). Since U(n)
acts transitively on CP" ! and the isotropy subgroup which is
conjugate to U(n — 1) acts irreducibly on the tangent space at
each point . we conclude that any two invariant symplectic forms
can only differ by an overall constant factor.

We will now embark on a generalization of this construction
to general Hamiltonian group actions.



The derivative of the
moment map.

Let us be given a Hamiltonian action of a Lie group G on a
symplectic manifold (M. w) with moment map ¢ : M — g*. The
defining property of the moment map is

(D, A =i(Ay)w VYV Acqy

In this equation, A is a constant (as a function on M) so we can
rewrite this as

dD,,(v). A) = w,,,(Ay(m).v) vel, M Acg. (4)



The evaluation map and
Its transpose.

dP,,(v).A) = w,,(Ay(m).v) vel, M Acag. (4)

Here 1s a way of thinking about this central equation: The action
of G on M gives a linear map

evy(m):g—1,M. A~ Ay (m)

for each m € M. Let us call this map the evaluation map.
The tl'e-ur-;pme of the evaluation map would be a linear map from
17 M — g*. T'he symplectic form w,, gives us an isomorphism

ToM —T*M, v w, (- 0v).

rn



The moment map and
the evaluation map.

{i‘-"ﬁ(I}m [\‘!) *’F — W (44;"'.:“ ('m')- *!‘) U e .]‘mﬂ[- A€ d. L“IJ

_E.rujf — T M. U "-'L'j;n(*"“]*

I

Using this isomorphism, we can regard the transpose as a map
1,,M — g* and (4) says that

Proposition 1 do,, : 1,,M — g" s the transpose of the eval-
wation map g — 1, M when we ide wﬁ;‘u 17 M awith 1, M using

m

A
i



The kernel of the derivative
of the moment map.

Let gas(m) denote the subspace of 1), M consisting of all the

Ay(im). A € g. So gar(m) is the image of the evaluation map
at m. Geometrically. 1t is the tangent space to the orbit G - m
at m. Since the kernel of the transpose of a linear map is the

annihilator space of the image. we conclude that

ker d®,, = gar(m) + (

|
S

where 1 means the perpendicular relative to w,,,.



A transitive Hamiltonian space
covers a coadjoint orbit.

For example, suppose that G acts transitively on M so that
gar(m) =1, M at all points. Then the kernel of d®,, is {0} at
all m. In other words, ® 1s an 1mmersion. Since P 1s equivariant
and G acts transitively on M, the mmage of ® must be a single
orbit O of the co-adjoint action of G on g*:

OM)=0. O=G- -P(m). me M.

So the map
o.M -0

1S a covering map.



The restriction of the
symplectic form to an orbit.

Now observe that for any Hamiltonian G-action. the moment
map determines the restriction of the symplectic form w to any
orbit of G acting on M. Indeed. The tangent space to the orbit
at any point m consists of tangent vectors of the form Ap;(m)
and

W(Ay. By) = — {04, 0P} = —@lA 7]

where we recall the notation & := (O, A).



The Kostant-Souiau
form, |.

Applied to the case of a transitive Hamiltonian action, this
says that the moment map completely determines the symplectic
form in the transitive case. Since ¢ : M — O is a covering map.
this suggests that there is a unique symplectic form on O such
that the action of ¢ on O is Hamiltonian with moment map
consisting of he injection ¢ of O as a submanifold of g*. From
the preceding discussion we know that if such a form exists, it is
unique.

We now write down the symplectic form which is known as
the Kostant-Souriau form on O:



The Kostant-Souiau
form, 2.

Fach p € g* determines a skew-symmetric form B, on g
defined by

B;L("q.‘ B) F= (:”'.' [:1 BD

We can write this as
B, (A B) = {(p,ad(A)B) = ((ad A)" i, B) = (Ao (). B)

where O is the G-orbit through ;1 and Ae is the generating vector
field on O corresponding to A € g. So we see that the kernel of
B, consists precisely of those A such that Ao(p) = 0. In other
words, the anti-symmetric two form o, on 1,0 determined by

o, (Ao(p). Bo(m)) :==B,(A. B)

is well defined.



The Kostant-Souiau
form, 3.

B,.(A.B)= (p.ad(A)B) = ((ad A)"p. B) = (Ao (). B)
o, (Ao(p). Bo(m)) :=B,(A. D)

1s well defined. So we get a two form ¢ on @. To check that this
form is invariant under the action of (G we must check that

B,(A.B)=B,,(Ad,A.Ad,B) YA Beg. ged.

But
B, . (Ad, A Ad, B) = (g-p.[Ad, A.Ad, B])

= (g . Ady ([A. B])) = (41.[A. B]) = B,,(A. B).

So o is invariant (and hence smooth).



The Kostant-Souiau
form, 4.

So we know that Dy,0 = 0. Let ¢ denote the inclusion map

L. O — g*. Then for any A. B < g.
((Bo)d(1.A) = Dpyd{. A) = ((ad) o1, A)
— —(1.[A, B)) = —o (40, Bo)

which would be the condition for ¢ to be the moment map if we
knew that o were closed. But the preceding equation implies
that i(Ap)o = d{1. A) is closed and hence by Weil's formula

i(Ap)do = Dy, w—d(i(Apo) =0

f'lf_)l' 5:'111 rl . SD d{'}' — [] Hi]lC(ﬁ t]lf_“.‘ :1 7 Spall llﬂ tancent space to tllf_".‘
( 5
Dl'}.}itu



The Kostant-Souriau
theorem.

Putting it all together we obtain:

Theorem 3 [Kostant-Souriau|. Any co-adjoint orbit O car-
ries a unique symplectic form o for which the injection

f,:ﬁ’)—:-g*

is the moment map. At each p € O this symplectic form is given
by

”;L(*‘q@ (J”) Bﬂ(:”')) — <.r”'.' [‘4 BD

If M is any symplectic manifold on which G acts in a Hamilto-
nian fashion and the action is transitive, then the moment map
o M — g is in fact a covering map of some orbit O of GG
acting on g* and the symplectic form on G is the pull-back via @
of the symplectic form o on O.



The image of the derivative of
the moment map.

L

dd,,, maps 1, M to T3, (g"). Since g* is a vector space. we may
identify 1o (g*) with g* and hence think of dd,,, as a map

. I 7 #*
dd,, T, M — g*.

The image of this map will be a subspace im(d®,,) C g*. So
the annihilator space (imd®,,)" of this subspace will be that
subspace of g consisting of all A € g such that (1. A) = 0 for all
1€ imdd,,. Prop.2 tells us that

(im dd,,)" = {A € glAy(m)=0}. (6)



The stabilizer
subgroup.

(im dd,,)" = {A € g|Ay (m) = 0}. (6)

The right hand side of this equation is the Lie algebra of the sub-
oroup (,,, C G consisting of those elements which fix m some-
times called the stabilizer group of m. As a corollary of this
equation we see that

Proposition 2 d$,, is surjective if and only if the stabilizer
subgroup of m 1is discrete.



