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“Ray tracing” in 
Gaussian optics.Lens systems

In this note I’ll look at how rays of light travel through a system of lenses arranged symmetrically around a
linear x-axis. I’ll look only at rays contained in a plane through the axis, so in effect I’ll be working in 2D.

Real ray tracing

Here, a light ray will be basically a sequence of straight line segments. Each segment is determined by two
pieces of data: • an initial position P = [x, y] and • a direction vector v = [vx, vy] of length 1. The ray
segment is considered to start at P and go in the direction of v until something happens to it, when P
and v change. In real life, as with rays from the Sun penetrating the atmosphere at sunset, both position
and direction will change continuously, but in the model systems we are looking at here, changes will occur
at discrete points of the path. The lens system will be a collection of surfaces which the rays hit and get
refracted. Ray tracing amounts to calculating these points and the changes that occur.

The most interesting change occurs in crossing the surface of a lens from one side to the other. Position
remains the same, but the ray is refracted, which means it changes direction. Its effect is to rotate the
direction vector negatively by i− r, where i is the angle of incidence and r the angle of refraction. The angle
i is that between v and the normal vector N , oriented so v and N point roughly in the same direction. If n
is the index of refraction in a substance, then Snell’s Law can be written

nr sin r = ni sin i

and solved for r:
r = arcsin(ni sin i/nr)

In some circumstances, the ratio ni sin i/nr will have magnitude greater than 1, in which case the ray is
reflected.
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This is one of the principal calculations in ray-tracing: we are given a point P on the surface f(x, y) = 0 and
a ray hitting the surafce at P . We want to calculate the direction of the ray when it leaves P . We calculate
the vector N to be one of the gradients ±[∂f/∂x, ∂f/∂y] at P , chosen so N •v ≥ 0. We calculate i according
to the recipe cos i = v•N , sin i = v•N⊥. Here N⊥ is the vector obtained by rotating N through 90◦. Then
we calculate r by Snell’s Law.

The other calculation involved in ray tracing is to figure out where a ray hits a lens surface. If the surface
is arbitrary, thsi can be quite complicated. But I am assuming that the surface is a half-circle with centre
on the lens axis. I am also following convention that R > 0 if the centre of the half-circle is in the positive
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The matrix of a 
refraction.



The matrix of a translation.



The thin lens.



The focal planes of the 
thin lens.



Conjugate planes.



The thin lens equation.



The telescope.



The principal planes.



Hamilton’s method in 
Gaussian optics.













Hamilton’s idea.





A formula for the 
optical length.



The optical length and the 
characteristic function.



Proof of the formula 
for the optical length.
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Case 2.






