Symplectic Geometry
Lecture |



Hamilton

Manv of the key 1deas of symplectic geometry were developed by
Hamilton (1805-1865) - first in the context of geometrical optics
and then m the context of classical mechanies. His discussion
of optics first occurred m m a paper he communicated to Dr.
Brinkley m 1823, by whom, under the title “Caustics” 1t was
presented in 1824 to the Royal Irish Academy. It was referred as
usual to a “committee” and was finally published 1n a sequence of
papers in the Transactions of the Royal Irish Academy starting
1 1828 under the title “Essay on the theory of systems of rays.
with three supplements”: 15 (1828) 69-174. 16 (1830 and 1831)
4-62 and 85-92, and 17 (1837) 1-144. Later he realized that the
method he emploved tor optics could also be used m mechan-

His two great papers this field appeared i the Philosophical
Transactions of the Royal Society of London under the title “On a
general method in dynamics™ (1834) 247-308 and (1835) 95-104.

Dr. Brinkley (1763-1835). later the archl nshop ot Clyne was
then the first royal astronomer for Ireland and an accomplished
mathematician who perceived the vast talents of voung Hamilton.
He 18 said to have remarked 1n 1823 of this lad of erchteen *1This
voung man, I do not say will be but is. the first mathematician
of the acge”



Sir William Rowan Hamilton

Born: 4 Aug 1805 in Dublin, Ireland
Died: 2 Sept 1865 in Dublin, Ireland

In the 1920°s the work of Hamilton became one of the inspira-
tions for the development of guantum mechanics. The idea was
that just as geometrical optics was a (short wave length) approx-
imation to wave optics (and hence to electrodynamics) classical
mechanics as formulated by Hamilton should be an approxima-
tion to a “wave mechanics”.



Carl Gustav Jacob Jacobi

Born: 10 Dec 1804 in Potsdam, Prussia (now Germany)
Died: 18 Feb 1851 in Berlin, Germany

One of the ingredients in Hamilton's theory was a certain first
order non-linear partial differential equation satished by the so
called *characteristic functions”. see later on for a more detailed
description of this concept. Hamilton did not ask how to solve the
most general non-linear first order partial differential equation of
the type he introduced. This was done by Jacobi (1804-1851)
who observed that the solution of such an equation could be
reduced to a system of certain ordinary differential equations.
Sinece then the theorv is knovwn as “Hamilton-Jacobi theorv’™



Jacobi's results were published in:

“Uber die Reduction der Integration der partiellen Differen-
tialgleichungen erster ordnung zwischen irgend einer Zahl Vari-
abeln anf die Integration eines einzigen Systemes gewohnlicher
Differentialgelichungen™. Crelle’s Journal fiir die reine und ange-
wandte Mathematih 1 (1837) 97-162,

“Nova methodus, equationes differentiales partiales primi orins
inter numerum variabilinm quemcuque propositas integrandi”,
Crelle journal fiir die reine und angewandte Mathematil: 60 (1562)
1-181, and

Vorlesungen tiiber Dynamaik. Gehalten an der Unwersitat Konwgsberg
im Wintersemester 1542-45 und nach ernem von C.W. Borchardt
ausgearbeiteten Hefte. Verlag G, Reimer, Berlin, 1881,



Marius Sophus Lie

Born: 17 De 1842 in Nordfjordeide, Norway
Died: 18 Feb 1899 in Kristiania (now Oslo), Norway

Sophus Lie (1842-1599) developed the idea of viewing the so-
[ution of the ][a11111[{}11—.]&{1.}];1 equation as a “Lagrange submani-
fold™ of the “cotangent bundle” mn a series of articles in 1872-Tx,
and stressed the poimnt that it 1s based on the fact that the solu-
tions of the Hamiltonian svstem ol differential equations leaves
the “canonical two-form”™ of the “cotangent bundle” mvariant. |
will explain the terms in quotation marks later on. For Lie. the
use of the group of transformations which leave the ][muilmuiem
and the two form imvariant was analogous to the use of the Galois
croup 1 the solution of polvnomial equations.



Lie's work is summarized in his book:

Theorie der Transformationsgruppen I-111. Unter Mitwirkung
von Prof.dr. F. Engel. Teubner, Leipzig, 1888, 1890, 1893.

An account of his work on first order partial differential equa-
tions can be found in:

F. Engel und K. Faber: Die Liesche Theorie der partiellen
Differentialgleichungen Erster Ordnung. Teubner, Berlin. 1935.



Elie Joseph Cartan

Born: 9 April 1869 in Dolomieu (near Chambéry), Savoie, Rhdone-Alpes, France
Died: 6 May 1951 in Paris, France

The subject was completely transformed (as was all of dif-
ferential geometryv) by the work of Flie Cartan (1869-1951) who
developed {1n 1903) the “exterior differential caleulus”™ from ear-
lier work of Grassmann. Cartan’s approach and his caleulus were
totallv mmnovative. He formulated problems so that they were
imvariant and did not depend on the particular variables or co-
ordinates. We will briefly review this calculus and use 1t to give
the modern formulation of symplectic geometry.



Sdymplectic vector
spaces.

All of the 19th century work was done before the concept of an
abstract vector space became a part of standard mathematics.
We will begin with a study of “linear symplectic geometry”™ which
can be regarded as a “linear approximation” to the subject we
really want to study.

Let V' be a (usually finite dimensional) vector space over the
real numbers. A symplectic structure on V' consists of an anti-
syvimmetric bilinear form

w:VxV =R

which 18 non-degenerate.

A vector space equipped with a symplectic structure 1s called
a symplectic vector space.



To say that w 18 a bilinear form means that w assigns a number
w(u.v) to every pair u,v € V in such a way that

wlauy + bus. v) = aw(uq.v) + bw(us. v)
for all real numbers a and b and uy.us. v € V and
w(u., avy + bvs) = aw(u,vy) + bw(u. v9)

for all real numbers a and b and w, vy, v9.€ V.
To say that w 18 antl-symimmetric means that

w(v,u) = —w(u,v)

for all u,v € V.
To say that w 1s non-degenerate means that



Special kinds of
subspaces.

[f W is a subspace of symplectic vector space V' then W denotes
the symplectic orthocomplement of W

W+ :={veV]www) =0, Ywe W}
A subspace 1s called
1. symplectic if W W+ = {0},
2. isotropic if W c W+,
3. coisotropic if W+ C W, and

1. Lagrangian if W = WL,



Symplectic subspaces.

A subspace 1s called

1. symplectic if W W+ = {0},

Since (W)+ = W by the non-degeneracy of w, it follows that
W 1s symplectic it and only 1t WL is. Also. the restriction of w to
any symplectic subspace W 1s non-degenerate, making W mto a
symplectic vector space. Conversely, to say that the restriction ot
w to W is non-degenerate means precisely that W 0 W+ = {0},



Isotropic subspaces.

A subspace 1s called
2. isotropic it W ¢ W+
It follows from the anti-symmetry of w that
wu.u) =0
for any « € V. T'his implies that any one dimensional subspace
of V' is isotropic.

Suppose that W < WL but W # WL, Let v € W+ but

v & W. Consider the subspace W + K - v spanned by W and v.
Then

(Wi R- "t’)J‘ —win (R - __J!,)J_

and we know that v € (R- )+ and v € W=+, This shows that

W+R.-vC (H’ 1+ R. 11)J—+



Suppose that W ¢ W+ but W # WL, Let v € W+ but
v & W. Consider the subspace W 4+ R - v spanned by W and v.
Then

(WHR-0)t=W+n(R-o)*

and we know that v € (R - o)+ and v € W+, This shows that
W+R-voC(W4+R- -;;)%

So W + IR - v 1s an 1sotropic subspace of one greater dimension
than W. Proceeding inductively. this must come to an end it the
dimension of V' 18 finite as we shall now assume. We have proved
that every 1sotropic subspace 18 contained 1n a maximal 1sotropic
sttbspace and that L 1s a maximal 1sotropic subspace 1t and only
if L = L+, which says that L is Lagrangian.



Lagrangian subspaces.

A subspace 1s called

4. Lagrangian if W = WL,

If A 1s any subspace of V', the non-degeneracy ot w 1mplies
that dim A+ = dimV — dim A. So if L = L then dimV =
2dim L. We see that every (finite dimensional) symplectic vector
space 1s even dimensional and that an 1sotropic subspace ot V' 18
Lagrangian it and only 1if 1ts dimension 1s :ﬁ dim V' it and only 1t
1t 1s maximal 1sotropic.



Normal form for a symplectic
vector space.

For any non-zero ¢ € V' we can find an f € V such that w(e. f) =
I and so the subspace W spanned by e and f is a two dimensional
symplectic subspace. Furthermore the map

| . 0
=) 50

oives a symplectic isomorphism of W with R? with its standard
symplectic structure. We can apply this same construction to
WL if Wt £ 0. Hence by induction, we can decompose any
symplectic vector space into a direct sum of two dimensional
symplectic subspaces:

V=W g W,



V' = {1[*1 A H{ /

where dim V = 2d (proving that every symplectic vector space
is even dimensional) and where the W; are pairwise (symplecti-
cally) orthogonal and where each W; is spanned by e;. f; with
wle;. fi) = 1. In particular this shows that all 2d dimensional
symplectic vector spaces are isomorphic, and isomorphic to a di-
rect sum of d copies of R? with its standard symplectic structure.

This gives another proof of the fact that every symplectic
vector space is even dimensional.



The symplectic group.

A linear transformation 1" : V' — V of a symplectic vector space
is called symplectic if

w(Tu,Tv)=w(u,v) Yu,vel.

Clearly the product of two symplectic linear transformations is
symplectic and the identity is a symplectic linear transformation.
Also, if 1" is a symplectic linear transformation and 7' = 0 then
w(u,v) =0forallv e V and so u = 0. So every symplectic linear
trnasormation 7" is inveritble. and 7' is clearly symplectic. So
the set of symplectic linear transformations of V' form a group
known as the symplectic group (of V).



The symplectic group in
two dimensions.

For example, if V = R? then T is symplectic if and only
if it preserves area and orientation which is the same as saying
that det 7" = 1. So the symplectic group of R? is the same as
SL(2.R), the group of all 2 x 2 matrices of determinant one. In
higher dimensions. the description of the symplectic group is a
bit more complicated. We shall discuss this later.

For today’s lecture I will need a theorem of Gauss about
SL(2.R) which says that every element of SL(2.R) can be writ-
ten as a product of matrices of the form

1t I 0

0 1 and g1



Proof. First suppose that our matrix 1" € SL(2.R) is of the
form
a b
1 = with ¢ = 0.
(f‘: d) 7

For real numbers s and t consider the product

1 s a b L t\ [a+sc tla+ sc) +b+ sd
0 1 ¢ 0o 1/ & ct + d *

Since ¢ # 0 we can choose s so that a 4+ sc = 1 and then choose
f = —(b+ sd). With this choice the matrix on the right has a
1 in the upper left hand corner and a 0 in the upper right hand
corner. Since its determinant is 1. the lower right hand corner
must also be 1. So for these choices of s and ¢ we have

1 s\ fa b\ (1 t\ (1 0
0 1)\e d)J\0 1)~ \e 1



or



Now consider a matrix of determinant one of the form

a b
0O d/°

Since the determinant is one. we know that a = 0. Multiply this
matrix by
1 0 |
. p#F0
(_p 1) . PF

to obtaln

Or



Completion of the
proof of Gauss'’s
theorem.

a b\ (1 O + a b
0 d) \p 1 —pad

a b
—pa d
uct of three matrices of our desired type. This proves Gauss’
theorem. We shall use this theorem to show that there is a dic-
tionary between “Gaussian optics” (to be described below) and
the study of SI(2).

and we know that the matrix ( ) can be written as prod-



In the history of physics i1t 18 often the case that when an older
theory 18 superseded by a newer one. the older theory retains its
validity - either as an approximation to the newer one, an approx-
imation which 1s valid for an interesting range of circumstances
or as a special case of the newer theory.

The currently held theory of light 1s known as quantum elec-
trodvnamics. It describes very successtully and very accurately
the mteraction of light with charged particle, explaimning both the
discrete character of light as evinced by the photo-electric effect
and the wave-like character of electromagnetic radiation. The
trinmph of 19th century physics was Maxwell's electromagnetic
theory which was a self-contammed theory explaming electricity.,
magnetisim and electromagnetic radiation. Maxwell's theory can
be regarded as an approximation to quantum electrodynamics.
valid 1 that range where 1t 1s safe to 1gnore quantum effects.
Maxwell's theory fails to explain a whole range of phenomena
that occur at the atomic or sub-atomic level.



One of Maxwell's remarkable discoveries was that visible light
1s a form of electromagnetic radiation as 1s radiant heat. In fact,
since Maxwell, optics 1s a special chapter i the theory of elec-
tricity and magnetism. Electromagnetism treats electromagnetic
vibrations of all wave lengths. In the flood of mvisible electro-
magnetic radiation that is accessible to the mental eye of the
physicist, the physiological eve 1s almost blind. as the range ot

wave-lenghts that it converts into sensations i1s very small.
Maxwell's theory dealt with the source of electromagnetic ra-
diation as well as with 1ts propagation. Before Maxwell, there
was a fairly well developed theory of light due mainly to Fresnel.
which dealt rather successtully with the propagation of light, but
had nothing to say about its production. Fresnel's theory did ac-
count for three physical effects which could not be accounted for
by earlier theories - diffraction. interference, and polarization.



Geometrical optics is the approximation to wave optics in
which the wave character of light is ignored. It is valid when
the sizes of the various apertures are large compared to the wave
length of the light. and when we do not examine too closely what
happens near shadows or foci. It does not account for diffraction,
interference. or polarization. We will find that geometrical optics.
as formulated by Hamilton is part of symplectic geometry.



Linear optics 1s an approximation to geometrical optics which
1s valid when the various angles which enter into consideration
are small. In linear optics one makes the approximation sinf =
A. tanf = 6, cosf =1 etc. So in linear optics all terms which
are quadratic or higher in the angles are ignored. For example.
in geometrical optics, Snell’s law says that if light passed from
a region where the index of refraction is n to a region where the
index of refraction is n’, then nsini = n’siné’ where ¢ and ¢’
are the angles that the ray makes with the normal to the surface
separating the region. In linear optics we replace Snell’'s law by
the simpler law ni = n’i’ which is a good approximation if i
and ¢ are small. This approximate law was known to Ptolemy:.
The deviations between linear optics and geometrical optics are
known as (geometrical) aberrations.

Gaussian optics is a special case of linear optics in which
it 1s assumed that all the surfaces that enter are rotationally
syminetric about a fixed axis. This is an important special case
since most eround lenses and mirrors have this property.
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Gaussian optics

In Gaussian optics we are interested in tracing the trajectory
of a light ray as it passes through various refracting surfaces of the
optical system or is reflected by reflecting surtaces. We introduce
a coordinate system in which the horizontal axis (with coordinate
labeled z) coincides with optical axis, that is - with the axis of
symmetry of the system. We shall restrict attention to coaxial
rays - those which lie in a plane with the optical axis. When we
pass from Gaussian optics to linear optics, we will see that the
restriction to coaxial ravs is harmless, in that the study of the
most general ray can be reduced to coaxial rays by orthogonal
projection. By rotational symmetry, it is then enough to study
what happens for rays lying in one fixed plane containing the
optical axis.




“Ray tracing” in
Gaussian optics.




Any refracting lens system can be considered as the compo-
sition of several systems of two basic types:

e A translation, in which the ray continues to move (in the
same direction) in a straight line in a medium of constant
refractive index. Here the angle that the ray makes with
the optical axis does not change. but the height of the ray
above the axis (denoted by g) does change.

e Refraction at a surface between regions of differing refrac-
tive index.

We will see that for the appropriate choice of coordinates,
and in the Gaussian approximation, the translations correspond
to multiplication by an upper triangular matrix with ones on the
diagonal and the refractions correspond to multiplication by a
lower triangular matrix with ones on the diagonal. By Gauss’s
theorem this implies that every optical system can be expressed
as a element of SL(2,R) and that every element of SL(2,R) can
be realized as an optical system.



Snell’s law.

N, SINT = N,; SIN 7

At a surface of refraction the ¢ value does not change.



or




i=04(w/2 — ).

We may assume that the curve giving the intersection of our
surtace of revolution with the plane 1s a parabola z = %f;qg SO
2q) = kq = tan(w/2 — ) = (7/2 — ).

So 1 =60+ kq.



The matrix of a
refraction.

We apply the linearized version of Snell’s law which says
nit1 = noto. 1This gives

n1fy = nobtls + (ny — na)kyq.

Using the variables p = n# gives

72\ 1 0 q1 L
(3}2) N (—P 1) + (}.Jl) =y =mik.

P is called the power of the refracting surface.



The matrix of a translation.

(1

t

In a medium of constant index of refraction the value of p =
nt does not change. If a distance ¢t along the z-axis has been
traversed, then ¢go» = ¢y + ¢ - tanf. Using the approximation
tan# = 6 we obtain

@\ (1 T q1 )
061 6). 7



The thin lens.

, . : . . 1 0 :

'T'he product of two matrices of the form ( p 1) again has
this same form. This gives the matrix of a “thin lens” where it
1s assumed that z; = 29 for the two refracting surfaces. If we
write by = ?LJ for the first refracting surface and ko = i for the
second refracting surface then the matrix of the thin lens is

| 0 o | |
(_Uf 1) . 1/ f = (n2 —ny) (E — E) +

In case no —nqy > 0 and Ry > 0. Ry < 0 (a double-convex lens)
f > 0. Here f is called the focal length of the lens.



The focal planes of the
thin lens.

Suppose that n; = 1 and we consider the plane F; to the left
of the lens at a distance f and the plane F5 to the right of the
lens at a distance f. The matrix between these two planes is

1 f 1 o\N/1 f\ [ 0 f

0 1)\=1/f 1)\0 1) \=1/f 0)
( 0 f') (m) _( 1 )
—1/f 0)\p1) \~(1/flar)

Here po = —(1/f)q1 does not depend on py. All rays passing
through F at a given height g; emerge as parallel rays at Fo.

Now



Conjugate planes.

T'wo planes in an optical system are said to be conjugate or
bd in focus with one another if, for all ¢; in first plane all rays
emerging from ¢y end up at the same point in the second plane.
In other words, ¢o depends only on ¢y. In terms of the matrix

(a b

\ / this says that b = 0. Suppose we consider the system
¢ d

consisting of a plane s units to the left of a thin lens (in a region
with constant index of refraction nqy = 1) and similarly a plane ¢
units to the right. So the matrix is

1 1 0 1 s L—t/f s+1 ”
0 1 —1/f 1 0 1) \ —=1/f l—a/j



The thin lens equation.

GO0 G- )

So the planes will be in focus if and only if
s+t—st/f=0

or | | _
1 N 1 1
5 t f
which is known as the thin lens equation. If s # f we can
solve this equation (uniquely) for t. If s = f then “the conjugate

plane is at infinity”. If s # f then

11 /
L _ 1224 2) ===
q1 / s

1s the “maenification’” .



The telescope.

Consider a system consisting of two thin lenses of focal lengths
f1 and fo separated by a distance £ in air (where n = 1). The
matrix 1s

(00 D, = )
—1/f 1)\0 1) \-1/fi 1 ALl )

Suppose we choose { = f1 + fo. Then the matrix has the form

a b
0O d)°

For such a system py = dp; so the outgoing directions depend
only on the incoming direction. We have
_i_l_fl+f2 e

fi f1 fi
So if we choose f; small and fs large, the “angular magnification”
d will have a large absolute value (and be negative).

d=1




The principal planes.

a b

We say that the matrix ({'] d

) is telescopic and that a ma-

¢ d
matrix we proved that there exist unique s and 7 such that

a b\ (1 t\ /1 0\ /1 s
c d) \O0 1)\C 1)J\0 1)/)°

Thus for any non-telescopic system there will be two conjugate
planes with magnification one. Gauss called them the principal
planes.

. fa b + . :
trix ( ) with ¢ # 0 is called non-telescopic. For such a



Hamilton’s method in
Gaussian optics.

Suppose that z; and z9 are points on the optical axis of a Gaus-
sian system which are not conjugate to on another. This means
that the upper right hand corner of the optical matrix is not 0.
So from the equations

aqy + bpy

o
]
]

cq1 + dpq

]
il
b2
|

we can solve for p; and p9o in terms of ¢; and gs.



2 = aqy+bp

p2 = cqi+dp
1
p1 = E(E’Q —aq )
d
P2 = Cq1 E(GQ — aqq)

= (dg> — )
where we have used the fact that ad — bc = 1. The fact that we
can solve for for p; and po In terms of ¢; and ¢o means that given
a point ¢; on the z; “plane” and a point g9 on the z9 plane there
1s a unique light ray which joints them.



Here is still another way of saying the same thing. Consider
the four dimensional space

R2 ¢ R2

with coordinates

(a1

q2
\12/
and with symplectic form
(o) (o))
P1 P

; = —(q1p| — P147) + (q2ps — paqs).

) )

L=,
[




(1) )
Jf ! !
s = —(q1p| — P147) + (q2ps — p2qs).

) /)

. a by . : . : .
If M = ((‘ ”7) 1s any matrix, the graph of M consists of all

points in R? & R? of the form

T
P1

aq, + bpy

\ffg |+ dpy /

//Gi'_l\

(=
[’

so the subspace graph(M) is a Lagrangian subspace of R? & R?

if and only if M € SL(2).



By the very definition of a graph. we know that that the
two dimensional subspace graph(M) projects bijectively onto
the subspace given by ¢go = 0.ps = 0 under the projection
(q1.p1.q2.p2) — (g1.p1.0.0). To say that we are able to solve
for py,po In terms of ¢ and g9 means that we can regard this
two dimensional space as the graph of a map from (¢i.q2) to
(p1.p2) i.e. that graph(M) projects bijectively under the projec-
tion (gl.'plr gﬂrﬁ'?) — (glr 0, q2. U)

1 . . 1 ..

So in terms of graph(M). the condition that we can solve
for p; and po in terms of ¢y and ¢o is the same as saying that
oraph(M) has only {0} as its intersection with the two dimen-
sional subspace of R? & R? given by ¢y = ¢o = 0.



Let us return to our condition that we can solve for for pq
and po in terms of ¢; and ¢o and our equations

1
p1 = E(GQ — aqy )
1
P2 = E(*’fﬁ*z —q1).
Consider the function
, 1 2 2 .
Wi(qi.q2) = 5 (f’lf’h + dgs — 2@1(}2) + K

where K 1s a constant. Then we can write the preceding equa-

t1o1ns as ] )
WV AV
! .}_ — _ . i .} — [ .

P1 = —1‘7@1 : Po = E}qz

Hamilton called the function W the “point charateristic”.



Hamilton’s idea.

Here comes Hamilton’s idea (in embryonic form): Suppose
that we have three points z1.29 and z3 on the optical axis such
that no two are conjugate and such that zo does not correspond
to a refracting surface. We the have three point characteristics
Wor = Wailg1.qo) for the zq.zo system and similarly Wss and
Wy, Then. up to an additive constant.

Wai(qi.q3) = War(qi.q2) + Waa(q2. ¢q3)

where. in this equation. g2 = ¢2(q1.¢3) is taken to be the point
where the ray joining ¢; and g3 hits the zo “plane”.



The characteristic function and the optical
length.

Define the optical length of a broken line segment as follows:
For a line segment of length ¢ contained entirely in a medium
of (constant) refractive index ¢ define its optical length to be
L = nfl. A general path (in our approximation) is a concatenation
of such line segments. Its optical length is the sum of the optical
lengths of each segment. So

L(v) := Z n;l;.



A formula for the
optical length.

Suppose that v is a (portion of a) light ray between the zy
and zo planes. | claim that
1

L("}") = Laxis + 5(?2-‘-}’2 — }Jlf’ﬂ)

where (‘:;) . 1 = 1.2 are the parameters describing the ray at
_,_
z1 and zo. Here L.y s denotes the optical length of the portion

of the optical axis between z; and z9.



The optical length and the
characteristic function.

Before proving this result. let us apply it to the case where
z1 and zo are not conjugate, so that we may solve for py and po
in terms of ¢; and ¢o. Substituting

1

P11 = E(GZ_”-GIJ
1

P2 = H(dsz—ﬁfﬂ

into 5(p2ga — p1q1) gives

1
L(ﬂ) = Laxis + ﬁ (”ﬂ% T d(fé — 2"31@2) :

This 18 Hamilton's result that the generating function W can be
taken to be the optical length of the light ray!



Proof of the formula
for the optical length.

To prove that L(~) = Laxis + %(}J‘g{jg — p1q1) observe that if
the optical ray is the concatenation of two pieces, the expression
adds, as it should. So it is enough to prove the result for rays ot
our two types: 1) a ray lying entirely in a medium of constant
refractive index, or 2) a ray where z is at a refracting surface.



Case |.

In the first case, if d is the length of the interval between z;

and zo we have

L(v) = n(d®+ (q1—q2)?)7
1 n
= nd4+ Z=(go — q1)?
nd 4+ Qd(sz q1)
L5 [ —an)] (@ — )
— T — | —I( — (] (1o — (]
5 | d 12 11 12 11
+ 1
= nd+ ople2 — q1)
1

— La}:iﬁ =+ 5(}}2{1’2 — Plf}’l)

since p1 = p2 =p = 4(q2 — q1).



Case 2.

Now to the second case - a “surface” of refraction given by
2 — 2 = %&:gz with index of refraction ny, to the left of the
“surface” and index of refraction no to the right of the surtace.

We will consider the case £ > 0. the case & < 0 is simnilar.



The computation must be understood in the following sense.
Suppose we choose some point z3 < 2z and some point z4 > z. If
ny were equal to no. the optical length between z4 and z4 would
be nils 4+ no(f 4+ £4) where f3 is is the length of the ray from z3
to z, where £ + /74 1s the length of the ray from z to z4 and where

!
E — 5;{:@'2

is the length of the ray from z to the refracting surface.



1 he computation must be understood 11 the Tollowing sense.
Suppose we choose some point z3 < z and some point z4 > z. If
ny were equal to no. the optical length between z4 and z4 would
be niyls 4+ no(f 4 £4) where f3 is is the length of the ray from z3
to z, where £ + /7,4 is the length of the ray from z to z4 and where

NP

[ = : kq
is the length of the ray from z to the refracting surface. If n, #
no we must modify this (again up to higher order effects) by
(n1 — no)l. So the contribution of the refracting surface is (up
to higher order)

| | 1
(11 — 1n9) - Ek:qg — E[(knl — kno)qlq = 5(;02 — p1)g

since
q=q1 = q2. and py = pi + (n1 —na)kq

at a refractine surface.



