
Homework 8: EXTENDING ABSOLUTE VALUES

Questions marked with an * are optional, i.e. not for credit.

1) Suppose that | | is an absolute value on a field K. Suppose also that L/K
is a finite separable extension and that N/K is the normal closure of L/K. Choose
an extension | |N of | | to N . Let K̂ (resp. N̂) denote the completions of K (resp.
N) with respect to | | (resp. | |N ). Show that the map which sends σ ∈ Gal(N/K)
to the restriction of |σ |N to L sets up a bijection between the set of double cosets

Gal(N̂/K̂)\Gal(N/K)/Gal(N/L)

and the set of extensions of | | to L. Show moreover that the completion of L with
respect to the absolute value corresponding to σ is isomorphic to

N̂Gal(N̂/K̂)∩σGal(N/L)σ−1
.

[If G is a group with subgroups H1 and H2 then by an (H1,H2)-double coset we
mean a set of the form

H1gH2 = {h1gh2 : hi ∈ Hi}

for some fixed g ∈ G. The set of all (H1,H2)-double cosets forms a partition of G.
We denote the set of all (H1,H2)-double cosets by H1\G/H2.]

2) Suppose that L/K is a finite Galois extension of fields and that | | is a non-
archimedean absolute value on L with finite residue field. Suppose moreover | | is
unramified over K. If σ ∈ Gal(L/K) show that

Frob−1
L/K,|σ| = σ−1Frob−1

L/K,| |σ.

3) (a) Show that any quadratic extension K/Q is of the form Q(
√
d), where

d ∈ Z6=0,1 and either d ≡ 1 mod 4 is square free, or 4|d and d/4 is square free and
congruent to 2 or 3 modulo 4.

(b) If p|d is an odd prime show that ordp has a unique extension to a valuation
v on K and that Kv/Qp is ramified of degree 2. Show moreover that OKv = Zp[

√
d]

and that D−1
Kv/Qp

=
√
d
−1OKv .

(c) If p 6 |d is an odd prime and d has no square root in Fp, show that ordp has a
unique extension to a valuation v on K and that Kv/Qp is unramified of degree 2.
Show moreover that OKv = Z2[

√
d].

(d) If p 6 |d is an odd prime and d has a square root in Fp, show that ordp has two
extensions to K, corresponding to two embeddings K ↪→ Qp. Show that the set of
elements of K which map to Zp under both these embeddings is

Z(p) ⊕ Z(p)

√
d.
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Given an element of K which maps to Zp under one of these embeddings but not
the other.

(e) Set
ηd = (d+

√
d)/2.

What is the monic minimal polynomial fd(X) of ηd over Q?
(f) If d ≡ 1 mod 8 show that there are two extensions of ord2 toK, corresponding

to two embeddings K ↪→ Q2. Show that the set of elements of K which map to Z2

under both these embeddings is

Z(2) ⊕ Z(2)ηd.

(g) If d ≡ 5 mod 8 show that there is a unique extension v of ord2 to K and that
Kv/Q2 is an unramified quadratic extension. Show also that OKv = Z2[ηd].

(h) If 2|d show that there is a unique extension v of ord2 to K and that Kv/Q2

is a ramified quadratic extension. Show moreover that OK,v = Z2[ηd] and that
D−1

Kv/Q2
= (

√
d)−1OK,v. [Hint: it might be helpful to distinguish the two possibilities

for d mod 8.]
(i) Show that the set of elements of K which lie in OKv for all non-trivial valu-

ations on K is Z[ηd]. Show also that the set of elements of K which lie in D−1
Kv/Qv

for all non-trivial valuations v on K is (
√
d)−1Z[ηd].

(j) Let p be an odd prime. Show that Q(
√

(−1)(p−1)/2p) is the unique quadratic
extension of Q in which ordp is the only non-trivial valuation which ramifies.

4) We will write ζn for a primitive nth root of unity.
(a) Show that Q(ζn)/Q is Galois and that there is an embedding

χ : Gal(Q(ζn)/Q) ↪→ (Z/nZ)×

given by
σζn = ζχ(σ)

n .

(b) Suppose that p 6 |n is a prime. If v is a valuation of Q(ζn) extending ordp

show that Q(ζn)v/Qp is unramified and has degree the smallest positive integer m
such that pm ≡ 1 mod n.

Show that the primitive nth roots of unity in Zp[ζn] remain distinct in the residue
field. If Frob−1

p ∈ Gal(Q(ζn)v/Qp) ⊂ Gal(Q(ζn)/Q) denotes the lift of the arith-
metic Frobenius element of Gal(k(Q(ζn)v)/Fp), show that

χ(Frob−1
p ) = p.

[The arithmetic Frobenius element of Gal(Fpr/Fp) is the element that takes any
α ∈ Fpr to αp.] If Q(ζn) ⊃ K show that there are [K〈Frob−1

p 〉 : Q] extensions of ordp

to K, where 〈Frob−1
p 〉 denotes the subgroup of Gal(K/Q) generated by Frob−1

p .
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(c) Suppose that p is a prime which divides n. Let pr denote the highest power
of p dividing n. If v is an extension of ordp to Q(ζn) show that

pr−1(p− 1)|eQ(ζn)v/Qp

and that
IQ(ζn)v/Qp

⊂ Gal(Q(ζn)/Q(ζn/pr)).

Deduce that

χ(IQ(ζn)v/Qp
) = {a ∈ (Z/nZ)× : a ≡ 1 mod n/pr}.

(d) Show that
χ : Gal(Q(ζn)/Q) ∼−→ (Z/nZ)×.

Deduce that the cyclotomic polynomial

Φn(X) =
∏

i∈(Z/nZ)×

(X − ζi
n)

is irreducible in Q[X].
(e) Suppose that p is an odd prime. Show that Q(ζp) contains a unique quadratic

extension of Q, namely Q(
√

(−1)(p−1)/2p). Suppose that q 6= p is another odd prime.
Show that the following are equivalent:

(i) (−1)(p−1)/2p is a square in Fq.

(ii) There are two valuations on Q(
√

(−1)(p−1)/2p) extending ordq.

(iii) Frob−1
q ∈ Gal(Q(

√
(−1)(p−1)/2p)/Q) is trivial.

(iv) q is a square in Z/pZ.

[This is Gauss’ famous law of quadratic reciprocity.]

5*) Suppose that p ≡ 1 mod 3 is a prime number. Choose non-trivial homomor-
phisms

ω : F×
p −→ ζ

(Z/3Z)
3 ⊂ Q(ζ3p)×

and
ψ : Fp −→ ζ(Z/pZ)

p ⊂ Q(ζ3p)×.

Consider the Gauss sum

τ(ω, ψ) =
∑

α∈F×p

ω(α)ψ(α).

Recall that
τ(ω, ψ)c(τ(ω, ψ)) = p
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where c denotes complex conjugation (i.e. the element of Gal(Q(ζ3p)/Q) with χ(c) =
−1).

(a) Show that ordp has two extensions to Q(ζ3p) and these are of the form v and
v ◦ c. Also show that

τ(ω, ψ) =
∑

α∈F×p

ω(α)(ψ(α)− 1)

and deduce that
v(τ(ω, ψ)) > 0

and
v(cτ(ω, ψ)) > 0.

(b) If σ ∈ Gal(Q(ζ3p)/Q(ζ3)) show that

στ(ω, ψ) = ω(χ(σ) mod p)−1τ(ω, ψ).

Deduce that
τ(ω, ψ)3 ∈ Q(ζ3).

(c) Show that Q(ζ3)v = Qp and Q(ζ3)v◦c = Qp. Deduce that

v(τ(ω, ψ)3) ≥ 1

and
v(cτ(ω, ψ)3) ≥ 1.

(d) Show that
τ(ω, ψ)3/p ∈ Q(ζ3)

has valuation 1 at one valuation of Q(ζ3) extending ordp and has valuation 0 at all
other valuations of Q(ζ3).

6*) Suppose that K is a field and that S is a finite set of inequivalent, non-trivial
absolute values on K. For each | |v ∈ S let Kv denote the completion of K with
respect to | |v and suppose that Lv/Kv is a finite Galois extension. Show that we
can find a finite Galois extension L/K such that for all v ∈ S the completion of L
with respect to any absolute value extending | |v is isomorphic to Lv over Kv. [Hint:
show that we may suppose that K is infinite. For each v ∈ S write Lv = Kv(αv)
and let fv ∈ Kv[X] denote the minimal polynomial of αv. Let d denote the least
common multiple of the degrees [Lv : Kv]. Show that we can find βi ∈ K so that

gv(X) =
d/[Lv :Kv ]∏

i=1

fv(X + βi)

has distinct roots. Take L to be the splitting field for a polynomial g ∈ K[X] chosen
to be sufficiently close to all the gv.]
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