Math |28 Lecture |8

The spin representations.



The Clifford algebras.

Let p be a vector space with a symimetric bilinear form ( . ). The
Clifford algebra associated to this data is the algebra

C(p):==1(p)/1
where 1'(p) denotes the tensor algebra

I'(p)=kopo(pop) @ -
and where [ denotes the ideal in 1'(p) generated by all elements of
the form
y1y2 + veyr — 2(y1.y2)1,  y1. Y2 €P
and 1 i1s the unit element of the tensor algebra. The space p injects
as a subspace of C'(p) and generates C'(p) as an algebra.



Clifford maps.

A linear map f of p to an associative algebra A with unit 1,4 is
called a Clifford map if

) f(y2) + fly2) flyr) =2(y,y2)1a. Yy, y2 €

or what amounts to the same thing (by polarization since we are not
over a field of characteristic 2) if

f)? =(y.y)la Yye<p.

Any Clifford map gives rise to a unique algebra homomorphism of
C'(p) to A whose restriction to p is f. The Clifford algebra is “uni-

versal” with respect to this property.



The exterior algebra.

If the bilinear form is identically zero, then C'(p) = Ap. the exte-
rior algebra. But we will be interested in the opposite extreme. the
case where the bilinear form is non-degenerate.



The Z/2Z gradation
on the Clifford algebra.

The ideal I defining the Clifford algebra is not Z homogeneous (unless
the bilinear form is identically zero) since its generators yi1ys + yoy1 —
2(y1,12)1 are “mixed”. being a sum of terms of degree two and degree
zero in 1'(p). But these terms are both even. So the Z/2Z gradation
is preserved upon passing to the quotient. In other words, C'(p) is a
7. /27 graded algebra:

C(p) = Co(p) & Ci(p)

where the elements of Cg(p) consist of sums of products of elements
of p with an even number of factors and C'{(p) consist of sums of
terms each a product of elements of p with an odd number of factors.
The usual rules for multiplication of a graded algebra obtain:

Co(p)-Co(p) C Co(p), Co(p)-C1(p) C C1(p), C1(p)-C1(p) C Co(p).



The induced bilinear form on
the exterior algebra.

Let p be a vector space with a non-degenerate symmetric bilinear
form. The exterior algebra, Ap inherits a bilinear form which we
continue to denote by (., ). Here the spaces A¥(p) and Af(p) are
orthogonal if k = ¢ while

(g A Ay A Ay ) = det (o, "-U_;')) '

For v € p let e(v) € End(Ap) denote exterior multiplication by » and
((v) be the transpose of €(v) relative to this biinear form on /p.
So ¢(v) is interior multiplication by the element of p* correspond-

ing to v under the map p — p* induced by (, )p.



Ap as a C'(p) module.

So ¢(v) is interior multiplication by the element of p* correspond-
ing to v under the map p — p* induced by (, )p. The map

p— End(Ap). v—elv)+(v)
is a Clitford map. 1.e. satisfies
(e(v) + t(v))? = (v, v)pid

and so extends to a homomorphism ot
C'(p) — End Ap

making Ap into a C(p) module. We let xy denote the product of x
and y in C'(p).



Chevalley’s linear identification of C'(p) with
AP.

Consider the linear map

C(p) — Ap, x+—xl

where 1 € AYp under the identification of AYp with the ground field.
The element x1 on the extreme right means the image of 1 under the
action of x € C'(p).

For elements vq..... v, € p this map sends
v /oo
vive = v Avg + (01, 02)1
vivavy = vp Avg Avg + (v1,02)vg — (v1, v3)ve + (V2. U3)vy
vivaUgty = v Avg Avg Avg+ (v2,v3)v1 Avg — (v2, va)vr A g

_|_[.-€1:_J“ '!1—]::]'!‘]_ JI.-"'-.‘. !12 _I_ (!11 . 312]31_{ JI.-"'-.‘. 314 _ (4!11 ] !13)!11 _.-"Ik"'-,_ '!"—]:
+(v1, va)ve Avg + (v1, v4)(v2, v3) — (v1,03)(v2, v4) + (v1,v2) (3, v4)



If the v’s form an “orthonormal” basis of p then the products

Vi, U, B < dgrer <ip, k=0,1,...,n

form a basis of C'(p) while the
Vig Nveo ANwg,, iy <idg-e <, k=0,1,..., n
form a basis of Ap, and in fact
vy = v A Ay i (v, o) =0 Vi G (1)

In particular, the map C(p) — Ap given above is an isomorphism of
vector spaces, so we may identify C'(p) with Ap as a vector space if
we choose, and then consider that Ap has two products: the Clitford
product which we denote by juxtaposition and the exterior product
which we denote with a A.

Notice that this identification preserves the Z/2Z gradation, an
even element of the Clifford algebra is identified with an even element
of the exterior algebra and an odd element is identified with an odd
element.



The canonical anti-
automorphism.

The Clifford algebra has a canonical anti-automorphism a which is
the identity map on p. In particular, for v; € p we have a(vyvy) =
vy, alvyvevy) = vavevy. ete. By abuse of language, we use the same
letter a to denote the similar anti-automorphism on Ap and observe
from the above computations (in particular from the corresponding
choice of bases) that a commutes with our identifying map C(p) —
Ap so the notation is consistent. We have

l 7,71, . .
a=(—1)2""*"Yid on A" (p).



For small values of k we have

! Ilr_l)lfﬁff_ﬁf—lj
0 1
1 1
2 —1
3 —1
4 1
h 1
6 —1.
We will use subscripts to denote the homogeneous components of
. . ' g
elements of Ap. Notice that if ©w € A°p then au = —u by the above
table. while a(u?) = (au)? = u?. Since u? is even (and hence has

only even homogeneous components) and since the maximum degree
of the homogeneous component of ©? is 4, we conclude that

‘) \

u® = (u?)g + (u)y Y ue A’p. (2)



! ['_1)715;1'(;1'—1}
0 |

1 |

2 —1

3 —1

4 |

D |

6 —1.

u? = (u?)o + (u

For the same reason

2

)4



We also claim the following:
1 p.01. \ :
(ww')g = (aw, w') = (=12 V(w, ')y ¥ w w e \"(p). (4)

Indeed, it is sufficient to verify this for w, w’ belonging to a basis of
Ap, say the basis given by all elements of the form (1), in which case
both sides of (4) vanish unless w = w'. If w = w" = vy A AN vy (say)
then

(ww)o = t(vy) - e(vg)vg N Ao =

% & = &

l 1./ 1. " 1 i 1.
(—1)?“Jr1 1) (-‘3_:1 _, -'g__!l) e ["!._.‘;i.i ".i.'JJ;.) — (—1] sh(k—1) ('Ef*".' -ug)

proving (4).
As special cases that we will use later on, observe that

(ut g = —(u.u') ¥ u.u' € N*p (H)

and |
(v0")g = —(v,v") Y .0 € APp. (6)



Commutator by an
element of p.

For any y € p consider the linear map
- . — g - ;" . y . — "'-,'Jil'iI
wi— |y, w] =yw— (=1)"wy for we A"p

which 1s (anti)commutator in the Clifford multiplication by y. We
claim that

. w] = 2u(y)w. (7)

In particular, [y.-]. which is automatically a derivation for the Clif-
ford multiplication, is also a derivation for the exterior multiplication.
Alternatively, this equation says that ¢(y). which i1s a derivation for
the exterior algebra multiplication, is also a derivation for the Clifford
multiplication.



Proof of [v,w]=2uy)w. (7)

To prove (7) write
wy = alya(w)).

Then

yw = yrw+i(y)w, wy = alyralw))tale(y)aw) = wiy+(a(y)a)w.

We may assume that w € A¥p. Then
R _l r'[f_. Y I []
(TANT) f ] w iy =,

so we must show that

k—1

ac(yaw = (=1)" " u(y)w.



so we must show that
Yoy — 1vRE—=1, 0,
at(y)aw = (=1)"""u(y)w.
For this we may assume that y = 0 and we may write
!

w=uz4+z.

where t(y)u = 1 and «(y)z = ¢(y)z" = 0. In fact, we may assume
that » and 2" are sums of products of linear elements all of which are
orthogonal to y. Then t(y)az = t(y)az’ =0 so

y)aw = (=1 Laz
since z has degree one less than w and hence

ac(y)aw = (=) "tz = (=) Ni(y)w. QED



Commutator by an element of A*p.

Suppose that
(TS f‘x_gpi

Then for y € p we have
u,y] = —ly, u] = —2u(y)u. )

In particular, if v = y; A y; where y;,y,;, € p we have

[w.yl =20y v)yi — 2y y)y; Yy €p. (9)

If (yi,y;) = 0 this is an “infinitesimal rotation” in the plane spanned
by y; and y,;. Since y; Ay, i < j form a basis of Ap ity
form an “orthonormal” basis of p. we see that the map

w— |u, -]
gives an isomorphism of A%p with the orthogonal algebra o(p). This
identification differs by a factor of two from the identification that we
had been using earlier.



o(p) acting as
derivations.

Now each element of o(p) (in fact any linear transtormation on
p) induces a derivation of Ap. We claim that under the above iden-
tification of A?p with o(p). the derivation corresponding to u € A%p
is Clifford commutation by w. In symbols, if #,, denotes this induced
derivation, we claim that

L

O (w) = u,w| = vw —wu ¥ w e Ap. (10)

To verify this. it is enough to check it on basis elements of the form
(1), and hence by the derivation property for each v;, where this
reduces to (8).

(u,y] = =y, u] = =2u(y)u. (8)



Orthogonal action of a Lie algebra.
Let r be a Lie algebra. Suppose that we have a representation of r
acting as infinitesimal orthogonal transtormations of p which means.
in view of the identification of A%p with o(p) that we have a map

2
V.r — TP

such that

roy = —2y)vir) (13)
where x - y denotes the action of z € r on y € p.

It will be useful for us to write equation (13) in terms of a basis.
So let yq..... i, be a basis of p and let zy...., z, be the dual basis
relative to (. )= (., )p. We claim that

v(r) = —1 Z Y N (2 - Zi). (14)



vir — A2p vy =—2u(y)v(x) (13)

To prove: 1 |
v(r) = A Z Yi N (- ;*J':' (14)

Indeed, it suffices to verify (13) for each of the elements z;.

1 | 1
f'(?-r) —1 Z 'L"_-j FANEY M F,’_.j; — —1.:'{.' - Zy —|— — (5.' £ E_‘j)ff_‘,i‘*

N 7

(ziow-zi) = —(x - 2, 25)

So we can write the sum as

1 | | 1
— Z(j.j_r i)y =—— Y (x-z,2)y; = —7% % vielding

] 1
1 1
L(25) —IZ-;;J-&I 2 | = —=x -z
J

which i1s (13).



The adioint action of a reductive Lie algebra.
1

v(x) = 4 Z y; N z5). (14)

/
For future use we record here a special case of (14): Suppose that
p = r = g is a reductive Lie algebra with an invariant symmetric
bilinear form. and the action is the adjoint action, i.e. x -y = [x.y].
Let h be a Cartan subalgebra of g and let & denote the set of roots
and suppose that we have chosen root vectors es.e_y. ¢ € d so that

(ep.0_4) = 1.
Let hy.....hs be a basis of h and kq....k, the dual basis. Let
g — A2 g
be the map v when applied to this adjoint action. Then (14) becomes

P(r) = i Z hi A ki, x] + Z c_gNleg, x| | (15)

i—1 hi= D



[
(r) = T Z hi A K, x] + Z e_g Nleg.a] | . (15)

i—1 e

In case # = h € h this formula simplifies. The [k;, h] = 0. and in the
second sum we have

f'-'—.;_,-'; Al [{"'l’,-"i' h] — —.:;.(h :|(._-_ & A f-i{_..';.

which is invariant under the interchange of ¢ and —¢. So let us make
a choice &7 of positive roots. Then we can write (15) as

1
b(h) =—3 Y d(h)e_y Aey, heh. (16)

|-'_,f'_;| — {I} |



1
b(h) = -3 Y olh)e_y Aey, heh. (16)

|-'1|"_;n:—: {I} |
Now
E_f.":' A\ {-fur'} — _J_ —|_ ff_ﬂ,i,{-’:ql.bi

So if

is one half the sum of the positive roots we have

w(h) = p(h)— % Z o(h)e_geqs.  h e h. (18)

,e‘.j. o > |

In this equation. the multiplication on the right is in the Clifford
algebra.



The Clifford algebra of a direct sum.
It
P = P12 P2
is a direct sum decomposition of a vector space p with a symmetric
bilinear form into two orthogonal subspaces then it follows from the
definition of the Cliftord algebra that

C(p) = C(p1) © C(p2)

where the multiplication on the tensor product is taken in the sense
of superalgebras, that is

(a1 @ as)(by @ ba) := a1by ® ashs
if either as or by are even, but
(a1 @ as)(by @ by) := —a1by ® asbs

if both as and by are odd. It costs a sign to move one odd svmbol
past another.



The two dimensional
split Clifford algebra.

Suppose that p is even dimensional. If the metric is split (which is
alwavs the case if the metric 1s non-degenerate and we are over the
complex numbers) then p is a direct sum of two dimensional mutually
orthogonal split spaces, W, so let us examine first the case of a
two dimensional split space p. spanned by ¢, e with (1,¢) = (e.¢) =
0, (¢,e) = % Let 1" be a one dimensional space with basis £ and
consider the linear map of p — End (A1) determined by

€ E(_f). [ #(?"ﬁ)

where €(1) denotes exterior multiplication by ¢ and ¢(t*) denotes in-
terior multiplication by t*, the dual element to £ in 7™. This is a
Clifford map since

()2 =0=1(t")2,  e(t)u(t?) 4+ (tTe(t) = id.



Explicit realization as matrices.

e e(t). ot

(1) =0=1c(t")?  e(t)(t?) + (t")e(t) = id.

This therefore extends to a map of C'(p) — End(AT"). Explicitly. if
we use 1 € AYT, t € AT as a basis of AT this map is given by

(
(
(
(

| 1 0
lH({}'l)
(01
' 0 0
(00
‘ 1 0
)
)

LE :
| 0

T'his shows that the map is an isomorphism.



Clifford algebras of

split vector spaces.
If

W 7
p—v"l Z'Vtm

is a direct sum of two dimensional split spaces. and we write
I'=T7,0---aT,

where the C'(W;) = End(A1;) as above, then since

we see that



The spin module.

C(p) = End (A1),

In particular. C'(p) is isomorphic to the full 2™ x 2™ matrix algebra
and hence has a unique (up to isomorphism) irreducible module. One
model of this is

We can write

as a supervector space, where we choose the standard Zs grading on
A1 to determine the grading on S if m is even, but use the opposite
orading (for reasons which will become apparent in a moment) if m
1s odd.






The half spin
representations.

J.{l;r — LST_I_ S

as a supervector space, where we choose the standard Zs grading on
A1 to determine the grading on S if m is even, but use the opposite
orading (for reasons which will become apparent in a moment) if m
is odd.

The even part, Co(p) of C(p) acts irreducibly on each of S..
Since A%p together with the constants generates Co(p) we see that
the action of A%p on each of S4 is irreducible. Since A?p under
Clifford commutation is isomorphic to o(p) the two modules S give
irreducible modules for the even orthogonal algebra o(p). These are

the half spin representations of the even orthogonal algebras.



The spin module as a left ideal.

'-‘r"ilr'r(".‘ Celll ‘l(lll".‘llf‘lf"‘f ;_-T? — ;_-T? 1_;_ s & ](".‘ﬂ' i(](“.‘::l] 11 (-T([) s f(,'i]]lifﬁ-'t-ii
. + .
SIII)IJUHU f]l::lt we write

P=P+ 7P
where p+ are complementary isotropic subspaces. Choose a basis
'-'-I_ + ' 5 1
[CRERR e of py and let

o e— ot N R, PP S i
f_|_ . — f,]_ . .{'fi’-l‘ — 'f,]_ AN {'.i'i'i' — FA p_|_4

We have
EI?')|’_|_-f'i_|_ — {] T; !j_|_ - p_|_
and hence
[Iﬂ%.p_|_)_|_{“:'_|_ — {]
In other words
.-"P'"'-Lp_l_'f.:_l_

consists of all scalar multiples of e, .



AP+€4 consists of all scalar multiples of €.

Since
Ap— @ Apy — C(p), w_ Dwy — w_wy
is a linear bijection, we see that
C(ple. = Ap_e..
This means that the left ideal generated by ey in C'(p) has dimension

2™ and hence must be isomorphic as a left C'(p) module to S. In
particular it is a minimal left ideal.

Letey,...e beabasis of p_ and for any subset J = {éy.....7,}, i1 <
ig---<<i;of {1,....m} let
¢! imel N Ne = el
o=y = e iy

Then the elements
f’fifﬁ_'_
form a basis of this model ot S as .J ranges over all subsetsof {1....,m}.



Weights of the spin module.
1

v(r) = 4 Z Yj (- Zj). (14)

N
For example, suppose that we have a commutative Lie algebra h
acting on p as infinitesimal 1sometries, so as to preserve each p4. that
the fj' are weight vectors corresponding to weights (4; and that the
e form the dual basis, corresponding to the negative of these weights
—3;. Then it follows from (14) that the image. v(h) € A?(p) C C(p)
of an element i € h is given by

1 1
v(h) = 3 Y Bilhyel nep = > Y Bih)(L—e;el).

Thus
vih)er = pplh)es (19)
where .
f}p .= E(Jll —l— s e —l— ,HH.! ) (2{])



¢, ).

_ %Z Bi(hyer Ner = = Z Bi(h)(1— e

1
v(ih)ey = pp(h)ey (19) Pp = E[I;-jl 4o
For a subset J of {1.....m} let us set 3y = Z 3;.
qed

Then we have

[1;(3'3_.), {*I'i] — —I,{’j?‘j(ﬁ-;__]{-gﬂ

and so

v(h)(eley) = [v(h),e’les +elv(h)ey = (pp(h) — B4(h))e’e,.

+ Om).

5o if we denote the action of v(h) on S by Spiny v(h) and the action

of v(h) on S =5, & S_ by Spin v(h) we have proved that

The e’ e are weight vectors of Spin v with weights Pp — 3.

(21)



The e’ e are weight vectors of Spin v with weights pp — By (21)

It follows from (21) that the difference of the characters of Spin v
and Spin_v is given by

chepin | v—Cchgpin = (fﬂ[é,ﬁj) — {'e[—éﬁj}) = e(pp) H (1 —e(=03)).
j 7
(22)
There are two special cases which are of particular importance:
First, this applies to the case where we take h to be a Cartan subal-
gebra of o(p) = o(C?") itself, say the diagonal matrices in the block
decomposition of o(p) given by the decomposition

CZ#‘ _ Cﬁc T CE'

into two isotropic subspaces. In this case the [3; is just the -th di-
agonal entry and (22) yields the standard formula for the difference

of the characters of the spin representations of the even orthogonal
algebras.



The Weyl denominator.

1
"»h'ﬁg:m b1 "»h"ﬁguu v ( (E i ) (_E‘j}) (.f} )H (l — € (_J]f):l *
1 i
(22)
A second very important case is where we take h to be the Cartan
subalgebra of a semi-simple Lie algebra g. and take

p=1n,Tn_

relative to a choice of positive roots. Then the 3; are just the positive
roots, and we see that the right hand side of ( 22) is just the Weyl de-
nominator. the denominator occurring in the Weyl character formula.
This means that we can write the Weyvl character formula as

ch(lrr(A) @ S) — ch(Irr(A) @2 S ) = Z (—1)"e(we A)

weW

where

we A :=w(A+ p).



The Weyl character
formula.

If we let U, denote the one dimensional module for h given by the
welght ¢ we can drop the characters from the preceding equation and
simply write the Weyl character formula as an equation in virtual
representations of h:

r(A) @ S = Tir(A) @ 5= = ) (=1)"Uwen. (23)



