Math |28 Lecture |7

The Kostant multiplicity formula.



Review: The Weyl character formula.
For any weight, 1 we define
A= Y (1) eluwp).
weW
Then we can write the Weyl character formula as

‘1 o _.:’_1},__|—p
CATprp( Ny — _} .
-141{‘}

or

gchy () = Z (—1)“e(w(A+ p)).

weW

q =Y (~1)"e(wp)



Rewriting the WCF.

gchen) = Y (=1)"e(w(A+ p)). (17)
e W

qp = e(p). (16)

Let us multiply the fundamental equation (17) by pe(—p) and use the
fact (16) that gpe(—p) = 1 to obtain

chieny = Y (=1)"pe(=p)e(w(A + p)).
we W



The Kostant formula.

chie(n) = Z (—1)"pe(—ple(w(A+ p)).

we W

But
pe(—ple(w(A+ p)) = pl- —wlA+ p)+ p)

or, in more pedestrian terms, the left hand side of this equation has.
as its coeflicient of e(p) the value

plp+ p—w(A+ p)).

On the other hand, by definition,

chypn) = Z dim(lrr(A)e(p).

We thus obtain Kostant’s formula for the multiplicity of a weight u
in the irreducible module with highest weight A:

KMF dim (Irr(A)), = » (=1)"p(p+ p—w(X+p)).  (20)

H
weEW



Rewriting the KMF.

It will be convenient to introduce some notation which simplifies the
appearance of the Kostant multiplicity formula: For w € W and
(e L (or in E for that matter) define

w = w4 p)— p. (21)

This defines another action of W on £ where the “origin of the or-
thogonal transformations w has been shifted from 0 to —p”. Then we
can rewrite the Kostant multiplicity formula as

dim(Tre(A)), = Y (=1)"Prc(w @ A= pn) (22)

we W

O as

ch(Irr(A)) = Y Y (=1)"Px(w e A= p)e(p). (23)

welW

where P 1s the original Kostant partition function.



A useful fact.

For the purposes of the next section it will be useful to record the
following lemma:

Lemma 1 [f v is a dominant weight and ¢ = w € W then w < v is
not dominant.

Proof. If v is dominant, so lies in the closure of the positive
Wevl chamber, then v + p lies in the interior of the positive Weyl
chamber. Hence it w £ e, then w(v + p)(h;) < 0 for some i, and so
wv=w(r+p) — pis not dominant. QED



Tensoring two
irreducibles.

Suppose that A" and A" are dominant integral weights. Decompose
Irr(A") @ Irr(A”) into irreducibles, and let n(A) = n(A, A" @ A7) de-
note the multiplicity of Irr(A) in this decomposition into irreducibles
(with n(A) = 0 if Irr(A) does not appear as a summand in the de-
composition). In particular, n(r) = 0 if v is not a dominant weight
since Irr(r) is infinite dimensional in this case, so can not appear as
a summand in the decomposition. In terms of characters, we have

ch(Irr(A) ch(Irr (A")) = Zfl(_h)(t]l[h‘l‘(h)).

A



ch(Irr(A)) ch(Irr(A")) = Z n(A)ch(lrr(A)).

A

Steinberg’s formula is a formula for n(A). To derive it, use the Weyl
character formula

Ay Avi,
ch(lir(\")) = =222 ch(Trr(\)) = —f
4;_1.].-} ";—1‘]!',:'

i the above formula to obtain

ch(Irr(A)Axrsp = n(A)Axy,.
A



ch(Irr (M) Axrsp = n(A)Axg,.
A

Use the Kostant multiplicity formula (23) for A’

ch(lrr(A 7 7 ) Pre(w @ N — e p)

weW  p

and the definition

jjl.l”—l—ﬂ — Z (_—]_)'fr,{__-[.-“_[)iﬁ 4+ ﬁ))

e W

and the similar expression for A, , to get

T S‘ )i Py O N — Ju,_)_]{-:(_ff.(_)\” +p)+p) =

poowwe W
S8 (=) e(w(A+ ).

A 8




7 y‘ u,u' (“, * },l — Jujlj (H.(_;"-.” + ;J) - ,H.) —

e W
ZZH e(w(A+ p)).

L

Let us make a change of variables on the right hand side. writing
V= w (A

so the right hand side becomes

ZZ (w R vie(v =+ p).

L !

If v is a dominant wvigh’r. then by Lemma 1 w ! @ v is not dominant

if w1 #£e. Son(fwe©v)=0if w+# 1 and so the coefficient of
(v + p) is [)li?t.lh(‘f]}-' n(rv) when v is dominant.



7 7 )Y Pre (w0 N — p)e(u(N 4 p) + p) =

e W

ZZ (w @ v)e(r + p).

n(w=t @ v) =0if w # 1 and so the coefficient of

e(v + p) is precisely n(r) when v is dominant.

Oli ﬂm i(‘rft hand Hil.lil(.".‘ let
pu=v—u-\

to obtaln

Z (—1) """ Pr(wo N +uo N —v)e(v+ p).

[ A

Comparing coetlicients for ¥ dominant gives

n(v) = Z(_—l)““"Pﬁ(_w DN +uo N =),

b,

(24)



Steinberg’s formula.

ch(lrr(A")) ch(Irr (A7) = Z n(A)ch(lrr(A))
A

where

n(v) = Zf—u”“'Pﬁw N +uo N —w).

b,



Back to the proof of the WDF.

We return to the study of a semi-simple Lie algebra g and get a
refinement of the Weyl dimension formula by looking at the next
order term in the expansion we used to derive the Weyl dimension
formula from the Weyl character formula.

By definition, the Killing form restricted to the Cartan subalgebra
h is given by

k(h.h') = Z alh)a(h"

¥

where the sum is over all roots. If p, A € h* with ¢,.t, the elements
of H corresponding to them under the Killing form. we have

(A ) = K(tr t,) = Z afty)alt,)

¥

S0

(Ap)s = (Aea) (. a). (25)

i



For each A in the weight lattice L we have let e(\) denote the
“formal exponential” so Zy;,, (L) 1s the space spanned by the e(A)
and we have defined the homomorphism

U, : Zrin(A) — C[[t]]. e(N) = eMPxl,

Let N and D be the images under ¥, of the Weyl numerator and
denominator. So

i . N - N
N Lrﬂ _ H ({,_..[A—I—Jr,:.r‘tjﬁf._, 2 _ . (Atp.cv) et u)
v =0
1

= ]l ((H pra)wt[L+ (A + p.a)it® + - -])

with a similar formula for . Then N/D — d(A) = the dimension of
the representation as t — 0 is the usual proof (that we reproduced
above) of the Weyl dimension formula. Sticking this in to N/ D gives

N - 1 32 27,2
D — (E(,\) I+ E Z[(A T 0, “E:)h' T (.f}' ”")H.]'Jr' T

cx =1




(Apt) = H‘.-(.f;k.ﬁ”:l — Z{'l’(ﬁ}‘j{'l’(fﬂ)

Ok

S0

(Aot = (Aa)ulp, o)s. (25)

ik

where the sum 1s over all roots.

E:f (I—I—Z[)\—I—;}n — (p.a); ]fz—l— )

A eal

: ) )

For any weight 1 we have (p. 1), = > (g, )2 by (25). where the sum
is over all roots so

N

D

1 _
= (1 + At A+ p)s —(p Pt + ) |

and we recognize the coefficient of ﬁfg in the above expression as
v(Cas™)), the scalar giving the value of the Casimir associated to

the Killing form in the representation with highest weight A.



N _ 1 2
) _d(1+E (A+p, A+ pls — (p.p)lt +) .-

and we recognize the coefficient of 4—181’.2 in the above expression as
Y (Cas™)), the scalar giving the value of the Casimir associated to
the Killing form in the representation with highest weight A.

On the other hand, the image under W, of the character of the

irreducible representation with highest weight A is

1 ,
Z{?Ur...ﬂflgi- — Z(l -+ (ﬁirﬂjﬁ.t—l_ _(ﬁfuﬂjiﬁz 4. }

B L

where the sum is over all weights in the irreducible representation
counted with multiplicity. Comparing coeflicients gives

, 1 _
> (197 = 5rd(N)xa(Cas”).



The Freudenthal - de Vries formula.

_ 1 o
)
1p) = —d(AN)ya(Cas™).
D> (1 p)i = 57d(M)xa(Cas™)
H
Applied to the adjoint representation the left hand side becomes
(p, p)y by (25), while d(A) is the dimension of the Lie algebra. On

— L

the other hand, y,(Cas") = 1 since trad(Cas") = dim(g) by the

definition of Cas". So we get

1
(p. p)y = ﬂdim g (26)

for any semisimple Lie algebra g.



Reductive Lie algebras.

An algebra which is the direct sum a commutative Lie and a semi-
simple Lie algebra is called reductive. The previous result of Freuden-
thal and deVries has been generalized by Kostant from a semi-simple
Lie algebra to all reductive Lie algebras: Suppose that g is merely
reductive, and that we have chosen a symmtric bilinear form on g
which is invariant under the adjoint representation, and denote the
associated Casimir element by Casg. We claim that (26) generalizes
to

1 . -
21 trad(Casg ) = (p. p). (27)

(Notice that if g is semisimple and we take our symmetric biinear
form to be the Killing form ( . ), (27) becomes (26).) To prove

(27) observe that both sides decompose into sums as we decompose
g into as sum of its center and its simple ideals, since this must be
an orthogonal decomposition for our invariant scalar product. The
contribution of the center is zero on both sides. so we are reduced to
proving (27) for a simple algebra.



Then our symmetric biinear form

(. ) must be a scalar multiple of the Killing form:

for some non-zero scalar ¢. If z¢,.... 25 1s an orthonormal basis of g
for ( , )x then z1/c,...,2zn/cis an orthonormal basis for ( , ). Thus

C-‘:lhg — {—g Cas™ .
So
o 1 . 1 1 ?
trad(Casg) = 2 trad(Cas™) = 25 0im g
But on h* we have the dual relation
1

(p.p) = p—g(ﬁ* 0) -

Combining the last two equations shows that (27) becomes (26).



Notice that the same proof shows that we can generalize (8) as
Xa(Cas) = (A+p. A+ p) = (p, p) (28)

ralid for any reductive Lie algebra equipped with a symmetric bilinear
form invariant under the adjoint representation.



Fundamental representations.

We let w; denote the weight which satisfies
‘;’-Jsﬁ(_hjj — (\’"’:J'

so that the w; form an integral basis of L and are dominant. We call
these the basic weights.If (V. p) and (W, o) are two finite dimensional
irreducible representations with highest weights A and o, then V' @
W. p @ o contains the nreducible representation with highest weight
A + p, and highest weight vector vy @ w,. the tensor product of the
highest weight vectors in V' and W. Taking this “highest” component
in the tensor product 1s known as the Cartan product of the two
irreducible representations.

Let (V;. p;) be the irreducible representations corresponding to the
basic weight w;. Then every finite dimensional irreducible represen-
tation of g can be obtained by Cartan products from these, and for
that reason thev are called the fundamental representations.



For the case of A,, = sl(n + 1) we have already verified that the
fundamental representations are A*(V) where V = C"*! and where
the basic weights are

wi =Ly 4+ L,

We now sketch the results for the other classical simple algebras.
leaving the detaills as an exercise 1n the use of the Weyl character
formula.



wi =Ly +---+ L,

For C',, = sp(2n) it is immediate to check that these same ex-
pressions give the basic weights. However while V' = C*" = A}V
is irreducible, the higher order exterior powers are not: Indeed, the
symplectic form 2 € A2(V*) is preserved, and hence so is the the map

N(V) = NTHV)

oiven by contraction by (). It is easy to check that the image of this
map is surjective (for 7 = 2,....n). the kernel is thus an invariant
subspace of dimension

2n B 21
j 27 — 2

and a (not completely trivial) application of the Weyl dimension for-
mula will show that these are indeed the dimensions of the irreducible
representations with highest weight w;. Thus these kernels are the
fundamental representations of C,,. Here are some of the details:



p=wi+ - Fw, = Z[H. — i+ 1)L;.
The most general dominant weight is of the form
Z ‘E"'é"-‘-*‘é — HlLl -t fi;eL'ra
where
ay =k +--+ky, as=ko+---+k,.-a,=~",

where the k; are non-negative integers. So we can equally well use
any decreasing sequence ay = as = --- = an = 0 of integers to
parameterize the irreducible representations. We have

Multiplying these all together gives the denominator in the Weyl di-
mension formula.



Similarly the numerator becomes

[T =ty [Te+1)

1< i<,

where
li i =a; +n—1i-+ 1.

If we set m,; :=n—1i+1 then we can write the Wevl dimension formula

7 — 13
{.li]..'[]. -[':;-(.{.E-ll ] {.Liriljl — ;} H
m; —!H !H;
7

<]

elis

-LQ“"“I‘_Q

where for the case i = j we have taken out a common factor of 2"
from the numerator and the denominator.



'“l\-"'“"tw.'.“'

dim V(ay.....a,) = H
| | m-

1<

— ”32 H mg

An easy induction shows that
(m? — -mg) mi = (2n — 1)I(2n — 3)!--- 11,
m; z =
1<} i

so 1f we set
ri=li—1l=a+n—1

then

Hf{:_; (ri —ri)(ri+r;+ 2) 1_[f (r; + 1)

dim V(aq..... ) =

(2n— 1)I(2n — 3)!--- 1!



[Lio;tri—=ri)rit+r; +2)[];(ri+ 1)
(2n — 1)I(2n —3)!--- 1! |

dim V(ay..... a,) =

For example, suppose we want to compute the dimension of the fun-
damental representation corresponding to Ay = L1+ Lo so ay = as =
l,a; = 0,i > 2. In applyving the preceding formula. all of the terms
with 2 < i are the same as for the trivial representation, as is vy — rs.
The ratios of the remaining factors to those of the trivial representa-

tion are
Tl . T . Il

145155 =11

1=a4 j o 1 J=4 j - 2 1=23 j - 2

coming from the r; —r; terms, ¢ = 1, 2. Similarly the r; 4+ r; terms
oive a factor

2n + 1 ﬁ 2n+2—
2n — 1

§=3

2n— 7
and the terms ry + 1,72 + 1 contribute a factor

n—+1
n—1



In multiplying all of these terms together there is a huge cancellation
and what is left for the dimension of this fundamental representation
1S
(2n 4+ 1)(2n — 2)
> .

Notice that this equals

( 2; ) ~1=dim AV —1.



For B, it is easy to check that w;, ;= L1+ 4+ L; (i < n —
1), and w, = %(_Ll + .-+ L,,) are the basic weights and the Weyl
2n+ 1Y\ . L .

;_ for 1 < n — 1 as the

dimensions of the irreducibles with these weight, so that thev are

dimension formula gives the value

A(V), 5 =1....n— 1 while the dimension of the irreducible corre-
sponding to w,, 1s 2. This is the spin representation which we will
study later.

Finally, for D,, = o(2n) the basic weights are

wi=Li1+--+L;, <n-—2,
and
1 |
Wn—1 i= E(Ll +- 4+ Lp-1+Ly)and wy, 1= E(_Ll + 4 Ly_1—Ln).
The Weyl dimension formula shows that the the first n — 2 funda-
mental representations are in fact the representation on A7 (V), j =

L, ..., n — 2 while the last two have dimension 2"~ !. These are the
half spin representations which we will also study later.



