Math |28 Lecture 16

The Weyl character formula and the Weyl dimension
formula.



Review: the value of
the Casimir.

clement z € Z(g) acts as a scalar, call it ya(2)
on the Verma module associated to A.

For any A € h*. any

In particular, if A is a dominant integral weight. it acts by this

same scalar on the irreducible finite dimensional module associated
t{]' ,-}'n

a(z) =Av(2) ¥ zeZ(g) (5

We evaluated this formula on

Cas" thr —|—Z aZa

VA(Cas™) = (A +p. A+ p)e — (p.p)s

1
) = — ‘Y.
P=73 )
oy =1

and found that

where



The weight lattice.

We let L = L, € hg denote the lattice of integral linear forms on h.

1.e.
L={peh"2 [,J”' H_J ceZ 7o e Al (9)
LD, D) |
L is called the weight lattice of g.
For 1. A € L recall that
1 = }'l

if A — p1s a sum of positive roots.



Composition series for cyclic highest
weight modules.

Proposition 1 Any cyclic highest weight module Z(N). A € L has
a composition series whose quotients are irreducible modules, Irr ()
where < A satisfies

(A ppptp)e=(A+p. A+t p)y (10)

In fact, if
(E — Z (“1]1 Z(A)ﬂ

where the sum is over all p satisfying (10) then there are at most d
steps in the composition series.

Remark. There are only finitely many p € L satisfying (10) since
the set of all p satistying (10) is compact and L is discrete. Each
welght 1s of finite multiplicity. Therefore d is finite.



Proof: the case d=1.

(u+p.pp+ple =(A4+p. A+ p)s. (10)

d = Z dim Z(}l);r

Proof by induction on d. We first show that if d = 1 then Z(A) is
irreducible. Indeed, if not, any proper submodule W, being the sum
of its weight spaces, must have a highest weight vector with highest
welght . say. But then

YA ((:j;:]_:-%ﬁ ) = Xpu (_(jﬂ:—iﬁ)

since W is a submodule of Z(\) and Cas"™ takes on the constant value
va(Cas™) on Z(A). Thus g and A both satisfy (10) contradicting the

assumption d = 1.



Proof by induction.

In general, suppose that Z(A) is not irreducible,

so has a submodule, W and quotient module Z(X)/W. Each of these
is a cyclie highest weight module, and we have a corresponding com-
position series on each factor. In particular, d = dw + dzn)w so
that the d’s are strictly smaller for the submodule and the quotient
module. Hence we can apply induction. QED



Formal exponentials, characters.

For each A € L we introduce a formal symbol, ¢(A) which we want
to think of as an “exponential” and so the symbols are multiplied
according to the rule

e(p)-elv)=elp+v). (11)

The character of a module N 1s defined as

chy = Z dim N, - e(p).

In all cases we will consider (cyelic highest weight modules and the
like) all these dimensions will be finite, so the coefficients are well
defined, but (in the case of Verma modules for example) there may

be infinitely many terms in the (formal) sum. Logically, such a formal
sum is nothing other than a function on L giving the “coetlicient” of
cach e(p).

In the case that N is finite dimensional. the above sum is finite.



Convolution.

It
f = Z f”.-f-:(_;f.] and g = Z guelp)

are two finite sums, then their product (using the rule (11)) corre-
sponds to convolution:

(3= fuet)) - (D 9ue@) = D(F = ghaet)
(f *g)a Z f,rrffu

pAr=2X\

where

So we let Zgn(L) denote the set of Z valued functions on L which
ranish outside a finite set. It is a commutative ring under convolution.
and we will oscillate in notation between writing an element of Zg,, (L)
as an “exponential sum” thinking of it as a function of finite support.



Characters and
composition series.

Since we also want to consider infinite sums such as the characters
of Verma modules, we enlarge the space Zg, (L) by defining Z,.,,(L) to
consist of Z valued functions whose supports are contained in finite
unions of sets of the form A — 5>
functions belonging to Zgen, (L) 1s well defined, and belongs to Zgen (L).
S0 Zgen(L) 1s again a ring.

It now follows from Prop.1 that

{“h/f[}..:l — E Ch[l‘l‘”r'}

where the sum is over the finitely many terms in the composition

k.. The convolution of two

Series.



Irreducible characters.

If,u—l—;} T —I—;})H — (}'\—I—;} A —I—;}) [1(])

‘“]]1”[,}&] — E Ch[rr(,rrj

where the sum is over the finitely many terms in the composition
series. In particular, we can apply this to Z(A) = Verm(A), the
Verma module. Let us order the pu; < A satistying (10) in such a way
that p; < p; = ¢ < j. Then for each of the finitely many yp; occurring
we get a corresponding formula for chyeppy,(,,) and so we get collection
of equations

('-h‘»-":;rlllu'_ﬂj} — E “?’j"i'-h Trr(pey)

where a;; = 1 and 7 < j in the sum. We can invert this upper
triangular matrix and therefore conclude that there is a formula of
the form

chypp(n) = Z b(11)chverm () (12)

where the sum is over u < A satisfying (10) with coeflicients b( ) that
we shall soon determine. But we do know that b(A) = 1.



The Weyl character formula.
Ir*"-]1[1'1'(,’/%} — Z II}(_,H.:I(1]11,.-01,111”!-J “_2)

Proposition 2 The non-zero coefficients in (12) occur only when
=w(A+p —p
where w € W, the Weyl group of g. and then
b(p) = (=1)".

Here
(—1)" := det w.

We will prove this by proving some combinatorial facts about multi-

plication of sums of exponentials.



Notational recall.

We recall our notation: For A € h*, Irr(\) denotes the unique irre-
ducible module of highest weight, A.and Verm(A) denotes the Verma
module of highest weight A, and more generally, Z(A) denotes an
arbitrary cvelic module of highest weight A. Also

e

1s one halt the sum of the positive roots. Let A;,¢ = 1.....dimh be
the basis of the weight lattice, L dual to the ham:& ia So

Ai(ha,) = (Ai,aj) = 04



An alternative
expression for p .

Ni(he,) = (Aiy o)) = b5

Since s;(a;) = —a; while keeping all the other positive roots positive.
we saw that this implied that

and therefore

In other words |



The Kostant partition function.

The Kostant partition function, Py (x) is defined as the num-
ber of sets of non-negative intecers. k5 such that
& & r .j

= Z ff._,.-j«_;f .

Aed

(The value is zero if ;o can not be expressed as a sum of positive
roots. )

For any module N and any ¢ € h*. N, denotes the weight space
of weight p. For example, in the Verma module, Verm(A\). the only
non-zero weight spaces are the ones where p =\ — > ;-5 kg and
the multiplicity of this weight space, i.e. the dimension of Verm(\),

1s the number of wayvs of expressing i this fashion, IL.e.

dim Verm(\), = P (A — p). (14)



The character of a Verma module.

dim Verm(A), = Px (A — p). (14)

In terms of the character notation introduced in the preceding
section we can write this as

C]l‘.,_.-’{_arnl[:}.J Z Ph o J“ ( )

To be consistent with Humphreys' notation, define the Kostant func-
tion p by
p(v) = Pi(—v)

and then in succinet language

Cll-‘k-'?(_*l‘lll[:}k;l — E}(* - }l‘) (15)



1 he characterort a
Verma module, 2.

{:.']h#ri_‘l‘llll::}t:' — f}( o )")

f=> flpelp

Observe that if

then

Fre) =Y fueN+pm) = flr—Ne(v).

We can express this by sayving that
f-e(N)=f(-—A).
Thus, for example,

chvermony =pl- — A) = p-e(A).



The geometric series.

C]lﬂ-’crxlllﬁﬁj — f}( _ )") — P ff(*’l‘)*

Also observe that i1f
1
f” — - I:l—l—f’li—r1)+ft{—2;l)_|_+”
1l —e(—a)
then
(J' _“{_“)).fr't =1
and

H fﬂ — P

I"I:':..—:":I’ |

bv the definition of the Kostant function.



The Weyl denominator.

Define the function ¢ by

q .= H (e(a/2) —e(—a/2)) = e(p) H(l —e(—a))

S =Lil

since e(p) =[], cq+ €¢(a/2). Notice that

wqg = (—1)"q.

It 1s enough to check this on fundamental reflections. but they have
the property that they make exactly one positive root negative, hence
change the sign of g.



The Weyl denominator and the character
of aVerma module.

We have
qp = €(p).

Indeed.
gpe(—p) = _H(l—f’(—“)): e(p)pe(—p)
= [TT( = e(=an]r
S | (F—_ | §3
= 1.
Therefore.

UC]lﬂ-’vrm[hj — fff*"“'[)"l) — “'[1”)‘”()'*) — ‘r(/\ + :”)*



Proof of the WCF, | .

We know that

C]llrr[:}n.j — z E'}(J“')C]]‘Tk-'rl‘l‘lll[:ﬂ-:] (12)
where the sum is over g < A satistying
(Lt ppt+p)e=A+p A4 p)x (10)
and

(f(:"]h-"ﬂrllllﬁ:h:] — (ﬂ){'i{}‘) — {'3{:‘“){:()0 — {.i(}‘ + :'”)‘

Let us now multiply both sides of (12) by ¢ and use the preceding
equation. We obtain

(fChIrri;h:] — Z E'}{J“'){:(J”' T :'“)

where the sum is over all p < A satistying (10), and the b(p) are
coefficients we must determine.



Proof of the WCF, 2
achi(n) = ) b(u)e(i+p)

Now ch 1,y 18 Invariant under the Weyl group W, and ¢ trans-
forms by (—1)". Hence if we apply w € W to the preceding equation
we obtain

(—1)"gchy, () = ZE: (p)e(w(pe+ p)).

This shows that the set of 4+ p with non-zero coefficients is stable
under W and the coefficients transform by the sign representation for
each W orbit. In particular, each element of the form p = w(A+p)—p
has (—1)" as its coefficient. We can thus write

gchyny = Y (=) e(w(A+p)) + R
=

where F 1s a sum of terms corresponding to p + p which are not
of the form w(\ + p).



Proof of the WCF, 3.

gchy = > (=1)"e(w(A+p)) + R

we W

where R is a sum of terms corresponding to p + p which are not
of the form w(A + p). We claim that there are no such terms and
hence K = 0. Indeed, 1t there were such a term, the transtormation
properties under W would demand that there be such a term with
1t + p 1n the closure of the Weyl chamber, 1.e.
p+peN=LND
where
D=Dg={N€E|(\o) >0 Vo AT}

and £ = hpy denotes the space of real linear combinations of the
roots. But we claim that

=AM (p+ppu+p)=AN+pA+p). &p+pel = pu=M\



Proof of the WCF, 4 .

=N (p+pp+p)=A+pA+p). &pu+peA — =AM\
Indeed, write p = A —m, m=)> k,a, ks = 050

0 = A+p,A+p)—(u+pp+p)
A+p)—A+p—m. A+ p—)
Atp, )+ (7 1+ p)

A+ p.w) since p+p < A

—_— —— e e
S
T
-

RYARAY)

since A +p € A and 1n fact lies 1n the interior of ). But the last

inequality is strict unless # = 0. Hence © = 0.
we have derived the tundamental formula

achinoy = Y (=1 e(w(A + p)). (17)

we W



Completion of the
proof of the WCF.

achny = 3 (= 1)7e(w(A + p)). (17)

we W

Notice that 1if we take A = 0 and so the trivial representation with
character 1 for V(A), (17) becomes

¢ =) (=1)“c(wp)

and this 1s precisely the denominator in the Weyl character for-

mula: o
2 wew (=1 e(w(A+p))

WCF chy,,(y) = '
CI1y vy Z“n;'_:ﬂ-'(_J')WF(“?‘”)

(18)



The Weyl numerator and the
Weyl| denominator.

For any weight. ;+ we define

A, = Z (—1)"e(wpn).

we W

Then we can write the Weyl character formula as

_ ‘4}“4‘!*

chypy) = 1




Preliminaries to the VWey|
dimension formula.

For any weight p define the homomorphism ¥, from the ring
Z4, (L) into the ring of formal power series in one variable ¢ by the
formula

U, (e(r)) =e (Vo) wt
(and extend linearly). The left hand side of the Weyl character for-
mula belongs to Zg, (L). and hence so does the right hand side which
is a quotient of two elements of Zg, (L). Therefore for any g we have

\ .(H }J
l:[,! I C]] — — [EIRY . .ﬂ"‘ i
! ( I L}af.) 1[1}1_(.1-;%)

We claim that
1‘[’[;1. {1,11“) — IIJH (‘Aﬂj

for any pair of weights.



More preliminaries to
the WDF.

]‘]:J;; '[-"il.u) — ]‘]:’[.u '[fil;.':l

for any pair of weights. Indeed,

Uy (Ay)

HM
:-—'_‘—\-\.
—
g
=
S
e



More preliminaries to the WDF.

We have proved that U, (A,) =V,(A,)
SO
T,(Ay) = Ui(A,)
= WYalg)

= U, (H(f( a/2) — el —f‘l-f?)))
_ H ({_:m.n)ﬁa;z_{,__,—(A.n;m,;s_,fzj)

Oh .:_:{I} |

P o 1
B (H“‘ ""'j'h') t7?" 4+ terms of hicher degree in t.

Hence

g (A A b OV ) i - g :
ol %Jrff’) _ [[(A+p. ), + terms of positive degree in 1.
U,(A,) [1(p. ),

W, (chpypny) =



The Weyl dimension
formula.

J (A A ) (Y ) g - =y -
ol %Jrff’) _ [[(A+p, ), + terms of positive degree in t.
U,(A,) [1(p. ),

W, (chpypny) =

Now consider the composite homomorphism: first apply ¥, and
then set t = 0. This has the effect of replacing every e(u) by the
constant 1. Hence applied to the left hand side of the Weyl character
formula this gives the dimension of the representation Irr(A). The
previous equation shows that when this composite homomorphism is
applied to the right hand side of the Weyl character formula. we get
the right hand side of the Weyl dimension formula:

HWE{I} | (}\ _I_ Jﬂ' {};JH
HwE-’I} | (Iﬂ' {};)H

dim Irr(\) = (19)



