Math |28 Lecture |5.

Cyclic highest weight modules



Weights and weight
vectors.

In this chapter, g will denote a semi-simple Lie algebra for which
we have chosen a Cartan subalgebra, h and a base A for the roots
O =0T UD ofg.

We will be interested in describing its finite dimensional irre-
ducible representations. If W is a finite dimensional module for g,
then h has at least one simultaneous eigenvector; that is there is a
(e h™ and a w# 0 & W such that

hw = pu(h)w ¥ h e h. (1)

The linear function it is called a weight and the vector v i1s called a
/
weight vector. If x € g,,.

haw = |h, x]w + xhw = (u + o) (h)rw.



Highest weight vectors.

haw = [h, x]w + chw = (u + o) (h)zw.

This shows that the space of all vectors w satisfying an equation of
the type (1) (for varyving p) spans an invariant subspace. It W is
irreducible, then the weight vectors (those satistying an equation of
the type (1)) must span all of W. Furthermore, since W is finite
dimensional. there must be a vector v and a linear function A such
that

hv=Ah)v Yheh, e,v=0 Yacd". (2)

Using irreducibility again, we conclude that
'['{" — {t;{g)i‘+

The module is eyclic generated by v. In fact we can be more precise:



Using PBWV.

Let hi,....hy be the basis of h corresponding to the choice of simmple
roots, let ¢; € g... f; € g ., where ay,..., a,, are all the positive
roots. (We can choose them so that each e and f generate a little

sl(2).) Then
g=0n_«o h & n..

where eq. .. .. €m 15 a basis of ny. where hq..... he 1s a basis of h, and

Fie.o..s fin 1s a basis of n_. The Poincaré-Birkhoff-Witt theorem says
that monomials of the form

{1 P f'rﬂ'"'- h{l . e h;E{”ll P {-,;‘:r‘r?.

m m

form a basis of U(g). Here we have chosen to place all the e’s to the
extreme right, with the A's in the middle and the f's to the left. It
now follows that the elements

1 bm g, span W.
.. fimyg span W



Possible weights.

the elements
|i'] . J{'e'-ﬂ.-! 11
1 m v

span W. Every such element. if non-zero. is a weight vector with
weight

A — ("!;'1”31 + -+ "I"‘--r;r;f'hi'?]*
Recall that
(=< A means that A — = Z Fiov;, a; >0,

where the k; are non-negative integers. We have shown that every
welght ;o of W satisfies
1= A



Cyclic highest weight
modules.

So we make the definition: A cyclic highest weight module for g is
a module (not necessarily finite dimensional) which has a vector v
such that

ryv, =0, Yeryoeny, hv,=Ah)vy Yheh
and
I = l[x" (g)f'_l_
In any such cyclic highest weight module every submodule is a direct
sum of its weight spaces (by van der Monde). The weight spaces V),
all satistv
1= A

and we have



Proper submodules of a cyclic
highest weight module.

Any proper submodule can not contain the highest weight vector,
and so the sum of two proper submodules is again a proper submod-
ule. Hence any such V' has a unique maximal submodule and hence a
unique irreducible quotient. The quotient of any highest weight mod-
ule by an invariant submodule, if not zero. is again a cyclic highest
welght module with the same highest weight.



Verma modules.

There is a “biggest” cyclic highest weight module, associated with
anv A € h* called the Verma module. It is defined as follows: Let
s set

Given anv A € h* let C, denote the one dimensional vector space
C with basis z, and with the action of b given by

(h+Y ap)zyp = A(h)z.

So it is a left U(b) module. By the Poincaré Birkhott Witt theorem.,
U(g) is a free right U(b) module with basis {f;* --- f;™}, and so we
can form the Verma module

Verm(A) :=U(g) @) Ca

which is a cvelic module with highest weight vector vy :=1® 2.



Irreducible highest
weight modules.

Furthermore, anv two rreducible cyclic highest weight modules
with the same highest weight are isomorphic. Indeed. if V' and W are
two such with highest weight vector vy, u,, consider V & W which
has (v4,u4) as a maximal weight vector with weight A, and hence
/Z =U(g)(vy,uy)is cyclic and of highest weight A. Projections onto
the first and second factors give non-zero homomorphisms which must
be surjective. But Z has a unique irreducible quotient. Hence these
must induce isomorphisms on this quotient, V' and W are isomorphic.

Hence. up to isomorphism, there is a unique irreducible cyclic
highest weight module with highest weight A. We call it

Irr(A).

In short, we have constructed a “largest” highest weight module
Verm(A) and a “smallest” highest weight module Irr(A).



When is dimIrr(\) < oo?

If Irr(A) is finite dimensional, then it is finite dimensional as a module
over any subalgebra, in particular over anyv subalgebra isomorphic
to sl(2). Applied to the subalgebra sl(2); generated by e;, h;, f; we
conclude that

\h,) € Z.

Such a weight is is called integral. Furthermore the representation
theory of sl(2) says that the maximal weight for any finite dimensional
representation must satisfy

/\{th — {}\.{'lif_} E ()

so that A lies in the closure of the fundamental Weyl chamber. Such
a weight is called dominant. So a necessary condition for Irr(A) to
be finite dimensional is that A be dominant integral. We now show
that conversely, Irr(A) is finite dimensional whenever A is dominant
integral.



For this we recall that in the universal enveloping algebra U(g)
we have

L [ej fF =0 ifi £
2. [hi f5 = —(k + Doy (h; ) fFH!
3. :'ﬁi* f;f—l_l] p— —(k + ].)f;c (J'Ei -1 — JI'E'.-@‘)

where the first two equations are consequences of the fact that ad is
a derivation and

lei, fi] =01if i # j since a; — aj is not a root
and

s fil = —a(hi)f;.

The last is a the fact about sl(2) which we have proved in Chapter
I1. Notice that it follows from 1.) that e;(f*)v,. = 0 for all k& and all
i # 7 and from 3.) that

e (AT — 0



e T, =0

Al )+1
so that f (o) +
the cyclic module it generates would be a proper submodule of Trr(\)

contradicting the irreducibility. Hence

vy 1s a maximal weight vector. If it were non-zero.

f.

[

Uy = 0.

Qo for each i the subspace sb: d by vy, fiog - f/\(hi]
So for each i the subspace spanned by vy, fioy ., -+ . f
finite dimensional s[(2); module. In particular Irr(\) contains some
finite dimensional s{(2); modules. Let V' denote the sum of all such.
If W is a finite dimensional sl(2); module, then e, W is again finite
dimensional. thus so their sum, which is a finite dimensional sl(2);
module. Hence V' is g- stable, hence all of Irr(A).

vy 1S a



Enter the VVeyl group.

In particular, the e; and the f; act as locally nilpotent operators
on Irr(A). So the operators 7; := (expe;)(exp —fi)(expe;) are well
defined and

T (I]]()\J Jy — :[11(}‘) SiH

W

dim Irr(A),,, = dim Irr(A), Ywe W (3)

where VW denotes the Weyl group. These are all finite dimensional
subspaces: Indeed their dimension is at most the corresponding di-
mension in the Verma module Verm(A), since Irr(A), is a quotient
space of Verm(A),. But Verm(A), has a basis consisting of those

{"] co« fFmy . The number of such elements is the number of ways
of writing

A—p=kiay+ ko,



The Kostant partition
function.

Verm(A),, }ma a basis consisting of those

ks . e Fem
1 m

of writing

(. The number of such elements is the number of Ways

A—p=Fkiag+ ko,

So dim Verm(A),, is the number of m-tuplets of non-negative inte-
gers (k1...., k) such that the above equation holds. T'his number
is clearly finite, and is known as Py (A — p), the Kostant partition
function of A — ., which will play a central role in what follows.



Conjugating to the fundamental
Weyl chamber.

Now every element of F is conjugate under W to an element of
the closure of the fundamental Weyl chamber. 1.e. to a p satistying

(pr. ;) =20

i.e. to a p that is dominant. We claim that there are only finitely
many dominant weights ¢ which are < A, which will complete the

proof of finite dimensionality. Indeed. the sum of two dominant
welghts 1s dominant., so A + p 1s dominant. On the other hand,

A— =) kia; with the k; = 0. So

(ANA) = (pou) = A+ A=) =Y k(A + o) = 0.

So g lies in the intersection of the ball of radius / (A, A) with the

discrete set of weights < A which is finite.



A useful fact.

dimIrr(A),,, = dimIrr(A), Ywe W (3)

We record a consequence of (3) which is useful under very special
circumstances. Suppose we are given a finite dimensional representa-
tion of g with the property that each weight space is one dimensional
and all weights are conjugate under VW. 'Then this representation
must be irreducible.



Example.

For example, take g = sl(n + 1) and consider

the representation of g on A"(C" ™). 1 < k < n. In terms of the
standard basis e1,....¢,41 of C"™! the elements e;, A --- A €, are
weight vectors with weights L;, + --- 4+ L;,, Where h consists of all
diagonal traceless matrices and L; is the linear function which assigns
to each diagonal matrix its i-th entry.

These weight spaces are all one dimensional and conjugate under
the Weyl group. Hence these representations are irreducible with
highest weight

w; =Ly +---+ L}

in terms of the usual choice of base, hy, ..., h, where h; is the diagonal

matrix with 1 in the j-th position, —1 in the 57 4+ 1-st position and

zeros elsewhere,



Example, continued.

These weight spaces are all one dimensional and conjugate under
the Weyl group. Hence these representations are irreducible with
highest weight

wi =Ly 4+ Ly

in terms of the usual choice of base. hq. ..., h,, where h; is the diagonal
matrix with 1 in the j-th position, —1 in the 57 4+ 1-st position and
zeros elsewhere, Notice that

wi(hj) = 0ij

so that the w; form a basis of the “weight lattice” consisting of those
A € h* which take integral values on hy.....h,,.



The center of U(g).

Recall that our basis of U(g) consists of the elements

ey . JI.E |£'-] P -,'E'--'ﬂ"!
fm h f fl Em -

The elements of U(h) are then the ones with no e or f component in
their expression. So we have a vector space direct sum decomposition

U(g) = U(h) & (U(gn, +n U(g)).

where n. and n_ are the corresponding nilpotent subalgebras. Let
~ denote projection onto the first factor in this decomposition. Now
suppose z € Z(g). the center of the universal enveloping algebra. In

particular, z € U(g)".



The center of U(g), continued.

U(g) = U(h) & (U(gn, +n Ulg)).

where n. and n_ are the corresponding nilpotent subalgebras. Let
~v denote projection onto the first factor in this decomposition. Now
suppose z € Z(g). the center of the universal enveloping algebra. In
particular, z € U(g)". The eigenvalues of the monomial above under
the action of h € h are

rn

Y (ks —ig)ag(h).

s=1

So any monomial in the expression for z can not have f factors alone.
We have proved that

For any A € h*, the element z € Z(g) acts as a scalar, call it v (2)
on the Verma module associated to A.



The center of U(g), continued.

For any A € h*, the element z € Z(g) acts as a scalar, call it v (z)
on the Verma module associated to A.

In particular, it A is a dominant integral weight. it acts by this
same scalar on the irreducible finite dimensional module associated
to A.

On the other hand. the linear map A : h — C extends to a ho-
momorphism, which we will also denote by A of U{h) = S(h) — C.
Explicitly, if we think of elements of U(h) = S(h) as polynomials
on h*, then AM(P) = P(A) for P € S(h). Since n,v = 0 if v is the

maximal weight vector, we conclude from (4) that

W(z) = A((2) Ve Zg). (

b |
S



The value of the Casimir.

The Casimir element (associated to the Killing form)
belongs to Z(g). The rest of this lecture will be devoted to
proving the proving the following key formula: Let

p::%Zﬁ.

v =)

Then

X}l((:IJEI-HH) = (A + p, A+ P)H. — (P, P) - (8)



The value of the
Casimir, |

a(z) =Alv(z) VzeZ(g) ()
We want to apply this formula to the second order Casimir element
associated to the Killing form . So let £q..... ks € h be the dual
basis to hq..... . hy relative to k, l.e.

-

"L‘."{h"f.' !E.}J — fﬁ'”

Let x, € g, be a basis (i.e. non-zero) element and z, € g_, be the
dual basis element to x, under the Killing form, so the second order

(Casimir element is
(].I“l I E !.I; III _|_ § II:'"'I; .-"'f,!-"k.

where the second sum on the right is over all roots.



The value of the Casimir, 2.
A (z) =Ay(z) ¥ zeZ(g) (

Cas” Zh k —I—Zsfﬁf”

where the second sum on the right is over all roots. We might choose
the r, = e, for positive roots. and then the corresponding z, is some

|
L

multiple of the f,. (And, for present purposes we might even choose

o = z, for pumtlve u;) The problem is that the z, for positive a in
the above expression for Cas™ are written to the right. and we must
move them to the left. So we write

Jas” Zhﬂ —I—Zi’n f”]—l—z,fnfn—l—z;”fn

This expression for Cas™ has all the n™ elements moved to the right:
in particular, all of the summands in the last two sums annihilate vy.

Hence
v(Cas™) = E hik; —|—E Tos Zol



The value of the Casimir, 3.

A (2) = Aly(z2)) ¥z e Z(g)

Cas” :E::.f;?ﬂ : + :E:: Ty Zons
Cas" = Zhi. —I—Z T Za —I—anfn—l—z T Zey-

ry = () v =

Cas” :E::_f; ki + :E::_[frm Zal

v =

—
b |
S

and

Jas™) :EE:: Ahy) )+ :EE:: AT, zal)

cx =



The value of the Casimir, 4.

Jas” Z}kh —I—Z)\[rn Zal)

For anv h € h we have
k(h, | ra, za]) = k([h. o], z0) = alh)k(ra. z0) = alh) SO
xh. 20| = t,

where t, € h 1s uniquely determined by
‘L"Hn "IJ U?J v h - h.

Let ( , ), denote the bilinear form on h* obtained from the identifi-
cation of h with h* given by k. Then

> AMra.zal) =D Ata) =Y (Aa)e=2(Xp)x (6)
)

ey =) =) ox

where

iy =



The value of the Casimir, 5.

On the other hand. let the constants a; be defined by
Ah) = Z a;k(hi,h) ¥ h € h.
i

In other words A corresponds to > a;h; under the isomorphism of h
with h™ so
(A A ) = E a;a;ik(h;, hj).
1.7
Since k(h;, kj) = d;; we have

}\{JE:'.) = ;.

Combined with A(h;) = . a;jr(h;, h;) this gives

(A A =Y Ahi)A(k:). (7)



The value of the Casimir - the

key formula.
W (Cas”™) = Ahi)A(k) + Y A[7a, za)-

Y Mza.za]) =D Ata) =D (A a)=2(\p),

iy =1 ¥ =) iy =1

p=23a

i

v =)

(A A = Ahi)A(k:).

where

Combined with (6) this yields

A (Cas™) = (A+p. A+ p)w — (p. )

(6)

(7)

(8)



